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1 Introduction
The generalization of certain integral inequalities to the fractional scope, in both contin-
uous and discrete versions, have attracted many researchers in the recent few years and
before [1, 19, 20]. In this article, our work is devoted to Hadamard—Hermite type for con-
vex functions in the framework of Riemann-Liouville fractional type integrals.

A function g: 7 € R — R is said to be convex on the interval Z, if the inequality

g(ex+ (1 -0)y) < Leg(x) + (1 - 0g) 1)

holds for all x,y € Z and £ € [0, 1]. We say that g is concave if —g is convex.

For convex functions (1), many equalities and inequalities have been established by many
authors; such as the Hardy type inequality [3], Ostrowski type inequality [7], Olsen type
inequality [8], Gagliardo—Nirenberg type inequality [22], midpoint type inequality [10]
and trapezoidal type inequality [14]. But the most important inequality is the Hermite—
Hadamard type inequality [6], which is defined by

1 v
g(“;V>§V_M/M g(x)dxf‘w, (2)

where g: 7 € R — R is assumed to be a convex function on Z where u,v € Z with u < v.
A number of mathematicians in the field of applied and pure mathematics have devoted
their efforts to generalizing, refining, finding counterparts of, and extending the Hermite—
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Hadamard inequality (2) for different classes of convex functions and mappings. For more
recent results obtained in view of inequality (2), we refer the reader to [2, 4, 6, 13, 16, 18].

In [21], Sarikaya et al. obtained the Hermite—Hadamard inequalities in fractional inte-
gral form:

ro+y,.. . (u) + g(v)
g(”;’v) < e _-;)79 [Ju+g(V) +Jf,g(u)] < %, 3)

where g: [u,v] € R — R is assumed to be a positive convex function on [u,v], g € L1[u, V]
with # < v, and JZ+ and ﬁff are the left-sided and right-sided Riemann-Liouville fractional
integrals of order ¥ > 0, which, respectively, are defined by [9]

3.g(x) = % fx(x -0 gty de, x>u,

1

~ -
J,-gx) = T

v
/ (-x)""gt)yde, x<v.
x

It is clear that inequality (3) is a generalization of Hermite—Hadamard inequality (2). If
we take ¢ = 1 in (3) we obtain (2). Many inequalities have been established in view of
inequality (3); for more details see [5, 10, 11, 14, 15, 21, 23].

Recently, in [12], Mehrez and Agarwal obtained a new modification of the Hermite—
Hadamard inequality (2); this is given by

v 3v—u u+v 3u—v
g<u+v)f : /g(x)dxsg( )20 e @
2 v—uJ, 4

Furthermore, Mehrez and Agarwal obtained many inequalities in view of inequalities (4);
for which we refer the reader to their interesting paper [12].

The aim of this paper is to establish new inequalities of Hermite—Hadamard type for
convex functions via Riemann-Liouville fractional integrals.

2 Preliminary lemmas
In order to obtain our main results, we need some qualities which are stated in the follow-
ing lemmas.

Lemma 1 ([23]) Let g: [u,v] € R — R be a differentiable mapping on (u,v) with u <v. If
g’ € Ly[u,v], then we have

I’'(%+1
ﬁ[ﬁirg(l/) +35,g(u)] _g(u;— V)

:VZMU Kg/(Zu+(1—€)V)dﬂ—/ [(1—5)0—W]g/(ﬁw(l—f)V)dﬁ]’ (5)
0 0
where
1 0<t<li,
K= =Tl
-1 $<¢t<L
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Lemma 2 ([5]) Letg:Z € R — R be a twice differentiable function on I° (the interior of
1). Assume that u,v € I° with u < v. If g" € L1[u,v], then for ¥ > 0 we have

g +gv) (@ +1) ~[30.g) + 30 g(w)]

2 S 2v-w)?
( - )2 ! " /"
“25+T fo (1= ")[g" (Cu+ (1= 0w) +g"((1 = Ou + v)] d. ©

Lemma 3 Let g:Z C R — R be a differentiable function on I° and g € Li[u,v]. If g isa
convex function on [u,v]. then for ¥ > 0 we have

3v—u u+v 3u-v
g<u+v) - r®+ )[”Z+g(V)+3f-g(u)] Sg( 5 )+2g(42 ) +g(*5%)

2 )7 2(v-u)? @

and

31/2—14 ) + g( 3u—V)

[30.¢) + 3" g(u)]——g(uw)‘fg( S ®)

‘F(ﬂ+ 1)
2

2(v-u)”

Proof From the definition of Riemann-Liouville fractional integral, we have

I'o+1
ﬁ[ ?.g) + 37 g(u)]
T A Ly K|

3uv 3vu

By using the change of the variable x = 3€ + 4% for € € [*5 ], we obtain

rw+1)
2(v—u)?

3 /3 sv-u 3\ (3, wavy
8(v—u)? | S 4 4 8\ 4 4
3v—u 9-1
3 3u- 3
+/ ’ (—Z— “ V) g(—€+u+v)dﬂj|. 9)
e \ 4 4 4 4

Since g is convex on [, v], we have

3£+u+v ~ 3K+“;V <1 3Z +1 u+v
S\a T )T T ) =8\t ) s )

It follows from this and (9) that

[ u*g(v) + g(u)]

rw+1)
2v —u)?

- 39 /3V3u 3v—u 36 -1 SE col T\
“16v-w [Jae \ T4 T A

3v—u 9-1
o G2 oG e(57) )]

% 4 4 2 2

———[30.g) + I-g(w)]
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3v:

g(%) 30 / 5 (3v—u 3 \""' (3
- -2y “¢)ae
2 16(v—u)1’[ we 24 ) 22

.
3 3y yp\? /3

+/ 20— gl Ze)ael.
% 4 4 2

Again, by using the change of the variable z = 3¢ for ¢ € [34, 2-%], we obtain

r+1)
2(v —u)?
g(5%) . O
- 2 219+2(V_ u)”

30 g) +30-g(w)]

3v—u

3y -1 2 3v—u\"!
><|:/3u2v< 5 —z) g(z)dz+/3u2v (z— 5 ) g(z)dz:|

_g(%)_'_ r@+1) [., Bv—u) 3u—v
2 o Y8 Ty ) e f\ T )|

3vu

sides by 1 7 we get

r@+1) [. v—u Bu-v g(3t) + g3
ot s (U5 ) (M) | < 5

*)

(10)

in the right-hand side of inequality (3) and multiply both

(11)

From (10) and (11), we obtain the desired inequality (7) and from (7) we can easily obtain

the inequality (8). These complete the proof of Lemma 3.

O

Remark 1 If we use ¥ = 1 in Lemma 3, then Lemma 3 reduces to Lemma 3 in [12]. In

particular, inequalities (7) reduces to the inequalities (4).

3 Hermite-Hadamard type inequalities
Our main results start from the following theorem.

Theorem 1 Let g:7° C R — R be a differentiable mapping on I°, u,v € I° with u < v.

Letg' € L1[3” v 3vo ”] and g’ : [3” L4 3V2”] — R be a continuous function on [

lg'l9,q>1isa convexfunctzon on [3"2 v, 3"2"”], then

r@®+1).. N
‘m["”“’g(l’)‘*dfg(u)]_g<ugv>‘

_v-u 27 -1 +1 (Bu—v
=2 2o+ 2B\ T2

q

1
Q)q

[ 3v—u
+|g 5

3u

Proof First we prove the theorem for g = 1. By changing the variables u — ==

3% in Lemma 1, we get

ro+1) [., 3v—u\ Bu-v
2y [P\ T ) Tem 8 T

1
:g(M;'V) +(v—u)[/0 Kg,(SVZ—u +2(v—u)£> ar

3u—v 3v—
sz’ Vzu]'[f

(12)

and v —

Page 4 of 22
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1
_/ [(I—Z)ﬁ—ﬂl’]g(gvz_u +2(V—u)£) d6:|
0
:g(u;}> +(v—u)|:/02g/(gvz_u +2(v—u)E> de
1
_ﬁ g/<gvz_u+2(v—u)ﬁ>d€

1 3v—
v _ N\l
+/0 [E (1 E) ]g<

From (10) and (13), we find

‘—”ﬁ“)[x’gmu )] - (””)

2(v —u)? 2
v—u 9 o0 [ 3v—
== UO [(1-0" -¢" +1] (
L YO u)€> ‘ de]. (14)

1
+/1 [Zﬂ_(l_()ﬁ_'_l] g/<3v_

2
Using the convexity of || on [34, -], we obtain

L oow- u)Z) dz]. (13)

Y oow- u)Z)'dE

1

fz[(1—€)0—5§+1] I'd
0

(3V_u+2(v—u)€>‘d€

2

(3u—-v 3v-u

g( 5 £+ 5 - )‘d[

5/2[(1—4)’9—£0+1]{4g(3” ) g( )
1

}d
0

B 1 1 3u—v
‘(§+(0+1>(ﬂ+2)'w 1)22“1) ( )‘

3 1 1 (3v—u (15)
+l o+ - .
8 9+2 (9+1)29+! £ 2

Analogously, we obtain

1

=/2[(1_e)l’—lzl’+1]

0

1
/1 [¢"-(1-0"+1]

2

L, 3v—
g

(3,1 1 ,
=8 vr2 w2 )

1 1 1
* <§ TorDw+2) @+ 1)2ﬂ+1>

" +2(v—u)£)‘dﬁ

3u—-v

(%))

g/<31/2—u)‘. (16)

Using (15) and (16) in (14), we get inequality (12) for g = 1.
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For g > 1 we use the Holder inequality and the convexity of |g'|7 on [%, 3"7_”] to obtain

/7[(1_5)"4%1] g’(gv_
0

1

2 1-
5(/ [(1—6)1’—£l’+1]d£)
0
X</2[(1_£)19_€19+1]g/(3u2— i+ 3y — M(l Z))
0
1 1-1
-0’ ¢ 1dz) !
5(/0 [A-0) +1]
x (/7[(1—15)” L 1]{13 g’<3”2_v)
0

(L, L (1)L 1 1
‘<§+ﬂ+1< _2_19>> ([§+(0+1)(ﬂ+2)_(0+1)2ﬂ+1]

(3v-u N4
)

“ +2(v - u)ﬁ) ‘ de

Q=

q

3 1 1
+-+ -
8 +2 (9+1)29+!

Analogously,

g’(gv_u+2(v—u)£)‘d€

2

<11111‘$31 1 (Bu—v
—(§+m< _2_0)) <[§+ﬁ+2_(ﬁ+1)20+1]g( 2 )
L 3v—u\|?

g< 5 ) ) (18)

1
ﬁ [¢"-1-0"+1]

2

q

Q-

1 1 1
* [§ Toi)w2) O+ 1)2ﬂ+1}

Using (17) and (18) in (14), we get

o o)
l_é 1 1
< V;”(} ﬂil(l—ziﬁ)) {(c1 +d)t + (2 + o)) (19)

where

3u—-v
(19+1)(19+2) (19+1)2z9+1}g( 2 >

<3u v\ |4
(3v u

£

1
T2 (19+1)2z9+1}
q

i
(2

1
e 0+ 1)2ﬂ+1]

+

o s
|
w5
|

1
8
3
8
3
8
1
8

2
® + 1)(19 +2) (O + 1)21’*1]

Page 6 of 22
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Applying the formula

- c+d)" < c’ + d, 0<mc<l,
kZ 13
1

for (19) and then using the fact that |x] + x}| < %1 + x2|", x1,%2,7 € [0,1], we obtain the

inequality (12). This completes the proof of Theorem 1. O

Corollary 1 With similar assumptions to Theorem 1, if 9 = 1, then

1
1 v u+v 3(v—u) 3u—-v\|? 3v—u\|"\7
dx — < / / , (20
o [eman-g(57) <250l (5)] e (P5)) e
which is obtained by Mehrez and Agarwal in [12, Theorem 1].
Remark 2 In [23], the following inequality has been established:
v U+v 3(v—u)
dx — 21
2 [ewde-g( 45 ) | < X500+ g0l ey

We show an analytical and numerical comparison between the left-hand side of inequali-
ties (20) and (21).
1. Letg=1andu, veRwithu<v Then:
(a)

3u— 3v—u
2 2

, We

obtain

3u-v 3v—u
g’( 5 ><g’(u) and g’(v)<g’( 5 >;

3u—v 3v-u
2 7 2

g’(u)<g/(?) and g(gVT_”) <g0).

In those cases, comparison does not occur analytically between inequalities (20)
and (21).

or if the function |g’| is decreasing on [ ], we obtain

(b) If the function |¢’| is increasing on [3”2‘", u], and decreasing on [v, ?"’T‘“], then we
have
L 3u—v , [ 3v—u ,
g( 5 )<g(u) and g( 5 )<g(V).

This tells us the right-hand side of inequality (20) is better than the right-hand

side of inequality (21).

3u—v 3v—

(c) If the function |g’| is decreasing on [*5 “], then we
conclude that the right-hand side of mequahty (21) is better than the right-hand

side of inequality (20).

,u], and increasing on [v,
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2. Suppose that m and n represent the right-hand side of inequalities (20) and (21),
respectively. Let [u,v] = [-1, —%] and g(x) = €*, then we obtain m = 0.199744 and
n = 0.167444 when g = 1 and m = 0.155592 when g = 2. Then we conclude that the
right-hand side of inequality (20) is worse than the right-hand side of inequalities
(21) when g = 1, but better when g = 2.

Theorem 2 Let g:7° C R — R be a differentiable mapping on I°, u,v € I° with u < v.

Letg € L, [3” v 3"_”] and g’ : [3” v BVZ"”] — R be a continuous function on [3"2—", 3"2"”]. If

lg'|%,q > 1 is a convex function on [3” v 3"_"] then

rw+1) u+v
‘Z(V g + 30 gw)] - (2 )‘

veu/ 227-1  1\7
< + —
- 2 \2(Wp+1) 2
1 1
y {(|g/(%)|q+3|g/(”7‘“)|q)a . (3|g(3” )9+ g (s )W)a}
8 8

veul 271 1\P (1g(B) 4+ g (BT @
< + = , (22)
2 \2r(@p+1) 2 2

where L + 1 =1.
P q

Proof Applying Holder’s inequality and the convexity of |g'|7,4g > 1 on [3”2"’ 3"2’ 2], we ob-
tain
2 3u-v_ 3v-u
/ [(1—€)§—£§+1]g'( + - )‘dﬂ
0 2 2
1 1
2 p
< (/ [A-0" -2+ 1]"de>
0
1 1
2| (Bu-v 3v-u q q
X g £+ 1-2)
0 2
1 1
2 p
< (/ [A-0?-¢ +1]”de)
0
2 Bu-v\|? 3v—u\|? :
x(f {eg’< . ) +(1—€)g/( . ) }dz) . (23)
0

Since (H, — H,)7 < H{ — HY for each Hy,H, >0 and q > 1, (23) becomes

,(3v—
o
< (/02[1+(1—£)1’1”—£”’”]d£>p

1

/7[(1—2)04%1]

0

“ +2(v— u)E) ‘ de
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¢l s :
x( / £de + /(l—é)dﬁ)
0 0

(3u—v
& 2

[ 3v—u
& 2

1 1
20r _ 1 1\ 7 1(3U=V\1q 4 3|/ (3V=H) |9\ 7
_ Y lg'(36)17 + 31g' (354 g (24)
20r(¥p+1) 2 8
In a similar manner, we get
! 3u— 3v—
f[l”—(l—l)l’n]g’( bt ”(1-@))’(1@
1 2 2
1 1
20r _ 1 1\? /3 /(Bu=v q 4 (Bv=uy g\ g
- LY lg'(Z59)17 + 1g' (Z5%)] . (25)
200(9p+1) 2 8

Using (24) and (25) in (14), we get

‘—zpf_;ﬁ [3%.20) + 37-g(u)] - g(u R V) ‘

2
v—u 20r _ 1 1\7
< + =
- 2 \22?7Wp+1) 2
1 1
Ig’(¥)lq+3lg’(3v7‘“)l" 1 3Ig/(?)lq+lg’(3“7‘”)lq 1
X 3 + 3 3

which proves the first inequality of (22). Applying the fact
|c§” +c§”| <lci+c|”, 0<m<1,cyc€[0,1]
to the last inequality, we get the second inequality of (22). This completes the proof. [J
Collecting both of Theorems 1 and 2 we obtain the following corollary.
Corollary 2 Let 117 + é =1, then from Theorems 1 and 2, we have

r@+1)

~i N Yty
’m[&;ﬂﬂ + 30 g(w)] —g( : )‘

_vou(] (Bu-v T (Bv—u\|T\7 . ( )
+ min{y, 2},
=7 g 5 g 5 Y102
_(2°1 1 _ (. 2%rg 1 \%
where y1 = (3555 +3) and y» = (20”*%7@1»1) * 25*1)17‘

Corollary 3 With similar assumptions to Theorem 2 if 0 = 1, we have

1 v Uu+v
|m/’;g(x)dx—g< 5 )

0= 5o )5(lg’<%w+|g/<3v7-u>w>%,,

21 (p + 1) 2

which is obtained by Mehrez and Agarwal in [12, Theorem 2].
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Theorem 3 Let g:7° C R — R be a differentiable mapping on I°, u,v € I° with u < v.

Let g : [¥£2,324] — R be a continuous function on 25, 241 If |g"|1,q > 1 is a convex

function on [3" v 3ve 254, then

Q) + 2g(H2) + g3
4

S 3u—v 3v—u\ |7\

g( 2 ) g( 2 ))

()} &

ke 2t gt] - £

2(v —u)?

7 9+5
319+9

- 9 (v —u)? (219+4
—2(0+1)(19+2){ 39 +9

v+5| ,(3u-v
+ g
30 +9 2
Proof From Lemma 2 we have
ro+1) [, 3v—u ~ 3u-v
m["< »E\ T ) a8\ T

g +g(35Y)
2

2v—u)* ! o[ (. (3u—v 3v—u
- /O/z(l_e)[g (z( 5 >+(1—£)< 5 ))

Yy 3u—-v 3v-u
o) 25

From (27) and (10), we have

" 2z9+4
319+9

o At 30 ¢00) -

(V_u)z 1
=5 /oz(l—z”)
p 3u 3v—u
[ () a0 (*5)))
+ g”<(1—z)<3”2_v> +£<3V2_”>)Hde. (28)

3u— v 3v—u

g(35") +2¢(157) + g(*5")

4

Using the convexity of |g”|7,q > 1 on [*5

[l () ol5)
o255
([
(ol

] and Holder’s inequality, we have

q a :
+(1-2¢) }dﬁ)

(%)

(5)

Page 10 of 22
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q

SO
()
<(*5))'} @

1 3 —
([ e-ofo-o ((*57)
v 20 +4| ,(3u-v
_2(19+2){<319+9g( 2 )

+5| ,(3u-v
+<319+9g( 2 )

Using (29) in (28) we get (26) for g > 1.
Now by using the convexity of |g”|, we find

1 Y 3u—v 3v-u
/Oe(l—eﬂ)[g (z( 5 )+(1—€)< 5 ))‘
N 3u-v v—u
#(0-0(57)(557))
! 1 3u— Z 3v -
(- (57 -0 (557)) )
1 _ _
(oo () ) )
L 3u—v V(0 +5) J(3v—u
g( 2 )‘+6(0+2)<ﬁ+3)'g( 2 )‘
J(3v—u (9 +5) L 3u—v
g( 2 >+6(0+2)(ﬁ+3)g( 2 )H
S 3u—v S 3v—u 30
g< 2 )+g< 2 )) .

Substituting (30) into (28) we deduce that the inequality (26) holds true for g = 1. Hence
the proof of Theorem 3 is completed. d

7 9+5
+
39 +9

7 29 +4
+
30 +9

+

+(1-14)

+4£

70
_[3(19+3)
9
T30 +3)

o
_2(19+2)(

Corollary 4 With similar assumptions to Theorem 3 if 9 = 1, we have

v 3v—u utv 3u—v
/g(x)dx_g( 5 )+2g(42 ) +g(=5+)

vV—u

1
_—wp? g5 +1g" (351 .
- 6 2

(31)

Remark 3 In [12, Theorem 3], Mehrez and Agarwal obtained the following inequality:

v 3v—u u+v 3u—v
1 /g(x)dx_g( 5 )+2g(42 ) +g(#5)

vV—u

W - )2 <|g”(%)|q ; |g”(3”7”>l”)? (32)

The right-hand side of (31) confirms the modification of our work compared with (32).
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Remark 4 1f g"(x) is bounded on the interval [3” v 3V’”] then Theorem 3 reduces to

re+1) g(354) + 2g (1Y) + g3 MY (v —u)?
20—y L0+ 3] - : S@D0+2)

for some M € R.

Theorem 4 Let g:7° C R — R be a differentiable mapping on I°, u,v € I° with u < v.

Letg": [3” v BVZ‘”] — R be a continuous function on [3” v 3"_”] If|g"|11,q > 1 is a convex

function on [3“2 v, 3"2_ L1, then

'@ +1) g(351) +2g(14Y) + g(35
ﬁ[ Jieg(v) +3,-gw)] - 2
3 3 1 (33)
1 dEZ=a1r] (V=19 \ g
52(:; u)? BrpsLop+ 1)(Ig( 5l ;Ig( 7)) ) ,

where L + 1 =1.
rq

Proof From inequality (28) and the Holder inequality, we have

g(5) + 2g("3Y) + g(¥5*)

) 3t g) + 2000 - :

2(v—u)?
2 1 5
5(2;”1) < /0 eﬁ(l—ﬁ)"de)

([l ra-0(5)) ng?%
! (f ¢ (o251 ra-o(25)) ng)q].

Using the fact that |g”]%, 4 > 1 is convex on [3” 4 3"2‘ ], we have

[30.6() +30-g(u)] - s + 2g(4 )+ ey

(¥ +1)
|2(v u)’

v—up ([ BVIAY.
<5 (/0 E"(l—ﬂ)dﬁ)

[0 e ()

+(1-2)

o)
&)

< (%))

q

1 3u— 3v-—
([ ool () e (5))
1 (3u—v 1 (3v—u %
_ 2= ”)2;3 P(p+1,0p+ 1)<|g( )+ 187 )|q> . (34)
¥ +1 2

Observe that £/ (1 —£7)? < £7([1-£]7)? = £7(1 - £)P?. So, (34) completes the proof of The-

orem 4. O

Page 12 of 22
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Corollary 5 With similar assumptions to Theorem 4 if & = 1, we have

3v—u 314—1/)

v-uJ,

4

_—up (ﬁrw 1>>%<|g”(%>|q + |g“<3v7-")|q>% 5

- 4 2I'(p+3) 2
Proof The proof of this corollary follows from the facts that

1 Jal(p+1)

,3(l)+1,+1)=22p+1 ro+d) 0

Remark 5 The right-hand side of inequality (35) confirms the modification of our work
compared with the right-hand side of inequality (3.24) in [12, Theorem 4].

3u-v 3v-u
27 2

Remark 6 If g"(x) is bounded on the interval [ ], then Theorem 4 reduces to

re+1)
2(v —u)?

g(3v2—u) +2g(%) +g(3u2—1/)
4

[30.6() +30-gu)] -

1 2M(v — u)?
55;(10+1,1>‘1ﬂ+1)M
9 +1

for}%:l—% and for some M € R.

Theorem 5 With similar assumptions to Theorem 4, we have

g(31) +2g(14Y) + g(342)
4

‘ GRS [30.g(v) + 30-g(u)] -

2(v —u)?

<(V—u)2 1 ’ 1 i
T 9+1 \p+1 (0g +1)(vg +2)
S 3u—-v\|? 9q+ D" 3v—u\|7\4
<1118 5 +wg+1)g 5
S 3u—-v S 3v—u\|? a
| @g+Dig"| —— L : (36)
Proof By using the Holder inequality and the convexity of |g”|7,g > 1 on [3"2“’, 3"2‘ 4
! 3u—-v 3v—u
—_— 19 /" —_— —_—
=i («(%57) - 0-0(357))
p 3u—-v 3v—u
(ema(®5) (55)) J«
N
([ e
0
1
><|:(/ (1—z1’)q{e
0

q
+

], we
have

+

()
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q

+</01(1—z1’)q{(1—e) q}dﬂ)%]
:<p11>p[(( 1 T g2

1 |, 3u-v S 3v—u\|! a (37)
(ol (%57 ()]

Using (37) in (28), we obtain the required inequality (36). O

o (3u—v
()
L 3u—v
g( 2 )
g 1

+

(g +1)(9g+2)

)

1 1

Corollary 6 With similar assumptions to Theorem 5 if 9 = 1, we have

[ g(35%) +2g(4Y) + g(35)
’— gx)dx — )

o 1) 1 1
=t <p+1> ((q+1)(q+2)>
S 3u—-v\|7 S 3v—u\|? 1 (38)
(e () el (557)])

Remark 7 The right-hand side of inequality (38) confirms the modification of our work

compared with the right-hand side of inequality (3.27) in [12, Theorem 5].

Theorem 6 With similar assumptions to Theorem 3, we have

g(3V2_u) + 2g(uT+V) +g(3u2—v
4

\F(ﬁ U o)+ 3% gw)] -

2(v —u)?

- (v—u)? < 2 )5
T 20+ 1)\ (Vg +1)(Pg +2)(Pq +3)

(G () ownie (557)

q
+(Wg+1)

1
Q>q

o 3u—v\|? L 3v—u\l|? g
+|(Pg+1)|g +2|g . (39)
2 2
Proof Let g > 1, then, by using the Holder inequality and the convexity of |g”|? on
[3u2—vy 3v2—u], we have

[ (1(357) re-a(*5)

(oo o) [Je ([ )
[ emerfie () om0k (55))
([everfe-o((5)

0

o

Page 14 of 22
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q
+B8(2,9q+2)

1\ N4
= (5) |:<ﬂ(3»19Q+ 1) )
L 3u—v
g( 2 )
1 1 ol Bu-v\ |1 (9q+ Do 3v—u\ |7\
‘5((ﬁq+1>wq+2)(ﬂq+3)) [( g( 2 ) nea g( 2 ))
L 3u—-v\|7 2' S 3v—u\|" i (40)
() (550 ]

Using (40) in (28) we obtain the inequality (39) for g > 1.

Now, using the convexity of |g”’| and the properties of the modulus, we find

[l (1(357) re-a(*5)
<(0-0(5) ()

[ el () ro-a(5)
e (o-o(F5) v (557 o
([ ap([eo-erfde (G5 e-ok (459 )
([eomorfo-ae (C5)] - () )
(o) (£ (27 (57))) @

Substituting (41) into (28) we deduce that the inequality (39) holds true for g = 1. Thus
(40), (41) and (28) complete the proof of Theorem 6. a

L, 3u—v
& 2

q
+B3,9q+1)

< (5]
(7)) ]

+ (,3(2, 0q +2)

+ ((ﬁq +1)

(1-20)

Corollary 7 With similar assumptions to Theorem 5 if 9 = 1, we have

v 3v—u u+v 3u—v
/g(x)dx_g( ) +2g(557) + g(57)

v—uJ, 4

(v—u)2< 2 )q
2 (q+1)(g+2)(g+3)

S 3u—-v\|7 L 3v—u\|? a
R ok (5

Remark 8 The right-hand side of inequality (42) confirms the modification of our work

+(

compared with the right-hand side of inequality (3.29) in [12, Theorem 6].

Collecting Theorems 3-6 we obtain the following corollary.
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Corollary 8 From Theorems 3—6 we deduce that

rw+1)
2(v —u)?

< Lo }
mln ) ) ’ ’
=20 +1) V3, V4, V5 Ve

Sv_u utv Su—v
[3u+g(")+3f-g(u)]—g( 2 )+2g(42 ) +g(#5)

where
v 20 +4| ,(3u-v S 3v—u

By |\Boroff \ 2 £\
+<19+5 . 3M—V> L 3v—u\|’ a
39+9 \ 2 ¢\ 2 ’

1(BU=VY1q 4 |g" (BV=HY|q .
M:ﬁ;(pﬂ’ﬁpﬂ)(lg( ST+ 18" (555)] )q’

7 9 +5
+
39 +9

q),l,

7 29 +4
+
30 +9

2

BYERY 1 i
”‘5<p+1> ((ﬁqn)(ﬁqw))

L 3u—v S 3V—u
<[ (5) ol (*57)
g+ Dlg” 3u-v S 3v—u
+<‘“g(2)+g<2)

, ,
o= ((0q+ D(0q+2)(0q+ 3))

L 3u—v
<[ (*57)
+ ((ﬁq +1) g”<3u2_ V)

q
+(Wg+1)

q?;
)

q

q
+ (g +1)

q?;
)

S 3v—u
£ 2

S 3v—u
2

q
+2

forg>1.

A few results for concave functions will be extended in the following theorems.

Theorem 7 Let g:7° C R — R be a differentiable mapping on I1°, u,v € I° with u <
v.Letg": [@, 3"2‘”] — R be a continuous function on [3"2’V, 3"2_”]. If |g"|1 is concave on

[3142—1/’ 3v2—u]’ then
re+1),., - g(35) + 2g("5%) + g(*")
2(v —u)? (g ) + 3-g()] - 4
2(1/_”)2 1 /" u+v
Sﬁﬂp(p+1,0p+l)g( 2 ); (43)

where q = 1% suchthatp e R, p> 1.
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Proof Applying Holder’s inequality to (28), we get

“) +2g(14Y) + (3
4

e

‘ T'e+1) [30.6) +30-gw)] -

2(v — u)?
(4 [ ooy
AL () a0 (25)) ]
(L2552 va-o(52) ]

By using the concavity of |g”|? on [24%, 34] and the integral Jensen’s inequality, we get

2
1
/ g//
0

N

N

} . (44)

((*57) om0 (*57)

! U-v v—u
5 (/1e°d€) g/,(fo 50(2(37):(1—5)(37))61@) . g,,<u+v) . "
0 fy ode D)
and analogously
/1 ,,(£<3V—u) 1 £)<3u—v))‘d€< //<u+v) q )
0 £ 2 LA 2 =g 9

Thus substituting the obtained results of (45) and (46) in (44), we get (43) as desired. [

Theorem 8 Letg:7° C R — R be a differentiable mapping on I°, u,v € I° with u < v. Let
g [%, ?’VZ‘”] — R be a continuous function on 3” v Sv- 7], Assume that St 5 =1 with
p > 1 such that |g"|? is concave on [3”2 RL 31”“] Then

“) +2g("5) + g (5

4

g( 3\/2—

‘M[ g0 +30gw)] -

2(v —u)?

- 9 (v —u)?
T2+ 1)(® +2)

y L S0 +7 . U +11 o U +11 N 50 +7 (47)
u 14 u 1% .
E\ew+3)" " 6w +3) S\ew+3)“ 6w +3)

Proof From the concavity of |g”|7 and the power-mean inequality, we have

lg”(ex+ (1 - 0)y)|" > tlg"@®)|" + (1 - 0)|g" )|
> (Llg"@)] + (1 -0)|g")])*

forallx,y € [3”2“’, BVZ‘ “] and ¢ € [0, 1]. This also gives

" (ex+ (1= 0)y)| = €lg" )] + (1 - 0)|g"B)]

Page 17 of 22
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this means that |g”| is also concave. Again by the Jensen integral inequality, we obtain

. 3u—v 3v—u
[l ((5)0-0(5) |

1 1 _pv 3u—v _ 3v—u
0 Jy e —er)ae

q

9 (507 oIl 1 8)
_2(19+2)g 6 +3)  61+3) /)|’
and analogously
/1 of o BV 1-0) Bu=v\\| jp < | 211 59+ 1 (49)
+ — u 1%
18 2 2 =8 6w+3)" 6w +3)

Thus substituting the obtained results of (48) and (49) in (44), we get (47) as desired. [

4 Applications
In this section some applications are presented to demonstrate the usefulness of our ob-

tained results in the previous sections.

4.1 Applications to special means
Let u and v are two arbitrary positive real numbers such that u# # v, we consider the fol-
lowing special means [17].

(i) The arithmetic mean:

A=Au,v)= Ly

(ii) The inverse arithmetic mean:

H=H(u,v)= LT u,v#0.
(iii) The geometric mean:

G = G(u,v) = Vuv.
(iv) The logarithmic mean:

L(u,v) i u#v.

"~ log(v) ~ log(w)
(v) The generalized logarithmic mean:

n+l _ un+1

ORI 1)] , neZ\({-1,0}.

L,(u,v) = [
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Proposition 1 Let u,v € R with 0 <u <v and n € Z/{0,-1}, then we have

|LZ(14, v) - A"(u, V)|

(n-1)q (n-D)q\ 74
— Su— 3v— q
smin{sl,az}M[A(‘( 2 V) , ( ! ”) )} : (50)
Y 2 2
where p = qfl.
Proof The proof of this proposition follows from Corollary 2 with ¥ = 1 and g(x) =x”. O
Proposition 2 Let u,v € R with 0 < u <v and n € Z/{0,-1}, then we have
‘G’l(u, V) - A, v)’
) v—u Bu—v\|™ | /3v—u\|H i
<min{8y,8}—|A , (51)
21*71 2 2
forg>1.
Proof The assertion follows from Corollary 2 with ¢ = 1 and g(x) = % g
Proposition 3 Let |n| > 3 and u,v € R with 0 <u < v, then
’LZ (v_l, wl - H (v, u)) |
. ln|(vt=uh) 3u—v\| " | /3y -\ |V T
< min{dy,8,} - H , (52)
9% 2 2
and
’L’l (v u’l) —HW,u) |
-1 _ -1 3u— -2 | /3, _ —2q %
2 L =D ) N
21*;1 2 2
forg=>1.

Proof Observethat A (u™t,v1) = H(u,v) = l—il So, making the change of variables u —

vl and v — u! in the inequalities (50) and (51), we can deduce the desired inequalities
(52) and (53), respectively.

O
Proposition 4 Let u,v € R with 0 < u <v and n € Z/{0, -1}, then we have
1G-2,1) - A-2(1,)]| < min{61,65) 1;;: [A(’ (Suz_ V) _3,,’ (31/2— u> —Sq)} é,
where p = qi’l.
Proof The proof of this proposition follows from Corollary 2 with ¢ = 1 and g(x) = ﬁ d

Page 19 of 22
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4.2 The midpoint formula
Let d be a partition of the interval [u,v] such that u =x¢p <x] <X <+ <Xyl <Xy = V.

Consider the quadrature formula [17]

/Vg(x) dx="T(gd)+E(gd), (54)

where £(g, d) represents the associated approximation error and

m—1

T(ed) - Zg(m)(xku )

k=0 2

is the midpoint version.

Proposition 5 Let g:7Z° C R — R be a differentiable mapping on I°, u,v € I° with u < v.

Letg € Li[3%, 34 and g : 34, 324] — R be a continuous function on [252, 21, If

|g’'|%,q > 1 is a convex function, then, for every partition d 0f[3”2 L, 3"2 %] in (54), we have

£, d)|
m-1 1
1 X, — % 1 e — ke \ [T\ 7
Emln{sl’az};(xkﬂ_xky( (%) + 5(%) )
L 3xp —x 3%k — X,
Smin{al,az}z(xk+l—xk)zmax(g/( ¢ k”) : g/( s k)‘) (55)
Py 2 2

Proof Applying Corollary 2 with & = 1 on the subinterval [2%%s1 3%:1=% ] (x = 0,1,.

m — 1) of the partition d, we obtain

el Xk + Xics
/ 8(x) dx — (xx41 —xk)g<%)‘
Xk

1
33Xk — Xkt L 3%k —xk \ [T\ 7
2 g 2 ’

Summing over k from 0 to m — 1 and taking into account that |g’| is convex, we obtain, by

1. (1, 1
< Emlﬂ{51,52}(xk+1 -x)°| |g

the triangle inequality,

Vg(x) dx—T(g, d)‘

Z[ f gy dx - (xm—xk)g(%)]’

k=0
Tl Xk + Ky
/ g(x) dx — (xpn —m)g(ﬁ)‘

m—
EZ >

Page 20 of 22
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q

L 3%k — X1 oo 3xks1 —xk \ |7 i
g 2 s 2

s 3%k — Xiia Jf 3%kl — Xk
g 2 g 2 '

This completes the proof of (55). O

m-1
1 .
< 5 min{&y,8,} Z(xk” —xk)2<

k=1

’

m-1
< min{dy, 82} Z(xm - x)” maX<
k=1

5 Conclusion

In this paper, we generalized the modified Hermite—Hadamard inequality obtained by
Mehrez and Agarwal in [12], it can be found in Lemma 3 and Theorems 1-6. Corollaries
4~7 confirm that our results modified the existing results of [12]. Furthermore, Theorems
7-8 modified the existing Theorems 5-6 of [5].
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