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1 Introduction

The averaging principle for a dynamical system is important in problems of mechanics,
control, and many other areas. As is known to all, a lot of problems in theory of differential
systems can be solved effectively by the averaging principle. The first rigorous results were
obtained by Bogoliubov and Mitropolsky [3], and further developments were studied by
Hale [9]. With the developing of stochastic analysis theory, many authors began to study
the averaging principle for differential systems with perturbations and extended the av-
eraging theory to the case of stochastic differential equations (SDEs). We refer the reader
to Bao et al. [2], Chen et al. [5], Golec and Ladde [8], Khasminskii [11, 12], Liptser and
Stoyanov [14], Liu et al. [15], Stoyanov and Bainov [23], Wu and Yin [25], Xu et al. [28, 29],
Xu and Miao [26, 27], Luo et al. [16], and the references therein.

On the other hand, for the potential applications in uncertainty problems, risk measures,
and the superhedging in finance, the theory of nonlinear expectation has been developed.
Peng [20] established a framework of G-expectation theory and G-Brownian motion. De-
nis et al. [6] obtained some basic and important properties of several typical Banach spaces
of functions of G-Brownian motion paths induced by G-expectation. After that, the the-
ory of G-SDEs has drawn increasing attention and has been studied subsequently by many
authors. For example, Gao et al. [7] investigated the existence of the solution and large de-
viations for G-SDEs. Hu et al. [10] studied the regularity of the solution for the backward
SDEs driven by G-Brownian motion. Luo and Wang [17] studied the sample solution of
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G-SDEs and obtained a new kind of comparison theorem. In the G-framework, Zhang
and Chen [31] considered the quasi-sure exponential stability of semi-linear G-SDEs. By
means of G-Lyapunov function method, Li et al. [13], Ren et al. [22], and Yin et al. [30]
established the moment stability and the quasi-sure stability for nonlinear G-SDEs.

Compared with classical Brownian motion, the structure of G-Brownian motion is
very complex. G-Brownian motion is not defined on a probability space but on the G-
expectation space. A natural question is as follows: Is there an averaging principle for SDEs
driven by G-Brownian motion? In this paper, we shall investigate the averaging principle
of nonlinear G-SDEs

dx(t) = f (t,%(2)) dt + h(t, x(t)) d(B) + g(¢,%(t)) dBy, (1.1)

where B; is one-dimensional G-Brownian motion, (B); is the quadratic variation process
of the G-Brownian motion B;. Our main objective is to show that the solution of the aver-
aged equation converges to that of the standard equation in the sense of mean square and
capacity.

Itis worth noting that most existing works of research on the averaging principle of SDEs
require that the coefficients of SDEs are global Lipschitz continuous. In fact, the global
Lipschitz condition imposed on [5, 8, 11, 14, 16, 23, 25, 28] is quite strong when one dis-
cusses practical applications in the real world. For the past few years, many scholars have
devoted themselves to finding some weaker conditions to study the averaging principle
of stochastic system. Recently, some works on the averaging principle of stochastic sys-
tem (see [18, 24, 29]) have been obtained under the Yamada—Watanabe condition: For any
x,y€R"and ¢t >0,
|2

[f(t0) - fE9)| v |g(t,%) - g(e,9)|” < k(1x-y1), (1.2)

where k(-) is a continuous increasing concave function from R* to R* such that k(0) =0
and fo+ ﬁ dx = 00. However, this condition is somewhat restrictive because it does re-
quire that the control function k(x) of the modules of the continuity of the coefficients is
concave, while this restriction excludes Eq. (4.4) of Example 4.3. In fact, f (¢, x) of (4.4) does
not satisfy condition (1.2) because logx! < (logx™1)? for x < 1. In this paper, we use the
non-Lipschitz condition which arose in the study of the Brownian motion on the group of
diffeomorphisms of the circle [1] to study the averaging principle for Eq. (1.1). Compared
with (1.2), one will find that in our paper the coefficients f, /, and g of Eq. (1.1) are not
assumed to be controlled by the concave functions. Thus, the conditions here are weaker
than those of [18, 24, 29], and some results in [18, 24, 29] are generalized and improved.
The rest of this paper is organized as follows. In Sect. 2, we introduce some preliminar-
ies about G-Brownian motion. In Sect. 3, we establish the stochastic averaging principle
of Eq. (1.1). By the Burkholder—Davis—Gundy inequality and some useful lemmas to be
established, we prove that the solution of the averaged equation will converge to that of
the standard equation in the sense of mean square and capacity. Finally, two illustrative

examples are given in Sect. 4.

2 Preliminaries
Let us first recall some basic definitions and lemmas about G-Brownian motions. For more
details, please see, e.g., [6, 7, 20].
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Let Q2 be a given nonempty set, and let / be a linear space of real-valued functions
defined on Q. We assume that H satisfies that ¢ € # for any constant c and |X| € H for all
XeH.

Definition 2.1 A sublinear expectation E is a functional E : H{ — R satisfying
(i) Monotonicity: E[X] > E[Y]if X >Y.
(ii) Constant preserving: E[C] = C for all C € R.
(ili) Sub-additivity: E[X + Y] < E[X] + E[Y].
(iv) Positive homogeneity: E[AX] = AE[X] for all » > 0.
The triple (2, H,E) is called a sublinear expectation space.

Definition 2.2 A random variable X on a sublinear expectation space (€2, H, E) is called

G-normal distributed if
aX +bXx & va?+b*X fora,b>0,

where X is an independent copy of X, y 2 z means y and z are identically distributed.

Definition 2.3 A process {B;};>0 on a sublinear expectation space (2, H,E) is called a
G-Brownian motion if the following conditions are satisfied:
(i) By=0.
(ii) For any ¢,s > 0, the increment By, — B is G-normal distributed.
(ili) Foranymn>1,0=1ty <t <--- <t, < 00, the increment B,, — B;,_; is independent
of B;,By,,...,Be, ;.

Now, let © = Cy(R") be the space of all real-valued continuous paths (w;);>o with wy =0

equipped with the distance

12) _ —k 1_ .2 1.2
,o(w,w)—kEZ ((tren[(z)l,);]|wt th/\l), w,w” € Q.

—_

Consider the canonical process B;(w) = (W¢)s>o. For any T > 0, we define
Lip(QT) = {gﬂ(Btl,Btz, .. '»Btn) :neN, t1,6,...,t, € [0, T],QD € Cb,Lip(Rn)}

and L;,(Q2) := U, Lip(2,), where Cp,1;,(R") is the space of all bounded, real-valued, and
Lipschitz continuous functions on R”. Peng [20] defined the sublinear expectation & on
(2,L;,(2)) so that the canonical process B; is a G-Brownian motion. This sublinear ex-
pectation is known as a G-expectation. For each p > 1, L¥.() denotes the completion of
Lip(€2) under the norm || - ||, = (IAE| . |p)%.

For a given pair of T > 0 and p > 1, define

N-1

Mgo(ol T) = l’? : r’t(w) = Zgi(w)l[t/,t/+1(t)r§i € L}é(Qt,)’O = tO <-0-< tN = T’N > 1.
i=0
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Denote by M%(0, T) the completion of MZO(O, T) under the norm

[T 7
1l 0= (E | Iml”dt) .
0

Definition 2.4 For each n € M’SO(O, T), the Bochner integral and It6 integral are defined
by
T N-1 T N-1
/ Ny dt = Z&'(tm —t;) and / n:dB; = Z&‘(Btm -By),
0 i=0 0 i=0

respectively.

Definition 2.5 ([20]) Let ntN ={t, N, ..., tf\\,[}, N =1,2,..., be a sequence of partitions of
[0, £]. For the G-Brownian motion, we define the quadratic variation process of B; by

N-1

t
(B);= lim > (B —Btzy)Z:Bf—Z/ B, dB,,
u(JTtN)—>0 P i+1 i 0

where u(7}N) = maxj<j<n |£i11 — ;] = 0 as N — oo.

Definition 2.6 Define a mapping MéO(O, T)| — LL(Qr):

T N-1
Qur(n) = [ m(Bhi= Y &((Br - (B1,).
0 i=0
Then Qo,r can be uniquely extended to M(0, T). We still denote this mapping by

T
Qo.r(n) = /0 ned(B) neML0,T).

Lemma 2.7 ([20]) Let p > 1 and n, € M([0, T1), then we have

A T T A
E(/ Intl”dt)S/ Bln, P dt
0 0

and

p T
)562”T1"1/ E|n, | dt,
0

t
IE( sup / 1 d(B),
0<t<T|JO

where 5% = B(X?).

Lemma 2.8 ([20]) Letp >1and n, € MzG([O, T1), then we have

t V4 R T %
fnsst )gcpE(/ 2 d(B), )
0

0

]fl( sup
0<t<T
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Let B(S2) be a Borel o -algebra of Q. It was proved in [6] that there exists a weakly com-
pact family P of probability measures defined on (€2, B(£2)) such that

E(X) = sup Ep(X), VX € Ly(S).
PeP

Definition 2.9 The capacity (@(-) associated with P is defined by @(A) = supp.p P(A),
A € B(R2). A set A C Q is called polar if Ca)=0.A property is said to hold quasi-surely
(g.s.) if it holds outside a polar set.

Lemma 2.10 ([20]) Let X € L. and E|X|P <00 (p >0). Then, for any § >0, we have

Elxp

C(1X]>8) < S

3 Stochastic averaging principle
In this section, we study the averaging principle of G-SDEs. Let us consider the standard
form of Eq. (1.1):

xe () = x(0) + afotf(s,xg(s)) ds + \/E/Oth(s,xs(s)) d(B);
+ ﬁ/tg(s,xg(s)) dB,, q.s., (3.1)
0

with the initial condition x.(0) = xo € R". Here, f,h,g: R, x R" — R” are given functions
and ¢ € [0, &] is a positive small parameter with &y being a fixed number.
In this paper, the following hypotheses are imposed on the coefficients f, /, and g.

Assumption 3.1 For any x,y € R" and ¢ >0,
and

gt %) - g(t,9)]” < Lix = yPka(Ix - y1), (3.3)

where L is a positive constant and k;(-) are two positive continuous functions bounded on
[1, 00) such that

. ki(x)
lim
x0 logx~!

—g<oo, i=1,2. (3.4)
Assumption 3.2 There exists a positive constant K such that

iug{ [f(t,0)| v |n(t,0)| v |g(£,0)|} < K. (3.5)

Letf, iz,g : R" — R" be three functions, satisfying (3.2), (3.3), and (3.5) with respect to x.
We also assume that the following condition is satisfied.
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Assumption 3.3 There exists a positive bounded function ¢ on R, such that
limz, o0 ¥(T7) =0 and

1 T1 _ 9 1 Ty _ 5
[ e -l e 1 [ e - as
1 (nh o ,

+71/0 lg(t, ) —g)|" det <y (T1)(1 + x]?)

for T; >0, x € R".

Then we have the averaging form of Eq. (3.1)
Ye(t) = 9:(0) + & / f(e(s)) ds + \/5/ h(y:(s)) d(B)s
0 0
o V& [ gbn) B as, (3.6)
0

where y,(0) = xo.

Remark 3.4 Under Assumptions 3.1-3.2, it is easy to conclude that the standard SDEs
driven by G-Brownian motion (3.1) and the averaged one (3.6) have a unique solution,
respectively (see Qiao [21]).

Now, we present our main results which are used for revealing the relationship between
the processes x.(£) and y. ().

Theorem 3.5 Let Assumptions 3.1-3.3 hold. For a given arbitrary small number §; > 0
and arbitrary constants L >0, B € (%, 1), there exists a number ¢; € (0, &0 such that, for all
NS (O; 81]1

E( s |r@-20) b (37)

te[0,Le 2]
In order to prove our main result, we need to introduce the following lemmas.
Lemma 3.6 ([19]) Let p > 2 and a,b > 0. Then, for € > 0,

e(p-1) 1

a’th < al + = 174 (3.8)
p per
and
a2 < -2 af + 21772 . (3.9
[9 pe 2

Lemma 3.7 ([4]) Let p be a concave nondecreasing continuous function on R, such that
0(0) = 0. Then y(x) = ,o’(x%) is also a concave nondecreasing continuous function on R,
with y(0) =0 foralls >r> 1.

In what follows, C > 0 is a constant which can change its value from line to line.



Mao et al. Advances in Difference Equations (2021) 2021:71

Lemma 3.8 Let Assumptions 3.1 and 3.2 hold. Then, for every p > 2,
]E|y8(t)|p<oo ont>0. (3.10)

Proof By the G-1t6 formula [20], we have

@) = o) + pe /0 e (6) 72 (6(9)) F(02(5)) ds

+pE f e 6) 72 (59)) "2 (7 (5)) By + /0 (pﬁ e (6) P2 (39)) (3 (6))

i 1)\ DIENG{AS )|>d<B>s, q.s. (3.11)

Let T > 0 be arbitrary. For any #; € [0, T, taking the G-expectation on both sides of (3.11),

one gets

E sup |y:()]" < lxol” + pel /0 llys(S)Ip 2(1:9) F (7:(s)) ds

0<t<t;

+p\/EE sup / |yg (s) |p_2 (ys (S))Tg(ys (S)) dB;

0<t<t;

+F sup / (pflys(s)l’” (:(5)) R(5.()

0<t<t;

NS S
Sy Vg (e ) ) dB)s = ol + Y L (312)
i=1
By (3.8) with € = 1, we have

2okt [ o F00)] ds <ok [ (-1l + o)) as

Further, using the basic inequality |a + b|? < 2P"1(|a|? + |b|P) and Assumptions 3.1, 3.2, we

get

FOe@) =27 (f (0:) ~FOF + [FOF) = 2Ly K [y (9)]) + K).

Then
. [h . [h
L <ep- 1)E/ |y€(s)|p ds + sZp’leEf |y€(s)|pk1f(|y£(s)|) ds+e2P7\KPT. (3.13)
0 0
For the term I;. By Lemmas 2.7, 2.8 and the Young inequality, we have

L < k sup

0<t<t1

/ PO (5:6) 2 (7)) dB.

<pcB [ epuo a0 .|

Page 7 of 16
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1

< pczg[ sup [ye(s)]" / el |g(ys<s>)|2d<8>s}2

0<s<t1

< 18 sup |p(o) + pCeEt /0 @220 6) [ diB),

—2 0<s<t;

E sup |y:s)[" + pC52%eE f 1|ys(s)|” 12(5:(s))|* ds.

1
2 0<s<t;

By (3.9) with € = 1, we have

15 t
le sup |y5(s)‘p+(p—2)C62ﬁI§l/ 1‘y‘g(s)’pafs+2C62«/§IAE/ 1|;g(y£(s))‘pds
0 0

<s<t1

\&}

15
le sup |y5(s)‘p+(p—2)C62\/§IAE/ 1‘yg(s)’pafs
0

2 0<s<t;

b
2

A tl
+2C&2J§E/ [2/2(5:(s)) - 20| + 2|2(0)|*] d
0
Using the basic inequality |a + blg < 2§‘1(|a|% + Iblg) and Assumptions 3.1, 3.2, we get

1 n
<3 0sup )" + (o - 2)C02\/_E/ |ye(s)| ds
<s<ij

14
2

+2C&2\/E]E/ [222y. ()" ko ([y: (s)]) + 2K2]* dis

1 4
5 Osup lyes)[” + (o - 2)C02J—IE/ |ye(s)| ds
<s<i1

A [1 £
+2°C52LP /e / |y2(s) |”k§ (lys(s)]) ds +2°C&>\/eKPT. (3.14)
0

Similarly, we have

Bz [ (pvaln o o) + 22 Debol 0 s
< |:(p—1)«/g+ (p— 1)@—2)8]62E/ 1|y8(5)}PdS
2 0
e iR [ K () s
0

o= 062508 [ ok (] s

+[vVe+ (p-1De|2P ' KPTG>. (3.15)

Inserting (3.13)—(3.15) into (3.12) yields

5 15
B sup O < Crs GE [0 dss 2520608 [ PR () s
0 0

0<t<t;

A tl £
+2°(C +p)52Lp80E/ |y8 (s) |pk§ (|yS (s)|) ds, (3.16)
0
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where C) = 2|xl? + (C + p)2PKP TG 2¢g, Cy = 2p(1 + C + p)52&p. By condition (3.4), we can
find a n € (0,e7!) such that

e K (Jy:(9)]) < o2 (|p:(s)]) and \yg(S)}pkzg(!ys(S)\)Sp;?(\yg(S)f),

where p, : R, — R, is a concave function given by

xlogx™, x =<,
() 1= (3.17)

nlogn™ +(logn™' -Dx-n), x>n.

Hence, we have

5 t
E sup @) < Ci +CZI@J/ 1|y€(s)|pa's+21”62Lf”£0]ﬁ1/ 1,0‘;]’(|yg(s)|)ds
0 0

0<t<t

1

+2¢(C +p)62LPsofE/ p§(|y€(s)|2) ds

t
0

¢ t
<G+ G f eIl ds + 26770l / (o)) ds
0 0

SIS

5
+ 2"(C+p)62LpeoI@J/ l ,0;77 ((b’s(s) ’p) )ds.
0

Since p,(-) is a concave nondecreasing continuous function on R,, then by Lemma 3.7 we
1 L2 . . .
can conclude that p!(.?) and p,? (-)? are two concave nondecreasing continuous functions

on R,. Then, by the Jensen inequality, we obtain

AN

1) sup |y8(t)|p < C1+C2E/0 l‘yg(s)|pds+2p62Lp80/0tlpf]’((IAE‘yg(s)F) )ds

0<t<t;

+2¢(C +p)&2L"80/0 ,O;% ((IAE\yg(S)F)’%) ds.

By the properties of the concave function, we can find some positive constants a;, by, as,

1 14 2
by such that p}/(x?) < a; + bix, pi (x)? < ay + byx. Consequently,

5
E sup |y.(t)] <Cs+Cy / ' sup ye(®)[” dt,
0

0<t<f 0<s<t

where C3 = C; + 2°LPe0a1T62 + 2°(C + p)[Peoas To?, Cy = Cy + 25ob1LP5% + 2°(C +
p)LPeoby%. Then the Gronwall inequality gives

E sup [y.(t)]" < CzeD7.
0<t<T

The proof is therefore complete. d
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Proof of Theorem 3.5 From (3.1) and (3.6), we have

XS(t) —}’s(t) = 8/(; U(S,xg(S)) —f(yg(s))] ds + ﬁﬁ [/’I(S,xg(s)) _ ]j[(yg(s))] d<B>s
+ \/5/0 [g(S,xs(S)) —g(yg(s))] dB, q.s.

By the G-1t6 formula [20], we have

. () -y ()| = T2 [(5) = 7. (9)] " [f (5, %: () —F (3 (s)) ] ds
0
. /0 Ve [x:(5) - 909 [g(52:()) - 2(r:(5))] B,

+ /0 (2v/E[x:(5) = ye(5)] " [I(s,%:(5)) = By (9))]
+e|g(s,%:(9) -0 ) ) d(B)s . (3.18)

Taking the expectation on both sides of (3.18), it follows that, for any « € R,,

E sup |x.(8) - ye(0)|* < ZS]E/O |6 (5) = e (9)| £ (5% (8)) = f (3 (5)) | s

0<t<u

+2eE sup /(; [ (s) —yg(s)]T[g(s,xg(s)) - 2(y:(s))] 4B

0<t<u

+E sup /o (2v/e[x:(s) —ye(s)]T[h(s,xg(s)) —h(y:(5))]

0<t<u

3

+elg(sx.(9) ~g(:)) ) (B = >_ Q. (3.19)

p
By Assumption 3.1 and the basic inequality 2ab < a? + b?, we have
Qi <2k /0 L (5) = 306 [ (5.2 (5)) —F(5,72(5)) | ds
+ 28 /0 ulxs () = ¥:(8)|[f (5:7¢(8)) = f (y(5)) | s
< 2Lekk /0 els) = e (59 - 7o (9)]) s + e /0 els) = e (o) s

+ el /: [f(s,y,3 (s)) —f(ys (s)) !2 ds.

Then Assumption 3.3 implies that

Qi <206 fo ) = 36 6) [ 32 6) = 7 5)) s

+ SIE/M|x£(s) —yg(s)|2ds + 8u1ﬁ(u)(1 + K sup |y5(s)|2>. (3.20)
0 0

<s<u

Page 10 of 16
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By Lemmas 2.7, 2.8 and the Young inequality, we get

1

Q< Cﬁlﬁ[/o () = 76 (5)] | g (5, % (5)) —é(yg(S))|2d<B>s]

0<s<u

< Vet sup 529 [ lelo:5.09) ~20.09) " it

1
< 26 sp )9+ EE [ a(o:9) -2 s

Similarly, by Assumptions 3.1 and 3.3, we have

Q, < IE Sup |%e(s) = ye(s ‘ +2C02\/—]E/ lg (s % (s g(s,yg(s))yzds

0<s<u

+2C52 /el /0 l2(5.9:(9)) ~2(0:9)|"ds

< 3 sup [12(9) =39 + 2652 VEup ) (14 & sup |5 6)])

-2 <s<u 0<s<u

+2C62L\/§IAE/ |6 (5) = ye (s) | ko (|e(s) = ye(s)]) ds. (3.21)

By Lemma 2.7, Assumptions 3.1, 3.3, and the basic inequality 2ab < a? + b?, we have

Q: <%k /0 (222 (5) — 369) (5,22 (5)) — A (525)|

+ 8|g(s, Xe (s)) —g(yg (s)) |2) ds
< 252 et fo 6(9) = 92(5) R (6 9) = 92(5)]) s

+62ﬁE/u|x8(s)—ys(s)|2ds+&2\/§m//(u (1 + K sup |ye(9)] )
0

0<s<u

+2L6281AE/ ‘xg(s) ‘ kz(’xg yg(s)’)
0

+25%euy () (1+ B sup |y 0)[°). (3.22)

0<s<u

Combining with (3.19)-(3.22), we get

—]E sup [ (t) - . (8)[”

0<t<u

< (2Le + 2L&2¢E)E/OM]xg(s) 7"k (|2 (5) — e (s)]) ds
+ (e +62J§)I@/u|x5(s)—y8(s)|2ds
0

+(2C6°L/e + 2L628)I@/M}x5(s) —yg(s)’2k2(|xg(s) ~y:(s)|) ds

+[(1+26%)e+(1+ 2C)02\/—]uw(u)<1 +E sup |ye(s)] ) (3.23)

0<s<u
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Similarly, by condition (3.4), we can find a 1 € (0,e7!) such that

2 (5) = 3o (5) K[ (5) = 7 9)]) < o (|8) =9 ), i=1,2,

where p,(-) is defined by (3.17). Consequently, by Lemma 3.8 and the boundedness of
¥ (1), we have

B sup [x:() -y (0
<4L(1+C)(1+6°)(e + ﬁ)@/up,7(|xe(s) —ys(s)|2) ds
0
+2(1+62)(e + ﬁ)]@/u{xs(s) —yg(s)|2ds +2(1+2C)(1 +26%)M(e + e)u
< Csle +\/E)/ (]Eosigslxs(t) 7@ + oy (E sup ng £) = y.(t)] ))

+ Co(e + Ve)u,

where Cs = 4L(1+C)(1+062) and Cs = 2(1 +2C)(1 +252)M. Let f,(x) = x + p,(x), we obtain
that

E sup |x.(6) - ye(0)|* < Csle + ﬁ)/o /3,7(1@ sup Ixs(t)—yg(t)!2> ds

0<t<u 0<t<s

+ Co(e + +/2)u. (3.24)

Obviously, 0,(x) is a concave function on R,. Hence, by the properties of the concave

function, we can find a pair of positive constants a and b such that
py(x) <a+bx foranyx>0.

Therefore, (3.24) will become

B sup |50 -0 = Cable +vB) [ E sup 16~ 5.0 s

0<t<u 0<t<s

+(Csa + Cg)(e + +/€)u.

Hence, the Gronwall inequality implies that

E sup () -y (0" < [(Csa + Co)(e + v/&)u]eSsHe Vo,

0<t<u
Choose B8 € (%, 1) and L > 0 such that, for every ¢ € [O,Zs%‘ﬁ] CR,,

B osup  [w () -ye(e)]” < NLe'™7,

1
o<t<le2™P

Page 12 of 16
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- 3-8 1-B
where N = (Csa + Cg)(1 + ﬁ)ecsbL(soz e ), Consequently, given any number 8; > 0, we
can choose &1 € (0, g9] such that, for each ¢ € (0, ¢;] and for every ¢ € [O,Z,S%_ﬂ],

B sup [x0-20) <8 (325)
te[O,ie%_ﬁ]
This completes the proof. d

With Theorem 3.5, we can show the convergence in capacity between the processes . (t)
and y,(2).

Theorem 3.9 Let Assumptions 3.1-3.3 hold. For a given arbitrary small number &, > 0
and arbitrary constants L >0, B € (%, 1), there exists a number ¢; € [0, &o] such that, for all
g€ (Ox 81]’

liné(f:( sup ’xg(t) —yg(t)} > 82> =0.
o 0<t§Z5%7ﬁ

Proof By Lemma 2.10, for any given number §; > 0, we can obtain that

A 1A NLg'-#
C( sup |x8(t) —yg(t)} > 82> < —ZIE( sup |x8(t) —ys(t)fz) < -
- 85 .- 8;
oOct<ie27? oOct<ie27?
Let ¢ — 0 and the required result follows. The proof is therefore complete. O

Remark 3.10 Let g% = E(-X?2), if 02 = 52, then Eq. (1.1) will become SDEs which have
been studied by [8, 11, 14, 24]. Under our assumptions, we can obtain the convergence of
the averaged solution and the standard one to G-SDEs. Hence, the corresponding results
in [8, 11, 14, 24] are generalized and improved.

4 Examples
In this section, we construct two examples to illustrate our theory.

Remark 4.1 If we let ki(-) = ky(-) = 1, then Assumption 3.1 will reduce to the Lipschitz
condition: For any x,y € R" and ¢ > 0, there exists a positive constant L such that

If(t,%) —£(8,9)] + |t %) - h(t,y)| < LIx -]
and
lg(t,x) — g(t,9)[* < Lix — /.

Clearly, under the Lipschitz condition and Assumptions 3.2-3.3, we can conclude that
Theorems 3.5 and 3.9 also hold.

Example 4.2 Consider the linear SDEs driven by G-Brownian motion

dxs(t) = e sintx, () dt + /€ sintx, (£) d(B); + 2+/€ sin®(£)x. (¢) dB,, (4.1)
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with the initial data x.(0) = xo. Here,

S (tx(0)) = e sintx, (2), h(t,%:(t)) = Ve sintx,(2), g(t,x:(2)) = 24/e sin® tx, (2).
Let

f:0) = % /0 f(n@)de=er 0, h(r.(0) - % /0 (e 3 (0) de = v (©
and

ge(0) = % /Oﬂ (t,y:(0)) dit = ey (2)
we obtain the corresponding averaged equation as follows:

dye(t) = ey: () dt + \/eye(t) d(B), + \/ey:(t) dB,. (4.2)

Obviously, Eq. (4.2) is also a linear G-SDEs and its solution can be given by

¥e(t) = %0 exp(st + <\/E - %8) (B); + ﬁBt). (4.3)

By Theorems 3.5 and 3.9, we can obtain that the solution of averaged G-SDEs (4.3) will
converge to that of the standard one (4.1) in the sense of mean square and in capacity.

Example 4.3 Consider the standard form of SDEs driven by G-Brownian motion

dx, (£) = & cos tz sm(kxs(t) «/—Z sin kxg(t)) 4B, (4.4)

k>1 k>1

with the initial data x.(0) = xo. Here,

sin(kx) sin(kx)
f(t,x) = cos® ¢t , h(t,x)=0, and g(t,x)= .

Let

- 1 g 1 . k ’
F0r0) = [ rlero)ar- 5 Y D

k>1

and

g(ys(t)) = %A t )/S t) dt — Z Sln(kys(t))’

k>1

we have the corresponding averaged equation

€ sin(ky, sin(ky,
dyo(t)= 5 ) = y D g+ ey Sn0:0) y .- (4.5)
k>1 k>1
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In fact, Eq. (4.5) is not a linear stochastic equation, and we cannot obtain its analytic so-
lution. By [1], we have

F(t0) —Flty)| < 3 130ED) —sin)]

2
k>1 k
| sin Kk _
s2) —5— =L-ylp(lk-y)
k>1

and

gt —gle ) < 3 0 sin(ky) |

k>1 k2
. kx—ky |2
| sin | B
<4y — =Llk=yA(x-91),
k>1
where

_ logx~t, x<n,
p(x) :=

logn™'-1+1, x>n.

It is easily found that the conditions of Theorems 3.5 and 3.9 are satisfied, then the solution
of averaged G-SDEs (4.5) will converge to that of the standard one (4.4) in the sense of
mean square and in capacity.
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