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1 Introduction
For more than a quarter century, the theory of time scales, whose founder was German
mathematician Stefan Hilger [1], played an important role in differential calculus, differ-
ence calculus, and quantum calculus. Later, this theory was quickly developed by many
mathematicians, who added many innovations to the literature by using integral-type in-
equalities and dynamic equations on time scales [2–12]. Wong et al. [6, 7] expressed some
integral equations on time scales. Ozkan et al. [10] demonstrated extensions of some in-
tegral inequalities on time scales. Yang [13] obtained a extension of ♦α-integral Hölder’s
inequality. Georgiev et al. [14] demonstrated two dimensional integral inequalities on time
scales. Anderson [15, 16] demonstrated some dynamic integral inequalities in two inde-
pendent variables on time scales. Tuna and Kutukcu [17] reached some general conclu-
sions about Hardy’s integral inequalities by using Hölder inequalities with delta integral
on time scales. Chen [18] demonstrated some generalizations of the Minkowski’s integral
inequality. Akın [19] showed new properties of fractional inequalities by using fractional
maximal integral operators and synchronous functions on time scales. Recently, numerous
applications have had an accelerating effect on the development of mathematical inequali-
ties. These applications also attracted the attention of researchers from various disciplines,
for example, quantum mechanics, phsical problems, wave equations, heat transfer, and
economic problems [20–24].

The organization of this paper is as follows. In Sect. 2, we give necessary definitions,
lemmas, and theorems. In Sect. 3, we demonstrate some innovations of n-dimensional
Minkowski’s integral-type inequalities on time scales via ♦α-integral.

© The Author(s) 2021. This article is licensed under a Creative Commons Attribution 4.0 International License, which permits use,
sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit to the original
author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The images or other
third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line
to the material. If material is not included in the article’s Creative Commons licence and your intended use is not permitted by
statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder. To view a
copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

https://doi.org/10.1186/s13662-021-03239-6
http://crossmark.crossref.org/dialog/?doi=10.1186/s13662-021-03239-6&domain=pdf
http://orcid.org/0000-0002-5653-9393
mailto:lutfiakin@artuklu.edu.tr


Akın Advances in Difference Equations        (2021) 2021:148 Page 2 of 10

2 Mathematical background
Let us give basic information about time scales in general. For more detailed information,
we refer the readers to [1–38].

The time scale T is a nonempty closed subset of R. [a, b] is an arbitrary interval on time
scale T, and by [a, b]T we denote [a, b] ∩T.

Definition 2.1 ([31]) The mappings σ ,ρ : T → T defined by σ (t) = inf{s ∈ T : s > t}, ρ(t) =
sup{s ∈ T : s > t} for t ∈ T. Respectively, σ (t) is the forward jump operator and ρ(t) is the
backward jump operator.

If σ (t) > t, then t is right-scattered, and if σ (t) = t, then t is called right-dense. If ρ(t) < t,
then t is left-scattered, and if ρ(t) = t, then t is called left-dense.

Definition 2.2 ([31]) The mappings μ,ϑ : T →R
+ defined as μ(t) = σ (t)– t, ϑ(t) = t –ρ(t)

are called graininess mappings.

If T has a left-scattered maximum m, then T
k = T – {m}. Otherwise, Tk = T. Briefly,

T
k =

⎧
⎨

⎩

T \ (ρ supT, supT] if supT < ∞,

T if supT = ∞.

Similarly,

Tk =

⎧
⎨

⎩

T \ [infT,σ (infT)], | infT| < ∞,

T, infT = –∞.

Let h : T → R, and let t ∈ T
k (t �= minT). If h is �-differentiable at point t, then h is

continuous at point t, and if h is left continuous at point t and t is right-scattered, then h
is �-differentiable at point t, and

h�(t) =
hσ (t) – h(t)

μ(t)
.

Let t be right-dense. If h is �-differentiable at point t and lims→t
h(t)–h(s)

t–s , then

h�(t) = lim
s→t

h(t) – h(s)
t – s

,

and if h is �-differentiable at point t, then hσ (t) = h(t) + μ(t)h�(t).

Remark 2.3 If T = R, then h�(t) = h′(t), and if T = Z, then h�(t) reduces to �h(t).

Let n ∈ N . For i = {1, 2, . . . , n}, we denote by Ti a time scale.

Definition 2.4 ([14]) The set ℵn = T1 × T2 × · · · × Tn = {t = (t1, t2, . . . , tn) : ti ∈ Ti, i =
1, 2, . . . , n} is called an n-dimensional time scale.
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Definition 2.5 ([14]) For a = (a1, a2, . . . , an) ∈ R
n and b = (b1, b2, . . . , bn) ∈ R

n, we write
a ≥ b whenever ai ≥ bi for all i = 1, 2, . . . , n.

Definition 2.6 ([25]) If H : T → R is a �-antiderivative of h : T → R, then H� = h(t) for
all t ∈ T, and we define the �-integral of h by

∫ t

s
h(τ )�τ = H(t) – H(s)

for s, t ∈ T.

Proposition 2.7 ([25]) Let u, v,α, t ∈ T and c ∈R. If f (γ ) and g(γ ) are �-integrable func-
tions on [u, v]T, then the following statements are valid:

(i)
∫ t

u [f (γ ) + g(γ )]�γ =
∫ t

u f (γ )�γ +
∫ t

u g(γ )�γ ,
(ii)

∫ t
u cf (γ )�γ = c

∫ t
u f (γ )�γ ,

(iii)
∫ t

u f (γ )�γ = –
∫ u

t f (γ )�γ ,
(iv)

∫ t
u f (γ )�γ =

∫ v
u f (γ )�γ +

∫ t
v f (γ )�γ ,

(v)
∫ u

u f (γ )�γ = 0.

Lemma 2.8 ([25]) Let u, v,α, t ∈ T with u < v. Suppose that h(γ ), g(γ ) are �-integrable
functions on [u, v]T. Then we have

(a) If h(γ ) ≥ 0 for all γ ∈ [u, v]T, then
∫ v

u h(γ )�γ ≥ 0,
(b) If h(γ ) ≤ g(γ ) for all γ ∈ [u, v]T, then

∫ v
u h(γ )�γ ≤ ∫ v

u g(γ )�γ ,
(c) If h(γ ) ≥ 0 for all γ ∈ [u, v]T, then h(γ ) = 0 iff

∫ v
u h(γ )�γ = 0.

Definition 2.9 ([25]) Let h : Tk → R be ∇-differentiable at t ∈ Tk . If ε > 0, then there
exists a neighborhood V of t such that

∣
∣h

(
ρ(t)

)
– h(s) – h∇ (t)

(
ρ(t) – s

)∣
∣ ≤ ε

∣
∣ρ(t) – s

∣
∣

for all s ∈ V .

Definition 2.10 ([25]) Let H : T →R be a ∇-antiderivative of h : T →R. Then we define

∫ t

s
h(τ )∇τ = H(t) – H(s)

for all s, t ∈ T.

Let f (t) be differentiable on T for all t ∈ T. Then we define f ♦α (t) by

f ♦α (t) = αf �(t) + (1 – α)f ∇ (t)

for 0 ≤ α ≤ 1.

Proposition 2.11 ([25]) If f , h : T →R are ♦α-differentiable for all α, t ∈ T, then
(i) f + h : T→R is ♦α-differentiable for t ∈ T with

(f + h)♦α (t) = f ♦α (t) + h♦α (t).
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(ii) For k ∈R, kf : T→R is ♦α-differentiable for all α, t ∈ T with

(kf )♦α (t) = kf ♦α (t).

(iii) fh : T →R is ♦α-differentiable for all α, t ∈ T with

(fh)♦α (t) = f ♦α (t)h(t) + αf σ (t)h�(t) + (1 – α)f ρ(t)h∇ (t).

Definition 2.12 ([25]) For α, b, t ∈ T and f : T→R, we have

∫ t

b
f (δ)♦αδ = α

∫ t

b
f (δ)�δ + (1 – α)

∫ t

b
f (δ)∇δ

for 0 ≤ α ≤ 1.

Definition 2.13 ([31, p. 6]) If f ∈ Crd(T,R) and t ∈ T
k , then we have

∫ σ (t)

t
f (τ )�τ = μ(t)f (t).

Theorem 2.14 ([31, Theorem 1.1.2]) If f is �-integrable on [a, b], then |f | is �-integrable
on [a, b], and | ∫ b

a f (γ )�γ | ≤ ∫ b
a |f (γ )|�γ .

Theorem 2.15 ([38]) If two functions g, h : I → R are �-integrable on I = [a, b] ∈ T with
0 < l ≤ gp, hp ≤ L < ∞. If p > 1, then we have

(∫ b

a

∣
∣g(γ )

∣
∣p

�γ

) 1
p

+
(∫ b

a

∣
∣h(γ )

∣
∣p

�γ

) 1
p

≤ 2
(

L
l

) 1
p
(∫ b

a

∣
∣g(γ ) + h(γ )

∣
∣p

�γ

) 1
p

.

3 Main results
In this section, we state and prove our main results.

Theorem 3.1 If two mappings g, h : I →R are ♦α-integrable on I = [a, b] ∈ T with 0 < l ≤
gp, hp ≤ L < ∞, p > 1, then we have

(∫ b

a

∣
∣g(γ )

∣
∣p♦αγ

) 1
p

+
(∫ b

a

∣
∣h(γ )

∣
∣p♦αγ

) 1
p

≤ 2
(

p
(p – 1)

L
l

) 1
p
(∫ b

a

∣
∣g(γ ) + h(γ )

∣
∣p♦αγ

) 1
p

. (1)

Proof We know that (Theorem 3.1, [38]) if 0 < l ≤ gp ≤ L < ∞, then

l
1
p ≤ g ≤ L

1
p . (2)

Similarly, if 0 < l ≤ hp ≤ L < ∞, then

l
1
p ≤ h ≤ L

1
p . (3)
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Multiplying both sides of inequalities (2) and (3) by (
∫ b

a |g(γ )|p♦αγ )
1
p and

(
∫ b

a |h(γ )|p♦αγ )
1
p , respectively, we have

(p – 1)
1
p l

1
p

(∫ b

a

∣
∣g(γ )

∣
∣p♦αγ

) 1
p

≤ L
1
p

(∫ b

a

∣
∣g(γ )

∣
∣p♦αγ

) 1
p

≤ p
1
p L

1
p

(∫ b

a

∣
∣g(γ ) + h(γ )

∣
∣p♦αγ

) 1
p

(4)

and

(p – 1)
1
p l

1
p

(∫ b

a

∣
∣h(γ )

∣
∣p♦αγ

) 1
p

≤ L
1
p

(∫ b

a

∣
∣h(γ )

∣
∣p♦αγ

) 1
p

≤ p
1
p L

1
p

(∫ b

a

∣
∣g(γ ) + h(γ )

∣
∣p♦αγ

) 1
p

. (5)

Now, if we add inequalities (4) and (5) to each other, then we have

(p – 1)
1
p l

1
p

[(∫ b

a

∣
∣g(γ )

∣
∣p♦αγ

) 1
p

+
(∫ b

a

∣
∣g(γ )

∣
∣p♦αγ

) 1
p
]

≤ 2p
1
p L

1
p

(∫ b

a

∣
∣g(γ ) + h(γ )

∣
∣p♦αγ

) 1
p

. (6)

Thus we have proved inequality (1). �

Theorem 3.2 Let g, h : [a1, b1] × [a1, b1] × · · · × [ai, bi] → R be rd-continuous for I =
[ai, bi] ∈ Ti, 1 ≤ i ≤ n. If p > 1, then we have

(∫ b1

a1

∫ b2

a2

. . .
∫ bi

ai

∣
∣g(γ1,γ2, . . . ,γi) + h(γ1,γ2, . . . ,γi)

∣
∣p♦αγi

) 1
p

≤ p
(p – 1)

21– 1
p

[(∫ b1

a1

∫ b2

a2

. . .
∫ bi

ai

∣
∣g(γ1,γ2, . . . ,γi)

∣
∣p♦αγi

) 1
p

+
(∫ b1

a1

∫ b2

a2

. . .
∫ bi

ai

∣
∣h(γ1,γ2, . . . ,γi)

∣
∣p♦αγi

) 1
p
]

(7)

for 1 ≤ i ≤ n.

Proof Let g, h : [a1, b1] × [a1, b1] × · · · × [ai, bi] → R be rd-continuous and finite for
[ai, bi] ∈ Ti ⊂R. We know that [36]

∣
∣g(γ , θ ) + h(γ , θ )

∣
∣ ≤ ∣

∣g(γ , θ )
∣
∣ +

∣
∣h(γ , θ )

∣
∣. (8)

Taking the pth power of both sides, we obtain

∣
∣g(γ1,γ2, . . . ,γi) + h(γ1,γ2, . . . ,γi)

∣
∣p ≤ 2p–1[∣∣g(γ1,γ2, . . . ,γi)

∣
∣p +

∣
∣h(γ1,γ2, . . . ,γi)

∣
∣p] (9)

for 1 ≤ i ≤ n.
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Taking the two-dimensional ♦α-integral over [ai, bi] of both sides of inequality (9) and
the power of order 1

p , we obtain

(∫ b1

a1

∫ b2

a2

. . .
∫ bi

ai

∣
∣g(γ1,γ2, . . . ,γi) + h(γ1,γ2, . . . ,γi)

∣
∣p♦αγi

) 1
p

≤ p
(p – 1)

21– 1
p

[(∫ b1

a1

∫ b2

a2

. . .
∫ bi

ai

∣
∣g(γ1,γ2, . . . ,γi)

∣
∣p♦αγi

) 1
p

+
(∫ b1

a1

∫ b2

a2

. . .
∫ bi

ai

∣
∣h(γ1,γ2, . . . ,γi)

∣
∣p♦αγi

) 1
p
]

.

Thus the proof of Theorem 3.2 is completed. �

Theorem 3.3 Let M((γ1,γ2, . . . ,γi), (θ1, θ2, . . . , θi)), g(γ1,γ2, . . . ,γi), h(θ1, θ2, . . . , θi), �(γ1,γ2,
. . . ,γi), 
(θ1, θ2, . . . , θi) be nonnegative functions, and let g, h : [a1, b1] × [a1, b1] × · · · ×
[ai, bi] →R be rd-continuous and finite for [ai, bi] ∈ Ti ⊂R. Let

H(θ1, θ2, . . . , θi) =
∫ b1

a1

∫ b2

a2

. . .
∫ bi

ai

M((γ1,γ2, . . . ,γi), (θ1, θ2, . . . , θi))

(θ1, θ2, . . . , θi)p ♦αγi,

K(γ1,γ2, . . . ,γi) =
∫ b1

a1

∫ b2

a2

. . .
∫ bi

ai

M((γ1,γ2, . . . ,γi), (θ1, θ2, . . . , θi))
�(γ1,γ2, . . . ,γi)p ♦αθi

for [ai, bi] ∈ Ti ⊂R and 1 ≤ i ≤ n. If p > 1, then we have the following inequalities:

(∫ b1

a1

∫ b2

a2

. . .
∫ bi

ai

M
(
(γ1,γ2, . . . ,γi), (θ1, θ2, . . . , θi)

)

× ∣
∣g(γ1,γ2, . . . ,γi) + h(θ1, θ2, . . . , θi)

∣
∣p♦αγi

+
∫ b1

a1

∫ b2

a2

. . .
∫ bi

ai

M
(
(γ1,γ2, . . . ,γi), (θ1, θ2, . . . , θi)

)

× ∣
∣g(γ1,γ2, . . . ,γi) + h(θ1, θ2, . . . , θi)

∣
∣p♦αθi

) 1
p

≤ p
(p – 1)

21– 1
p

[(∫ b1

a1

∫ b2

a2

. . .
∫ bi

ai

�(γ1,γ2, . . . ,γi)pK(γ1,γ2, . . . ,γi)

× ∣
∣g(γ1,γ2, . . . ,γi)

∣
∣p♦αγi

) 1
p

+
(∫ b1

a1

∫ b2

a2

. . .
∫ bi

ai


(θ1, θ2, . . . , θi)pH(θ1, θ2, . . . , θi)

× ∣
∣h(θ1, θ2, . . . , θi)

∣
∣p♦αθi

) 1
p
]

, (10)

∫ b1

a1

∫ b2

a2

. . .
∫ bi

ai

H(θ1, θ2, . . . , θi)1–p
(θ1, θ2, . . . , θi)p(1–p)

×
(∫ b1

a1

∫ b2

a2

. . .
∫ bi

ai

M
(
(γ1,γ2, . . . ,γi), (θ1, θ2, . . . , θi)

)
g(γ1,γ2, . . . ,γi)♦αγi

)p

♦αθi
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≤ p
(p – 1)

∫ b1

a1

∫ b2

a2

. . .
∫ bi

ai

�(γ1,γ2, . . . ,γi)pK(γ1,γ2, . . . ,γi)

× ∣
∣g(γ1,γ2, . . . ,γi)

∣
∣p♦αγi, (11)

∫ b1

a1

∫ b2

a2

. . .
∫ bi

ai

K(γ1,γ2, . . . ,γi)1–p�(γ1,γ2, . . . ,γi)p(1–p)

×
(∫ b1

a1

∫ b2

a2

. . .
∫ bi

ai

M
(
(γ1,γ2, . . . ,γi), (θ1, θ2, . . . , θi)

)

× ∣
∣g(θ1, θ2, . . . , θi)

∣
∣♦αθi

)p

♦αγi

≤ p
(p – 1)

∫ b1

a1

∫ b2

a2

. . .
∫ bi

ai


(θ1, θ2, . . . , θi)pH(θ1, θ2, . . . , θi)

× ∣
∣g(θ1, θ2, . . . , θi)

∣
∣p♦αθi. (12)

Proof First, let us prove inequality (10).
Let g, h : [a1, b1] × [a1, b1] × · · · × [ai, bi] → R be rd-continuous and finite for [ai, bi] ∈

Ti ⊂ R, and let M((γ1,γ2, . . . ,γi), (θ1, θ2, . . . , θi)) be nonnegative kernel functions. Let us
consider the equation

(∫ b1

a1

∫ b2

a2

. . .
∫ bi

ai

M
(
(γ1,γ2, . . . ,γi), (θ1, θ2, . . . , θi)

)

× ∣
∣g(γ1,γ2, . . . ,γi) + h(θ1, θ2, . . . , θi)

∣
∣p♦αγi

+
∫ b1

a1

∫ b2

a2

. . .
∫ bi

ai

M
(
(γ1,γ2, . . . ,γi), (θ1, θ2, . . . , θi)

)

× ∣
∣g(γ1,γ2, . . . ,γi) + h(θ1, θ2, . . . , θi)

∣
∣p♦αθi

) 1
p

=
p

(p – 1)

((∫ b1

a1

∫ b2

a2

. . .
∫ bi

ai

M
(
(γ1,γ2, . . . ,γi), (θ1, θ2, . . . , θi)

)

×
∣
∣
∣
∣
g(γ1,γ2, . . . ,γi)�(γ1,γ2, . . . ,γi)

�(γ1,γ2, . . . ,γi)
+

h(γ1,γ2, . . . ,γi)
(θ1, θ2, . . . , θi)

(θ1, θ2, . . . , θi)

∣
∣
∣
∣

p

♦αγi

)

+
(∫ b1

a1

∫ b2

a2

. . .
∫ bi

ai

M
(
(γ1,γ2, . . . ,γi), (θ1, θ2, . . . , θi)

)

×
∣
∣
∣
∣
g(γ1,γ2, . . . ,γi)�(γ1,γ2, . . . ,γi)

�(γ1,γ2, . . . ,γi)
+

h(γ1,γ2, . . . ,γi)
(θ1, θ2, . . . , θi)

(θ1, θ2, . . . , θi)

∣
∣
∣
∣

p

♦αθi

)) 1
p

.

(13)

Applying the Minkowski inequality to the right side of inequality (13), by Theorem 3.2
we complete the proof of inequality (10).

Now let us prove inequality (11). Let us consider the equation

∫ b1

a1

∫ b2

a2

. . .
∫ bi

ai

H(θ1, θ2, . . . , θi)1–p
(θ1, θ2, . . . , θi)p(1–p)

×
(∫ bi

ai

M
(
(γ1,γ2, . . . ,γi), (θ1, θ2, . . . , θi)

)∣
∣g(γ1,γ2, . . . ,γi)

∣
∣♦αγi

)p

♦αθi
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=
p

(p – 1)

∫ b1

a1

∫ b2

a2

. . .
∫ b

a
M

(
(γ1,γ2, . . . ,γi), (θ1, θ2, . . . , θi)

)1–p

×
(∫ b1

a1

∫ b2

a2

. . .
∫ bi

ai

M
(
(γ1,γ2, . . . ,γi), θ

)∣
∣g(γ1,γ2, . . . ,γi)

∣
∣♦αγi

)p

♦αθi. (14)

Applying the Hölder inequality to the right side of equality (14), we obtain

∫ b1

a1

∫ b2

a2

. . .
∫ bi

ai

H(θ1, θ2, . . . , θi)1–p
(θ1, θ2, . . . , θi)p(1–p)

×
(∫ b1

a1

∫ b2

a2

. . .
∫ bi

ai

M
(
(γ1,γ2, . . . ,γi), (θ1, θ2, . . . , θi)

)∣
∣g(γ1,γ2, . . . ,γi)

∣
∣♦αγi

)p

♦αθi

≤ p
(p – 1)

∫ b1

a1

∫ b2

a2

. . .
∫ bi

ai

M
(
(γ1,γ2, . . . ,γi), (θ1, θ2, . . . , θi)

)

×
[(∫ b1

a1

∫ b2

a2

. . .
∫ bi

ai

∣
∣g(γ1,γ2, . . . ,γi)

∣
∣p♦αγi

) 1
p
(∫ b1

a1

∫ b2

a2

. . .
∫ bi

ai

♦αγi

) 1
q
]

♦αθi

≤ p
(p – 1)

∫ b1

a1

∫ b2

a2

. . .
∫ bi

ai

M
(
(γ1,γ2, . . . ,γi), (θ1, θ2, . . . , θi)

)

×
[(∫ b1

a1

∫ b2

a2

. . .
∫ bi

ai

∣
∣g(γ1,γ2, . . . ,γi)

∣
∣p♦αγi

) 1
p
]

♦αθi

=
p

(p – 1)

∫ b1

a1

∫ b2

a2

. . .
∫ bi

ai

�(γ1,γ2, . . . ,γi)pK(γ1,γ2, . . . ,γi)
∣
∣g(γ1,γ2, . . . ,γi)

∣
∣p♦αγi.

Thus we have completed the proof of Theorem 3.3. The reader can see the proof of
inequality (12), similar to the proof of inequality (11). �

Remark 3.4 Let f (θ1, θ2, . . . , θi), g(γ1,γ2, . . . ,γi), h(θ1, θ2, . . . , θi), �(γ1,γ2, . . . ,γi), 
(θ1, θ2,
. . . , θi) be nonnegative functions. If we put

M
(
(γ1,γ2, . . . ,γi), (θ1, θ2, . . . , θi)

)
=

⎧
⎨

⎩

f (θ1, θ2, . . . , θi), (γ1,γ2, . . . ,γi) ≤ (θ1, θ2, . . . , θi),

0, (γ1,γ2, . . . ,γi) > (θ1, θ2, . . . , θi),

and

M
(
(γ1,γ2, . . . ,γi), (θ1, θ2, . . . , θi)

)
=

⎧
⎨

⎩

f (θ1, θ2, . . . , θi), (γ1,γ2, . . . ,γi) > (θ1, θ2, . . . , θi),

0, (γ1,γ2, . . . ,γi) ≤ (θ1, θ2, . . . , θi),

then the inequalities in Theorem 3.3 are provided.

4 Conclusion
Recently, the concept of inequalities in time scales has gained an important place in the
scientific literature. Mathematicians have emphasized many aspects of integral inequali-
ties. For example, transformations, inverse conversions, extensions, and so on. However,
we found that little work has been done on multidimensional inequalities in time scales.
In this paper, we proved some innovations of n-dimensional Minkowski’s ♦α-integral in-
equality in time scales. We think that our method is applicable to different integral-type
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inequalities as well. As a result, we predict that new versions of known inequalities may
be obtained.
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