Erfanian et al. Advances in Difference Equations (2020) 2020:52 ® Advances in Difference Eq uations
https://doi.org/10.1186/513662-020-2528-z a SpringerOpen Journal

RESEARCH Open Access

Using of PQWs for solving NFID in the
complex plane

M. Erfanian”" ®, H. Zeidabadi’ and M. Parsamanesh’

Check for
updates

"Correspondence:
erfaniyan@uoz.ac.ir Abstract

' Department of Science, School of W . h luti fth l Fredholm i diff ial .
Mathematical Sciences, University € approximate tne solution of the nonlinear rreadnoim integro-aitterential equation

of Zabol, Zabol, Iran (NFID) in the complex plane by periodic quasi-wavelets (PQWs). This kind of wavelets
Fulllist of author information is possesses orthonormality properties, the numbers of terms in the decomposition and
available at the end of the article . ) .. L ) .

reconstruction formulas are strictly limited, and the localization is not emphasized. To
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1 Introduction

In this paper, we use a kind of wavelet playing a key role in solving integral equations,
which is named the periodic quasi-wavelets (PQWs) based on B-spline functions that ap-
proximate smooth functions very well. Some researchers focused on investigating PQWs
and approximating of Fredholm integral equation [1, 2] and mixed Volterra—Fredholm in-
tegral [3]. The aim of this study is to present a numerical method for approximating the
nonlinear Fredholm integro-differential equation (NFIDE) defined as the following form:

T
' (%) = u(x) + A/ R(x, t,w(t)) dt, reR0<x<T, (1)
0

where w(x) is an unknown complex function to be found, wu(x) : [0, 7] — C and R(x, ¢,
o(t)) : [0, T]> x C — C are continuous and Lipschitzian periodic functions such that

IR(x,2,01(2)) = R(x, 2, 02(8)) | < M|w1(2) — w2(2)],

where M is a Lipschitz constant.

We approximate the solution of NFIDE by using the B-spline basis functions and apply-
ing the iterative method [4] in each iteration on the complex plane.

Every integro-differential equation (IDE) is an ordinary differential equation in which
one of the variables is integral. There are many equations in mathematical modeling, such
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as Maxwell’s equations, biological, radiative energy, engineering problems, potential the-
ory, and transfers problems of oscillations that can be formulated by this equation and
fractional integro-differential equations; see [5-7].

Some numerical algorithms that discuss the approximation of the solution of IDE can
be listed such as the nonsmooth initial data arising method [8], Haar and RH methods [9—
11], cubic B-spline finite element method [12], Runge—Kutta—Nystrom methods [13, 14],
and high-rank constant terms [15]. Furthermore, in [16, 17], by using a system of Cauchy
type and numerical method with graded meshes, singular integral equations were solved.

This article is organized as follows. Section 2 contains the notation and some proper-
ties of B-spline and PQWs. Then, in Sect. 3, we formulate a problem and approximate the
solution for the NFIDE in the complex plane. In Sect. 4, we analyze the error of the sug-
gested approach. In fact, we investigate the convergence analysis in that section. Finally,
in Sect. 5, we illustrate the proposed methodology in numerical examples. We conclude
our work in Sect. 6.

2 Preliminaries
We can define the B-spline B/ (x) as follows:

n+l
BI(x) = hnln! Zo (-1y (" ]+ 1) (e =y ®)
.

whereyj:y0+jh,y0:—@,j:1,2,...,and

n X — )/: X 2 )’,
(x-y)i = (3)
0, otherwise

and # € N denotes the degree of splines. If we use y/" instead of y; and h,, instead of &,
then the family of {y;” }jez will be denoted by S,,(%,,), where the length of step is /,, and

ki =2"p, /. T=hp, p>k+1,meN.

=)
k.

Definition 2.1 ([18]) The periodic B-spline is defined by

in( i n+l .
By (x) = By (%, hy) = kI, Z(Sm(k'” )) exp<12;lx). (4)

leZ Im

Definition 2.2 ([18]) The functions {A!"" (x)}/:i”o_1 are defined by

km—1
< 27l
A:l,Wl(x) = C;j'm E CXp(l il r)B(o)n,WI(x - lhm)y X € ]R, (5)
=0 Ko
where

-1/2
- 27 Arh,,
Cf'”‘:{to+22t,\cos( n; )} (6)

A=1
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and
t, = B (3, 1). 7)
The functions {A"" (x)}fi”o_1 are an orthonormal basis for S (4,,).

Also, S} (h,,) is a class of periodic spline functions in S, (/,,), which is a set of polynomials
of degree n such as f € C""1[0, T], on each interval "y + by thatj=0,1,...,ky, —1and
SH0)=S(T), i=0,1,...,n—1.

Also, we can rewrite A" (x) by using the Fourier expansion, so we have

sin(rm /ky) \ ! 27 (r + Mk, )x
Amm = C""Mk n+l VT TtmI i S et 8
) = G o Z((kam)n) P T ®)
AEZ
Definition 2.3 ([19]) Let m € N. Then we define V,,, and W,, as two spaces of functions
as follows:
Vm = S;(hm)’ Wm = Vm+1 - Vm' (9)

Definition 2.4 ([19]) The function D" (x) € W, is defined by

D" (x) := —b"" LA (x) 4 af'"’”A;’ﬂ(’;l(x), xR, (10)
where
crm n+l
ay™t = —Z—| cos A D (11)
Cf'er km+1
crm n+l
b:l,m+1 — nrm+1 (sin i) , (]_2)
Cra’-km Kins1
and
<Df{m,D:’2”"> =68, forr,r=0,...,k,-1, 13)
<D:’1’W’,A£’2””> =0 forO<r,ry<ku,—1,
which is called the periodic quasi-wavelet.
3 Approximation of the solutions of NFIDE
Integrating Eq. (1) from O to x yields
x x T
w(x) = w(0) + / u(s)ds + ozf / R(s, t,a)(t)) dtds. (14)
0 o Jo

Moreover, in Banach spaces, we present a continuous integral operator P such that the
Banach fixed point theorem guarantees that P has a unique fixed point; see [20]. That
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means that the NFIDE has exactly one solution. Let P be a contraction map and let P be
defined for Eq. (14) as

X x T
Pow(x) = w(0) + / w(s)ds + o / ] R(s,t, () dt ds. (15)
0 o Jo

According to Egs. (14) and (15), for every x,s € [0, T] in the (k + 1)th iteration, we have

X x T
wis1(x) = w(0) + / u(s)ds + oz/ / R(s, t, a)k(t)) dt ds. (16)
o Jo

0
We define the function ,,(s, t) as
1ﬁm(5, t) :R(S, t, wm(t))~ (17)

We assume that Q,, € V,, is an orthogonal projection. Using Definition 2.4, Egs. (8) and
(10), and the interpolation property, we have

Kiy—1
Qu(¥)(s,8) = R(s, Ly a;”A’:”"(t))

r=0
or
K1
Qu(¥)(s,1) = R(s, Ly /SZ”D’Z””(t)), (18)
r=0
where

(572) -G ) (51

and L,, and H,, are, respectively, given as follows:

a0 0 .- 0

0 a™ 0 -~ 0
Lm= . ’

o 0 0 aym,

B0 0 0

0 B 0 0
H, = ’

0 0 0 - b

and

@ = (ot ) BT = (BB )
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Thus

x X T
Qr1(x) = 2(0) + f u(s)ds + a/ / Qum (1[/1((3, t)) dtds, k=1,2,.... (19)
0 o Jo

We can approximate the integral of any function of w on [-1, 1] by La,1(§) (the Legendre
polynomial of order M + 1) as

[w@@ S (e, (20)

j=0
where {Ej}j\fo are the zeros of Legendre polynomial of order M + 1 on [-1,1] and

2
(1= ) Ly, ()1

Y = , j=0,1,...,M. (21)

By changing the variable ¢ = %(5 + 1), it can be written as
x
L) =200+ [ uio)ds
0
T X 1 Kin—1 T
+ 70‘ O (f_ <s,—(g + 1), Z aV"A"V"<2(g + 1)))d§) ds
Applying (20) implies that
)= 20+ [ o ds
K1
Ta o T
+ 7/ Zy, (s, (& +1), Z o/”A”m(2 (& + 1))) ds
or that

mmm:9@+/uww
0
K1
Zy,/ (s, (&+1), Za"’A”"’( §,+1))> s. (22)

By changing the variable s = 5(z + 1) in (22), we have

2,01 (%)

~ 2(0) + /: u(s)ds

T 1) = T
any]/ (T+1)R(x(r+ +1), Z ’”A”m(z(éﬁl)))dr’
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and by applying (20) again, we have

2,401 (%)

~ 2(0) + /x u(s)ds
0

Tax M M
+ X zoj)/jXO:)Li(ri +1)
j= _

(G+1) T = (T
XR(xt; »§(§j+1)';“r1“r’ (E(§j+1)>)’ (23)

where

2 2
- , A=
(1 - &1Ly, (5)1? (1 =)Ly, ()]

v ij=0,1,..., M. (24)

4 Convergence analysis and error estimates
In this section, we discuss the convergence and compute the order of convergence of (1)
by using the following lemma and theorem.

Lemma4.1 Let R(s,t,w(s)): [0, T] x [0, T] — C be a continuous and Lipschitzian function
such that

’

IR(s,t, 1(2)) = R(s, &, 02(2))| < M|w1(2) — ws(t)

where M is a Lipschitz constant. Then P defined in (15) has a unique fixed point and

| =P (@0)] , < | Pwo) - 2], D F (25)

j=n
Sor all wy € C([0, T]), where B = |a|M < 1.

Proof Applying (15) gives

|Po; (x) — Py (x)| =

X T
o /0 /0 (R(s,t,1(8)) = R(s, £, wa(2))) dt ds

x T
§|a|/0 /O IR(s, 2, 01(8)) = R(s, £, w2 (2)) | dt ds

x T
< IOlI/ / M|w1(t)—w2(t)|dsdx
o Jo

< la|M||w1(2) — w2 (0) | .-
Thus

|Pwy (%) — Pary(x)| < |oe| M |1 (%) — an(®)]| - (26)

Page 6 of 13
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Induction on # € N implies that
[P0y = PMen | < (jelM)" 01 = @3]loo-
If we set 8 = |a|M < 1, then

oo
Z”P”a)l - Doy < o0.
n=1

Thus, P has a unique fixed point, which means that Eq. (12) has a unique solution. d

Theorem 4.2 Assume that y;_y € C([0, T1?), that {w;};>1 is a subset of C([0, T), and that
£1,82,...,8 >0 fori> 1. Then

0 i
o= 2illoo < | Plwo) - w0, Zﬂj + Zﬂi’isj.
j=i j=1
Proof Let

x T
[Pi) - 2] < el fo fo Yir(5,0) — Qulir)(s, 1) deds

<ol ¥i1 = Qu(¥in) | .- (27)
Suppose that
oY oY
Li—l = max w ! » w ! (28)
0t |l | 08 |l
for i = 1,2,.... Since L, ; is uniformly bounded, we have |L; ;| < & for any &. We set

g(x1 S) = wi—l - Qm(wi—l),

1 151 "
X = +—, =2 yvi,m,ny>1,
on1+l on
1 V2

P = — B — ‘: n2 = =
Sj 2n2+1+2n2’ ] 2 + V2,80 = Xo 0.

Applying the interpolating property and the mean-value theorem implies
Wi = Qu(Wiz)|| o,

d )
- Hg(acl,s,) ¥ %(m)(s —x)+ 8—‘3@, V) -5

[ee}

0V
0x

O

- |a-en ™+ a-an )

o0
x max{[[& = xlloos 1Y = $jlloc }

0V Y
™ & y)+ o

< 2lu-anl.| 7))

[ee]
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So, we have

L1

4
Wi = Qu¥is)|| o, < el 5
Therefore, inequality (27) can be expressed as follows:

4Li—1

Py -2, <l 2

If

k-1 ,
o] o <&, k=1,2,...,i
and &;,8,...,& >0 for i > 1, then

||P(a)i_1)—.Qi||oo < €. (29)

Applying the triangle inequality, we achieve

i
lo- 2l < | —Pi(wo)”Oo + Zﬁj”P(wj—l) - wj|
j=1

By using (21) and (25) and Lemma 4.1, we have

00 i
llo = Rilloo < | Pwo) = 2] . Y B+ BT (30)
— =
If weset 8 = % - 2% % at the geometric series
o0
S -1
- 1P
and
B (1 1\ 74|l
llo — $2illoo < “P(wO)_QOHoom + 5 o 5y (31)

Jj=1

then from (31) and (28), we have

B /1 1\ T4l
llo = 2illoo < || Pleo) - 2| §j<—— ) =
illoo ool ﬁ S 2 21+1 WJj

B" (1 1\71
- 1ren= ol 75 s (- )

B" ; n 1 j
= ||P(w0)—90||001_ﬂ +4€|a|p ;(“ﬂ) (32)

Page 8 of 13
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Since (1 + ﬁ) <2 for any / € N, inequality (32) implies

o= 2l = [Pn) 0] 25 + 4687101 >
j=1
< [[P@o) - 2], 1’3_ "ﬂ +45p" 2", (33)
Since B < %, we have
lo - 2illoc < 4€la|n(2B)". (34)
Therefore the order of convergence is O(n(28)"). O

5 Numerical results
In this section, we consider three examples to demonstrate the efficiency of the PQWs
based on B-spline functions. In fact, using Egs. (8) and (15), we define the absolute error
for nodes

X = 21_71 fori=0,1,...,k, - 1.

Kin

The corresponding computations are performed by Maple 18 software on a Intel core i7
Duo processor 2.4 GHz and 8 GB memory.

So far, to the best of our knowledge, no researcher has yet been attempted to solve this
integral equation by PQWs. Thus we use the rational Haar (RH) wavelet method for com-
paring results of the solution of integral equations. First we apply the change of the variable
t = 7 and the interval of integral changes to [0,1]. Then, by using of # = 4 or a 2°> Haar
wavelet basis, we approximate the solution of integral equations.

Example 5.1 Consider the NFID of the second kind as

2
o' (%) = u(x) + / sin(x + £)w?(¢) dt. (35)
0
The exact solution of (35) is

w(x) = 5cos(x) + 2sin(4x) + i(5sin(x) + 2 cos(4x)).

The absolute error for m = 2, 4 with different values of node x; = i‘—; fori=0,1,...,k,-1,
isshown in Table 1. Moreover, their running time is 1.250 and 11.890 seconds, respectively.
Also, in Fig. 1, we compare the numerical solution and the exact solution, and in Fig. 2,

the absolute errors of Example 5.1 are depicted.

Example 5.2 Consider the NFID of the second kind as
21
o' (x) = p(x) + / sin(a)(t) + ix) cos(x + ) dt. (36)
0

Then the exact solution of (36) is w(x) = — cos(2x) + i sin(2x).
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Table 1 Numerical results of Example 5.1

Xi m=2 m=4 2° Haar wavelet basis
0.523 9.88E-8 1.55E-11 3.62E-6

1.047 1.92E-7  3.00E-11 8.90E-5

2.094 334E-7  520E-11 4.88E-4

3.141 3.79E-7  6.02E-11 9.83E-3

4.188 322E-7  523E-11 745E-3

5235 1.86E-7  3.03E-11 5.40E-3

5.759 9.75E-8 1.57E-11 497E-3

CPU-Time (s) 1.250 11.890 15

Figure 1 Comparison between the exact and
numerical solution for m =4 of Example 5.1

Figure 2 Plot of the absolute errors for m = 4 of
Example 5.1

For different values of x;, i = 1,2,...,k,, — 1, in Table 2, the absolute errors for m = 2,4
are given. Comparison between the numerical and exact solution and absolute errors of

Example 5.2 are shown in Figs. 3 and 4, respectively.

Example 5.3 Consider the NFID of the second kind

2
o' (x) = p(x) + / sin(#) (11 + sin(x))w®(¢) dt. (37)
0

Page 10 0of 13
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Table 2 Numerical results of Example 5.2

Xi m=2 m=4 2° Haar wavelet basis
0.523 156E-8  4.44E-15 6.60E-6

1.047 2.70E-8  6.16E-15 8.93E-6

2.094 1.74E-8  9.04E-15 3.94E-5

3.141 101E-7  761E-14  821E-5

4.188 3.36E-7 1.72E-13 341E-4

5235 231E-7  2.89E-13 5.30E-4

5.759 931E-7  797E-13 392E-4

CPU-Time (s) 3610 17.922 1745

Figure 3 The plot of comparison between the exact
and numerical solution for m = 4 of Example 5.2

Example 5.2

Figure 4 Plot of the absolute errors for m = 4 of

~8.x10""

T T

2.x10""

T

3

In this example, we choose the exact solution as

w(x) = 3 cos(x) cos(4x) + 3isin(x) sin(4wx).

Similar to the previous examples, the absolute errors are shown in Table 3. Furthermore,

the comparison between the numerical and exact solutions and absolute errors of Example

5.3 are drawn in Figs. 5 and 6, respectively.
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Table 3 Numerical results of Example 5.3

Xi m=2 m=4 2° Haar wavelet basis
0.523 861E-7  223E-19 1.66E-5

1.047 1.75e-6  6.00E-20 7.08E-5

2.094 358E-6  6.05E-19  3.70E-4

3.141 534E-6  3.14E-19  5.00E-4

4.188 695E-6  7.14E-19  4.19E-3

5235 8.49E-6 1.22E-18  8.38E-3

5.759 9.28E-6 1.22E-18 1.09E-2

CPU-Time (s)  3.869 21.490 36

Figure 5 The plot of comparison between the exact
and numerical solution for m = 4 of Example 5.3

Example 5.3

Figure 6 Plot of the absolute errors for m = 4 of

6 Conclusion

In this research article, we have proposed a new idea by introducing PQWs for solving
a class of NFID. In each iteration of this method, by using these basis functions and the
iterative method, we approximated the solution. We discussed the convergence and com-
puted the order of convergence of Eq. (1) by using some lemmas and theorems. Finally, we

demonstrated the efficiency and accuracy of the proposed method with several numerical

examples.
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