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Abstract

In this paper, we investigate the existence and unigueness of a solution for a class of
Yr-Hilfer implicit fractional integro-differential equations with mixed nonlocal
conditions. The arguments are based on Banach'’s, Schaefer’s, and Krasnosellskii's fixed
point theorems. Further, applying the techniques of nonlinear functional analysis, we
establish various kinds of the Ulam stability results for the analyzed problem, that is,
the Ulam-Hyers stability, generalized Ulam-Hyers stability, Ulam—-Hyers—Rassias
stability, and generalized Ulam-Hyers—Rassias stability. Finally, we provide some
examples to illustrate the applicability of our results.
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1 Introduction
Fractional calculus is a generalization of ordinary differentiation and integration of ar-
bitrary order, which can be noninteger. Differential equations of fractional order have
attracted the attention of several researchers; see the monographs [1-8] and references
therein. In the literature, there exist several definitions of fractional integrals and deriva-
tives, from the most popular Riemann-Liouville and Caputo-type fractional derivatives
to the other ones such as Hadamard fractional derivative, the Erdélyi—Kober fractional
derivative, and so forth. A generalization of both Riemann—-Liouville and Caputo deriva-
tives was given by Hilfer [9], which is known as the Hilfer fractional derivative D*x(t)
of order « and type § € [0,1]. The Hilfer fractional derivative interpolates between the
Riemann-Liouville and Caputo derivatives as it reduces to the Riemann-Liouville and Ca-
puto fractional derivatives for § = 0and § = 1, respectively. The Hilfer fractional derivative
is used in theoretical simulation of dielectric relaxation in glass-forming materials and in
fractional diffusion equations; see [10, 11]. Some properties and applications of the Hilfer
derivative can be found in [12—16] and references therein.

The fractional derivative with another function, in the Hilfer sense, called the v -Hilfer
fractional derivative and introduced in [17], generalizes the Hilfer fractional derivative [9].
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The -Hilfer fractional derivative is defined with respect to another function and unifies
several definitions of fractional derivatives available in the literature. Thus the v -Hilfer
fractional derivative covers a wide class of fractional derivatives and provides a platform
to obtain a particular one by fixing the function /; see Remark 2.4. For some recent results
on the existence and uniqueness of solutions of initial value problems and on the Ulam-
Hyers—Rassias stability, see [10, 11, 18—27] and references therein.

Nonlocal boundary value problems have become a rapidly growing area of research. The
study of this type of problems is driven not only by theoretical interest, but also by the fact
that several phenomena in engineering, physics, and life sciences can be modeled in this
way. The idea of nonlocal conditions dates back to the work of Hilb [28]. However, the
systematic investigation of a certain class of spatial nonlocal problems was carried out by
Bitsadze and Samarskii [29]. We refer the reader to [30, 31] and references therein for a
motivation regarding nonlocal conditions.

In [32] the authors considered fractional differential equations with mixed nonlocal frac-
tional derivatives, integrals, and multipoint conditions of the form

“D(t) =f(t,x(t)), te(0,T],

(1.1)
Y7 vir(n) + Y M DPx(E) + Yk, 0, T () = A,

where x € C1([0, T],R), “©“ and “©” denote the Caputo fractional derivatives of orders «
and Bj, respectively, 0 < B; < < 1forj=1,2,...,n,Z% is the Riemann-Liouville fractional
integral operator of order 8, > 0 for r = 1,2,...,k, yi, Aj, 0., A€ R, 0,0, € [0,T], i =
1,2,...,m,and f € C([0, T] x R,R). The existence and uniqueness results were obtained
by applying Schaefer’s fixed point theorem and Banach’s contraction mapping principle.
In addition, the authors established different kinds of Ulam stability for the problem.

In [33] the authors studied the existence, uniqueness, and Ulam—Hyers—Rassias stability
for a class of y-Hilfer fractional differential equations described by

HR OV () = £ (6,4(8), "LV 2(t)), te] =(a,T),

1=y (1.2)
I, x(@)=%s a=<y=a+p—ap,T>a,

where 707/ "V is the y-Hilfer fractional derivative of order & € (0,1] and type p € [0,1],
I;: ¥ is the Riemann—Liouville fractional integral of order 1 — y with respect to the func-
tion ¥, f € C(J x R4, R), and x, € R.

Harikrishman et al. [34] discussed the existence and uniqueness of nonlocal initial value

problems for Pantograph equations with i -Hilfer fractional derivative of the form

HDRY x(t) = f(t,2(8), (M), te]=(a,bl,0<r<]1, 13)
T x(a) = Zle cx(ty), Ti€(abl,a<y=a+p-ap, .

-
where @Z;p Y is the y-Hilfer fractional derivative of order « € (0,1) and type p € [0,1],
Ii: ¥ is the Riemann—Liouville fractional integral of order 1 — y with respect to the con-
tinuous function ¥ such that ¥’ >0, and f € C(J x R%,R).

In [35] the authors established existence, uniqueness and Ulam—Hyers stability of im-
plicit Pantograph fractional differential equations involving ¥ -Hilfer fractional derivatives
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of the form

HR OV x(£) =f(t,x(t),x(xt),H@f)‘;"””x(/\t)), teJ=(0,T], T>0,0<Ar<1, 14

Iy 507 = S0 b x(E), & €la<y=a+p-ap, '
where 7D ¥ is the v -Hilfer fractional derivative of order & € (0,1) and type p € [0,1],
Iéf "V and Igﬁ‘b are the ¥ -Riemann-Liouville fractional integrals of orders 1—y and 8 > 0,
respectively, with respect to the continuous function ¥ such that ¢’ #0, f € C(J x R3,R),
b;eR,and0< & <& <..-<§,<T.

Motivated by papers [33-35] and some familiar results on fractional integro-differential
equations, we establish the existence and uniqueness results and different types of Ulam
stability, such as Ulam-Hyers (UH), generalized Ulam-Hyers (GUH), Ulam—Hyers—
Rassias (UHR), and generalized Ulam—Hyers—Rassias (GUHR) stability for a class of /-
Hilfer implicit fractional integro-differential equations with mixed nonlocal boundary
conditions of the form

HDG x(t) = f(t,x(2), "DV x(8), o x(8)),  t€(0,T), 15)

S0 () + Yok k100 x(5) + Y6, 0, T x(6,) = A, '
where 70" is the y-Hilfer fractional derivative of order u = {«, f;} with 0 < a, §j < 1,
a>Bi+p(l-p)j=1,...,n,and0<p <1, Igiw and Igi”" are the ¥ -Riemann-Liouville
fractional integrals of orders o and §, > 0, respectively, w;,kj,0,A € R, 0;,4;,0, € ], i =
1,2,...,m,j=1,2,...,m,r=12,... .k, f:] x R3> > Risa given continuous function, and
J:=1[0,T], T > 0. We emphasize that the mixed nonlocal boundary conditions include mul-
tipoint, fractional derivative multiorder, and fractional integral multiorder boundary con-
ditions.

The paper is organized as follows: In Sect. 2, we recall some basic and essential defini-
tions and lemmas. In Sect. 3, we obtain the existence and uniqueness results for problem
(1.5) via Banach’s, Schaefer’s, and Krasnosel’skii’s fixed point theorems. In Sect. 4, we dis-
cuss the Ulam—Hpyers, generalized Ulam—Hyers, Ulam—Hyers—Rassias, and generalized
Ulam—Hyers—Rassias stability results. Finally, in Sect. 5, we give some examples to illus-

trate the benefit of our main results.

2 Background material and auxiliary results
In this section, we introduce some notation, spaces, definitions, and some useful funda-
mental lemmas.

We denote C[J,R] the Banach space of all continuous functions from an interval J into
R with the norm defined by

If1l = sup{|f )] }.
te]
The weighted space C, [/, R] of continuous functions f on J is defined by

Cry LRI = {f(): (0, T]: (¥ () - ¥(0)"f(®) € CUJ,R]}
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with the norm
Wflle,, vz = | (w(@®) - v (0) f&)] = i“}’{ (v (&) - v (0) fB)]}.

Definition 2.1 ([2]) Let (0, 5] be a finite or infinite interval on the half-axis R*, and let
a € R*. Also, let ¥(x) be an increasing positive function on (0, b], having a continuous
derivative ¥’(x) on (0,). The ¥-Riemann-Liouville fractional integral of a function f
with respect to another function ¥ on [0, 5] is defined by

T8V f(t) = ﬁfo V(D) (v (t) - w(r))aflf(r)dr, t>0, (2.1)

where I' is the gamma function.

Definition 2.2 ([2]) Let ¥'(x) #0, o > 0, and # € N. The Riemann-Liouville fractional

derivatives of a function f with respect to another function ¥ of order « is defined by

. a\” .
DUVF(D) - ( w}(m) T f (o), 22)

where 7 = [«] + 1, and [«] represents the integer part of the real number «.

Definition 2.3 ([17]) Let f,v € C"(J,R) be two functions such that ¥ > 0 and ¥'(¢t) # 0
forall t € J and n — 1 < @ < n with n € N. The v -Hilfer fractional derivative of a function f
of order « and type 0 < p <1 is defined by

o,0;5 n-o); 1 d " - n-o);
HUVF(r) = T4 ”’( - (M) T f ) 23)

where 7 = [«] + 1, and [«] represents the integer part of the real number «.
HC‘DZL’W

Remark 2.4 The operator is reduced to the fractional derivative of Hilfer when

¥ (t) — ¢t [9], of Hilfer—Hadamard when v (t) — logt [36], of Hilfer—Katugampola when
Y () — t*, p > 0 [37], of Riemann—Liouville when ¥ (t) — ¢, 8 — 0 [2], of Caputo type
when ¥ (t) — ¢, 8 — 1 [2], of generalized Riemann-Liouville when 8 — 0 [2], and of

generalized Caputo when 8 — 1 [38].

The following lemma presents the semigroup properties of the -Hilfer fractional inte-

gral and derivative.

Lemma 2.5 ([2]) Leta >0,0<p <1,andf € L'[J,R]. Then
TEVIEV () = I8PV f () forae te]. (2.4)
In particular, iff € C, 4 [J,R] and f € C[J,R], then

TV () = TPV F() forall t (0, T),
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and
HQEVTEVF(6) = f(t) forallte].

The composition of the v -Hilfer fractional integral and derivative operators is given by

the following lemma.

Lemma 2.6 ([2]) LetO<a<1,0<p<l,andy=a+p—-ap. Iff(t) € Ci’_y U, R], then
TN F @) = TSR F ), and  HDRYTE (1) =MD F(0).

Next, we take into account some important properties of the ¥ -fractional derivative and

integral operators.

Proposition 2.7 ([2, 17]) Let @ > 0, v >0, and t > 0. Then the -fractional integral and
derivative of a power function are given by
(i) o (¥r(s) - () () = F,f’:z,)(w(ﬂ Y (0)V
(i) DE (W (s) = ¥ (0)" () = 75 (W (®) — ()7
(iif) Hi’“ 2 (g (s) - (0) 1('f) rlf“a (W (£) =y (0)" .

In particular, forn <k e Nand v > n,

D ((s) - 9 (0) 7 (8) = S (v(e)- ¥(0))*

k!

Fk+l-oa
On the other hand, for n > k,
195 () - w () (6) = .
Lemma2.8 LetO<w,f<1,0<p<l,anda>p+p(1-p).Iff €Ci_yyI[0,T], then
ﬁ”"’I‘“’”f(t) ﬁwf ). (2.5)

Proof Letting A = B + p(1 - f), we get

HEPY (T9V £(0) = TirPY DY (T8 (1))

_pepw( 1 A\, 1= (gosv
B (g ) B )

gy 1 d Thohrany
=T (wmr) 7o

By Definition 2.1 we obtain

1 d by
(w)dt) oS0

1 d t ,
O eent§ R AGIZCR T
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W / (=¥ OF (OO - (@) (D) de
Y fo VOO -y©) o dr
=157 f(8).
Then
HPPV oV £(1) = TSPV F (). O

Lemma 2.9 ([(17]) Iff€C'[,R],n-1<a<n0<B<l,andy =oa + p(n—a), then

y-k
TR0 =0 - —(W() Oz (2:6)
k=1
forallte], t)nf(t). Moreover, if 0 <« < 1, then
T p(o) - ) - O r(ﬁ?n —To ) (2.7)

forallO<y <landte].
In addition, if f € C1_yy[J,R] and To,"" f € CL_, [, R], then

W@ -y) "

(1 12502
o) Sf(0)

DNV F () = £ () -

forallO<y <landte].

To transform problem (1.5) into a fixed point problem, problem (1.5) must be converted
to an equivalent Volterra integral equation. We provide the following lemma, which is

important in our main results and concerns a linear variant of problem (1.5).

Lemma 2.10 Let h € C(,R), 2 € (0,1], p € [0,1), y = + p(1 — @), B; € (0, 1], ¢ = B; +
p(1-p),j=12,...,n,8,>0,r=1,2,...,k, and Q2 #0. Then the function x € C1_, 4 (J,R)
is a solution of the linear \-Hilfer fractional differential equation equipped with mixed
nonlocal conditions

HDE Y a(t) = h(t), te(0,T),
S () + Y 00 () + Y 0, To x(6,) = A

if and only if x satisfies the integral equation

. — 9 (0)" ! " . L .
() = Ty h(t) + w |:A =Y Ty hn) =Y o Te o))

i=1 r=1

- ZKI 25" h(z;) } (2.9)
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where

' i o T()(W(6,) — ¥ (0)

— - : i) — -
Q_;w,(wn,) ¥(0) Ty +3,)

r=1
" T () () — p(0)) A
> T(y-B)

j=1

Proof Let x be a solution of problem (2.8). By Lemma 2.9 we have

x(£) = ISV h(e) +

C1,

(W (t) -y (0)
I'(y)

where ¢; € R is an arbitrary constant.
Taking the operators @g’:p" ¥ and Igiﬂlf on (2.11), we obtain

(1//(t) —r(0)) !
T'(y -8)

(W () — ¥ (0) !
F(V +3;)

0" w0) = o o) +

’

TV x(t) = TV h(t) + &1

Applying the given boundary condition in (2.8), we get

m k
A= Zwilgiwh(ni) + Zo,Igf‘”””h(e ZK, vl h(g))

i=1 r=1

k

1 +8,—1
ve, {Z iy () ~ O Z o, (¥ (6,) — ¥(0))"

I'(y)

i=1 r=

Ly +6)

" k(W (g) - (0)) A
* Z I'(y - 8) ’

j=1

from which we get

o = % {A =Y Ty hiny) Za,z“*‘”‘/’h(e ) - ZK, 70:"" () }
i=1

where 2 is defined by (2.10). Inserting this value of ¢; into (2.11), we get (2.9).

Page 7 of 24

(2.10)

(2.11)

Conversely, suppose that x is a solution of problem (2.8). Taking the -Hilfer fractional

derivative @‘g;";‘” into both sides of the Volterra integral equation (2.9) and using Propo-

sition 2.7 with Lemma 2.8, it follows that

o a,p; ; 1 ¥
H@ 05V ( ) — H@();p"l’z—g;wh(t) + —|: Zw,ZS& h T]l Zo’rIa dr; ¢h
i=1

Z Zo " (&) }Hfo‘é;"”” (v (&) - v ()"

= h(t),
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for t € J, where 0 < y = a + p(1 — @) < 1. Next, we show that x satisfies the boundary
conditions. Applying the operator C‘Dg’:p;w and Igfw to both sides of (2.9) with Lemma 2.8
and Proposition 2.7, fori = 1,2,...,m,j=1,2,...,n,and r = 1,2,...,k, we obtain

S onn) = oy hn) + 3 AL VOT
=1 i=1 i=1

|:A ZwI“ h(:) - Zarzgf‘”“’h(e)—z 757 h(z,')}

i=1 = j=1

e T g T () (W (&) — ¥ (0)Fit
jzzllc] ©0+ ZIQ 1) Z QF]/ ﬂ,)

m k
x [A =2 oZg h) = Yo Ty h6,)

i=1 r=1

_ZK, 9}

Z" ") = ZG 785 h(6,) + IZ o T ()Y (6) - ¥ ()]
r 0+ = . X

- Qr(y +4,)
[ Zwlz“ h(ni) - ZU,I““” Y (e, Z 70:"" () }
= r=1
where 2 is given by (2.10). Therefore
k
Z wix(n;) + Z K]HQﬁ’ 7 wx(;/) + Z a,Igi;wx(Or) =
r=1
The lemma is proved. 0

Fixed point theorems play a major role in establishing the existence theory for problem

(1.5). We collect here some well-known fixed point theorems used in this paper.

Lemma 2.11 (Banach contraction principle [39]) Let D be a nonempty closed subset of a
Banach space E. Then any contraction mapping T from D into itself has a unique fixed
point.

Lemma 2.12 (Schaefer’s fixed point theorem [39]) Let M be a Banach space, let T : M —
M be a completely continuous operator, and let the set D = {x € M: x = k Tx,0 < k <1} be
bounded. Then T has a fixed point in M.

Lemma 2.13 (Krasnosel’skii’s fixed point theorem [40]) Let M be a closed, bounded,
convex, and nonempty subset of a Banach space. Let A, B be the operators such that
(i) Ax+ By € M whenever x,y € M; (ii) A is compact and continuous; (iii) B is a contraction
mapping. Then there exists z € M such that z = Az + Bz.



Thaiprayoon et al. Advances in Difference Equations (2021) 2021:50

3 Existence results
In this section, we present results on the existence of a solution of problem (1.5).

For simplicity, we set
F0) = £ (6,50, 100" x(1), T8 x(1)), te.

In this paper, the expression Z;” F,(s)(c) means that

IEV Eu(s)(0) = /0 V() (W(0) = ()" Fuls) ds,

1
I'(q)
where g = {o,a — B, + 8,} and c = {£, 1,45, 6,}, i = 1,2,...,m,j=1,2,...,n,r = 1,2,..., k.

In view of Lemma 2.10, the operator Q: Ci_,, [J,R] = Ci_, [/, R] is defined by

— y-1 "
(@0 = TV R0 + LT OV [A S ol )
i=1
k n
=Y gV E(s)0) - Y ilr “”‘”"Fx(s)(g)}. (3.1)
r=1 j=1

Note that problem (1.5) has solutions if and only if the operator Q has fixed points. In
the following subsection, we establish the existence of solutions for the problem (1.5) by
applying Banach’s, Schaefer’s, and Krasnosel’skii’s fixed point theorems.

We list here the necessary assumptions to prove our main results.

(H1) There exist constants Ly, L3 >0, and 0 < L, < 1 such that

[f (&, w1, v1, w1) = f(& 1z, va, wa) | < Lilug — ua| + La|vy = va| + La|wy — wy

forany u;, v, w; €R,i=1,2,and t €.
(H2) There exist nonnegative continuous functions /1, sy, k3, ha € R such that

If (& 1, v, w)| < By () + Mo ()|l + h3(B)|v] + ha(B)wl,  w,v,weR,t€],
with k] = sup,¢; h1(2), i3 = sup,; ha(t), hy = sup,; h3(t), hy = sup,¢; ha(t).

(H3) f(t,u,v,w) <q(®), (£, u,v,w) €] x R3, where g € C(J,R").
For computational convenience, we use of the following notations:

(¥ (B) -y (0))“+7

V(u,B) = Tty) , (3.2)
Av(u,B) = lr_(—”L)z [L1W(w,B) + L3¥ (a + 1, B)], (3.3)
As(,B) = IF (’2* [15W (u, B) + W W (o + u, B)], (3.4)
-3
m k n
O, = ﬁ [Z il Ac(ot, 1)+ lowl Acle +8,,6,) + > I Al = B, ;,)} (3.5)
i=1 r=1 j=1

®, = (Y(T) - v(0) 7 Ayla, T) + O, (3.6)

Page 9 of 24
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E=(y(T)- I/f(O))l_y\I’(a -y+1,7T)+ ﬁ [Z lwi| W (e —y +1,m:)
i=1

k n
+ Z |Gr|\I-’(Ol + (Sr -y + Ler) + Z |Kj|\y(a _:3j -yt 1:§j)j|’ (37)

r=1 j=1

where ¢ = {1,2} and o = {1, 2}.

3.1 Existence and uniqueness via Banach contraction mapping principle
We will first prove the existence and uniqueness of a solution for problem (1.5) by using
the Banach contraction mapping principle (Banach’s fixed point theorem).

Theorem 3.1 Letf:] x R® — R be a continuous function satisfying (H,). If
@, <1, (3.8)
where &, is given by (3.6), then problem (1.5) has a unique solution x € C,_, y, on J.

Proof Firstly, we transform problem (1.5) into a fixed point problem, x = Ox, where the
operator @ is defined as in (3.1). It is clear that the fixed points of the operator Q are
solutions of problem (1.5). Applying the Banach contraction mapping principle, we will
show that the operator Q has a fixed point, which is a unique solution of problem (1.5).

Let sup,c(o,7y [f (£,0,0,0)| := M < 0o. Next, we set By, := {x € C1_y y : ”’CHCH,V, <"1}
with

1 (ME
T > , (3.9)
1-0;\1-1L,

where 2, ®;, and E are given by (2.10), (3.6), and (3.7), respectively. Observe that By, is
a bounded, closed, and convex subset of C;_, . The proof is divided into two steps.

Step I. We show that OBy, C Br,.

For any x € By,, we have

|(w(6) - v (0) 7 (Qx)®)]

< (W(T) -y (0) T

F(s)|(T) + |%| (|A| + Y ey Z6 |Eels)| (i)
i=1

k n
+ 3 1o 5 B[00+ | To 7 |Fx(s)|<;,»)>.
j=1

r=1
Consider
HY2 1 $ ’ a-1
T |0 = fo V@) - (@) a0 dr

1 $ / a-1 y-1
< 7@ | Y OEO ) 0 - v 0) el dr

T (s) -y (0))*7!
- Ca+y)

I*lc,,,, -
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It follows from condition (H;) that

IE0)] < |f (6,20, 1D55" x(0), T8 x(8)) - £(£,0,0,0)| + |£(£,0,0,0))|

o

< Li|x(@)| + Lo |05 x(0)| + Ls | T3 x(0)| + M.

Then
v LT ()W (8) = 9 (0)*7 ! M,
|E0)] < = L (Ll(w(t) ~9(0) + Tty )nxncw_w 1oL
Thus we get
" My (y(T) - ¥(0))"
LoV [F)|(T) < Aaler, T)llxlle,, , + AL+l (3.10)
; My (¥ (1) = ¥(0)°
L F@0) = Ma@mdlidle, ., + =7 o) (3.11)
+8r;5¢ Ml(w(er) - W(O))aﬂsr
Ig+ Fx(5)|(9r) < Ao+ (Sr,er)”x”(jl,y'w + (A—L)T(a+3,+1) ’ (3.12)
N a—p;
I R O|6) = Al B 5l ,, + o)V O) (313)

(1-Ly)T(a-Bi+1)
From (3.10)—(3.13) we obtain

M E
1-L,’

(¥ (6) - v(0) 7 (Q0)(0)] < D1 Y +

which implies that || Qx||cw , = Y;. Therefore OBy, C Br,.
Step II. We show that the operator Q :C;_, y — Ci_,,y is a contraction.
Forallx,ye€Ci_,  and t € ], we have

|((8) = 9 (0) 7 (o)1) - (2)®)) |

< (V(T) - v (0) 7 I5 |Fuls) - Fy(s)|(T) + ﬁ (Z |il Zgi" [Euls) = Fy(s)| (n:)
i=1

k n
+ 3 1o IZg P |Eus) — B0 + 3 ligiZes 7 |Enls) - Fy<s)|(;,»)). (3.14)

r=1 j=1
From (H7) we obtain

|E.(t) = F,(0)] = |f(t,2(t), Fo(£), T2 x(2)) - f (£, 5(8), Fy (£), T2 y(@)) |
< Li|x(¢) = y(8)| + Lo |Fu(t) - Ey ()] + Ls| T3 x(8) - Tgi¥ y(2)

’

and thus

|Fx(t) - Fy(t)|

_le-le,,,
- 1-L,

, LW © - w(O»“*y‘l)

y-1
(Ll(w(a () o

(3.15)
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Then by substituting (3.15) into (3.14) we get
[(v(@) - W(O))l_y ((Q%)(0) - (29)(0))]|

m k
< {(w(T) - 0) T Al T+ [Z ol A (@,n) + 3 lorl Ao+ 8,,6,)
i=1 r=1

+ Z kil A1 — B, (j):| } Il —y||C17W,

j=1

which implies that ||Qx — Qy”ﬁ-w < d>1||x—y||cl_w. Since ®; < 1, the operator Q is a
contraction map. Therefore by the Banach contraction mapping principle (Lemma 2.11)
problem (1.5) has a unique solution in C_, . The proof is completed. O

3.2 Existence result via Schaefer’s fixed point theorem
The next existence result is based on Schaefer’s fixed point theorem.

Theorem 3.2 Let f:] x R® — R be a continuous function satisfying (H,). Then problem
(1.5) has at least one solution on J.

Proof We show that the operator Q defined in (3.1) has at least one fixed point in Ci_,,y.
The proof is divided into four steps.

Step I. The operator Q is continuous.

Let x, be a sequence such that x,, — x in C;_, . Then for each ¢ € J, we obtain

(¥ (6) = ¥ (0) 7 ((Qx) (®) - (Q2)(2))|

< (W(D) = 9(0) " Tg |Ey, () - Fuls)|(T) + ﬁ [Z i Z57 |Eee, (5) = Fels)| (n:)
i=1

k n
N Z |a,|Ig++8';w |Fxn (s) = Fx(s)|(9r) + Z |Kj|Ig+—ﬁj;W |Fxn (s) - Fx(s)|(§,-):|

r=1 j=1

) [(W) ~¥(0) LY (V) - ()" (T)

+ ﬁ (Z ol T8 (9(s) - w(0) ™ @n)
i=1

k n
£ 1o e () - ¥ (0) 0 + Y gl Zo 7 (wis) - w<o>)y‘1<;j)>}

r=1 j=1

X ||Fx,, — Fx||cliw.
Since f is a continuous, this implies that F, is also continuous. Hence we obtain
1Qxy — Qxlic, ,, >0 asn— oc.

Step II. The operator Q maps bounded sets into bounded sets in C;_,, .
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For Y, > 0, there exists a constant u > 0 such that, for each x € By, = {x € C1_, y :
llle, ., <}, we have | Qxlc, ., < .
Indeed, for any ¢ € / and x € By,, we have

(v (6) - v(0) ™ (20|

< (V(T) - v (0) " Ig |Fu(s)|(T) + |—512| [|A| + Y ey Zg |Eels)| (i)
i=1

k n
+ 3 10T |E)] 00 + > lig o |Fx(s>|(c;)]. (3.16)

r=1 j=1

It follows from condition (H,) that
|EO)] < B} + B3 |x(0)| + H5| Eu(0)| + | T2 x(2)),

and thus

T () (W (8) — yr(0)* 7
Ixlle,._,, |-

1 X ¥ y-1
01 = g s (stvio vy HEEREES

(3.17)
Then by substituting (3.17) into (3.16) we get
(&) - v (0) 7 (Qu)(1)]

< xll—y p |:(W(T) - lﬁ(o))lfyAz(% T)+ é (Z |cwi| Az (e, m;)
-1

k n
/C
+ Y lorlAnler +8,0,) + Y il As(e - B, 9))] t1o hy’
r=1 J=1

from which we get

e
1Qxllc,_,, < P22+ " = L.

Step III. The operator Q maps bounded sets into equicontinuous sets of C1_, .
ForO<tij<tp<Tandxe BTQ where BY2 is as defined in Step II, since f is bounded on
the compact set J x Bs}z, we have

(¥ (82) = ¥(0) 7 (Qx)(82) — (¥ (82) - ¥ (0)) 7 (Qw)(81)|
= [(¥(t2) =¥ (0)) T IEYV Eults) - (w(tr) — ¥ (0)) I Eulty)|

() -y () /0 VO - @) E) dr

() - v ()" /0 @)W () - (o) Eo) de .

Page 13 of 24
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Set Sup(t,u,v,w)e]str V(t’ u,v, W)| :7< 00. Since (w(t) - l)[/.(O))l_y(xb(t) - ‘(//-(7’-))(1—1 is a de-
creasing function ori t € (0, T), it follows that

(W (52) = ¥ (0) 7 (Qx)(t2) - (w(t1) — ¥ (0) 7 (Qw)(11)]|
< F{ e -voy / VO W) - v) " d
+ (W) - v (0)” fo v (@) (Y (0) - v(@) dr

— (Y (t2) - () /0 VOWE) -y @) dr

~)

el [(¥(22) = v (0)) " (W(ta) — w(81)* + (W(t2) v (0)) 7 (W(t1) — w(0))"

+ (W(t) = 9(0) (¥ () - v ()" - (¥(82) - ¥ (0)"}].

This inequality is independent of x and tends to zero as t, — t;, which implies that
[1(Qx)(22) = (Qx)(t1)llc,_,,, — O as t, — 1. Thus, Steps I to 11, together with the Arzeld—
Ascoli theorem, we conclude that the operator Q is completely continuous.

Step IV. Theset E={x € Ci_, y :x = 0Qx,0 < 0 < 1} is bounded (a priori bounds).

Let x € E. Then x = 90 Qx for some 0 < ¢ < 1. From (H), for each ¢ € /, we can get the

estimate

1 m
x(t) = Q(Iginx(t) + M[ Z:a)l'g+ S) m)

k
=3 o ZE (Eols)( ,)—Z 707 (F, (;,.)D.
r=1

It follows from Step II that for each ¢ € J, | Qxll¢c,_,,, < i < oc. This implies that the set
Ci-y,y is bounded.

By all hypotheses of Theorem 3.2 we conclude that there exists a positive constant N
suchthat ||x|lc,_, , <N < c0.By Schaefer’s fixed point theorem (Lemma 2.12) the operator
Q has at least one fixed point, which is a solution of problem (1.5). This completes the
proof. O

3.3 Existence result via Krasnosel’skii’s fixed point theorem
By using Krasnosel’skii’s fixed point theorem, we obtain the final existence theorem.

Theorem 3.3 Letf:] x R® — R be a continuous function satisfying (H;) and (Hs). If
0, <1, (3.18)
where O is defined by (3.5), then problem (1.5) has at least one solution on J.

Proof Let sup,; |q(¢)| = g*. By choosing a suitable By, := {x € C1_, y : Ixllc,.,, < Ts}

where T35 > % +¢* 8, we define the operators Q; and 9 on By, by

(Qu0)(t) = IV Fs)(t), te],

Page 14 of 24
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m

— y-1
(20 = W[ - Lo E6m)

k n
-S> TEE)0) - Y iTge ﬁf“”a(s)(;,)}, tel.

r=1 j=1

Note that Q = Q; + Q,. For any %,y € By, we have

(¥ () - (0) ™ (Qu0)(®) + (Q)(®)) |
< (V(T) - v (0) "I |E)|(T) + — [|A| + Z | Zgi" | Ey ()] (my)
k n B
+ Y ol Zo V[ Ey ()] 00 + ) Iig1Tos \Fy(s>|(;,»)}
r=1 j=1

(w(T) w(o))l "Wla-y+1, T)+@|:|A|+q <Z|a)i|\ll(a—y+1,m)
i=1

k n
Y 1on W+ 8-y +1,6,)+ Y |kl W(a—fi—y + Lc,»)ﬂ

r=1 j=1

A
<%+q[(wm v(0) W@y +1, T)+@<Z|w,|wa y +1Lm)

+Z|a,|\lf(oc+8 —y+1, 9)+Z|K1|\IJ(O{ Bi-y+1, ;,))}

r=1 j=1

This implies that Q,x + Qyy € By,, which satisfies assumption (i) of Lemma 2.13.
We now show that assumption (ii) of Lemma 2.13 is satisfied.
Let x,, be a sequence such that x,, — x in C;_, . Then for each ¢ € /, we have

((®) ~w(0) 7 ((Quxa) () — (Qux)(0))]
< (V(T) - v (0) " Ig |Fy, (5) — Fuls)|(T)
< (W(T) -y (0) T (w() - v (0) T (1)1 Fxy ~ Fxlle, -

Since f is continuous, this implies that the operator F, is also continuous. Hence we obtain

| Fy, _Fx”Cky,z/, — 0 asn— oo.

This shows that the operator Q;x is continuous, since || Q1%, — Q1x|1_,y — 0as n — oo.

Also, the set Q1 B, is uniformly bounded as

1Qxle,.,, <q*(W(T) =¥ (0) " ¥la-y +1,T).

Page 15 of 24
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Next, we prove the compactness of Q;. For each t1,¢, € J with 0 < t; < £, < T, we have
(see Step III of Theorem 3.2)

|(w(t1) - ¥ (0) 7 (Qu)(t1) - (¥ (82) - ¥(0) 7 (Qi0) (1)

q*
Mo +1)

+ (W) = 9(0) (¥ () - v ()" - (¥ (82) - ¥ (0)"}].

=

[(W(t) =% (0) 7 (W(t) — (1) + (W(tr) =¥ (0) 7 (w(tr) — ¥ (0))"

Obviously, the right-hand side in this inequality is independent of x and tends to zero
as t, — t1. Therefore the operator Q; is equicontinuous, and so by the Arzela—Ascoli
theorem, Q; is relatively compact.

Moreover, it is easy to prove using condition (3.18) that the operator Q, is a contraction
mapping, and thus assumption (iii) of Lemma 2.13 holds. Thus all the assumptions of
Lemma 2.13 are satisfied. So the conclusion of Lemma 2.13 implies that the boundary
value problem (1.5) has at least one solution on /. The proof is completed. d

4 Stability analysis
In this section, we develop some sufficient conditions under which the concerned problem
(1.5) satisfies the hypotheses of different types of Ulam stability such as the Ulam—Hyers
stability (UH), generalized Ulam—Hyers stability (GUH), Ulam—Hyers—Rassias stability
(UHR), and generalized Ulam—Hyers—Rassias stability (GUHR).

Before stating the main theorem, we need the following definitions. Let € > 0, and let
B: [0, T] — [0,00) be a continuous function. We consider the following inequalities:

D57 2(8) - f (&, 2(8), "G 2(8), gt 2(8)) | < e, (4.1)
1D 2(e) - £ (1, 2(6), DG 2(8), Tyl 2(0)) | < €B(e), (4.2)
D5 2(8) - f (8, 2(8), DG 2(8), ot 2(0)) | < B(®). (4.3)

Definition 4.1 ([41]) Problem (1.5) is said to be UH stable if there exists a constant t >
0 such that for € > 0 and each solution z € Cll—y,d/ (/,R) of inequality (4.1), there exists a
solutionx € C}_,, , (/,R) of problem (1.5) with

’z(t) —x(t)‘ <7te, te]. (4.4)

Definition 4.2 ([41]) Problem (1.5) is said to be GUH stable if there exists a function
B e (i, (R*,R*) with B(0) = 0 such that for each solution z € Cll_y,w(], R) of inequality
(4.2), there exists a solution x € Cll_%w(], R) of problem (1.5) with

’z(t) —x(t)‘ <B(e), te]. (4.5)

Definition 4.3 ([41]) Problem (1.5) is said to be UHR stable with respect to B €
Ci—yy(J,R*) if there exists a real number mysp > 0 such that for each solution z €
Cll_y,w [/, R] of inequality (4.2), there exists a solution x € Cll_w (/,R) of problem (1.5)
with

’z(t) —x(t)‘ <mypeB(t), te]. (4.6)
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Definition 4.4 ([41]) Problem (1.5) is said to be GUHR stable with respect to B €
Ci—yyJ,R") if there exists a real number mysp > 0 such that for each solution z €
Cl, U, R) of inequality (4.3), there exists a solution x € C{_, , (/,R) of problem (1.5) with

|2(t) - x(t)| < msBE), te]. (4.7)

Remark 4.5 1t is clear that (i) Definition 4.1 = Definition 4.2; (ii) Definition 4.3 = Defi-
nition 4.4; (iii) Definition 4.3 for B(-) = 1 = Definition 4.1.

Remark 4.6 A function z € Cll_w,(] ,R) is a solution of inequality (4.1) if and only if there
exists a function w € Ci_,  (J, R) (dependent on z) such that:

(i) w@)l<etel

(i) "G 2(8) = (8, 2(8), DG 2(0), Tgi 2() + w(D), t € ].

Firstly, we present an important lemma that will be used in the proofs of UH and GUH
stability.

Lemma4.7 Leta €(0,1], p€[0,1). Ifz € Cll_w/ (/,R) is a solution of inequality (4.1), then
z is a solution of the inequality

|2() - Ho(2)| < (¥(T) - ¥(0)” ' e, (4.8)
where
) ¥ (0)) 1 “
Hott) = TV R0+ YOI (4 > T B
_Z"rIoafB'sz oo, E) )
r=1 j=1

and E is given by (3.7).

Proof Let z be a solution of inequality (4.1). So, in view of Remark 4.6(ii) and Lemma 2.10,

we have

HDEY 2(8) = f(t, 2(6), FDLY 2(0), T8 2(8)) + w(8),  t € (0,T),

. (4.9)
S wiz(n) + Y MO0 2(g) + Y 0, To 2(6,) = A

Thus the solution of (4.9) is of the form

m k
A=Y oL E)n) - Y o To YV EL(5)(6))

i=1 r=1

-1
o) = eV E5)(0) + M (

_ y-1 [ m
Z o >)+z”w()<> w@wzﬂwwm
i=1

+Zcﬂ§3‘” w<s><9>+ZK1 A w(s)<cj)>~

r=1 j=1

Page 17 of 24
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Then by using (i) of Remark 4.6 it follows that

|2(t) - H.(0)] =

— v-1 “
zwiy(o - OO (Z o 5" W) n)
i=1

k n
30T w0 + Y T w(s)(;,)) ‘

r=1 j=1

-1 m
§<‘I’(Ol—y+1,T)+M<

il D oWl -y +1,m)
i1

k

+ Z lop|W(a—y +8,+1,0,) + Z ki | W (e —y — B+ 1,;,»)))6

r=1 j=1

= (WD) -y () Ee,
from which we obtain inequality (4.8). The proof is completed. d
Now we present the UH and GUH stability results.

Theorem 4.8 Let f : [0, T] x R? — R be a continuous function. If (H,) is satisfied with
®; < 1, where ® is given by (3.6), then problem (1.5) is UH stable and GUH stable on J.

Proof Suppose that e >0and z € Cll_y_w (/,R) is any solution of inequality (4.1), that is,
(D5 2(8) - f (8, 2(8), "DV 2(8), T 2(0)) | <€, te].

Letx e Cll,m,, (/,R) be the unique solution of problem (1.5). Then we have

HDXOY (8) = (&, x(8), "D x(8), T8 x(2)), €],
Bj.osyr rs
Y7 wng) + Y kDG w(g) + 5 0107 %(6,) = A.

By applying the triangle inequality we get
|2(t) — x(0)| = |2(8) — Ho(8) + Ho(2) - x(8)| < |2(8) = Ho(0)] + | Ho(8) — %(0)]. (4.10)
By using Lemma 4.7 with (4.10) we obtain

[2(0) = 2(0)] = (¥(T) - ¥ (0)"" Ee
ve) - ;/Zf(o»H ( N

—

=Y Ty E(s)(my)

i=1

+ | TSV E(s)(t) +

k n
> I ES)0) - Y KTy ﬂ’”’Fz(s)(;») - Ty Fu(s)(®)

r=1 j=1

-1 m k
w0y <A S W B - 3 o T E 96
i=1 r=1
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- ZK,I" g a@(g))‘

< (W(T) - 9(0)) " Ee + TEV|E.(s) - Fuls)|(0)

(W6 - w(0) ! ( i
L WO-vO)

2 Fz(s)_Fx(S)‘(ni)

k
+ Y 1o | T |Es) - F9)[(6) + Z|K,|Z“ P |F.(s) - Ful s)!(¢,>

r=1 j=1
< (W(T) - (0)) ' Ee + @y |2(t) — x(8)]-
This implies that

|2(2) - x(t)| < 7€,

where

WM -y)'E
- 1-d; ’

Hence problem (1.5) is UH stable. Now setting B = 7€ such that B(0) = 0 yields that
problem (1.5) is GUH stable. The proof is completed. d

Remark 4.9 Let B € Ci_, (J,R*) be an increasing function. Then there exists Az > 0 such
that for each ¢ € /, we have the integral inequality

T8V B(b) < apB(2). (4.11)

Lemma4.10 Letwo € (0,1] and p € [0,1).Ifz € Cll_y,w(], R) is a solution of inequality (4.2),

then z is a solution of the inequality
|2(6) = H(0)| < KasB(0)e, (4.12)

where
— k n
WD) -y O (§
K=1-r Dl + ) o+ Ikl ). (4.13)
€] i-1 r=1 j=1
Proof From Lemma 4.7, using Remarks 4.6(i) and 4.9, we obtain

|2(t) - H(0)] = 9 3

_ y=1 [ "
o w(s)(t)—M<ZwI§+ w(s)(n;)

k n
+ YTy w(s)6) + Y o ﬁ’””w@)(é;)) ‘

r=1 j=1
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IA

— y-1 " k -
|:1 _ % (Z il + > lovl+ Y |Kj|>i|)~668(t)

i-1 r=1 j=1

= KAapB(t)e,
from which we obtain inequality (4.12). This completes the proof. d
Next, we are ready to prove UIHR and GUHR stability results.

Theorem 4.11 Let f : ] x R? — R be a continuous function, and let (H,) and (4.11) be
satisfied. If ©1 < 1, where @ is given by (3.6), then problem (1.5) is UHR stable and GUHR
stable on J.

Proof Letz e Cllfy"/, (J,R) be a solution of inequality (4.2), and let x be the unique solution
of problem (1.5). By applying the triangle inequality and Lemma 4.10 we get

|2() = x(t)| = |2(8) = H(£) + Ho(2) — %(2)]
< |z(t) = Ho(®)| + |H(8) — x(2)|

-1 m
T Eo) + YOO (A = > oTg EA ()

< KipB(t)e + o a

k n
> I ES) ) - Y KTy ”"””Fz(s)(c») - TV Es)()

r=1 j=1

-1 m k
_w@-yoy <A S W B - 3 o T E 96

Q .
i=1 r=1
- Ty “f‘””a(@(g)) ‘
j=1

Y(t) - (0)

< KnsB(0)e + T2 |F.(5) i) (1) + ¢ o

m k
x (Z o Lo |Eols) = Flo)|(mi) + Y o, Zg ™V |F.(s) - Fils)| 6)

i=1 r=1
1 o-Bjy
+ Z KLy |Fo(s) = Fu(s)| (é’j))
j=1

< KigB(t)e + |z(t) —x(t)

’

where @, is defined by (3.6), which implies that

A
|2(6) - x(0)| < IK_ & BOe
By setting
Kip
myB =

1-9;

Page 20 of 24
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we get the inequality
’z(t) —x(t)‘ < mypB(t)e. (4.14)

Hence problem (1.5) is UHR stable. Moreover, if we set € = 1 in (4.14) with B(0) = 0, then
problem (1.5) is GUHR stable. The proof is completed. d

5 Examples
In this section, we present two examples, which illustrate the validity and applicability of

main results.

Example 5.1 Consider the nonlocal boundary problem

31 4% H %'%5‘3%
He10ae? gy o 1002 s seosmea I T0¢r ()l
o* (5-sin? )2 4+|x(t)| 5 jl.e%

6+HD P (o))
t
3 .2
IZ07" x(e)]
5+Z0" a(0)
. o 14+j 1'85 5
mo(ix i n 4=j\Hry 10035 ;
> in (g )x(5g) + ijl(ﬁ) Do %(55))
)t
k relyrasel o r _
+ Zr:l m)Io+ x(g) = 0,

where o =3/10, p = 1/4, T =4/5,m=2,n=3, k=1, w; = (i + 1)/10, «; = (4 - )/10, 0, =
(r+1)/(r+4), n; =i/10, g = 3j/25, 0, = r/5, Bj = (14 + j)/100, 8, = (r + 2)/(r + 9), and A = 0.
From the given data we obtain that € ~ 3.593684625 # 0 and

10t + 2 |u| 5cosmt—2 [v| [w
= — . + . +(2t-1)
(5-sin®mwt)? 4+ |yl 5 6+ |v|

ft,u,v,w)

54w

For x1, %2, y1, ¥2, 21, 22 € R and ¢ € [0,4/5], we have

1 3
[f (&, %191, 21) — f (£,%2,y2,22) | < E(|x1 —x| + 1 —yal) + g|21 -2z

Assumption (H;) is satisfied with L; = 1—10, L,=1,L;=2. Hence

®; ~0.5220929551 < 1.

Since all the assumptions of Theorem 3.1 are satisfied, problem (5.1) has a unique solu-

tion on [0,4/5]. Furthermore, we can also compute that

T)-¢(0)E
r i W )1 ‘”é ) A 2.590447084 > 0.
- ¥l

Hence by Theorem 4.8 problem (5.1) is both UH and GUH stable.

Page 21 of 24
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Example 5.2 Consider the nonlocal boundary problem

3 1.37
o> Vlt) = Mo 3f RO t€[0,3/2],
5342 (L|(t >|+|H© HOHIZE ™ (0D (5.2)

— Ly e
2115 l+4)+zjl(4])H©202\/— IH) Zr 1( Is (g):«/T»’

where a =3/5,0=1/2, T =3/5,m=1,n=2,k =2, w; = i/5, kj = (4 - )/10, o, = (6 — r)/50,
ni=il(i+4), ¢ = (j+1)/20,6, = r/5, B; = 3j/20,8, = (r+1)/5,and A = /7 /2. From the given
data we obtain that Q2 ~ 0.8384823809 # 0 and

~ 4t -3
53 2(1 4 Jul + [v] + |w])

ft,u,v,w)

For x1, %3, ¥1, ¥2, 21, 22 € R and ¢ € [0, 3/2], we have

3

[f (51, 51,21) = f (622,32, 22) | < %(m — x| + |y1 = yal + |21 — 22).

Assumption (H;) is satisfied with L; = Ly, = L3 = 23—5 Hence
@, ~0.6225720515<1, and K ~2.021525739.

Set B(t) = ¥ (¢) — ¥(0). By using Proposition 2.7(i), we can simply calculate that

[ () - v (0)]* B@) < A_B(t)

75VB() vy

F(13)

Thus inequality (4.11) is satisfied with A = ‘(ﬁ

Kig
mepg = ~ 4.062949933 > 0.
f’ 1-— 1

Hence by Theorem 4.11 problem (5.2) is both UHR and GUHR stable.

6 Conclusion

We have proved the existence and uniqueness of a solution for a class of ¥ -Hilfer frac-
tional integro-differential equations with mixed nonlocal conditions. We emphasize that
the nonlocal boundary condition is very general, including multipoint, fractional deriva-
tive multiorder, and fractional integral multiorder conditions. We used the fixed point the-
orems of Banach, Schaefer, and Krasnosel'ski to investigate the existence and uniqueness of
solutions. Our results are not only new in the given setting but also provide some new spe-
cial cases by fixing the parameters involved in the problem at hand. For instance, by fixing
wj =0, Ar=0forallj=1,2,...,n,k=1,2,...,r our results correspond to boundary value
problems for i -Hilfer nonlinear fractional integro-differential equations supplemented
with multipoint boundary conditions. In case we take §; =0, Ay =0 for all i = 1,2,...,m,
k=1,2,...,r, we obtain results for boundary value problems for y-Hilfer nonlinear frac-
tional integro-differential equations equipped with multiterm integral boundary condi-
tions.
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We also investigated different kinds of Ulam stability, such as the Ulam—Hyers stability,
generalized Ulam—Hyers stability, Ulam—Hyers—Rassias stability, and generalized Ulam—
Hyers—Rassias stability. The obtained results are well illustrated by examples.

The work accomplished in this paper is new and enriches the literature on boundary
value problems for nonlinear v -Hilfer fractional differential equations.
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