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Abstract

Integral inequality is an interesting mathematical model due to its wide and
signi“cant applications in mathematical analysis and fractional calculus. In this study,

authors have established some generalized Raina fractional integral inequalities jusing
an (1,h1)-(2,hz)-convex function on coordinates. Also, we obtain an integral identity
for partial di erentiable functions. As an e ect of this result, two interesting integral
inequalities for thel{,h;)-(2,hy)-convex function on coordinates are given. Finally, we
can say that our “ndings recapture some recent results as special cases.

MSC: 26D07; 26D10; 26D15

Keywords: Hermite...Hadamard inequality; Raina fractional integral operators;
Coordinated convex function

1 Introduction

In the past two decades, fractional calculus has received much attention. The fast inter-
est in the topic is due to its extensive applications in various fields such as biochemistry,
physics, viscoelasticity, fluid mechanics, computer modeling, and engineering, see [1-3]
for further detail. Most of the studies have been devoted to the existence and uniqueness
of solutions for fractional di erential equations (FDES); see e.g. [4-9]. A fractional di er-
ential equation needs a certain inequality to be existent and unique for solution. For this
reason, a huge number of mathematicians have competed to seek such inequalities; see
e.g. [10-29].

Always, itis important and necessary to specify which model or definition is being used
because there are many di erent ways of defining fractional integrals and derivatives. To
further facilitate the discussion of this model, we present here the definition which is most
commonly used for fractional integrals and derivatives, namely the Riemann—Liouville
(RL) definition.

De“nition 1.1 ([1, 2]) For any L! function f(x) on an interval [ 1, o] withx [ 1, 2],
the th left-RL fractional integral of f(x) is defined as follows:

RLY () = % / (e ) YO)d . a<x 1)
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for Re( ) >0. Also, the th right-RL fractional integral of f(x) is defined as follows:

Ry z_f(x)::%/ (—nYO)d, x< o (12)

In the recent decades, a strong modern direction of research in fractional calculus has
brought the attention of interested researchers in various disciplines to investigate various
possible ways to define fractional integrals and derivatives, often with di erent properties
from the classical RL in Definition 1.1. In 2005, Raina [30] introduced the new fractional
integrals, often called the Raina fractional integrals, corresponding to the classical RL in-
tegrals (1.1) and (1.2).

De“nition 1.2 ([30]) Forany L! function f(x) onaninterval [ 1, 2]withx [ 1, 2], the
th left Raina fractional integral of f(x) is defined as follows:

1 (x)=/ (x—1) ‘131 [ (x—1) ] (¢) dt, 1<%, (1.3)
1
and the th right Raina fractional integral of f(x) is defined as follows:
"2

) (x):/ -0 [ —x) ] Ode x< o (1)

where § () is the generalization of Mittag-Le er (ML) function defined as follows: For
a bounded arbitrary sequence (k) of real or complex numbers, we define the function

S, (¥) by
_ (k) &
T, ()= Z mx , (1.5)
k=0
where , CwithRe( )>0,x R,and (-) denotes the classical gamma function.
Remark 1.1 By makinguseof = , (0)=1,and =0inboth (1.3)and (1.4), we obtain

the classical left and right-RL fractional integrals (1.1) and (1.2), respectively.

2 Literature results
Before we pass to the main findings, we review and introduce some definitions, notations,
theorems which will be necessary later to proceed.

De“nition 2.1 ([31]) Afunctionf:Z R  Rissaid to be convex on Z if

F@=) 1+ 2) A= )Y+ f(2) (2.1)

holds for every 1, , Zand [0,1].
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De“nition 2.2 ([32]) Denote :=[ 1, 2]1% [ 3, 4], Wwhere0< ;< ,and0< 3< 4.
For a function f': R, the coordinated convex function on is defined as follows:
F(11+@= 1) 2)(2 3+1=2) 4)
12f( 1 3)+ 2(1— 1)f( 2, 3)
+ (1= 2 (1, A+A= )A= 2 (2 4) (22)

forevery 1, » [0,1]and ( 1, 2).( 3, 4)

The well-known integral inequality of Hermite—Hadamard type (HH-type) for such a
convex function (2.1) is given by

oy 1 [ FC+Co)
f(452) = [ “wax LD 23)

In 2001, HH-inequality (2.3) was established on the bidimensional plane  for such a
coordinated convex function (2.2) by Dragomir [32], his result is as follows.

Theorem 2.1 Letf: R be a coordinated convex function on , then we have

1t 2 3t g4

(52
1 1 2 3+ 4) 1 /4 ( 1t 2 ) )
— X, dx + Wy d
2(2—1/1f< 2 4= 3 3f 2 7)Y

[ [ e

—_—— flxy)dydx
(2= (a—3)J, J,

%( zf 1/lz(f(x, D+f( a)dx /34(1‘( 1.9) +f( z,y))dy)

SCo &) +f( 4 4)Zf( 2 3)*f(2 4) (2.4)

1

4— 3

In 2014, HH-inequality (2.4) was generalized to fractional integrals of RL type by
Sarikaya [33], which is as follows.

Theorem 2.2 Letf : R be a coordinated convex function on , then we have
1t 2 3t 4
)
( +1) 3t 4 3t 4
m ]ff 2 2 +] Z_f 1, 2
(+1 1t 2 1+ 2
fam g VI )

( 2(_ "’1)1)( (4_+13)) 7 4 ;f( 2 a)+] : ;f( 2 3)

+] - 3+f( voa)t] f(w 3))
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4(7”)(1 SC1 D+ S0 )+ of (2 )+ S (20 9))

(2= 1) "2 2 ' '
4(7+1)(];f( 20 9+ f (1 )] f (20 )] +f( 1, 4))
(24— 3) : ’

SO @) +f( 1, A)+f( 2 3)*+f( 2 4)
7 .

The above inequalities have attracted many researchers in the recent years, see e.g. [34—
38].

De“nition 2.3 ([39]) Letf L( ). Thefractional integral operators for two variable func-
tions,where ( , , ) [0,+ )?x[0,+ )?xR?with =( 1, 2), =(1, 2), =( 1, 2)
and =( 1, 2), aregiven as follows:

6= [ [ 90- 27586 0]
xF2 [ 20— 2) ] (1, 2)d 2d 1,
2 = [ [ em 0 e k- 0]

y

=
w4

=4

xF 2,0 202=91] (1, 2)d 2d 1,
o= [ e om0 [

ngvz[ 20— 2) 1] (1, 2)d 2d 1,

N

and
R s = ? ! — 1-1 — 2—131 _ 1
o o= [ /y (1=0) " o=0) 25 2 [ 1(1-9) 1]
xF2,[ 202-9)1] (1, 2)d 2d 1.
Also, we have
o (x ! 4>=/f(x— D [ a0 (1, ! 4)d1,
L1 <x 3; 4):/962(1_96)1—15;1[ 1(1—%) 1] (1, 3; 4)011.
- 12 ( l; Z'J’):/:(y— 2) 71§ 2 [ 20— 2) Y ( 1; 2, z)d 2,
and

2T 2 ( 1; 21)’>:/y (2= 22 ,[ 2(2-2) 1] < 1; 2, 2>d2,

&
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In[39], Tung and Sarikaya investigate the following Hermite—Hadamard for coordinated
convex functions:

1t 2 3t 4
f( 2 T2 )
1
(2= 1)1 a= 3)2F 1 . 1( 2= 1) )T 32, 20 4= 3)2)
x{ s fCa )+ o f(209)

+ ,,21;,f( v At O 3)}

(FC 1, 3)*+f( 1 A)+f( 2 3)+f( 2, 4))
" .

De“nition 2.4 ([40]) Let h1,h, :] R be two nonnegative and nonzero functions.
A function f R is said to be (I1, 11)-(l2, h2)-convex function on the coordinates on
if

f([ "+~ 1)”11]%'[ 22+ (1— 2)1/12]%)
hi( )ha( 2)f (%) + ha( )ha(1— 2)f (x,v) + hi(1— 1)ha( 2)f (u,y)
+h1(1— l)hz(l— Z)f(M,V)

holds for all (x, ), (u,v) and 1, 2 (0,1).

As we know, there are many results on coordinates of convex functions via other types of
fractional operators and other types of convex functions, see e.g. [41—44]. Therefore, inte-
gral inequalities on coordinates of convex functions via general Raina fractional integrals
open a new door in the field of mathematical analysis and theory of convexity.

Motivated by the above results, in this paper we establish some generalized integral in-
equalities using an (/1, /11)-(2, hi2)-convex function on coordinates. Also, we obtain an inte-
gral identity for partial di erentiable functions. Asan e ect of this result, two interesting
integral inequalities for an (1, #11)-(l2, h2)-convex function on coordinates are given. At the
end, a brief conclusion is provided as well.

3 Mainresults

In what follows, we assume that /3,4, :J R are two nonnegative and nonzero func-
tions, with 71(3)h2(3) =0, =(1, 2, =(1 2, =(u1 2, and =( 1, 2) with
121, 2 [0+ )and 4, 2 R

Theorem 3.1 Letf: R be an integrable and (11, h1)-(I2, h2)-convex function on coor-
dinates on . Then we have

1

(5] [
h(5)ha(3) 2 ' 2

I I I I
_ 1 ( ll + 21 32 + 42)
mGmGys\ 2 2
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1
F= - DT (= DT a2 F- D))

x { ; '( il)+*( é2)+’ fé( él’ 4{2) + : Y( i1)+‘( 12)7’ fé( él’ éZ)
, V( él)fy( é2)+ fé( ]l.l’ ‘{2) ) v( él)f,( ‘112),Y fé( ]l_ll ?1,2)}

(FC 1 ) +f( 1 a)+f( 20 3)*+f( 2, 4)
Lol = HOF2 a2 2= D)2

1,1
x/(; /0 11_l 22_13 1 1[ 1( él_ {1) ' 11]3 2 2[ 2( z{z_ éz) ? 22]

x (hi( 1) +hi(1— 1)) (h2( 2) +ho(1— 2))d 2d 1,

where fo(x,y) = f (¢1(x), £2(9)) with g (x) = xT and g;(y) = y's.

Proof It is easy to see that

|: iﬂz- ll:| :[(( 1 +(1— 1) 21)’1)11;(((1_ 1) i1+ ! ll)ll)ll] (3.1)

and

|: éz_; 2:| _[(( , 2+(1— 2) z{z)’lz)lz';(((l— 2) éz+ 2 41,2)112)12]%. (3.2

Making use of (3.1) and (3.2), and the fact that f is (I1, 41)-(/2, #2)-convex on the coordi-
1

nates, we have
(T T
h1<%)hz(%>{f((l ha(io ) B)E (5 Be— 5 Byb
(W= 2) £+ 2 £)F)
(2 F+0=2) H)?)
(=2 £+ 2 B)B)), (33)

=

S

)

=

+f(( 1 PHl= 1), )
+f(((1- 1) R 211)
() B [

S

N‘P

Multiplying on both sides of (3.3) by
TR (- ) L (- )",

and then integrating the resulting inequality with respect to ( 1, ») on [0, 1]?, we get

o (1 T
m@e® "2 ]2

1 prl
o A P Y SR F R

Page 6 of 23
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1 1
[ s 0 o e 57 )
x I _ 11% 7] _ lz%
f([11+(1 1)2] :[23"'(1 2)4] )d 2d 1
1 1
L B e B
xf([1 b+@- ) FE[a- o) 2+, 2]
1 1
A P SRR O RS S RO

1
I

xf([A= 1) £+ 1 él] L2 #+=2) #)2)d 2d 4
1 1
e B i B

)d 2d 1. (3.4)

S

x (L= 1) #4125 2) £+ 2 2]
By making a change of variables in (3.4), we obtain

o (1 5T
O\ 2 ] 72

1
I I ] I I ] ] ]
7= D= DS a(F = DIFE a2 F= F)2)

I Iy
AL L T L e
1
x 52 [ o £y) (et .yl dyde
I 1]
2 4 . B
S T T80
1 3
x§2 [ 2= &) 2If(xh.yl) dyde
+f11 / (= )T (ST = )]
1 3
x 32,0 (&))"
él iz
-1 -1
+f11 / = )70 DTl )
1 3

<52, 20- ) Vet wal

NI._‘

1
C(E- Da(E- Byt (B DO La( (- B2
3 1, 1+#10 10 2 1 2, 2+1\ 2\ 4 3
I 7] I I
x 1 + 1
{ GO é%tfg( 2 &) NN 12>—,fg( 2 3)
[ I [ [
n ny S 1 F)+ u oo S F)} (35)
ey ey
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Since f is ({1, 11)-(l2, hz)-convex on the coordinates, we have

Fa -0 HE[L Bea- o) £]7)
hi( Dha( 2)f( 1, 3)Hha( )ha(L— 2)f( 1, &) +ha(X— Dk 2)f( 2, 3)

+hi(1— 1)ha(1= 2)f( 2, a) (3.6)
F1 -0 H5a- o) £+ 2 £]%)

hi( D= 2)f (1, 3) +hi( Dha( 2)f (10 a)+ (L= 1)ha(l— 2)f( 2 3)

+h (1= 1)h2( 2)f( 20 4) (3.7)

Fa= ) E 0 B (2 =) DR
hi(L— D)ha( 2)f( 1, 3)+hi(L— 1)ha(1— 2)f( 1, a)+hi( 1)h2( 2)f( 2, 3)
+h( 1)a(1—= 2)f( 20 a) (3.8)

and

PO R él)%v((l— 2) £+ 2 12)2)
hi(l= 1)hao(1= 2)f( 1, 3)+hi(1— Dha( 2)f( 1, 4)
+h( )ha(1— 2)f( 2, 3)+h( ) 2f( 2, 4) (3.9)

Adding inequalities (3.6)—(3.9), multiplying the resulting inequality by

S T UG Sl o R (S RETO ol D Rt

and then integrating the result with respect to ( 1, ») on [0, 1]?, we get

[ s oz Lo - )7 2]
([0 fra- ) 2
Hf([1 f+a- ) B [a- 2 £+ o £17)
(-0 B B (2 £ra- o) D))
(= ) Br s BE(A-2) £x 2 B)2))d od
(FC1 ) +f( 1 A)*+f( 2 3)+f( 2, 4))

A TR SR TN G R LY
X (ha( )ha( 2) + (11— 2) + (1= 1)ha( 2)

+h(l— Dh(l— 2))d 2d 1.

[2 2+@1- ) 2]%)

»:h—-
S

S

Page 8 of 23
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Making use of the change of variables and multiplying the result by

1

FLoal (2= D32 ul 2= D2

we obtain

1

h 1 L L h 1 L I
7= D= DTl (= D)IFE a2 F= F)2)

x { ( {l)+y( é2)+‘ fé( él’ ‘{2)+

[

I b

( i1)+'( iZ)fv fé( 2 3)

o él)i( 4112)71 ﬁs’( {l' éz)}

(f( 1, 3)*+f( 1, A)*+f( 2 3)+f( 2, 4))

Lo (= HF2 a7 22
1 1
/0 fo R [a(he By e o B B,

x (hi( 1)+ hi(l— 1)) (h2( 2) +ho(1— 2))d 2d 1.

b byy
) v( él)fy( é2)+' fé( 19 4)

This rearranges to the proof of Theorem 3.1. O

Remark 3.1 Theorem 3.1withly =, =1and i1( 1) =ho( 1) = 1 becomes Theorem 2.1 in
[39].

Remark 3.2 Theorem 3.1 withl; =5, =1, 1= ,= , 1(0)= ,(0)=1, ;= ,=0,and
h1( 1) = ho( 1) = 1 becomes Theorem 3 in [33].

Remark 3.3 Theorem 3.1 with ;= ,=1, 1(0)= ,(0)=1,and ;= , =0 becomes
Theorem 2.1 in [40].

Remark 3.4 Theorem 3.1 with h=hb=1 .= ,=1, 1(0) = 2(0) =1, 1= =0, and
hi( 1) =hy( 1) = h( 1) becomes Theorem 7 in [35].

Theorem 3.2 Letf: R be an integrable and (I1, h1)-(l2, h2)-convex function on coor-
dinates on . Then we have

(A qhy fe b
2 ’ 2

l;

MO ACEERDe R
2 1, 1.( il)", &2 2 1, 1.( él)‘, e 2
I / / /
20— D)l (=MD
h,h hyh
ho(L 2 1t 2 Lyy 2 1t b
+ 2(2)( 2, 2,( éz)*, ng( 2 ) 2, 2.( iz)’, ng( 2 )

20 74— D252 ,ul 2 £— £)2)

b, b b, I 1
3t a gt

, (1>f( W[ L1E) 4 (o [LR)
5 I ]
2 28 1 (= 1))
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1
fo a2 il)lll](hl( D +m(l— 1))d

l]_+l

IVAIEE2TE, o+ A 21h, )
+ho( 2
2(2) 252 (o £ éZ)z)

1
x ]0 ] 2, iz_ éz) 2,2 (2 2) + (1= 2))d 2

where fo(x,y) = f (¢1(x), £2(9)) with g (x) = *T and g;(y) = y's.

Proof Since f is an (I, h1)-(l2, h2)-convex function on coordinates on , the partial map-
pingf.:[ 3, 4] Rdefinedbyf,(v) =f(x,v)is (I2, h)-convex with respecttovon|[ 3, 4],
andf,:[ 1, 2] Rdefinedbyf,(x) =f(u y)is (l1, h1)-convex with respecttozon[ 1, »].
So, we have

()

:ﬁ< (2 2+ o) 4 )Ulzz(((l— ) £+ ’2)71”[2}2)

| —]

1 1
I I

)m((z Lae(i- ) BYE)+f((- o) 2+ o D)B))

)(hz( 2 3) + (1= 2)i( a) +ha(l= 2)( 3) +h2( 2)fa( 4))

S
TN N
NI, N

h

1
Nyl
N
N
N~

)(hz( )+ ) (A )+l 2). (3.10)

From (3.10), we get

1

lz /] 12
2] s beae B e

(ha( 2) + h2(L— 2))(f( 3) +fe( 4))- (3.11)

Multiplying (3.11) by ,>'§ 2 [ 2( #— #) 2 ,°]and then integrating the resulting in-
equalities with respect to , on [0, 1], we obtain

12+lz% 12_12 L o
hz()ﬁc([ 2 :| )/0 2 g272[ (47— F) 2]d2

4
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/]
1 4

-1
e m D

—_ 1 2
B iZ_ ?{2)2( 2, 2.(
1
(50 3)+Ad 4>)/ i o
0
x (ha( 2) +ho(1= 2))d ».

This implies that

1 2+
) (x[ 2

i

1

[}
:132)+' zfa'C( 42) +

LI LI
£= 985 al A £= §)2)

x(2

2, 2. fﬂ’(xlll £2)+ 2

é2)+v 2
f(xl 3) +f(x| 4) ! 2—1
§
§ g 2+1( 2( iz_ ?{2) 2)/0 ?

x (ha( 2) +ho(1— 2))d ».

Befh
Putx=[-15-%]% into (3.13) to get
PRI
2 ' 2
ha(3)
VR SIS O
4 3 2, o+1\ 20 4 3

I I
+
1 2 Iy
X 2 £ +
[ 4
( 2 2( )t 3 g( 2 ’ >

h, 4 h, h
1t

L
220 2 2

Page 11 of 23

2ol 2w &) Tl dw
i «(5))

Iy
2 20 Ay 2

iz_ éz) 2 22]

hz(})f([ 215, ) AR, W)
2 §2 (o £= )2

1
x ]0 ] 2, o iz_ :éz) 2,2 (2 2) + ha(1— ) d 2.

Similarly, we can deduce

lz+

(SEEEY
hi(3)

I ] ] ]
7= )Wl (=)

I )
+
/ 3 4
X 1 f 1 +
I} 2
( [EET e A g( 2 >

(3.12)
fel, )

La( 8= )2

(3.13)

I I

2 1t 2 g
2, 2.( 1112)_' 2']2( 2 $ 3 ))

(3.14)

7
n 3t
1

)

1
1, 1,( él)i 1fg<
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S

£ 15y 4 p( o [LL8)

hl<;)f(11 :

2 R GRTEEED ))
1

x/o 11—131'1[ 1( él_ {1)1

By adding (3.14) and (3.15) together, and then multiplying the result by % we get the de-
sired result. Thus we get the proof of Theorem 3.2. O

() = 1) d (3.15)

Remark 3.5 Theorem 3.2with [y =l =1and k(1) =ho( 1) = 1 becomes Theorem 2.2 in

Page 12 of 23

[39].
Lemma3.1 Letf: R be a partial differentiable functionon .If —— L( ), then
we have
fCu3)  fCu o) | fC28)  f(a 4)
4111 1-1p 4111 1-Ip 4111 1-Ip 4111 1]2_
3 4 3 4
. 1
43— (2= Dol (F— M IF L Lal o F- D7
2 1 4 3 1, 1+l 10 2 1 2, 2+1l 2
h=1 l— hol I } I
x ( (g by 1 PER(CD D) (B by T T ER(E D)
)0 L2 )0
h-1 | hol h-1 -1 hood
iy By 2R D) (el 2 k(2 4)
;= A= )
Mmglﬁﬂl( ’qu;ﬁﬂz(?— 2) 7]
I I zi 7] %) zi
x 3(1, 2) 2((114'(1— ) )5 (2 £+QA=2) H2)d 1d
0 Jo
1,01 2f 1
+//B(1,2) 2((11+(1—1) ) (A=) &+ 2 H)2)d 1d
0 Jo
trt f A A I Ly~
+//B(1,2) 2(((1—1)1+12)’1(23+(1—2)4)’)d1d2
0 Jo
1,01 2 ) 1
o[BG o=@ o i R, m—a3+znwdm)
where
_ I I } }
B(1 2)= 1" 5°% 1 1+1[ l( 2~ 11) ' 11] 5 z+1[ 2( L= 32) ’ 22] (3.16)
and
=1y, I
_ 1 ( iy, * RGNS
42— 2282 ul o = D7 7
2 -1 I 2 =1 I
+ 2.( éz)”, , 4 e 1 4 2.( 52)‘, 2 3 el 2 3
1-ih 1=l
1 2
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2 -1 ( I
2 o é2)+, 4 Je\ 2 4 1
+ 11 + I I 1 L h
2 43— ) al (= )
h-1 I h-1 L
! I 1 Je 11’ 3 ' n. 7 Je 111 e
% L)1 1)1
1-ip 1-lp
3 4
-1 -1
! vy zlfg 21:3) ! s 2112 21:4)
n () 1)
-1 11, )
3 4
' 1 1
and fg(x,y) = f (g1(x), 22(9)) with g1(x) = x" and g&(y) = y".
Proof Set
h:=hy—hy—hg + Ay,

where

1,1
hy = i /0 228l él_ {1) e 2l o 4{2_ éz) 2 7]

1
5

’f I Iy £
x (2 "+@=12) Mo (2 L+(1- o) . ) Yd 1d 3;

1 rl
hy = i fo R t 1+1[ 1( é1_ il) 1 11]3 2 2+1[ o 4112— éz) 2 22]

’f
x (1 B+ ) B, (= o) 2+, b)E

1 rl
CE N RRURE IR R T R N R Y

2 1
1f2(((1_ ) él) (2 #+(1=2) £)2)d 1d 2

1,1
hy = i /0 S 1+1[ o él_ {1) S K 2 2+1[ 2 4{2_ 3{2) 2 7]

2 1
X 1f (((1_ 1) ! 2)7I (- 2) it 2 iz)z)dldz

Integrating by parts 7, we have

1
=[5l o= 97 A ol (- 0

2f I llll li
(s ) (e £ 0 ) 1)012
b8l (2= M1 . b
- 5_111) 1—11 / 22+1 (i_?{) 2]

1
I

x _f2( (2 24— 2) A)%)d
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(3.17)

(3.18)
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th 11_1% L 1[ 1( él_ :{1) L' ! 27 2 ) by 2 2
- I I I L 14 2 § 2, z+l[ 2( 4 3) 2 ]
O (= )1 +@=1) H)h 0

«L((ira- 0 HE

1
I

(2 br@—y) ))d2>d1

_h8 b 12— ) BE al o2 Z- 97 (0, o)

l]_ l]_) lz lz) ]:.L—ll :;L—lz
I
hbg i 1+l[ 1( — 1) l] z—l% 2 I by 2 2
T 11)( I _ 12)111 2 z,z[ 2(4_3) 2]
2 1 4
-1 1
x (2 P+(1—2) i 2 2f( (2 F+(1- ) f)’z)dz

Wb E ol (2= D7

I I [/ )/ ~;
21_ 11)( 42_ 2) 3 2

x (1 Bae- ) HTEA((L Bea- ) B)E gy
ll 1— 1 1 1 1 1
1 11;(2 lz)/o /0 1 13 1, 1[ 1( é - i) 1 ]

X 22—15 22[ 2( 42_ éz 2 22]

1
x (1 1ra- ) ll)l ’1( 2 2+(1- ) iz)l 2

1

xf(( 1 f+- 1) 51)7—1(2 L+(1- ) iz)%)d 2d 1.

[y

By the change of variables, we get

LY al 1( 2= LT 2 al o £= D21 f( 1 3)

hy = L h E_ k) Ik
LLF Y al (3= M)
- 11 11)( _ éZ) 2+1 11—11
]
4 -1
[ CE) TR Lo E=0) DR E)
3

hhF 2l o 2= 97

lj lj [} I 1-1
po My g By R

[ TR L () A B
1

A Iy
Ll A 11y, I 1
él_ {1) 1+ iz_ éZ) )+l /il /éz ( 2 —x) 3V1, 1[ 1( 2 —x) ]
-1 -1 -1
x (=952, o 2-y) Wiy 2 f(xy) dydx. (3.19)
Making use of Definition 2.3 in (3.19), we get

_hbS G al (5 1) 185 gl o £= DS )

I I [} - 1+
1 1)( 32) 1 1 3 2
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l I
_11123' ol (=M1 h-1 -1

h b
Fo Ay Fm Bt b ikt ETD)

I 1
11123 g 2+1[ 2( 42_ 32) 2] -1 1 -1 )
- 2Ll 2 )

L (TS eip
Il h-l b=lp( L b
. 3.20
él _ ]l-:l) l+1( L{Z _ éz) 2+1 o ]l-l)+y( éZ)+' 2 4 g( 2 4) ( )

Likewise, we can deduce

hbsilﬂtl<“—-“)ﬂszzﬂ[z<f— 221 £( 1 a)

2:

l [ 1 1-1p 1+
h_ 1)( Ly 1
I
+ 11123"1 1+1[ 1( l_ 11) 1] h-1 lz—lf( I 12)
11 11)( — éz) o+ 1 2, 2.( iZ)_' 2 § o Jeh 13
1
. IbL¥ § el 2( 42 - )] b=l 1 ll_lf( I 12)
R T S S
hiy h-1l b-ly,/ h b
, , (3.21)
él_ {1) 1+1( iz_ 3l’;:) 1 (e, 28 fe( 2 5)
5 I [/ [/
- LS5l (2= D) LS2 al o0 £= )2 f( 2 3)
3 11 11) ( lr 12) él—ll ;-—12
I
+lllz3'i sl 12 A 1 h-1 5 -1 ( I 12)
1 11)( _ lz) 2+l 2 2 2 é2)+‘ 2 4 g\ 2 4
1
11123 2, 2+1[ 2( 2) 2] -1 1 11—1f( I lz)
él ll) 1 b _ éz) 3 TR Lol 3
Il h-1l bly,/ h b
7 7 I I Ny_, loy+ 1 4 f:g( 10 4)’ (322)
TRl e G Sl SR DA R
and finally
I I L I
" ChF T al 0= ) NRT S al 20 5= D)2 f( 2 a)
4= l 1 2 7] 1-h 1
1) 3) 2 4

Lb§ 1o al 1 b 1 n-1
- 2

lz)_' ) éz_lfg( él’ éz)

2= D &— Pt 220

LWL al (- DA

{1—lfg( {17 ‘{2)

L l 1 [ 4 N
R At 32) L)
Lo -1 lz bl
f( 1 ) (3.23)
él _ il) 1+1( iz_ 42) 2+l él)_’( ‘llz)_’ 1 g( 1 3)

Making use of (3.20)—(3.23) in (3.18) and then multiplying by

d— (2= D
Mms;ﬁﬂl<2—{qugﬁﬂz<f— 2) 2]

we arrive at the desired result. Thus we get the proof of Lemma 3.1. O
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Theorem 3.3 Let f: R be a partial differentiable function on If|

(l1, h1)-(l2, hp)-convex function on coordinates on , then we have

fC 1 3) f( 1 4) f( 2, 3) f( 2, 4) 4

1-Ih l—lz 1-; l—lz 1-i 1—12 1-ih 1-b
4 1 3 4 1 4 4 2 3 4 2 4

1
+
A p— MU= DTl (= DS Ll o 2= D)2

4 I
x g\ 11 4 g\ 11 3
( o él)—’( éZ)+Y ( 1-Ih l lz) o él)—’( 4112)—Y ( 1-Ih l 12>
fil 2 $) AGTS)
Ny, + ny,, L
o ll)+'( 42)—' él_ I él. Iy ( 11)+’( 32)+Y 21 I i. 173

R
ums;ﬁdl(z—iﬂqszﬁdz(f— 2) 2]

1,1
g (/o /(; B( 1, 2)(ha(1= 1) +ha( 1) (ha(1— 2)+h2( 2))d 1d 2)

x (‘ 12f2( 1, 3)

2 2
‘—f( 2, 3) +’—f( 2, 4)
1 2 12

2
+‘—f( 1, 4|+
1 2

|zs an

)
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where B( 1, 2) and A are as in (3.16) and (3.17), respectively, and fz(x,y) = f(g1(x),22(9))

1 1
with g1(x) =xt and g>(y) =y%2.
Proof By Lemma 3.1 and the properties of modulus, we have

fC1 3) f(1, 4) f(z, 3) +f(z, 4) _A

l —l1  1- 12 l —l1  1- lz 1-ih 1-b 1-ih 1D
4 3 4 4 4 2 3 4 2 4
1

A 2= DU 2= DTl (2= HUF2 al 2 £— D

x fg 1!4) + f:g 1’3)
S\ e R

4

I I
Jg\ 2 3 3 + g\ 2 47 4
I ] _ _ I I . —
o 11)+Y( 42)7‘ 1 ll 3f|. Iy o 11)+Y( 32)+Y l 11 i. Iy

11 11)( b lz)

Mms;“ﬂ1<z—iquzﬁﬂz(?— %) 2]

x(ﬁi[B(La

(2 +a-2) £)F)

+A{47xbz

(A= 2) 2+ 2 2)%)

+

1
I}

2
L((s bva-n &

did

2 1
f;(1?+a—1)ﬁﬁ,

did
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2 1
fz(((l— D)+ él)q.

+f01/018(1, 2)

(2 2+=2) £)2)|d1d 2

+]01/018(1, 2)

(1= 2) 2+ 2 iz) )

2 1
fz(((l— ) 1 él)q,
did 2).

Using the ({1, 511)-(l2, h2)-convexity of |%| on coordinates, we obtain

fCu8) | fCu e fC23)  f(2 )

ll 1-1 ll 1/, 111[ 1111
4 132 4 142 4 132 4 142

1
4= D= DLl (= DLl o= D]

lj b} lj b}

AGTIRD AGTIED.

x hy_ o bys i —l 1—1 + hy-l2y- "y —1 11
T 1 2 A 132

173 173
AR B, RSB
o ]l-l)+'( iZ)—' l—ll 1—12 o :ll1)+’( éZ)+' l—l]_ i.—lz

- (- D
ATt ol 1( = 1 UF 2l o 2= D)2

+

11 2f
x (/ / B( 1, z)(hl( Dha( 2) (1, 3)
o Jo 2
2 2
+hi( 1)h2(1- 2) 1f2( 14| t(l— 1)h(2) fz( 2, 3)
’f
*hat= = )| — (2 s )dldz
1 1 2
+/0 /0 B( 1, 2)<h1( 1)h2(1—- 2) fz( 1 3)
2 2
+h1( D)ho( 2) fz( 1oa)|+h(l— 1)h(1- ) fz( 2, 3)
’f
el ()| —Ca 4 )dldz
1,1 2
+/0 /0 B( 1, 2)<h1(1— 1ha( 2) fz( 1 3)
’f ’f
+hi(1— 1)ha(l- ) 2( 1oa)| Hhi( ) 2) 2( 2, 3)
°f
+h( 1)h(1- 2) X 2( 2 4 )d 1d 2
1,1 2
[ [ s 2)(1«1(1— Wt 9| —L( 1 9
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2 2
+h(1— 1)ha( 2) fz( 1oa)|+h( 1)h(l- 2) f2( 2, 3)
2f
+h1( Dho( 2) ( 2, 4) )d 1d 2)
11 11)( 52)

AhbF ' L (= T2 Lal o £— D)2
1 1
x ( / / B( 1 (= 1)+ ) (= 2)*+ Il 2))d 1d 2)

(o) )

This completely ends the proof of Theorem 3.3. O

2 2 2
l—f( 1, 4) +‘—f( 2, 3) +'—f( 2, 4)
102 12 102

Corollary 3.1 Theorem 3.3 with |%| K gives the new inequality:

floa) | flug) | flas) | flae)

l —p  1- lz l —p  1- lz 1-11 1—12 1-1 1-Dp
4 3 4 4 4 2 3 4 2 4

1
47— D= DTl 12— HDIF2 al 22— D7

g 11’ 4 ) g 11’ 3 )
x ( Ny, by ( 1 1—1 + hy_ oy ( 15 1
)0 1 2 )0 132
-fg 2 ' 3 ) f;! 2 v 4 )
o illl)+'( ‘l‘Z)—‘ 1—11 él.—lz o il)+’( é2)+y l—ll i.—lz

K( 21_ ]{1)( 42_ 3{2)
hhF ' gl 15— 11182 ul o 2= 2)2]

1 1
x (f f B( 1, 2)(l(l— 1) +h1( 1)) (h(1— 2)+ha( 2))d 1d 2)-
o Jo

+

Remark 3.6 Theorem 3.3 with [y =/, =1and k(1) =h2( 1) = 1 becomes Theorem 3.2 in
[39].

Remark 3.7 Theorem 3.3 withl; =0, =1, 1= ,= , 1(0)= ,0)=1, ;= ,=0,and
h1( 1) =h2( 1) = 1 becomes Theorem 3 in [33].

Theorem 3.4 Let f : R be a partial differentiable function on If| |q is an

(I, 1)~ (L2, h2)-convex function on coordinates on , then for g > 1 and + 1 we have

fCu8) | fCo o) fC23)  f(2 )

l —p  1- lz l —p  1- lz 1-11 1-D 1-l1 1-Dp
4 3 4 4 4 2 3 4 2 4

1
4( él_ il) 1( 4112_ 12) 231 1+1[ 1( él_ {1) 1]32 2+1[ 2( 4 72— éz) 2]

JAGTNS) SR
X I I + ! I
A U e SArcH U e

+
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I [} lj [}
W2 BN, ACE D)
o J{l)+|( 1112)—' ;_ll él.—lz ( lel)+’( é2)+Y 21—11 i.—lz

i il ).
AnlFl ol 1= DT Ll o= )7

q
(ff [B( 1, 2)] dld) [{//(hl(l)hZ(Z) f(l, 3)
+hi( 1)h(1- 2) f ( 1 4) +h1(1— 1)ha( 2) f (2, 3)
2 q i
+h(1— 1)h(1- 2) / (2, 4) )d 1d 2}
12
1 1 2 q 2 q
+{/o /0 <h1( Dha(1— 2) f ( 1o3)| +h( ) 2) fz( 1, 4)
(= (- ) f (29
2 q i
+h(1— 1)ha( 2) / (2, 4) )d 1d 2}
1 2
{/ / (hl(l_ Dha( 2) f ( 1 3)
2 q
+h(1— 1)h(1- 2) f2( 1 4) +h1( 1)ha( 2) fz( 2, 3)
2 q i
+hi( 1)ha(1- 2) f ( 2, 4) )d 1d 2}
{/ / (hl(l_ Dha(1— 2) f ( 1 3)
2 q
+hi(1— 1)ha( 2) fz( 1 4) +h1( Dha(1- 2) 1f2( 2, 3)

2

+h( 1)ho( 2) fz( 2, 4)

Yoo}

where B( 1, 2) and A are defined as in (3.16) and (3.17), respectively, and fy(x,y) =
1 1
Sf(@(%).£209)) with gi(x) = x" and ga(y) = y%.

Proof Making use of Lemma 3.1 and the properties of modulus, we get

fCu8) | fCu o) fC23)  f(2 )

ll 1-1 ll 1/, 111[ 1111
4 132 4 142 4 132 4 142

1
M= = DLl (P DS m[ 2 &= )7
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e\ S h 1 PG A\ S h 1 P
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i1 il
g( 20 3 + g( 20 4
l; l; _ _ I l; — —
2 11)+.( 42)_v g‘ h g' f2 o 11)+,( 32)+, 21 h i‘ l2

L
AhbF ' gl (3= D UIFE Lal o F— D)2

X(/Ol/OlB(L 2)

(2 2+@= ) BYE)

+/01/013(1, |7

1
I

2
fz((l b ) by

did;

2((1 1= 1) )

(1= 2) 2+ 5 iz)%) did >
2
[ [ o[ 0 b
(2 £+(1- 2) 4)’2) did;
’f

(G by,
dqd )

Making use of the (I1, /11)-(2, h2)-convexity of |

//B(l,z)

((1—2)3+24))

|q on coordinates and Hélder’s in-

equality, we obtain

fCau8) | fCu o) fC23)  f(2 )

1-l1 11— -1 1-D -1 1- 1-l1 1-Dp
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+
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X ]fg l v 4 ) .ﬁg 1 1 3 )
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1 11)( 12)
AhhE ol 12— D UF2 ol 2 £— D)7

([ fooras)

l s i ! oy A |7 g
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1 2 . %1
+{0 fz( 11+(1— 1) 5 ) ((1— 2)3+24)T) d dz}
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2f _ I I 7 _ b\% ! %
(@= 1) i+ 1 ) (2 8+Q=2) f)2)| did .
2 , %
{ R R L CEPE R LR
P 2= D)
AbF Ll 1= ) F 2 ul o = 27
1 1
(/0 [ 1503 aa ) H/ / (hl( ol 2) f (9|
2
e = D~ Ca 9 = (2 i (2 9
(- (- ) f (2 0 )dldz}é
2 q
{/ / (hl( Dha(1— 2) f (1 3) +h1( 1ha( 2) fz( 1, 4)
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2 q i
+hi(1— 1)ha( 2) f ( 2, 4) )d 1d 2}
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2 q i
+h( 1)ho( 2) f (2 3) +h1( Dha(1- 2) fz( 2, 4) )d 1d 2}
q
{/ / (hl(l— Dia(1— 5) f (19
2 q
+hi(1— 1)ha( 2) f ( 1 4) +h1( Dha(1- 2) f2( 2, 3)
Nt
i il |2 0 )dldz} }
2
This rearranges to the proof of Theorem 3.4 O

Corollary 3.2 Theorem 3.4 with | 12f2 |7 K, give the new inequality:

‘f(l 3 , fCu o) | fCas)  f(2 4)

1-l; 11— lz l —p  1- lz 1-11 1-D 1-l1 1-Dp
4 4 4, 4,

3 4 3 4

1
A2 = 8= DLl = I8l (£ )7

Il Il
x , , Jfg ll' 42) + . , g ll' 32)
P\ SACAn
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I [} lj [}
fig 21' 32) + fé 21' 42)
o J{l)+|( 1112)—' ;_ll él.—lz ( lel)+’( é2)+Y 21—11 i.—lz

K( 32— (72— 2)

LLF Y gl 13— P UF 2 ul o 2= D) 2]

x (/(;l/(;l[B( v 2)'d1d 2);

1,1 s
g (/0 /; (h(1= 1)+ (1) (ha(1= 2)+h2( 2))d 1d 2) .

4 Conclusion

Since convexity has wide applications in many mathematical areas, the general class of
(I, h1)- (L2, hy)-convex functions on coordinates can be applied to obtain several results in
convex analysis, special functions, related optimization theory, mathematical inequalities
and may stimulate further research in di erent areas of pure and applied sciences.
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