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Abstract

In this article, we mainly develop a reduced order extrapolating model for the
solution coefficient vectors of the classical collocation spectral (CCS) scheme to the
two-dimensional (2D) telegraph equation by means of a proper orthogonal
decomposition (POD). Therefore, we first present the CCS scheme, offer the existence,
stability, and error estimates to the SC solutions, and rewrite the CCS scheme into a
matrix-form. We then build a reduced order extrapolating collocation spectral
(ROECS) model and analyze the existence and stability as well as errors of the ROECS
solutions by some matrix tools. We finally verify the reliability and validity of the
ROECS model by means of two sets of numerical simulations for the magnetic field
produced by two parallel wires with the same voltage.
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1 Introduction
Let £2 C R? be a bounded region with boundary 9£2. We are concerned with the following

telegraph equation:

utt_Au+aut+:Bu =f(t;x,y); te(oy T],(x,y)eg;
u(t,x,y) =0, te(0,T],(x,y) €08, (1)
M(O,x,y) = Go(x;)’), ut(o;xry) = Gl(xry)r (x;y) € ‘Q)

where u represents the unknown voltage or current, u; = du/dt, uy = 02u/3t?, A = 3%/9x> +
32/0y%, a = GR(LC)™, B = (RC + GL)(LC)™, while G is the known dielectric material
conductance, R stands for the known conductor distributing resistance, L represents the
known distributing inductance, C represents the known capacitance between two con-
ductors, T stands for the ultima time, and Go(x,y), G1(x,y), and f(¢, %, y) are three known

functions.
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The telegraph equation possesses very significant physical meanings. It can be used for
simulating the electric signal propagation in transmission cable and the interaction be-
tween diffusion and reaction in biology and physics branches (see [1, 2]). But the telegraph
equation in real world usually contains the complex initial and boundary values, or source
function, or discontinuous coefficients. Thus, it has generally no genuine solution, one has
to rely on numerical solutions.

The accuracy of spectral method (see [1-11]) is far higher than that of the finite ele-
ment (FE), finite difference (FD), and finite volume element (FVE) methods (see [12—18])
as its unknown functions are approximated with the smoothing functions like triangle
functions or Legendre’s, Jacobi’s, and Chebyshev’s polynomials, while the unknown func-
tions for the FE and FVE models are approximated with the general polynomials, but the
derivatives of the unknown functions of the FD method are approximated via difference
quotients. In particular, the CCS model for the telegraph equation in [18] possesses the
super-convergence with respect to spatial variables, but it includes lots unknowns. There-
fore, the round off errors in the calculations are accumulated very rapidly, resulting in
floating point overflow after computing some steps and being unable to obtain desired
results. Hence, the issue of how to reduce the unknowns of the CCS format to retard the
round off error amassing is urgent, and it needs to be solved in practical applications (such
as mechanic engineering), which is the main objective of this paper.

Many numerical experimentations (see, e.g., [19-29]) have verified that the POD tech-
nique can immensely lessen the unknowns in the numerical methods and retard the round
off error accumulation and the calculating load. It is successfully used for reduced order
in the Galerkin, FE, FD, and FVE methods as well as the parametric problems as just men-
tioned.

Unfortunately, as we are concerned, so far there have been no reports on the ROECS
model for the telegraph equation based on POD. Hance, we here set up an ROECS model
of matrix-form for the coefficient vectors of the CCS solutions such that the ROECS model
possesses the same base functions as the CCS one and is simultaneously equipped with
merits that the CCS model possesses the higher accuracy and the POD method could
lessen the unknowns. In addition, we employ the matrix theory to demonstrate the ex-
istence, convergence, and stability for the ROECS solutions such that the theoretical ar-
gumentation becomes very succinct. In so doing, the ROECS model totally distinguishes
from the existing POD-based reduced order ones as stated in the above-mentioned.

The paper is organized as follows. In Sect. 2, the CCS method to the telegraph equation
is proposed. Based on the proposal, in Sect. 3, we make up snapshot matrix with the first
few CCS solution coefficient vectors, producing a series of POD bases from the snapshot
matrix, building the ROECS format of matrix-form via the POD bases, and proving the ex-
istence, convergence, and stability to the ROECS solutions via the matrix theory. Section 4
supplies two sets of numeric experimentations in the magnetic field produced by two par-
allel wires with the same voltage to check out that the numeric computational results are
consistent with the theory consequences and the ROECS format is very efficient when
solving the telegraph equation. Section 5 summarizes the main conclusions of this study.

2 The CCS method of the telegraph equation

2.1 The CCS method

Since the closed bounded region £2 is able to be approximately covered by several rect-
angles [a;,b;] X [c;,d;] (1 < i < 1) and by formulas x" = 2(x — a;)/(b;—a;) -1 and y' =
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2(y — ¢;)/(d; — ¢;) — 1 we can insure [a;, b;] <> [-1,1] and [¢;, d;] <> [-1, 1], respectively, as-
suming that £ = [-1,1] x [-1,1], i.e., 2 = (-1,1) x (=1,1).

Let Py be an interpolation subspace. For convenience, let {wi}y., be a set of weights
and {J’k}]/:io and {xk}],fzo be, respectively, two groups of Chebyshev—Gauss—Lobatto (CGL)
quadrature points in the y and x directions (see [4]), which hold the same number and are
denoted by

wk km b4
k = —COS — Xk = —COS — Wi = ——
y ’ ’ CkN

, 0<k<N, (2)
N N

theabovecg=cy=2and ¢ =1(1<k<N-1). {y,'}f\:[0 and {xk}ffzo as well as {a)k}l,:io have

the following properties (see [4, p. 44]).

Theorem 1 The sets of CGL quadrature points {xi}y, and {yc}yo, and the sets of weights

{a)k};(\[: o satisfy

1 1 N N
| [ otwnamnardy=3"3 a0 Vo) e Puv
1Ja

j=0 k=0
where w(x,y) = w(x)w(y), w(x) = 1/v/1 - x2, and w(y) = 1/,/1 - y2.

In fact, the CCS method aims to seek an approximated solution of u(x, y) via the follow-

ing formula:

N N
un(,y) =Y > un(, 30l @)he(y) = Uy - H(x,p),  un(x,9) € Py, (3)
j=0 k=0

j=0

in which /;(x) and /(y) are Lagrange’s interpolated multinomials of the CGL quadrature
points, Uy = (Uniygs UNy g5 - - » UNy0» BNg 1 UNyy» -+ s UNy 13- -5 U ps - -0 i) | and H(x, y) =
(ho(x)ho(y), m(x)ho(y), . .., hn (x)ho (), ho(x) a1 (), (X) B (), - .., i () (p), ... o (%) hn (),
h1(®)hn (), ..., hx(x)hn(y)T. Furthermore, the derivatives of uy(x, y) for x at x; are for-

mulated with

N N
oun(xr,y) , d
R 3 e K h0)= Uy - -H(sy), 0=k =N, @)
j=0 1=0
where
_2N62+1, =k=0,
Gk 0<i k<N
R K ®
“-) 1<i=k<N-1,
2oy,

In the above formulas, it should be noted ¢y = ¢y =2 and ¢, =1 (1 <k <N —1). By replac-
ing x with y in (5) and (4), one immediately gains the calculating formulas for dux (x, yx)/dy.

Page 3 of 16
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2.2 Some useful Sobolev spaces
The Sobolev spaces and their norms arisen in the subsequent are classical (see [30, 31]).
For instance, L2(£2) denotes a set of square-integrable functions in £2 that endows the

norms as well as inner product as follows:

172
||V||0:(/ IVIdedy) , (u,v)=/ uwvdxdy, Vu,vel*(R2).
2 2

For a dual-index o = (o1, 2) (here integers o; > 0) and an integer m > 0, the norm and

semi-norm in H"(2) = {v e L*(2) : D*v € L*(£2),0 < |a| < m} are defined as

m 1/2 1/2
uvnm=(z||mv||§) , |v|m=(z||mvn§) . Ve H™(@),

|a|=0 la|=m

o §o1+e2y
where D = s
Additionally, let w = 1/,/(1 —x2)(1 — y2), let £2 = (-1,1)?, let L2 (£2) stand for the set that

all functions are square-integrable in £2 about w, which is, respectively, equipped with the

norm inner product as follows:

12
llullow = (/ |u|2wdxdy) ; (4,V)e =f wvwdxdy, Yu,vel*(2),
o Q

and let H”(2) = {v € L2(2) : D*v € L2(£2),0 < |a| < m} stand for a weighted Sobolev
space in §2 about w, which is equipped with a norm

1

2l = (i ||Dau||;w) }

ler|=0

Moreover, let H} ($2) = {u € H}(£2) : ulye = 0}, let L2 (£2) = H_(£2), and let

H'(0, T; HI!(82)) = {v(t) € HZN(82) : IVII2 1y < 0O},

HLU(H)

where ||v||H, ) fo i 0 | d'v(e)/de' |12, , dt
In addition, define the H_-orthogonal projection Ry : Hj ,(£2) — Py such that, for any

u € Hj ,(£2), there holds

(V(Ryu—u),Vvy), =0, Vvy€Py, (6)
equivalently,
N N
Ryu(x,y Z Z Ru(xj, yi)hi(x) i (),
j=0 k=0

where Ryu(xj, yx)s are values of the solution Ry u(x, y) of (6) at points (x;, yx).
Thus, a function u(x, y) may be approximated with Ryu(x, y), too. Furthermore, Ry pos-
sesses the following properties (see [4, Theorems 2.16-2.18]).
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Theorem 2 Vw € HZZ(.Q) (k = 1) satisfies

IVRAWlow < I VWllows 07" Ruw-w)],, = ON" ™), 0<m<k<N+1.

2.3 The CCS method of the telegraph equation

Consider the following variational form of the telegraph equation.

Problem 1 Seek u € H; ,($2) such that, Vt € (0, T),

(g + oy + B, V) + (Vit, V), = (F, V)0, Vv € H (£2), @)
u(0,x,y) = Go(x,y), u(0,%,9) = Gi(x,9), (%,y) € 2.

The next consequences of the existence as well as the stability for the solution to Prob-

lem 1 have been given in [18, Theorem 4].

Theorem 3 When f € L*(0, T; L2 ($2)) and G, € L2($2) as well as Gy € H.(£2), Problem 1
has a unique solution satisfying the following stability:

llle + ltellow < & (If 2 + 1Gillow + 1Gollne)s 8)

where & = 2,/max{g,1,0.50-1}/min(1, 8}.

In order to settle Problem 1 with the CCS method, one needs to discretize u;; and u; with
the second order time difference quotients and the spatial variables with the CCS tech-
nique. The main aim for the CCS method is to seek all approximate solutions at the CGL
quadrature points and at time nodes ¢, = nAt (where T/K =: At is the time step and K > 0
is integer meeting T = KAt) such that u(x,y,nAt), u;, uy, and u”(x,y) are respectively

approximated with ", (! — u"1)/(2A¢), ("' - 2u" + 1)/ At?, and u},(x, y), namely

N N
W y) 2 u(xy) = Y Y u(,y)mO)hix), 0<n<K.
j=0 k=0

=0

~.

Then the CCS model of the telegraph equation can be established as follows.

Problem 2 Seek u}; € Uy = H;,(£2) N Py such that

1 -1 At? 1 -1
(up'™ = 2uy + uy ", VN)o + S5 (Vup'™ + Vuy ™, Vn),
At 1 -1 At 1 -1
+ 22L — T v + ESE T + W ) e

9)
= AL ), b)), VN)wr YN EUN,1<n<K-1,

ud (%) = RuGolx,y),  ul(x,y) = 2AtRNGi(x,p) + 1S, (%,9) € 2.

The next consequences of the existence and convergence as well as stability for the CCS

solutions of Problem 2 had been proven in [18, Theorems 6 and 8].
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Theorem 4 When f € L*(0, T; L% (82)) and G € H.($2) as well as H € H.(82), Problem 2
has a unique series of solutions uy, € Uy (n=1,2,...,K) that satisfy the following stability:

8+Cr+p \'?
Jiel = (m) (IVGollow + 1V Gillo)

At " 1/2
2
| ——— L , n=12,...,K. 10
(amin{l,ﬂ} lenf( 1)||0,w> ( )
In addition, if the solutions u(t,) € H*(£2) (2 < m < N +1) to Problem 1, the error estimates
between the solution of Problem 1 and the solutions of Problem 2 are as follows:

|u(tn) -], =O(AN), 2<m<N+Ll<n<K. (11)

2.4 The matrix-form of the CCS model
In the following, we rewrite the CCS model as the matrix-form. To do this, let

N N
Wy = Y uy e O)hi). (12)

k=0 i=0

By taking vy = h,,(y)1(x) € Uy (0 < [,m < N) in Problem 2, we gain the formulas

N N
(7" v), = 30 3, (e O, B,
k=0 i=0
N N
(Vi Vn), = D0 ) i [ (OB ®), (), + (B 0)hi(), K, () ()), ]
k=0 i=0

Let

At = (), B (),
= Z Zh,(x,»hm(xp)wphk(yq>hn(yq)wq, 0<jkLm=<N, (13)
p=0 g=0

Bjmja = (W) (), B, (0h(9)),, + (B0, b)),

N N
=YD E @), ) o) h(yg)wg

p=0 g=0
N N
3N e s 6wy 0<jikLm <N, (14)
p=0 g=0
and let
B = (Bjm i) (v+1)2 x (N +1)29 A = (Ajpi) (N+1)2 x(N+1)20

T
n n n n n n n n n
Uy = (”No,o’”NLo""’uNN,o’”No,1’”N1,1'“"”NN,1’""uNo,N""’”NN,N) s

T
F' = (o Elgre e 0o oo Bl s Elings o B ) Ely = f G i nA).

Therefore, Problem 2 may be rewritten into the following matrix-form.
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Problem 3 Seek Uy, € RW+D? (5, =2,3,...,K) such that

[(2+aAt+ BAL?)A + ALB]UY!

=4AUY + 2ALCF" — [(2-aAt + BAP)A + APBJUY', 1<n<K-1. (15)

Remark 1 As the coefficient matrixes are constructed by some trigonometric values, in
spite that the accuracy of the CCS model is higher than those of other numeric models, for
example, the FE, FD, and FVE models, the CCS model is more intricate than other numeric
models as it takes more weighty calculating burden. Therefore, the order reduction of the
CCS model is more vital than that of other numeric models. Therefore, we take the initial
L vectors Uy, U3, ..., U (L < K) from the set of coefficient vectors {Uy}X_; for the CCS
matrix-format (15) to make up of a (N + 1)? x L snapshot matrix Q = (U}, U%,,..., U%).

3 The ROECS method for the telegraph equation

3.1 Formulation of POD basis

For the snapshot matrix Q = (U}\[, UJZ\,, e Uﬁ,) constituted in Sect. 2.4, let A; > Ay > -+ >
Ar > 0 (y =:rank(Q)) stand for all positive eigenvalues of QQ7,andlet U = (1, 09,....9,) €
RW+1xr stand for the eigenmatrix formed by the associated orthonormal eigenvectors of
QQ’. Thus, a set of POD bases ¢ = (91,05 ...,9,) (d <y) is gained by the first d vectors

in U that possess the following property (see [21, 24]):

|Q-227Q|,, = Va1 (16)

where [|Q[l22 = sup,._4 [1QV/l2/[Iv]|2 and [|v]| stands for the Euclidean norm to vector v. It
follows that

|Ux -2 U], = |(@-227Q)e.|,

<|e-o2"Q|,,le.lls < vrs, 1<n<L, (17)
where e; (1 <i < L) stands for the unit vectors whose ith component is 1.

Remark 2 Thanks to the number of order L of Q7 Q being far smaller than the number
of order (N + 1)% of QQ7, but both positive eigenvalues A; (1 <i < y) are identical, one
may firstly seek the eigenvalues ; (1 < i < y) of Q7 Q and the associated eigenvectors ¢,
(1 <i <y), and then, according to ¢, = Qg,/+/A; (1 < i <r), one may easily acquire the
eigenvectors ¢; (1 <i <y) of QQ’.

3.2 The ROECS model

From (17) in Sect. 3.1 one may acquire the initial L coefficient vectors to the ROECS solu-
tions U} = dﬁthU]'(, = @B, (n=1,2,..., L <K), where U} = (”Z,o,o’ Uy 1o Wy N o U
Wy e s U 1o e Ul Bl s MZ}\I[,N)T, and B = (B!, BY,..., B1)T. Thanks to the ma-
trix [(2 + a At + BAL?)A + At’B] being reversible, when the coefficient vectors Uy, in (15)
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are replaced with U = ® 87 (L + 1 < n < K), one can get the following ROECS model:

OB =0TV, 1<n<lL;

DB = AAAD B — A[(2 - aAt+ BAL)A + ALBI® B + 2AL2AF”,
L<n<K-1,

Uiy=9p,, 1=<n<Kk,

(18)

where A = [(2 + At + BAE)A + At*B]™Y, U}, (1 < n < L) stand for the initial L coefficient
vectors in (15), and A and B are given in (15).
Furthermore, model (18) can be simplified as

Bi=®TU%, n=12,...L

Bt = 4dTAAGBY — dTA[(2 — a At + BALYA + AL’B]D B!
+2AL2QTAF", n=L,L+1,...,K-1,

Ui=@p5 n=12,... K.

(19)

Remark 3 CCS model (15) includes (N + 1)? unknowns at every time node, but ROECS
model (19) at the same node has only d unknowns (where d < L < (N + 1)?, for in-
stance, in the numeric experimentations of Sect. 4, (N + 1)> = 10201, whereas d = 6). It
follows that ROECS model (19) is clearly superior to CCS model (15). After having gotten
U = (0,00 U 1,000 U 00 Uago,10 Ueg 1,10 -+ 0 Mg N 10+ -0 U o no W 180+ "’MZ}\lf,N)T by (19), we

may gain the authentic ROECS solutions /j(x, y) = Z,I‘Zo Zi\[:o us,/ykh/(x)hk(y) (1<n<K).

3.3 The existence, convergence, and stability of the ROECS solutions
Analyzing the existence, convergence, and stability of the ROECS solutions requires the

following max-norms to matrix as well as vector:
I
l
IDllo = max > "|dyl, VD =(dj)mx € R™ x R,
1<i<m % 1
]:

[ Xlloo = max [xjl, VX = (X1 X2reeor Xm) " €R™.
1<j<m

The existence and stability as well as convergence of the ROECS solutions hold the fol-
lowing consequence.

Theorem 5 Under the same assumptions for Theorem 4, ROECS model (19) has a unique
series of solutions {u}}X_, satisfying the following stability:

||VMZ:||0w < C(GO> Gl:f)) 1 <n= I<: (20)
where C(Gy, G1,f) is the positive constant that only relies on Gy, Gy, and f. Furthermore,
when u(t,) € H(£2) (2 < m < N + 1), the error estimates between the solutions to Prob-

lem 1 with the ROECS solutions are as follows:

|utts) -], < C(AE + N7 +/hguNT2AETY), n=1,2,...,K. (21)
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Proof (1) The proof for existence as well as stability of the ROECS solutions.

As [(2 + a At + BAL)A + At?B] is a reversible matrix, from ROECS model (19) as well
as Remark 3, we may judge that ROECS model (19) has a unique series of the ROECS
solutions.

Using (18), one may restore ROECS model (19) into the following scheme:

n-@dTU, 1<n<I; (22)
Ujt' = 4AAU) + 2A°AF" — A[ (2 - aAt + BAE?)A + ALB]ULY,

L<n<K-1. (23)

Note that H = (ho()o(y), i (Vio(y), ..., g (Vo (), o)y (), By (s (), ..., ey () ¢
i), ho (@) (D), 1 (X)AN (D), ..., in(x)An(¥))T. Then the solutions to Problem 2 may
be denoted by %, = H Uy, = H - UY,. Similarly, ") = H' U’ = H - U’.

When 1 <n <L, we get

“uZ”O,w = ||¢¢THTUIHV||O,C¢)

< [ee|. [0 Uk, < lukl,,, 1=n=L (24)

Thus, uniting Theorem 4 with (24), one can obtain that (20) is right when 1 <n < L.
When L + 1 < n <K, due to the positive definiteness of the matrix B, one can rewrite
(23) into

-1
BA(UL - 2u + U + %(u’;f1 —urY)

BA’BIA
+ e —

2
=A’B'F", L<n<K-1. (25)

2
(U v up) + S v

Moreover, the following inequalities can be attained by the FE theory in [31], the spectral

theory in [4], and the matrix properties:
|A! ||Oc =G |8 ||Oo <CN7% Alloe = C; [Bllc < CN. (26)

Because of the positive definiteness for matrix B~'A, there exist an orthogonal matrix B;
and a diagonal matrix D; such that

(U;+l _ UZ_I)TB_IA(UZ+1 _ Us—l)
= (U - Uy ) (B1Dy) (B1DY)(U - U

o G (27)

(Ut -ug ) BAUL U

= (uzt - Ui ) " (B,Dy)T (B D) (US - U

2

= [BiDU; | - 81D, UG- (28)

Page 9 of 16
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Making the scalar product of vector with (U”+1 UZ’I)T to (25) and using the Cauchy-
Schwarz inequality, (26), and (27), we have

(U Uy BA(U - up) - (U - ug) BTA - U

At At?
I @y U2 FEE (8w - 80w )

AL - o )

= At (U}’H—l _Ug—l) B—an

a At

< —|| B.D) (U5 — Ui )|+ CASN?| P2 (29)

where n=L,L +1,...,K — 1. Simplifying (29) as well as summating from L through n, we

have
Un+l —_ U TB—IA Un+l —_uy Atz Un+l 2 u- 2
CF 7) CF d)+—2 (luz ] + uzlly)

oL gDy |2+ 0wt )

At? _ _ -
< = (Uil + [0 ]5) + (Ui -ui) "B AW - Ui )

/SAt
+

(1801 UG + 8101 UG ;)

+ CN2AP Z||Fi 12 < CAZ

i=L

=5 (gl + uz'[)

, L<n<K-1. (30)

+CN UL - Uy 1||2+CN 2At3Z||F‘

i=L

Due to the orthogonality for components of H, using the Taylor formula and Theorem 4,

we can obtain

1/2

w

Jug - ui ], = ((Ug- Uz ")H, (U - UG )H)
= (g —u =)y = oty =t o,
= [ = o, + Joen =t o, + st =t ),

+ Hu(tL—l) - uﬁ[71 HO,a) + ||M1LV71 - uéHO,w

< C(Go, G1,.f)(VAas1 + At + N71). (31)

We derive (U;Jrl - U:;)TB‘IA(UZJrl —U?’) > 0 from the positive definiteness for B 'A.Hence,
if max{N2,N~114,1} < CA#? with (31) and (30), we get

n
Ui 15 < c(lUal; + Ui [5) + C(Go Gy + N2 e 3|

i=L

< C(Go,G1,f), m=LL+1,...,K-1, (32)

Page 10 of 16
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here C(Gy, G1,f) is the positive constant that only depends on Gy and G; as well as f. Thus,
we have

|4y, = [H@) - Ui, < C(Go,Grf), L=L+1,L+2,...,K, (33)

|| 0,0 —
which signifies that (20) is right when L + 1 <n < K.
(2) Estimating errors for the ROECS solutions.
LetE"=Uy -U}. Asn=1,2,...,L, by (17) we get
[E"], =ux - Uz

= Uy -2 UL, < VAaa (34)

B B

When L + 1 <n <K, using (15) as well as (25), we have

-1
«AtBTA (B —E"1) + BA(E"" — 26" + E")
2p-1 2
T e e B L R L )

Making the scalar product of vector with (E**! — E"1)T to (35) and using the Cauchy—
Schwarz inequality as well as (26)—(28), we have

(En+1 _ En)TB—lA(EVHI _ En) _ (E}'I _ EVI—I)TB—IA(EVI _ E}'I—l)
aAt - . AL -
o [BuDy (B ) [+ = (- )
A n+1 |2 n-1]|2
+ T(HBIDIE |5, - |B1D:E" ;) =0, L<n<K-1. (36)

Summing (36) from L to » and simplifying it, we have

(EW+1 _EVI)TB—lA(EVHl _ En)

At?
i

5 (IE L+ €[5+ [BiDiE™ [ + [ BiDuE" )

< B0 (e e [ )+ (8- ) B A - )

= T(HELHi +|E5) + N B -
2
+ ATt(”BlDlEL I3+ |BiDES2), n=L,L+1,..,K-1 (37)
Using (34) and (37), we have

[E"]l, = COIE", + | ], + N A E -] )

< CVAguNV2ALY, n=L+1,L+2,... K. (38)

Whereupon, using uy, = H - Uy, ul; = H - U}, ||H|lo», <1, and the inverse estimation theo-

rem, thanks to the orthogonality for components of H(x, y), we get

u —u| =|H-E"|, <CyrgaNY2AtY, n=1,2,... K. (39)
N d 0,0

||O,w
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Uniting Theorem 4 with (39) yields (21), and this accomplishes the proof for Theo-
rem 5. O

Remark 4 Theorem 5 is explained in two ways.

(1) The error term +/Az 1 N-VY?At™! to Theorem 5 is produced from the reduced order
procedure for the CCS model, which may be used to suggest the choice for the POD
basis, i.e., if only that we opt for d that satisfies Az,1N"1At~2 < max{At*, N2}, we
can reach the optimal order error estimates.

(2) Theorem 5 signifies that when the solution u(z,) € H?(®) 3 <m <N +1) to
Problem 1, the ROECS solutions relative to the spatial variables possess
super-convergence. Even though the solution u(t,) € H2(®), the error estimates for
the ROECS solutions also reach optimal order, which shows that it is feasible and
valid for ROECS model (19) to settle the telegraph equation.

4 Two sets of numerical experimentations
Hereby, we propose two sets of numeric experimentations to check out the superiority of
the ROECS method for the telegraph equation.

To show the variation in the magnetic field produced by two parallel wires with the same
voltage from the top to down, in telegraph equation (1), we take @ = 8 = 1, the computa-
tional region §2 = (-1,1) x (-1,1), Az = 0.01, the number of nodes N =200 in the y and x
directions, f(x,y,t) = 0, and

H(x,y) = —-H’(x,) |y2 -0.25

) (x’y) € [_1’1] X [_L 1],

G(x’y) :Ho(x'y)|x|r (x!y) € [_Ll] X [_17 1]:

where H(x,y) = 32 [12 + 15 cos(1%%) + 6 cos(1%%) + 3 cos(10r7)] if r < 0.3 and H (x,y) = 0
when r > 0.3, and r = /|52 — 0.25] + |y* — 0.25].

We firstly seek out the first 20 solutions Uy, (x) with the CCS model, i.e., Problem 2, at ini-
tial 20 time nodes ¢, (1 < n < 20) forming the snapshot matrix Q = [Uzl\p UJZ\,, e Ui?]. Next,
we seek out the eigenvalues A1 > Xy > - -+ > Ay > 0 and the corresponding eigenvectors @,
(1 < i < 20) for the matrix Q7 Q. They are attained by estimating that «/A; N 72At! <
107%, Whereupon, we only need to make up the initial six POD bases @ = {¢, ¢,,..., ¢}
via the formula @; = Qg,/+/A; (1 < i < 6). Lastly, the ROECS solutions at ¢ = 1.0 and 2.0

are found by the ROECS model, as depicted in Figs. 1 and 3, respectively.

To compare reasonability, we also seek out the CCS solutions at ¢ = 1.0 and 2.0 by the
CCS model, i.e., Problem 2, as depicted in Figs. 2 and 4, respectively.

The pair of Figs. 1 and 2 and the pair of Figs. 3 and 4 are nearly the same, but the con-
sequences for the ROECS method are better. Specially, in the aforementioned calculation
procedure, the ROECS method at each time node possesses only six degrees of freedom,
whereas the CCS model possesses thirty-nine thousand six hundred and one degrees of
freedom. By computational records of the CCS model with the ROECS model in the iden-
tical Laptop, it has been found that the CPU elapsed time to settle the CCS model on
0 <t <2 takes about five thousand eight hundred seconds, whereas the CPU elapsed time
to settle the ROECS model takes about forty-six seconds, namely the CPU elapsed time to
the CCS model is about as one hundred and twenty-six times as that to the ROECS model.
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Figure 1 The ROECS solution when t=1.0
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Figure 2 The CCS solution whent=1.0
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Figure 3 The ROECS solution when t =2
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Figure 4 The CCS solution when t=2.0
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Figure 5 The errors between the ROECS solutions with different number of POD bases and the CCS solution
when t=2.0

It follows that the ROECS method could not only alleviate the calculation burden as well
as decrease the round off error accumulation, but could also greatly spare CPU elapsed
time as well as the storage requirements. Figure 5 exhibits the errors between the CCS
solution and the ROECS solutions with variational number of POD bases when ¢ = 2.0,
which are consistent with the theory results as both errors reach O(107%). This fully vali-
dates the correctness of the theory consequences as well as shows that the ROECS model
excels far the CCS one.

5 Conclusions

Here, the order reduction of the CCS solution coefficient vectors for the telegraph equa-
tion has been researched. Based on building the POD-based ROECS model for the tele-
graph equation, the existence and convergence as well as stability to the ROECS solutions
have been proven. Moreover, two sets of numerical experimentations have verified the
correctness to the theoretical consequence and illustrated that the ROECS model excels
far the CCS one. As the unknowns for ROECS model are far fewer than those for the CCS
one, compared with the CCS model, the ROECS model may vastly decrease the calcu-
lated burden as well as the accumulation of round off errors and spare the CPU elapsed
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time in the calculations. Most importantly, the ROECS model for the telegraph equation
is first proposed and belongs to a fully new development for the existing POD-based re-
duced order techniques since the accuracy for the ROECS model is far higher than that
for other POD reduced order models such as the POD-based reduced order FD, FE, and
FVE models.

So far, we have only considered the ROECS model for the telegraph equation in rectangle
region §2 = (a,b) x (¢,d). The approach here may be used to solve the more intricate en-
gineering problems. Hence, it has widespread application prospect in engineering-related
field.
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