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1 Introduction
The following integral inequality is known in the literature as the Hermite—Hadamard

inequality [16, 17]:

u+v 1 v Flu) + F(3)
f( : >§m/ Fwde <TI0 M)

where F : K — R is a convex function on the interval K = [u, #] with u# <©. So the concept
of convexity in an integral problem is an interesting area for research. Therefore, much
attention has been given to studying and characterizing different directions of classical
convexity. Recently, many extensions and generalizations Hermite—Hadamard inequality
for generalized convex functions have been established. For more useful details, see [1, 3—
5,7, 10, 19-23, 28] and the references therein.

On the other hand, the theory of interval analysis fell in to oblivion for a long time be-
cause of lack of applications in other sciences. The concept of interval analysis was pro-
posed and investigated by Moore [26] and Kulish and Miranker [25]. For the first time it
was used in numerical analysis to determine the error bounds of numerical solutions of
a finite state machine. For fundamental details and applications, we refer the readers to
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the papers [14, 27, 32, 33] and the references therein. Inspired by the above literature, in
2018, Zhao et al. introduced /i-convex interval-valued functions and proved the Hermite—
Hadamard-type inequality for /i-convex interval-valued functions [34]. As a step forward,
An et al. [2] presented the class of (i, /i;)-convex interval-valued functions and estab-
lished the following interval-valued Hermite—Hadamard-type inequality for such func-

tions:

Theorem 1 Let F : [u,%] C R — K¢ be a (fiy, fiy)-convex interval-valued function given
by F(x) = [Fu(x), F*(x)] for all x € [u, ], with hiy,hi;: [0,1] > R* and ﬁl(%)ﬁz(%) #0,
where F,(x) and F*(x) both are (hy, fi2)-concave functions. If F is Riemann integrable (in
short, IR-integrable), then

1 u+ 1 9
2ﬁ1<§)ﬁ2<§>F( 2 )919_”(”3)/” Fwdx

1
O [Flu) + .7-'(19)]/0 fi()ha(1 - 1)dT.

2)

We refer to the readers for further analysis of the literature on the applications and prop-
erties of generalized convex functions and Hermite—Hadamard integral inequalities to
[6,8,9,13, 15,17, 24, 30, 31] and the references therein.

There are some integrals to deal with fuzzy-interval-valued functions, where the inte-
grands are fuzzy-interval-valued functions. For instance, Oseuna-Gomez et al. [29] and
Costa et al. [11] constructed Jensen’s integral inequality for fuzzy-interval-valued func-
tions. By using the same approach, Costa and Roman-Flores also presented Minkowski
and Beckenbach’s inequalities, where the integrands are fuzzy-interval-valued functions.
Motivated by [11, 12, 29] and [34], we generalize integral inequality (2) by constructing
fuzzy-interval integral inequality for convex fuzzy-interval-valued functions, where the
integrands are convex fuzzy-interval-valued functions.

This study is organized as follows: Sect. 2 presents preliminaries and results in the in-
terval space, in the space of fuzzy-intervals, and for fuzzy integrals. Section 3 introduces
the new classes of (fi1, /22)-convex fuzzy-interval-valued functions and investigates their
properties. Section 4 obtains fuzzy-interval Hermite—Hadamard inequalities via (fi1, /i5)-
convex fuzzy-interval-valued functions. In addition, some interesting examples are also

given to verify our results. Section 4 gives conclusions and directions for future works.

2 Preliminaries
Let ICc be the collection of all closed and bounded intervals of R, that is, K¢ = {{w,, ®*] :
Wy, w* € Rand w, < w*}. If w, > 0, then [w,, ®*] is called a positive interval. The set of all
positive intervals is denoted by K/ and defined as K¢ = {[w,, 0*] : [wy, 0*] € K¢ and w, >
0}.

We now discuss some properties of intervals under the arithmetic operations of addi-
tion, multiplication, and scalar multiplication. If [, u*], [ws, ©*] € K¢, and p € R, then

these arithmetic operations are defined by

[ 1]+ [0 0] = [1s + 00 1" + 07],
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(10 7] X [0 0%]

= [min{ .o, w0, o, 1 o* |, max{ o, pr o, po®, pro*],

[opw pp*] if p >0,

o] = ) .
lon*, pus] if p<O.

For ., u*], [ws, 0*] € K¢, the inclusion “C” is defined by
[,u*,u*] C [a)*,w*] ifandonly if w, <p,, p* <o’
Remark 1 The relation “<;” is defined on ¢ by
[,u*,u*] <; [a)*,w*] ifandonly if w, <w,, pn*<ow"

for all [, *], [k, @*] € K¢, it is an order relation, see [25]. For given [, 1*], [w, @*] €
K¢, we say that [1., n*] <; [ws, 0*] if and only if p, < oy, u* < 0* or py < wy, u* < *.

The concept of Riemann integral for interval-valued functions first introduced by Moore
[26] and is defined as follows:

Theorem 2 ([26]) If F : [¢,d] C R — K¢ is an interval-valued function on such that
[Fi, F*], then F is Riemann integrable on [c,d] if and only if F, and F* both are Riemann
integrable on [c,d] and such that

d d d
(IR)/ F(x)dx = |:(R)/ Fi(u) dx, (R)/ .F*(u)dx].

The collections of all Riemann integrable real-valued functions and Riemann integrable
interval-valued functions are denoted by R4 and ZR. 4}, respectively.

Let R be the set of real numbers. A fuzzy subset set A of R is distinguished by a function
¢ : R — [0,1] called the membership function. In this study this depiction is approved.
Moreover, the collection of all fuzzy subsets of R is denoted by F(R).

A real fuzzy-interval ¢ is a fuzzy set in R with the following properties:

(1) ¢ is normal, i.e., there exists x € R such that ¢(x) = 1;

(2) ¢ is upper semicontinuous, i.e., for every x € R and ¢ > 0 there exists § > 0 such that

o(x) —@(y) < ¢ for all y € R with |x —y| < 3.
(3) ¢ is fuzzy convex, i.e, ¢((1 — 7)x + Ty) > min(p(x), ¢(¥)), Vx,y € Rand t € [0, 1];
(4) ¢ is compactly supported, i.e., clfx € R | ¢(x) > 0} is compact.
The collection of all real fuzzy-intervals is denoted by F¢(R).

Since F¢(R) denotes the set of all real fuzzy-intervals, ¢ € Fc(R) is a real fuzzy-interval

if and only if each y -level [¢]” is a nonempty compact convex set of R. This is represented

by
[p) = {xeR | o) >y}

From these definitions, we have

[p]” = [e:() 0™ (V)]
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where

pu(y)=inflxeR o) >y},  ¢*(y)=sup{xeR| o) >y}

Thus a real fuzzy-interval ¢ can be identified by parametrized triples

{(ecr),0*(r),v) v €[0,1]}.

This leads to the following characterization of a real fuzzy-interval in terms of the two
end point functions, ¢,(y) and p*(y).

Theorem 3 ([6, 15]) Suppose that ¢.(y):[0,1] — R and ¢*(y) : [0,1] — R satisfy the
following conditions:
(1) @.(y) is a nondecreasing function;
(2) ¢*(y) is a nonincreasing function;
(3) ¢.(1) <*(1);
(4) @.(y) and ¢*(y) are bounded and left continuous on (0, 1], and right continuous at
y =0.

Moreover, if ¢ : R — [0, 1] is a real fuzzy-interval given by [¢.(y), *(y)], then functions
¢.(y) and ¢*(y) satisfy conditions (1)—(4).

Proposition 1 ([12]) Let ¢,¢ € Fc(R). Then the relation “<” given on Fc(R) by
0 =<¢ ifandonlyif [p]” </[¢]” forally €]0,1]
it is a partial order relation.

Now we discuss some properties of real fuzzy-intervals under addition, scalar multi-
plication, multiplication, and division. If ¢,¢ € Fc(R) and p € R, then these arithmetic
operations are defined by

o+ o) =[o]” + 8], (3)
lo x ¢1” = [p]” x[]”, (4)
[o.@]” =p.le]”. (5)

If Y € Fc(R) is such that ¢ = ¢ ¥ ¥, then we have the existence of Hukuhara difference of
¢ and ¢, and we say that ¥ is the H-difference of ¢ and ¢, which is denoted by ¢p=¢ . If
the H-difference exists, then

W) (y) = (=) (y) = ¢*(y) - ¢*(¥), (WV)«(¥) = (0=0)(¥) = 0 (y) — P:(y). (6)

Remark 2 Obviously, Fc(R) is closed under addition and nonnegative scalar multiplica-
tion. And the above-defined properties on F¢(R) are equivalent to those derived from the
usual extension principle. Furthermore, for each scalar number p € R,

loFel” =p+[p]”. (7)
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Theorem 4 ([18, 29]) The space Fc(R) equipped with a supremum metric, i.e., for ¥, ¢ €
Fc(R)

D(y,¢) = sup H(l¢]",[¢]"), (8)

0<y=1

it is a complete metric space, where H denote the well-known Hausdor{f metric on the space
of intervals.

Definition 1 ([12]) A fuzzy-interval-valued map F : K C R — F¢(R) is called a fuzzy-
interval-valued function. For each y € [0,1], the y-levels define the family of interval-
valued functions F, : K C R — K¢ given by F, (x) = [Fi(x,y), F*(x,y)] for all x € K.
Here, for each y € [0, 1], the end point real functions F,(-,y), F*(-,¥) : K — R are called
lower and upper functions of F.

Remark 3 Let F : K C R — F¢(R) be a fuzzy-interval-valued function. Then F(x) is said
to be continuous at x € K if, for each y € [0,1], both end point functions F(x,y) and
F*(x,v) are continuous at x € K.

From the above literature review, the following results can be concluded; see [12, 18, 24,
26].

Definition 2 The map F : [¢c,d] C R — F¢(R) is called a fuzzy-interval-valued function.
The fuzzy integral of F over [c, d], denoted by (FR) fC F (%) dx, it is defined level-wise by

d % d d
|:(FR)/ ]-'(x)dxj| = (IR)/ Fy(x)dx = {/ Fx,y)dx: F(x,y) GR[C,d]}, 9)

for all y € [0,1], where R4 is the collection of end point functions of interval-valued
functions; F is (FR)-integrable over [c, d] if (FR) fc v (x) dx € Fc(R). Note that if both end
point functions are Lebesgue-integrable, then F is a fuzzy Annum integrable function;
see [18, 24, 26].

Theorem 5 Let F : [c,d] C R — Fc(R) be a fuzzy-interval-valued function, whose y -
levels define the family of interval-valued functions F), : [c,d] CR — K¢ given by F,(x) =
[Fielx, y), F*(x,v)] for all x € [c,d] and for all y € [0,1]. Then F is (FR)-integrable over
lc,d] if and only if Fi(x,y) and F*(x,y) both are R-integrable over [c,d]. Moreover, if F is
(FR)-integrable over [c,d)], then

d d d
[(FR) / f(x)dx]y= [(R) / Fula,y) d, (R) / f*(x,y)dx]
c c C (10)

d
= (IR) / F,(x) dx,

forall y €0,1].

The families of all (FR)-integrable fuzzy-interval-valued functions and R-integrable
functions over [c, d] are denoted by ZR(¢,41,y) and R(c,a),y), respectively, for all y € [0,1].
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3 (A1, f,)-Convex fuzzy-interval-valued functions
In this section, we put forward the definitions of (/i1,/i3)-convex fuzzy-interval-valued

functions and investigate their basic properties.

Definition 3 Let K be a convex set and /iy, /i3 : [0,1] € K — R* such that /i1, /5 # 0. Then
a fuzzy-interval-valued function F : K — F¢(R) is said to be:

e (fi1, hy)-convex on K if
]—"(rx +(1- t)y) KM (T)ha(l — 1) F(x) ¥ h1(1 — T)ha(T) F (), (11)

forall x,y € K, © € [0,1] where F(x) = 0;
« (f1,h3)-concave on K if inequality (11) is reversed;

« affine (fi1, fip)-convex on K if

]-'(rx +(1- t)y) =M1 (T)ho(1 — T)F (%) ¥ A1(1 = T)hs(T) F (), (12)

forallx,y € K, t € [0,1] where F(x) = 0.

Remark 4 The (fi1, ip)-convex fuzzy-interval-valued functions have some very nice prop-
erties similar to those of convex fuzzy-interval-valued functions:
(1) If Fisan (/i1, iz)-convex fuzzy-interval-valued function, then Y F is also
(f1, ip)-convex for T > 0.
(2) If F and T both are (f1, fiz)-convex fuzzy-interval-valued functions, then

max(F(x), T (x)) is also an (/i fiy)-convex fuzzy-interval-valued function.
Now we discuss some special cases of (/i1, /i2)-convex fuzzy-interval-valued functions:

(i) If Ax(7) =1, then an (A4, h2)-convex fuzzy-interval-valued function becomes

fi1-convex fuzzy-interval-valued function, that is,
]—"(rx +(1- t)y) < hi(t)Fx) ¥ hi(1-7)F(y), VYx,yeK,tel0,1].

(i) Iffi(t) = 7%, fia(tr) = 1, then an (fiy, fiz)-convex fuzzy-interval-valued function

becomes an s-convex fuzzy-interval-valued function, that is,
f(rx +(1- t)y) KTFx)FA-1t)F@»), VxyeK,tel0,1].

(ili) Iffi1(r) =7, fia(r) =1, then an (fi1, iz)-convex fuzzy-interval-valued function

becomes a convex fuzzy-interval-valued function, that is,
f(tx +(1- t)y) KtFx)FA-1)F@y), VYayeK,tel01]

(iv) If A1(t) = fa(r) =1, then an (/iy, fi)-convex fuzzy-interval-valued function

becomes a P-convex fuzzy-interval-valued function, that is,

f(tx+(1—t)y) <X Fx) ¥ F@y), VxyeK,tel0,1].
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Theorem 6 Let K be a convex set, iy, iy : [0,1] C K — R* such that i1, iy # 0, and let F :
K — Fc(R) be a fuzzy-interval-valued function whose y -levels define the family of interval
valued functions F, : [¢c,d] C R — K[, given by
Fy &) = [Fulx,y), F*(x,7)], Vx €K, (13)
forall x € [c,d] and for all y € [0,1]. Then F is (h1, 2)-convex on K

(14)
if and only if, for all y € [0,1], Fi(x, y) and F*(x,y) are (h1, fip)-convex.

Proof Assume that foreachy € [0, 1], Fi(x, y) and F*(x, y) are (/i, fip)-convex on K. Then
from (11), we have

Felzx+ (L=1)y,7) < hi(ha(l = 1) Falr,y) + hi(1 = D)ha(0) F (3 y),

Vx,y € K,t €[0,1],
and

Firx+ A -1)y,y) < h(D)ha(1 - 1) F (%, y) + hir(1 - DA(T) F (0, ¥),

Vx,y € K, €[0,1].
Then by (13), (3), and (5), we obtain

Fy(ta+(1-1)y) = [Fa(tx+ A =-1)y,7), F(tx+ 1 -1)y,7)]
< [A1(2)ha(1 = T) Fix, ), hir(2)ha(1 - 1) F*(x, )]
+ [/ (1 = D)D) Fe(, ), hr (1 = T)ha(T) F* (3, 7)),
that is,
f(tx +(1- r)y) <A (T)ha(1 = T)F (%) ¥ 1 (1 - 0)ha(0) F(y), Vx,yeK, T €[0,1].
Hence, F is an (i1, fiy)-convex fuzzy-interval-valued function on K.
Conversely, let F be an (i1, /iy)-convex fuzzy-interval-valued function on K. Then for all

x,y € K and 7 € [0,1], we have F(tx + (1 - 1)y) < ~1(T)i2(1 — T) F (%) ¥ i1 (1 — )ha(7) F(p).
Therefore, from (13), we have

Fyrx+ A -1)y) = [Fu(zx+ A -1)y,y), F (e + A - 1)y v)].
Again, from (13), (3), and (5), we obtain

ha(D)ha(1 = 7)F, (%) + h1(1 = T)ha(7) Fy (%)
= [A1(D)h2(1 = D) Fulx, ), fia (Dfia(1 = 1) F (1, v)]

+ [A1(1 = Dfia (D) Fu(0 ), fr (1 = Do (D) F* (3, v) ],
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for all x,y € K and 7 € [0,1]. Then by the (1, /i5)-convexity of F, we have for all x,y € K
and 7 € [0,1] that

Fe(zx+ 1 =-1)y,y) < ai(@ha(1 - 1) Fulx, ) + fin(1 = 0)fin(0) Fuly, v)
and
Frra+ 1 =1)y,y) < h1(Dha(1 = ) F (6, 7) + fir (1 = Dha (D) F* (3, ),
for each y € [0, 1]. Hence, the result follows. O

Example 1 We consider /i1(t) = 7, fix(t) =1, for t € [0,1] and the fuzzy-interval-valued
functions F : [0, 1] — F¢(R) defined by

Z o €[0,24%],

2x27
Fx)(o) = 4’;1;", o € (242,447,
0, otherwise.

Then, for each y € [0,1], we have F, (x) = [2yx?, (4 — 2y)x?]. Since the end point func-
tions F,(x, y), F*(x,y) are (/i1, fio)-convex functions for each y € [0, 1], F(x) is an (/1, fio)-

convex fuzzy-interval-valued function.
Hermite—Hadamard-type inequalities for fuzzy-interval-valued functions

Theorem 7 Let F : [u, 9] — Fc(R) be an (h1, hy)-convex fuzzy-interval-valued function
with hi,hs : [0,1] — R* and /’11(%)/’12(%) # 0, whose y-levels define the family of interval
valued functions F, : [u,9] C R — Kt given by F,(x) = [Fi(x,y), F*(x,¥)] for all x €
[u, V] and for all y € [0,1]. If F € LR ju,91,y), then

1 u+v 1 v
2ﬁ1<§)ﬁ2<§>f< 2 )< ﬁ—u(FR)/u Floyda

1
< [Fw) Tr]—“(z?)]j(; fiy(2)fis(1 - 7) dx.

(15)

Proof Let F: [u,%] — Fc(R) be an (/iy, fip)-convex fuzzy-interval-valued function. Then,
by hypothesis, we have

1 B i
/11(%)/12(%)'7:(”; ) < Fltu+(1-0)9) F F((L-1)u+10).

Therefore, for every y € [0, 1], we have

1 u+v
- F V) < Fultu+ 1 -0)0,y) + Fo((l=Du+19,y),
(oD (2 V) ( Ve A 7)

1 fu+? . §
o (5r) SF s =00) +F (s w0.y),
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Then

1 1
1 / ;*<M,y>dt
f1(3)h2(3) Jo 2
1

1
5/ f*(tu+(1—r)ﬁ,y)dr+/ F(A-Du+19,y)dr,
0 0

1 1
— / f*(u+l9,3/)dt
f1(3)h2(3) Jo 2

1 1
5/ .F*(ru+(1—r)0,y)dr+/ F(A-1u+,y)dr.
0 0

It follows that
1 U+ 2 v
f* ’ < f* i d ’
A (D (D) ( 2 y) =9 —u/u y)ds

1 u+v 2 v
F* V)< F*(x,y) dx.
A (Do) < 2 y)—ﬁ—u/u (. y) dx

That is,

1 u+9 Wa/EN's
ﬁl(%)ﬁz@)[f*( 2 ’V)’f( 2 V)}

2 D2 2
l9—u|:/,4 f*(x,y)dx,/u ]—"*(x,y)dx].

=I

Thus,

1 U+ 1 ?
2/11(5)/1,2@)?( 2 )*0 M‘FR’/M F @) dx. (16)

In a similar way as above, we have

1 s . 1
m(FR)‘/u Fx)dx < [.7:(1/5)+]:(19)]/0 A1(T)ha(1 - T)dT. (17)

Combining (16) and (17), we have

1 u+v 1 9
2/11(%)/’12(%);( 2 ><ﬁ_u<FR>/u F(x)dox

1
< [}"(u)fr]-"(ﬁ)]/o hi(2)ha(1 - 7) dx.

Hence, the required result follows. d

Remark5 If fiy(t) = 1, then Theorem 7 reduces to the result for /i1 -convex fuzzy-interval-

valued functions:

1 U+ 1 v ; 1
2/'11(%)}( 5 )419 u(FR)/M f(x)dxﬁ[}"(u)h}q(l?)]/(; Ai(r)dr.

Page 9 of 20
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If f1(7) = t° and fip(t) = 1, then Theorem 7 reduces to the result for s-convex fuzzy-

interval-valued functions:

0 1 v 1 -

If fi1(t) = T and fix(tr) = 1, then Theorem 7 reduces to the result for convex fuzzy-interval-

valued functions:

U+ 1 v F(u) ¥+ F(9)
]:< )ﬁ—ﬁ—u(FR)/u .7-"(9c)dx<72 .

2

If fi;(t) = fix(t) = 1, then Theorem 7 reduces to the result for P-convex fuzzy-interval-

valued functions:

2
%7:(“;9) < ﬁ(FR)‘/M F@)dx < Fu) + F ().

If Fi(u,y) = F*(9, y) then Theorem 7 reduces to the result for (/i1, /i5)-convex functions:

1 U+ 1 ?
2ﬁ1(§>ﬁ2(§>f< 2 )Sﬂ—u(FR)/u Flo)dx

1
< [J—'(u);f(ﬁ)]/ Ai(D)ho(1 - 1) dr.
0

Example 2 We consider fi1(t) = 7, fip(r) = 1, for 7 € [0,1], and the fuzzy function F :
[u,9] =[0,2] = Fc(R) defined by

s 0 €[0,24%,

F(x)(o) = 4’;1}”, o € (2x%,447,

0, otherwise.

Then, for each y € [0, 1], we have F,, (x) = [2yx?, (4—2y)x?]. Since the end point functions
Folx,y) = 2ya?, F*(x,y) = (4 — 2y)x? are (fi1, fiy)-convex functions for each y € [0,1],
F(x)isan (A1, iz)-convex fuzzy-interval-valued function. We verify the following by com-

puting appropriate quantities:

1 U+ 1 v
7 ) < Fulx,y)d
2, ()i (D) ( 2 V)—z?—u/u (wy)dx

1
< []—'*(u,)/)+]—'*(19,)/)]/0 fi(t)ha(1-1)drT,

1 U+
* ) 2]:* ]-; =2 )
2 (Dha(}) (*577) - 7n -2
1 v 12 8y
Filwy)de== | 2yx*de=—,
z?—u/u (x,7)dx 2/(; yx©dx 3

1
[Fowy) + Fo9,7)] / R0 (1 - ) dr = 4y,
0
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for all y € [0, 1]. This means

2y < — <4
14 3 V-

Similarly, it can be easily show that

1 U+ 1 4
F* , F*(x,v)d
2 (D) ( 2 y)—a— / (o) da

1
< [Fwy) +]—'*(z9,y)]/0 hi(0)hy(1 - 1) dx,

for all y € [0, 1], such that

1 fU+D ~ L
2h1(5 mz()f.< 9 ’V)-nFALy)-(4 29),

2 4(4-2
/ Frx,y / (4-2y)x’dx = M,
U —u 3

1
[}'*(u, y)+ ]-"*(19,)/)] / A1(T)hy(1 = 1) dT =2(4 - 2y),
0

from which it follows that

4(4 - 2y)

(4-2y) < 3

<2(4-2y),
that is,

8y 4(4-2y)

[2y,(4-2y)] <1|: 3’ 3

] <; [4)/,2(4 - 2)/)], forall y € [0,1].
Hence,

1 U+ 1 v
2ﬁ1(%)ﬁ2(%)]:( 2 )40—u(FR)/u .

1
< []:(u);]:(ﬁ)]./o A1 (D) (1 - 1) dr.

Theorem 8 Let F : [u, 0] — Fc(R) be an (h1, hy)-convex fuzzy-interval-valued function
with hi,hy 2 [0,1] — R* and le( )ﬁz( ) # 0, whose y-levels define the family of interval
valued functions F, : [u,9] C R — Kt given by F,(x) = [Fi(x,y), F*(x,y)] for all x €
[u, 9] and for all y € [0,1]. If F € LR 14,91,y then

1 u+v
J’.‘
4l (3)ha(3))1? ( 2 )
2
9 ry— )/M Fx)dx < 1
1
[un)+J%ﬁﬂ[ +ﬁ1<%>ﬁ2<%>]~4 hi(T)ha(1 - 7)dr,
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where

~ 1
o= [T T 57 (U 0)] [ atornata - rar,
0

1 3u+d\ . u+ 30
(>2=4ﬁ1<§)ﬁ2<§)[f( 4 )”( 4 ﬂ

and 1 = [C14, &7, &2 =[G, &3]

Proof Taking [u, %], we have

2 2

ﬁ)i}'((l—t)u+ru+

Therefore, for every y € [0, 1], we have

1 (ru+(1—r)% ru+(1—r)%)
+
h1(3)ha(3)

ﬁ)

<f(ru+(1—r)u+

1 <ru+(1—r)% (1—r)u+r% >
* + ’
hi(3)ha(3) 2 2

§F*(tu+(1—r)¥,y> +]:*<(1—r)u+ru+

v
A

1 *<tu+(1—r)% (1—t)u+r¥ )
+ Y
h1(3)ha(3) 2 2

5.7:*<tu+(1—r)u;ﬁ,y>+]—'*((1—t)u+ru;ﬁ,y>.

As a consequence, we obtain

u+v

1 3 s 1 e
f*( ur ,y>§ / Ful ) d,

4h1(3ha(3) 4 U -u
u+
1 3 ) 1 2
— 1]—"*( vy ,J/)S / F*(x,y) dx.
4h1(3)ha(3) 4 v-ul,
That is,

1 3u+v 3u+t
‘F* b J‘F* b
4ﬁ1(%)ﬁ2(%>[ ( 4 V) < 4 Vﬂ

u+d

uh e
[/ J:*(x,y)dx,/

=I

1
o ]:*(x,y)dxj|.

It follows that

U+

1 Su+ 1 7
F < F(x)dx.
4l (Dha(3) ( 4 > ﬁ—u/u (x)dx

(18)

Page 12 of 20
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In a similar way as above, we have

1 1 v
S ]—'(lﬁgﬁ) < F(x)d. (19)
4h1(3)Ra(3) 4 U —u Jup

Combining (18) and (19), we have

1 3u+9\ u+ 39 1 v
4/11(%)&2(%)[7( 1 )”T( n )]W—u/u Flo)dx.

By using Theorem 7, we have

1 u+1 1 13u+9 1 u+39
T 12]—'( ) T ]-'(—. + - )
4{h1()ha(3)] 2 4 (DA(3)127 \2° 4 2 4
Therefore, for every y € [0, 1], we have
1 u+v 1 13u+9 1 u+30
]:* 3 = f* g gy ) ’
PTNETREE ( 2 V) A (DD (2 i T2 a V)
1 fU+D
v (5)
4{f1(3)h2(3)] 2
1 1 3u+?d 1 u+30
= F"| = +=. Y
A M@E \27 4 T2

1 3u+v
= (DA )]2[ ()f”(z)f( 4 ’V)

1 1 u + 30
() (3)7 (5]

1 1 1 3u+?
<—— _|\p (= )5,( =) F* ,
= Al (DA (D2 ”<2)”’(2) ( 4 y)
1 1 39
+ R~ E)fm(g)}“*(”; ,]/):|
—(>2*
:>2*
9
519 » ]:*(x!y)dx
x;
z?
) *‘0’ 19 '
S[]—'(u y)+J-'( J/)+]__*(M+ y)]/ fi(0)ho(1 - T)dt
2 2 0
7 *19 19 1
S[ (u,y) + FX(9,y) ]_.*(u+ ,y>]/ﬁl(t)/i2(l—f)df
2 2 0
:(>l*
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< |:]:*(u:7/) +-7:*(19;]/)

5 + hi1(D)ha(1 = 7)(Fulus, y) +f*(l9,7/))]

1
. / hi(t)ha(1 —1)dT
0

3 [f*(u,y) + F*(@,)
- 2

+ A1 (1) (1 = T)(F*(u, v) + F(, J/))]

1
/ hi(t)h(1=1)dT
0

1
[ L, y) + Fo(9, y)][ +ﬁ1(;)ﬁ2(%>]/ Ai(Tt)ha(1 - T)dT
0
1
=[]:( )+]:(l9 }/)]|:—+ﬁ1<;)/i2(%)j|/(; /il(f)/ig(l—f)dfy
that is,
1 u+v
f
4[~1(3)A2(3)1? ( 2 )
5
" )/ Fx)dx < 1
1
F(u) ¥ F(9) —+/’11 ho| = hi(t)hy(1 - 1)dT,
3)e(3)] [

hence the result follows. O

R

(>2<l9_

Example 3 If we consider /i1(t) = 7, fi(t) = 1, for T € [0, 1], and the fuzzy-interval-valued
function F : [u, 9] = [0,2] — Fc(R) defined by F,, (x) = [2yx?, (4 —2y)x*], as in Example 2,
then F(x) is and (%1, fip)-convex fuzzy-interval-valued function satisfying inequality (15).

We have Fi(x,y) = yx and F*(x,y) = (4 — 2y )x. We now compute the following:

1

[Ful,y) + Fu(®,y) [— + Ry (2

)hz 1)] /11(r)/i2(1 -1)dt =4y,

[ (u,y) + F*(9,y) |:—+/i (%)/ﬁ(;)] le(r)ﬁz(l—r)dr—4(2 ¥),

<>1*=[f‘ N+ROY) 5 ”2 )} (0 (1 - 1) dr = 3y,

o = [F*(u, y)+ F (9, J/)

“r )} h(r)/iz(l—r)dr=3(2—y),
1 1 3u+1

SR TVNESVNT. )12[ 1( )ﬁ2(5>f*( y)
ORI

= = gmamrl (3)()7 (M)

STV S VR ES el s 7
1 1 L U+ 30 _5 B

(5) (5)4 )}‘2‘2 7

Page 14 of 20
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Then we obtain

8y
2y < y§?§3yf4%

N

2(2—y)sg(z—y)s@ss(z—wszx(z—y).

Hence, Theorem 8 is verified.

Theorem 9 Let F,J : [u,9] — Fc(R) be two (h1, hz)-convex fuzzy-interval-valued func-
tions with hi1, ki, : [0,1] — R* and ﬁl(%)ﬁz(%) # 0, whose y -levels define the family of inter-
val valued functions F,,J, : [u,%] C R — K¢ given by F, (x) = [Fi(x,y), F*(x,y)] and
Ty (%) = [T, v), T*(x, )] for all x € [u,¥] and for all y € [0,1]. If F, J and FJ €
IR (u,01,y), then

1
U —u

s
(FR) / F )T (x)dx
1 ) 1
< M(u, 19)/ [ﬁl(T)flz(l - t)] dt ¥ N(u, 19)/ R ()R (TR (1 = T)A2(1 - 1) dT,
0 0

where M(u,9) = F(u)J () ¥ F(0)T (), N(,9) = Fw) T (@) ¥ F@)T (u), and M, (u,
9) = [Mi((,9),y), M*(,9), y)] and N, (,9) = [Ni((w, ), ), N*((w, 9), )]

Example 4 We consider /i1(t) = 7, ia(t) =1, for 7 € [0, 1], and the fuzzy-interval-valued
functions F, J : [u,®] = [0,1] — Fc(R) defined by

2"7, o € [0,247],
Fx)o) = 4’;1}”, o € (2x%,447],

0, otherwise,

2 o €[0,x],
Jx) (o) = 2’:", o € (x,2x],

0, otherwise.

Then, for each y € [0,1], we have F,, (x) = [2yx%, (4 - 2y)x*] and 7, (x) = [y, (2 — y)x].
Since the end point functions F,(x,y) = 2yx?, F*(x,y) = (4 - 2y)x* and Ji(x, ) = yx,
J*(x,y) = (2-y)xare (fi1, 12)-convex functions for each y € [0,1], F, J are also (/iy, fi)-
convex fuzzy-interval-valued functions. We now compute the following:
1 ? 1 P2

o [ Fengwyds- [ mas-T
v —-u u 0 2
1

g 1
9 —ul, F*(x,y)J*(x,y)dx=f0 ((4-2y)?) (2~ y)u)dx =

1
M (,9),7) /(; [A1(T)h2(1 - t)]2 dr=—,

1
M*((u, ), y)‘/o [/’zl(r)ﬁz(l - r)]2 dr=—-""

Page 15 of 20
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1
Nl 9),7) [ B - )1 - D) =0,

1
N*((u,ﬂ),y)/o A1 (DA (DA (1 = T)hz(1 = T)dT =0,

for each y € [0, 1], which means

2-yp)* - 22-y)? L0

_22-y)?

2 - 3

hence Theorem 9 is demons

Theorem 10 Let F, J : [u, 9] — Fc(R) be two (fi1, hiy)-convex fuzzy-interval-valued func-
tions with hi, hy : [0,1] = R* and /’11(%)/’12(%) # 0, whose y -levels define the family of inter-
val valued functions F,,J, : [u,9] C R — Kt given by F, (x) = [Fi(x, y), F*(x, )] and
T, (%) = [T, y), T*(x, )] for all x € [u,¥] and for all y € [0,1]. If F, J and FJ €

IR([W?],V)’ then

’

T3

trated.

1 u+ v u+v
f
2[A1(3)A2(3)1? ( 2 )j( 2 )

1 4 ) 1 ,
#—ﬁ_u(FR)/u }'(x)j(x)dx+/\/(u,19)/0 [A1(0)ha(1 - 7)) de

1
F M(u, 19)/ A1 (D)ha(T)i1(1 = 1) (1 — 1) dT,
0

where M(u,9) = F(u)J () ¥ F(9)T (), N(u,9) = Fu)T (¥) ¥ F()IT (), and M, (u,

0) = [Mi((,9),y), M*((,9), )] and N, (u,9) = [No((, 9), ¥ ), N*((, 9), )]

Proof By hypothesis, for each y € [0, 1], we have

u+v u+v
f*( 2 )y>\7>k< 2 yy)x
fUu+v fUu+?

]

2 |:]—"*((1—r)u+rl9,y)j*(ru+(l—r)ﬁ,y) :|

Filtu+(1-1)9,y)T(tu+ (1 -1)8,7)
+ Fu(ru+(1-0)0,7) 7 (A -Du+10,y)

+F(Q-Du+10,y) T (A -Du+19,y)

_]-"*(ru +(1-0)0,y) T (ru+ (1 -1)0,y)
+ P (tu+ 1 -0)0,7) T (Q1-1)u+19,y)

2 f*((l - T)u+ rﬁ,y)]*(ru+ (1 —r)z?,y)
+.7-"*((1 —Tu+ Tz?,y)j*((l —Tu+ tl?,y)

|

Page 16 of 20
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1 1\ 12 f*(ru+(1—t)0,y)$(tu+(l—t)l9,y)
<[m(3)m(3)]

2 2 + F(Q-Du+10,7) T (A -Du+19,y)

(A1(D)h2(1 = ) Foultt, y) + A1 (1 = T)ho(T) Fi(d, 7))
[/’ (1)/1 (1)‘2 (A1(1 = DA(D) T (s, y) + ha (D)o (1 = T) T (D, 7))
+|h

N2/ + (1= s (D) + hr (D1 - 1) Fo (2, 7))

(ﬁl(f)ﬁZ(l - ‘L’)j*(bt, )’) + ﬁl(l - T)ﬁZ(T)j*(ﬁ) V))

3 [m(l)ﬁz(l)]z [ Frru+ (L-1)0,) T (tu+ (1-1)9,7) }

+.F*((1 —Tu+ n?,y)j*((l —Tu+ n?,)/)

(A1(Dha(1 = 1) F*(, ) + hir (1 = T)ho(0) F*(3, 7))
1 1\7? (A1(1 = D)o (D) T, y) + h1(T)ha(1 - T) T (9, 7))
2 (3)()]
4 (R (1= s (D) F (1, ) + b ()ia (1~ D) F*(9,7))
(A1 = T) T, y) + fir(1 = Do (0) T*(9, v))

—|:/’1 1>f 1)]2 Filtu+(1-1)9,y)Tu(tu+ (1 -1)0,7)
L2 +F*((1—r)u+tz?,y)J*((l—t)u+rl9,y)

h (1 h (1 T h1(D)ha(DA1 (1 = T)h2(1 - )M ((,9), v)
"\2)"\2 + [A1(0)ho(1 = DN, 9), %)

+.7-'*((1 —Tu+ tl?,y)j*((l —Tu+ tl?,y)_

(
)
=[ﬁ1 1>ﬁ2<;)]2{f*(m<1—r)0,y)y*(m+<1_fm,y)
2 2
)

(1 h <1)T A1 (D)ha(2)h1(1 = )ha(1 — 1) M* (1, 9), 7)
2)"\2 + [ (1= D) "N* ((,0),7)

|:/ <1>/’1 <1>:|2 Flru+ (1 -1)0)T (ru+(1-1)0)
“[M2)"a + F(L-Du+t0)T(Q-1)u+19)
Iy N [ @) (= Ts(1 - DM, 9)
()] : ,
2] \2 + [f(@)ha(1 = )N (w, 9)
FR-integrating over [0, 1], we have

1 u+v u+v
f
2[A1(3)A2(3)1? ( 2 )j( 2 )

1
U —u

<

4 1 9
(FR)/ ]—'(x)j(x)dx-?/\/(u,ﬁ)/ [A1(0)ha(1 - 7)] dr
u 0
1
3 M(u, ) / iy (0o (0 )in (1 = 7)fia(1 = 1) i,
0

hence the required result follows. d
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Example 5 1If we consider f1(t) = 7, fip(t) = 1, for T € [0,1], and the fuzzy-interval-
valued functions F,J : [u,9] = [0,1] = F¢(R) defined, for each y € [0,1], by F, (x) =
[2yx?, (4 -2y)x*] and J, (x) = [y, (2 — y)x], as in Example 4, then F, J both are (/1, 5)-
convex fuzzy-interval-valued functions. We have F,(x,y) = 2yx?, F*(x,y) = (4 — 2y)x?%,
and Ji(x, v) = yx, T*(x,v) = (2 — y)x. We now compute the following:

1 U+ U+ _)/_2
2[/%1(%)&2(%)]2;*( 2 ’V>‘7*( 2 ’V>‘ 4’

1 fu+? Lfut? -y
2m1(§)ﬁ2(§)12f( 2 ’V>j< 2 ’V>‘ i

1 b4
1 f Foleyy) Ty y) do =
%-uJ,

v
2’
1 2-y

»
m ; Fro, )T x y)dx = 5

)2

’

1
/\f*((u,ﬂ),y)/o [/il(t)ﬁz(l—r)]zdtzo,

1
J\/*((u,z?),y)/o [A1(x)fs(1 - 7)) dr = 0,

2

! Y
M (0 9),9) [ Ba@faoa(1 - a1 - 0y de = 2

2-y)?
3

’

1
M (00, [ a@alia(1 = a1 ) -

for each y € [0, 1], which means

2 2 2 2
5

vt ot

4 2 3 6

2-yp)? - 2-y)? L0+ 2-y)? _ 52-y)?
4 2 3 6

hence the result follows.

4 Conclusion

In this work, we introduce the concept of (/i,/iy)-convex fuzzy-interval-valued func-
tions. With the new concept, we construct new versions of Hermite—Hadamard inequali-
ties, called fuzzy-interval Hermite—Hadamard-type inequalities for (/i;, /ip)-convex fuzzy-
interval-valued functions by means of a fuzzy order relation. Some special cases are also
discussed, which can be viewed as applications. Useful examples that verify the applicabil-
ity of the theory developed in this study are presented. We intend to use various types of
convex fuzzy-interval-valued functions to construct fuzzy-interval inequalities for fuzzy-
interval-valued functions. The concepts and techniques of this paper may be a starting
point for further research in this area.
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