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1 Introduction

It is well known that the unsigned Lah number L(n, k) (n > k > 0) counts the number of
ways a set with # elements can be partitioned into k nonempty linearly ordered subsets
(see [4, 7, 8]). The nth Lah—Bell number BL (1 > 0) is the number of ways a set with n
elements can be partitioned into nonempty linearly ordered subsets. Thus

Bh=> Lnk) (n>0)(see[7,8]). @
k=0

From (1) it follows that the generating function of Lah—Bell numbers is given by

el = X(;Bﬁ% (see [7, 8]), (2)
where

(it k_iL( k)f (k > 0) (see [7, 13, 15,17]) (3)

k\1-¢t) ~ —~ " n! - seeln Bt .
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Explicitly, we see from (3) that the Lah numbers are given by

Lonk) =" (" B 1) (n > k > 0) (see [7-10, 17, 19]).
K\k-1

Let n, k, r be nonnegative integers with n > k. Then the r-Lah number L,(n, k) counts
the number of partitions of a set with # + r elements into k + r ordered blocks such that
r distinguished elements have to be in distinct ordered blocks (see [17]). The r-extended
Lah—Bell number B, is defined as the number of ways a set with 7 + r elements can be
partitioned into ordered blocks such that r distinguished elements have to be in distinct
ordered blocks (see [8]). By the definitions of r-Lah numbers and r-extended Lah—Bell

numbers we have
B, =Y Li(nk) (n>0)(see8]). )
k=0

From (4) we see that the generating function of r-extended Lah-Bell numbers is given by

1T &t

e (m) = ;Bwﬁ (see [8, 15]), (5)
where

1 ¢ k 1 2r 0 "

E(E) (E) :ngk:L,(n,k)E (see [8, 17]) ©)

for nonnegative integers k.

Explicitly, the r-Lah numbers are given by

n!<n+2r—1

Lr ;k =7
(40 k+2r-1

k' ) (n >k >0) (see [7-10, 17, 19]).

In 8] the r-extended Lah—Bell polynomials are defined by

(oL 1\ & I t"
¢ m)<m> = B (7)

n=0

It is well known that the complete Bell polynomials are defined by

o0 i o0
v t"
exp( E x,]—‘) = E B,,(xl,xz,...,x,,); (see [2—4, 6, 11, 14]). (8)
i !

n=0

Then it can be shown that the complete Bell polynomials are given by

! X1 J1 %o j2 X Jn
By (x1,%2, ..., %,) = Z m(T) 5 ;

L+t tjn=n

)
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where the sum runs over all nonnegative integers j1, ja, . . . , j, satisfying j; + 2jp + - - - + nj,, = .
The incomplete Bell polynomials are given by

(& ) & t"
E (me %) = ZBn,k(xlyxe .. ')x}’l—kfl); (l’l = O) (See [6) 11» 14‘])~ (10)
m=1 n=k
Thus
Bn,k(xlxeruwxn—k+l) (11)

-y n! (x1>1'1 <x2)iz ( P )1nk+1
oy St ket AT 2! (n—k+1)! ’

where the sum runs over the set 77 (1, k) of all nonnegative integers (j;);>1 satisfying j; +j, +
otk =kand 1y + 2 + -+ (M=K + 1)jy_ke1 = 1.
The complete and incomplete Bell polynomials are related by

n
B (x1,%2, ..., %,) = ZBn,k(xhxz;m,xn—ku) (n=>1).
k=1

Let f be a C*-function, that is, f is a function that has continuous derivatives of all
orders on (—00, 00). Then by (8) we have

< J
&) = exp (Zf‘”(x) j—,) (12)

Jj=0

= exp (f(x) +y 0 (x)/’f—i)

Jj=1

= ef(x) <1 + ZBn (f(l)(x)’f(Z) (x)r e ’f(n)(x)) z )’

n!
n=1

where £ (x) is the jth derivative of f(x), and exp(¢) = €.

We observe that
d_mef(x) _ ﬂef(xﬂ) _ ﬂef(xﬁ) (13)
dx™ ox™ o O £20
=B, (fVx),fPw),.... " ).
From (12) and (13) we obtain the Kolbig—Coeffey equation
dm
d—ef<x> =B, (fVx),fPw),.... " x) (m=1) (see [5,12]). (14)
xm

The exponential incomplete r-Bell polynomials are defined by the generating function

[ee]

1 Y k /oo # r 00 o
Z z: § : (r) .
E( (l]]—‘) ( leE) = Bnr+r,k+r(al’a2’“’.bl’bZ,.“)nl' (15)
’ ’ i=0 ’ n=k ’

j=1
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From (15) we note that

B(’)

n+r.k+r

|: n! a \" [ ay\* [ a3\ }

'A%r) klzkzzkg---<1!) (2!> (3!)

% r! bl 0 bz n bg 2
rolrilry - - \ 0! 1! 2! ’

where A(n, k,r) denotes the set of all nonnegative integers (k;);>1 and (r;);>o such that

((ll,ﬂz,...:bl,bz,.,.) (16)

Z/Q =k, Zri =r, and Zi(k,- +1r)=n (see[4,6,14]).

i>1 i>0 i>1

Let (a;)i>1 and (b;);>1 are sequences of positive integers. Then the number Biﬁr‘k”(al, as,
...;b1, by, ...) counts the number of partitions of an (# + r)-set into (k + r) blocks satisfying:
« The first r elements belong to different blocks;
« Any block of size i containing no elements from the first r elements can be colored
with a; colors;
+ Any block of size i containing one element from the first » elements can be colored
with b; colors.
The complete r-Bell polynomials are given by

00 4 00 Y r 00 £
exp Zaiﬁ ijuﬁ =ZBZ)(llhﬂz,m;bhbz,.-~)E 17)
i=1 j=0 n=0

(see [4, 6, 11, 14]).
By (16) and (17) we get

n

ngr)(aljaz,-..Zbl,bz,,“): B(")

n+r.k+r
k=0

(ar,az,...:b1,bs,...) (see[6]). (18)

The incomplete and complete Bell polynomials have applications to such diverse areas as
combinatorics, probability, algebra, and analysis. The number of monomials appearing in
the incomplete Bell polynomial B, s (%1, %3, . ..,%, k1) is the number of partitioning # into
k parts, and the coefficient of each monomial is the number of partitioning # as the cor-
responding k parts. Also, the incomplete Bell polynomials By, x(x1, %2, .. .,%,—k+1) @ppear in
the Faa di Bruno formula concerning higher-order derivatives of composite functions (see
[6]). In addition, the incomplete Bell polynomials can be used in constructing sequences
of binomial type (see [16]), and there are certain connections between incomplete Bell
polynomials and combinatorial Hopf algebras such as the Hopf algebra of word symmet-
ric functions, the Hopf algebra of symmetric functions, and the Fa di Bruno algebra (see
[1]). The complete Bell polynomials B,,(x1,%,...,%,) have applications to probability the-
ory (see [6, 12, 18]). Indeed, the nth moment p,, = E[X"] of the random variable X is the
nth complete Bell polynomial in the first #» cumulants w, = B, (k1,k3,...,k,). The reader
can refer to the Ph.D. thesis of Port [18] for many applications to probability theory and
combinatorics. Many special numbers, like Stirling numbers of both kinds, Lah numbers,
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and idempotent numbers, appear in many combinatorial and number-theoretic identities
involving complete and incomplete Bell polynomials. We refer the reader to the Introduc-
tion in [11] for further details.

The incomplete Lah—Bell polynomials (see (22)) and the complete Lah—Bell polynomi-
als (see (25)) are respectively multivariate versions of the unsigned Lah numbers and the
Lah-Bell numbers. Note here that the incomplete Bell polynomials (see (10)) and the in-
complete Lah—Bell polynomials are related as given in (23), whereas the complete Bell
polynomials (see (8)) and the complete Lah—Bell polynomials are related as given in (26).
The incomplete r-extended Lah—Bell polynomials (see (30)) and the complete r-extended
Lah—Bell polynomials (see (32)) are respectively extended versions of the incomplete Lah—
Bell polynomials and the complete Lah—Bell polynomials. Further, they are respectively
multivariate versions of the r-Lah numbers and the r-extended Lah—Bell numbers.

The aim of this paper is to introduce the incomplete r-extended Lah-Bell polynomials
and the complete r-extended Lah-Bell polynomials and to investigate some properties and
identities for these polynomials. From these investigations we obtain some expressions for

the r-Lah numbers and the r-extended Lah—Bell numbers as finite sums.

2 Complete and incomplete r-extended Lah-Bell polynomials
Let f(¢) = 15. Then we have

) da" n!
()= —f(t) = ———— >1). 19
SO0 = 0= g =) (19)
By (14) we get
dVl
T€T| =B ). (20)
£=0
From (2) we note that
ar " n X Ltk .
—el-t = — — = Bn‘ (21)
e |, de =Rk

Therefore by (20) and (21) we obtain the following theorem.

Theorem 1 For n > 1, we have

n!
BE=B,(1,2,...,n) = S —
n =Bl ) Z kylky!- - k!

k1+2kg+--+nky=n
Let us consider the incomplete Lah—Bell polynomials given by
k
1S o 1 "
o met = ZBn,k(xl,xz,...,x,,_k+1)a, (22)
m=1 n=k

where n,k > 0 with n > k.
Note hat B, ,(1,1,...,1) = L(n,k) (n > k > 0).
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Indeed, by (10) and (22) we get

Bl (1, %0, .., Xpke1) = B (11, 200, ., (1= K + 1) ges1).

From (23) we note that

L(n,k) =B% (1,1,...,1) = B, (1,2),..., (n — k + 1)!)

_ Z n!

itk BTk
J1+2jo++(n—k+1)j,_gy1=n

Therefore by (23) we obtain the following proposition.

Proposition 2 For n,k > 0 with n > k, we have

Bﬁ,k(xlyxzy cee ¢xn—k+l) = Bn,k(l!xh 2!962, ooy (l’l —k+ l)xn—k+1)'

In addition,

Lin k) = 3 "

, {‘1+j2+”'+jn7k+‘1:k J1J2: Jn—k+1:
J142j2++(n—k+1)j,_gy1=n

From (23) we note that

Bfl,k(axl,ozxz,...,otxy,_kﬁ) = B,,,k(ot Al a - 2%, 0 - (m—k + 1)!xn_k+1)

= "By (11, 200, ..., (1= K + 1)y ger1)

kpL
= Bn,k(xler;'H;xn—k-ﬁ—l)'

We now consider the complete Lah—Bell polynomials given by

[e%e} o0 tn
exp (Zx,-t’) = ZBﬁ(xhxz, . rxn);'
i=1 n=0 ’

By (25) we get

Bh(x1,%2,...,%,) = By(11x1, 2%, ..., nlx,,)

n! Lo

= E 7x11x22...xl"
L't 1)

I +2ly+-+nl,_1=n

From (22) and (25) we note that

o0 tn oo
1+ ZBﬁ(xl,xz,...,x,,); = exp(intl)

n=1 i=1

oo o0 k
=1+ Z % (inti)
k=1 i=1

(23)

(24)

(25)

(26)

(27)

Page 6 of 12
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oo oo n
I t
=1+ § E Bn(xl)xZ;wan—kJrl)_
n!
k=1

o0 t”
=1 +Z( Bi,k(xlerr'“’xn—lﬁl);'

Therefore by (25) and (27) we obtain the following theorem.

Theorem 3 For n > 1, we have

n
Bﬁ(xl:xb cee )xn) = ZBﬁ,k(xbe: cee )xn—k+1)
k=1

n
= B (10,200, (1 = K + 1))
k=1

In addition, for n > 1, we have
n
n!
L 2 : 2 : h, b In—k+1
Bn(xl,xz,...,xn): le Xy '“x:—k:l’
k=1 7 (k) 1:62¢ n—k+1+

where 7t (n, k) denotes the set of all nonnegative integers (I;);>1 such thatly +lo + - - -+ [, _j41 =
kand1l-li+2-ly+---+(n=k+1)l,_j;1 =n.

By (25) we easily get

i=1

o0 t" [o¢] t (o @] t”
§ L _ § i) _ _ § L
L Bn(l,l,...,l)a —exp( t) _eXp<1—_t> = BVI—' (28)

From (28) we note that
BL(1,1,...,1)=B% (n>0).

By Proposition 2, (24), and Theorem 3 we get

n n
Bi(w,x,...,x) = ZBik(x,x,...,x) = ZBn,k(llx, 20, (= k+1)%,141) (29)
k=0 k=0

n n
=Y X Bui(152..,(n—k+ 1)) = Y &FL(n, k) = BL(x).
k=0 k=0

Assume that {a;};>1 and {b;};> are sequences of positive integers. We define the incom-
plete r-extended Lah—Bell polynomials by

1/ k /oo 2 x o
E (Zﬂ/t}) (Z bi+1tl> = ZBI;,;+2r,k+2r(a1’ﬂ2"" : bl; va---)E: (30)
T\ j=1 i=0 :

n=k

where &, r are nonnegative integers.

Page 7 of 12
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From (30) we have

Bﬁ+2rk+2r(a1! ay,...:b1,by,. ) (31)
Bn+2r k+2r(1!a1: 2lay,...:0'by,11by,...)
n'! ki ko ks i||: 2r)! o i|
) e agas || bbby - |,
A(;Zr)[kllkﬂks! P rolrylry - L2703

where A(n,k,2r) denotes the set of all nonnegative integers {k;};>1 and {r;};>o such that

Zl>1kt k, Zpo r; = 2r, and Zl>1 itk + ;) = n.

We define the complete r-extended Lah—Bell polynomials B

(x | dl,dz,...Ibl,bz,...)
(n > 0), which are given by

00 00 r o
exp (x Za,ﬂ> <Z bmtl) =) B anaz. by ) (32)
j=1 i=0 n=0 :

Thus we note that
00 00 2r
exp (x Z ajtj) (Z b ti) (33)
j=1 i=0
00 00 2r
32 () (o)
i=0

00
ZBn+2rk+2r(a11a2, blybz,...)—
n=k

n

k=0
00
=)«
k=0
[}

=Z ka£+2r,k+2r(ﬂl,a2,...Zbl,bz,..,)—.
n=0 k=0

From (32) and (33) we have

x| ar,ay... bi,by,.) = Y ABL, o (a,as,. . byby,. ) (n20). (34)
k=0

By (18), (31), (32), and (34) we have

B (1lay,2lay,...: 0'by, 11bs,...) (35)

ZB(Z’ (11ay,2lay, ... : 0by, 11bs, ...

n+2r,k+2r

n
= ZBﬁ+2r,k+2r(a1’a2"“ : bl,bz,...) = B;L,2r)(1 | a, azy...: bl,bz,...).
k=0

Therefore by (31) and (34) we obtain the following theorem.
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Theorem 4 For n > 0, we have

n
k pL .
)= E X' B, o keorl@r, ag, ...

Page 9 of 12

(x| a1, az,...: by, by,.. by, by,...)
k=0
Zkajj%,m, (a1, 2lay, ... : Olby, 11y, ...).
From (30) we note that
o0 o 1 /(& k /oo 2r
> Bronkia (Lo L L) = E(Z t’) (Zt‘) (36)
n=k ! j=1 i=0
1/ ¢t \/ 1\ & £
(=) (—) =Y Lunb=
/<‘<1—t) (1—t) Z R
n=k
By (32) and (36) we get
o0 o 00 00 2r
D BE x| L. 1) = = exp(xzt]> (Zt 37)
n=0 n j=1 i=0
¢ 1 \" &< "
_ M) . — k —
_ ol (1_t> _Z<Zx L,(n,k))
n=0 \ k=0
Thus by (36) and (37) we have
n
BIM (x| L1, 1,1, = Y ABL 0 (L1, L) (38)
k=0

= &L (n, k).
k=0

Therefore we obtain the following theorem.
Theorem 5 For n> k > 0, we have
Bt

(1,1,...:1,1,...)=L,(n,k)

n+2r,k+2r

and

BEM (x| 1,1,..

From (36) and (31) we note that

Lnk)=BL (L1, 1,1,.)
=B o (15,2,...:18,21,.)
Z n! 2n)!
kl‘kz Vo‘rl

A(n,k,2r)

) = ZBn+2rk+2r(1’ 1...:

LL..)=> «L(nk).

k=0
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Corollary 6 For n,k,r > 0 with n > k, we have

n! (2r)!
Ly(n k) = Z kilko!- - - .7”0!7"1!""

A(nk,2r)

where A(n,k,2r) denotes the set of all nonnegative integers {k;};>1 and {r;}i> such that
Yoimiki=k Y ogri=2r,and Yy . i(ki+71i) = n.

Now we observe that
exp (Z xit’) =1+ Z F (Zx,ﬂ) (39)
i=1 k=1 " \i=1
o 2 e 3
=1+—= Zx,t + = (Zx,f) + 3 (Zxﬂf’) e
2! i=1 " \i=1
> 1

mylmy! -yt 2 k

k=0 my+2ma+---+kmy=k

and

00 2r 00
<Zyj+ltj> = Z Z Yn+1Yip+1 - 'y12,+1tm~ (40)
j=0

m=0 [y ++lpy=m

By (39) and (40) we get
00 00 tj 2r
exp (inti) (Zyj.'.lT') (41)
i=1 j=0 J:
1 m m M
va(z Z Z —mllmgl---mk!xllxzz"'xk

k=0 my+2mo+---+kmy=k Iy +lp+---+lpp=n—k

t}’l

X Vh+1Ylp+1 " 'J/lz,+1> E

Therefore by (32) and (41) we obtain the following theorem.

Theorem 7 For n,r > 0, we have

2r)(1 | KX15X25 002 V1, Y25 00 ')

— nl - 1 nmi mj
—I’I.Z Z Z m1!m2!~--mk!xl X Y1Vl Yige+1.

k=0 my+2mo+---+kmy=k Iy +ly+---+lpp=n-k

Remark For n > 0, we have

B iy, 1,1, ) =afBE (L1, 11,0, (42)
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Thus we note that

n
Y Bk %1 L1, ) =B (x) (> 0).
k=0

3 Conclusion

There are various methods of studying special numbers and polynomials, for example,
generating functions, combinatorial methods, umbral calculus, p-adic analysis, differen-
tial equations, probability theory, orthogonal polynomials, and special functions. These
ways of investigating special polynomials and numbers can be also applied to degenerate
versions of such polynomials and numbers. Indeed, in recent years, many mathematicians
have drawn their attention to studies of degenerate versions of many special polynomials
and numbers by using the aforementioned means ([9, 10, 14] and references therein).

The incomplete and complete Bell polynomials arise in many different contexts as we
stated in the Introduction. For instance, many special numbers, like Stirling numbers of
both kinds, Lah numbers, and idempotent numbers, appear in many combinatorial and
number-theoretic identities involving complete and incomplete Bell polynomials.

In this paper, we introduced the incomplete r-extended Lah—Bell polynomials and the
complete r-extended Lah—Bell polynomials respectively as multivariate versions of r-Lah
numbers and the r-extended Lah—Bell numbers and investigated some properties and
identities for these polynomials. As corollaries of these results, we obtained some expres-
sions for the r-Lah numbers and the r-extended Lah—Bell numbers as finite sums.

It would be very interesting to explore many applications of the incomplete and complete
r-extended Lah—Bell polynomials as the incomplete and complete Bell polynomials have

diverse applications.
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