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1 Introduction and main results

One of the significant motives for the geometric analysis of Riemannian manifolds (€2, )
is the study of the impact of differential equations on its geometry, as well as isometric
properties. Furthermore, it is well-known that their classification has an extensive influ-
ence on the global analysis of a Riemannian manifold with differential equations. It should
be noted that [21, 31, 33, 34] gave characterizations of Euclidean spaces by analyzing dif-
ferential equations. They showed that a nonconstant function ¥ on a complete manifold

(2", g) satisfies the following equation:
V2% +¢g=0 (1)

if and only if (2", g) is isometric to some Euclidean space R”, where c is any positive con-
stant. Another characterization using a differential equation has been discovered by Rio,
Kupeli, and Unal [21]. They demonstrated that the complete Riemannian manifold (22", g)
is isometric to the warped product of a complete Riemannian manifold N and a Euclidean

line R with warping function 6 satisfying the differential equation

d*o
w + )\.10 = 0 (2)

© The Author(s) 2021. This article is licensed under a Creative Commons Attribution 4.0 International License, which permits use,
sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit to the original
author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The images or other
third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line
to the material. If material is not included in the article’'s Creative Commons licence and your intended use is not permitted by

L]
@ Sprlnger statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder. To view a

copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.


https://doi.org/10.1186/s13662-021-03230-1
http://crossmark.crossref.org/dialog/?doi=10.1186/s13662-021-03230-1&domain=pdf
http://orcid.org/0000-0002-2116-7382
mailto:fyalmofarrah@pnu.edu.sa

Ali et al. Advances in Difference Equations (2021) 2021:69 Page 2 of 11

if and only if there exists a real-valued nonconstant function v associated to a negative
eigenvalue A; < 0, which satisfies the following differential equation:

AV + Ay = 0. 3)

Such complete space classifications are extremely attractive and have been studied by sev-
eral mathematicians (see, e.g., [3, 4, 6, 7, 15, 16, 18—-20]). For example, by using (1), Al
Dayel, Deshmukh, and Belova [1] showed that a connected and complete Riemannian
manifold (22”,g) is isometric to R” if and only if the nontrivial concircular vector field
u along the function ¥ satisfies R(Vy, Vi) =0 or Au = 0. In [13], Chen and Deshmukh
proved that a complete Riemannian manifold admits a concurrent vector field if and only
if it is isometric to a Euclidean space by (1). Similarly, in [14], it has been shown that (2", g)
is isometric to a Euclidean space if and only if (2", g) permits a nontrivial gradient con-
formal vector field, that is, a Jacobi-type vector field. On the other hand, Matsuyama [24]
derived a characterization stating that if the complete totally real submanifold ©” for the
complex projective space CP” with bounded Ricci curvature admits a function v satisfy-
ing (3), for A1 < n, then Q" is isometric to the hyperbolic space component that is con-
nected if (Vi/), = 0 or if it is isometric to the warped product of a complete Riemannian
manifold and the Euclidean line if Vi is nonvanishing, where the warping function 6 on
R satisfies equation (2). Furthermore, similar results have been obtained for generalized
Sasakian space forms by Jamali and Shahid [22]. In this study, inspired by [1-3, 5, 7, 9—
12, 22, 30, 35], we derive a similar characterization for C-totally real warped product sub-
manifolds of Sasakian space forms as rigidity theorems. To prove our main result, the next
lemma, which was proved in [26], will be stated.

Lemma 1.1 Suppose M*"*'(¢) is a Sasakian space Jorm and let ® : Q" =B x; F —
M*"Y(¢) be a C-totally real immersion of the warped product submanifold Q" into
M2+ (€) such that the base B is minimal. Then, the Ricci inequality is given as

€+3

2
RielX) +qAInf < T IHI + gIVInf I + = ipg +n—1), @
for every unit vector X € T,Q", where p = dimB and q = dimF. The quantities in the above
inequality have been discussed, in detail, in [26].

The following abbreviations are used towards the end of this paper: ‘SSF’ stands for
Sasakian space form, “WF’ for warping function, and “WPS’ for warped product subman-
ifold. More precisely, we give the next theorem:

Theorem 1.1 Let ®: Q" =B x; F — M?"*1(¢) be a C-totally real isometric immersion
from a WPS Q" into the SSF M*"*1(€) such that the Ricci curvature is bounded below by a
positive constant K > 0. Then, a complete minimal base B is isometric to a Euclidean space
R? if the following equality holds:

(e +

7 g en-n), ®

n? )
M +@K=ry—+—|H|"+
p 4

The next result is motivated by the study of Rio, Kupeli, and Unal [21].
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Theorem 1.2 Assuming that ® : Q" =B x; F — M?"*1(¢) is a C-totally real isometric
immersion of a complete WPS Q" into the SSF M?*"*1(¢) such that its Ricci curvature
is bounded below by a positive constant K > 0. Let the complete base B be minimal in
M?"*1(¢) and satisfy the following assumption:

€+3
4

4 4
n?|H|? + ﬂ|Hess(1ﬂ)|2: _p( (1—pq—n)+1() (6)
A A
for A1 < 0. Then, B is isometric to a warped product of the form R xg N with the warping
function 6 satisfying the following differential equation:
d*o
E + )Ll@ =0.
Remark 1.1 The paper deals with ordinary differential equations on C-totally real warped
product submanifolds. By optimizing the warping function of a C-totally real warped
product submanifold of Sasakian space forms, we studied characterizations theorems for
a C-totally real warped product submanifold of Sasakian space forms. Therefore, the pa-
per exhibits an excellent combination of the theory of ordinary differential equations with
Riemannian geometry.

2 Notation and formulas
The almost contact metric manifold M, g) with Riemannian metric g preserves the fol-
lowing conditions:

¢*=-1+£®1,

n€)=1  ¢&)=0, no¢=0,

g(@W1,9Ws) = g(W1, Wa) — n(W1)n(Wa),

n(W1) =g(W1,§), 7)

for the almost contact structure (¢,7,¢) and V Wi, Wy € T'(TM). A manifold M?>"+1 is
defined to be a Sasakian manifold if the following relation holds:

(Vw, @) Wa = g(Wy, Wa)¢ = n(Wa) Wi, (8)
It follows that
Vi ¢ = —p Wi, )

for every W1, W, € F(T]\~4), where V denotes the Riemannian connection with respect
to the metric g. A Sasakian space form is a Sasakian manifold considering constant ¢-
sectional curvature €, which is also defined as A~/Izm*1(e). Consequently, in [6, Eq. (6)], the
Riemannian curvature tensor of A2+1 (€) is defined in detail, which is also usually defined
from R. If the structure field £ is perpendicular to the submanifold 2" in M?"+1(¢), then Q"
is a C-totally real submanifold of M*™1(¢). Furthermore, in this case, ¢ maps any tangent
space of Q" into its corresponding normal space (see [2, 8, 23, 25, 32, 36]). Now, we recall



Ali et al. Advances in Difference Equations (2021) 2021:69 Page 4 of 11

the Bochner formula [8] for a differentiable function on a Riemannian manifold Q”, that
is, ¥ : Q" — R. Then, we have that

1
5A|V1ﬁ|2 = Ricon (VY, V) + [Hess(¥)|” + g(V(AY), Vi), (10)
where the Ricci tensor of " is denoted by Ric.

3 The mainresults
3.1 Proof of Theorem 1.1
Equation (4) gives

€

) n> +3
%lC(X)*'quﬁSZ||H||2+q||V1/f||2+ 2 {pg +n—1}.

Assuming the Ricci curvature is bounded below by a positive constant K > 0 (i.e.,
Zic(X) > K), we get

n? €+3
K+qAy < ZIIHllz +qllVy ) + — g rn-1j. (11)

One of the most famous results connecting the curvature and topology of the complete
Riemannian manifold ©2” is a famous theorem of Myers [29], which states that if the Ricci
curvature with respect to unit vectors on B is bounded by a positive constant K > 0, then

B is compact. Then, integrating (11) and using Green’s lemma, we find that

2
3
\/ol(IB%)Kg"Z |H|2dV+q/ |V1/f|2dv+/ %{pq+n—1}d\/.
Bx{q} Bx{q} Bx{q}

This can be written as

K 2 1 3
/ |w|2d1/z—vO1(B)-"—/ |H|2d\/——/ g+ n—1)av.
Bx{q} q 49 Jpxig) q Jexig 4

(12)
On the other hand, we have
’Hess(W) - t1|2 = |Hess(1ﬂ)|2 +2I)? - Ztg(I, Hess(w)),
which leads to
’Hess(w) - t1|2 = 2Ny +tp + |Hess(1ﬁ)‘2.

Substituting ¢ = % and integrating the preceding equation with respect to the volume

element dV, we obtain

-/IBX{q}

2

2
A
d\/:/ |Hess(1ﬁ)|2d\/+/ Say. (13)
Bx{q) p

Bx{q}

Hess(y) — ﬂI
p
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Using the Bochner formula (10), along with the fact that Ay = 11y, we have
/ |Hess(1//)|2dV: —)\1/ |V1p||2d\/—/ Ric(Vyr, V) dV. (14)
Bx{q} Bx{q} Bx{q}

Combining Egs. (13) and (14), we derive

/IBx{q}

Hess(y) — EI
V4

2 )»2
dV:/ —ldV—AI/ VY |12dV
Bx{q} P Bx{q}
- [ Ric(Vyr, Vi) dV. (15)
Bx{q}

As we assumed that Ric(Vyr, Vif) > K for K > 0, we have

/IBx{q}

Inserting Eq. (12) into the above equation, we derive

2 2
A MK
/ st/ —1dV—/ <1—+1<>dv
Bx{q) Bx{q} P Bx{g) \ 4

aan? A €+3
+ 1 / |H|2d\/+—1/ (pg+n-1)dVv.
Bx{q} Bx{q}

2 2
A
dV§/ —1dV—A1/ IV |12dV — KVol(B).
B Bx{q}

A
Hess(y) — ey
p x{q) P

Hess(y) — ﬁI
p

4q q
(16)
If (5) is satisfied, then (16) implies that
|2
Hess(y) — 1 =o.
p
Hence, we get
Hess(y)(V, V) = cg(V, V), (17)

for any V € I'(B) with constant ¢ = %1. Therefore, by applying the Tashiro theorems [31,
34], we obtain that B is isometric to a Euclidean space R”.

3.2 Proof of Theorem 1.2
Let us define the following equation with i = Inf. We have

’t\ﬁ[ + Hess(¢)|2 =241 + |Hess(1ﬁ)‘2 + thg(l, Hess(w)).

However, it is well-known that |I|? = tr(I[*) = p, as well as g(Hess(y), I*) = tr(I*Hess(y)) =
tr(Hess(v)). Thus, the preceding equation takes the form

|ty 1 + Hess(y)|” = [Hess(y)|” + p2(y)? — 269 Ay (18)
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If ¢ is an eigenfunction associated to the eigenvalue A; such that Ay = A1, then we get

’tWI + Hess(w)|2 = !Hess(w)‘2 + (pt2 - 2tk1)(1p)2. (19)
On the other hand, we obtain
w2
A? =Y Ay - |Vy P
Using Ay = A again, we have
w2

A =Yy - V%,

which implies that

1
f wrav=2 [ vypav. (20)
Bx{q} )‘1 Bx{q}

It follows, from (19) and (20), that

2
f |Hess(1/f)+t1p1|2dV=/ |Hess(y)|* dV + (li—Zt)/ VY2 dv.
Bx{q) Bx{q) A Bx{q)
(21)

In particular, setting ¢ = %1 in (21) and integrating, we get

-/IBX{q}

Again taking the integral of (4) and involving the Green lemma, we have

2

A
d\/:/ !Hess(1//)|2dV——1/ VY2 dV. (22)
Bx{q} P JBxig)

Hess(y) + M Wi
p

2

Ricy(X)dvV <= |H|2d\/+qf V2 dV
Bx{q} Bx{q} Bx{q}
3
+/ 2 pg+n-1)dv. (23)
Bx(g) 4
From (22) and (23), we can obtain
1 n? p A 2
- Ric(X)dV < — HP2dV - —/ Hess(¥) + — 1| dV
q JBx{q) 4q JBx(q) A1 JBxig) n
3 -1
+£ ‘Hess(W)’de+/ € (p+1+p )dV.
A1 JBxig) Bx(g) 4 q

As we considered that the Ricci curvature is bounded (i.e., Zic(X) > K for some K > 0),

the preceding equation implies that

A;%X{q}

2
av

Hess(y) + ﬂw[
p

Page 6 of 11
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20 X
<! lf |H|2dV+/ |Hess(y)|* dv — =L Kdv
4pq Jex(g) Qn Pq JBxiq)
A 3 -1
e € <p +1+ P ) av,
p Bx{q} 4 q
which is equivalent to the following:
o
/ Hess(y) + —yI| dV
Bx{q} p
< / ‘Hess(w)|2d\/
Bx{q}
by 2 3 -1\ K
L {n—|H|2+m(p+l+p—)——}d\/. (24)
P Jexig | 49 4 q q

This gives us the following inequality:

—[Bx{q}

2 _
5/ {E<H_|H|2+m<p+1+p—l) —5> + |Hess(1//)|2}d\/. (25)
Bx(q) | P \4q 4 q q

Our assumption is satisfied, that is,

2
av

Hess(y) + £1#1
p

4 4 3 K
n?|H|? + ﬂ|Hess(1//)|2: ﬂ<(€+ )(1 —-pq—n)+ —>. (26)
)\,1 )\,1 4q q

Combining (25) and (26), we get

2
<o0.

Hess(y) + ﬂwl
p

The above equation gives us
A1
Hess(y) + — I = 0. (27)
p

Taking the trace of the preceding equation, we can derive
AV + Ay = 0. (28)

According to [21], the base B is isometric to the connected components of a hyperbolic
space if (V) = 0. However, (Vi/), = 0 leads to a contradiction, as Q" is a nontrivial
warped product. Hence, B is isometric to a warped product of the type R x4 N, where
N is a complete Riemannian manifold and R is the Euclidean line. Moreover, the warping
function 6 satisfies the following differential equation:

d*o

Wﬂ-)\.lQ:O.

Thus, the proof is completed.
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Remark 3.1 It is well-known that R?”*1(~3) and S$?"*1(1), considering standard Sasakian
structures, may be seen as classical examples of Sasakian space forms with constant sec-
tional curvature € = —3 and € = 1, respectively [25, 27].

We produce a striking application of Theorem 1.1 and Remark 3.1 by selecting € = 1 (see

(2]):

Corollary 3.1 Suppose ¥ : Q" =B x; F — S*"*\(1) is a C-totally real isometric immer-
sion of a complete WPS Q" into the SSF S*"*1(1) with Ricci curvature bounded below by a
positive constant K > 0 and the base B is minimal in S¥"*1(1). Then, B is isometric to the
Euclidean space R? if the following equality holds:

A nP
(k1+61)1<=)»1{qpl+4||H||2+(Pq+”—1)}- (29)

For the minimal case (i.e., || H||? = 0), we give the following corollary:

Corollary 3.2 Let ¥ : Q" =B x; F — S*"*!(1) be a C-totally real minimal isometric
immersion of a complete WPS Q" into the SSF S*"*1(1) such that the Ricci curvature is
bounded below by a positive constant K > 0 satisfying the condition

()\1+q)l<=k1{q7)q+(pq+n—l)}. (30)

Then, B is isometric to a Euclidean space R?.
Following Theorem 1.2, we give the following corollary:

Corollary 3.3 Assume that ® : Q" =B x; F — S*"*!(1) is a C-totally real isometric im-
mersion of the complete WPS Q" into the SSF S*"*1(1) such that Ricci curvature is bounded
below by a positive constant K > 0 and the base B is minimal in S¥"*1(1), satisfying the as-

sumption
4 4
n?|H? + ﬂ|1—[ess(1ﬁ)|2: —p{(l—pq—n)+1(}. (31)
Al A
Then, B is isometric to a warped product of the form R x g N with the warping function 0
satisfying the following differential equation:

il M6 =0

— + =0.

ez " !
Corollary 3.4 Let ®: Q" =B x; F — S*"*!(1) be a C-totally real minimal isometric im-
mersion of a complete WPS Q" into the SSF S*"*1(1) such that Ricci curvature is bounded

below by a positive constant K > 0 satisfying the assumption
2
q‘Hess(w)| = {(1 —pq—n)+1<}. (32)

Then, B is isometric to a warped product of the form R xg N with warping function 0
satisfying the differential equation (2).
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Substituting the constant sectional curvature € = —3 into Theorems 1.1 and 1.2, we can

directly derive the following:

Corollary 3.5 Let ®: Q" =B x; F — R*"*!(-3) be a C-totally real isometric immersion
for the complete WPS Q" into the SSF R*"*1(=3) such that Ricci curvature is bounded below
by a positive constant K > 0.

(i) If the base B is minimal in R*™+1(=3), then B is isometric to the Euclidean space R?

if the following equality holds:

YR
(M + @)K = Al{% + ZHHMZ}. (33)

ii) If ® is a minimal isometric immersion in R¥*"*1(=3) and p(A + )K = g\? is
(i) 2 PO+ @K = qhry

satisfied, then B is isometric to the Euclidean space R?.
Using Theorem 1.2, we obtain the following:

Corollary 3.6 Under the same assumptions of Corollary 3.5, we have the following:
(i) If the base B is minimal in R*"*1(=3) and the following equality holds:

ar? | H)? + 41961|Hess(1//)|2 =4pK, (34)

then B is isometric to a warped product of the form R xo N with warping function 6
satisfying the differential equation (2).

(ii) If @ is the minimal isometric immersion in R¥"*1(-3) and |Hess(y/)|* = % is
satisfied, then B is isometric to the warped product of R x ¢ N with the warping
function 0 satisfying the differential equation (2).

Classifying the Dirichlet energy of smooth functions is treated as an integral procedure
in the fields of physics and engineering. Moreover, the Dirichlet energy is formulated as
an equivalent of kinetic energy. Let ¢ be any real-valued smooth function on a compact
manifold. Then, the Dirichlet energy of ¢ is defined by

1
sw)= [Ivviav. (35)
Using the above formula and Lemma 1.1, we obtain the following theorem:

Theorem 3.1 Suppose M>"*\(¢) is a Sasakian space form and let & : Q" =B x; F —
M*"\(¢) be a C-totally real immersion of the warped product submanifold Q" into
M?"%1(€) such that the base B is minimal. Then, the Dirichlet energy inequality is given

by
2

Ric(X)dV < T |H|2dV +2q& (W) + {pq+n— 1}/
Bxlq) 4 JBxig) Bxlg) 4

€+3

for every unit vector X € T,Q2", where p = dimB and q = dimF.

Page 9 of 11
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Proof Taking the integral of Eq. (4) and using the Green lemma, we get the required result
(36). This completes the proof of the theorem. d
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