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1 Introduction

A generalization of the Horadam sequence {w,} is defined by the recurrence relation
Wy = XMWyt +cWyn, 122, (1.1)

where x(n) = a if n is even, x(n) = b if n is odd with arbitrary initial conditions wy, w;
and nonzero real numbers a, b and c. They emerged as a generalization of the best known
sequences in the literature, such as the Horadam sequence, Fibonacci—Lucas sequence,
k-Fibonacci—k-Lucas sequence, Pell-Pell-Lucas sequence, Jacobsthal-Jacobsthal-Lucas
sequence, etc. Here we call the sequence {w, } a generalized bi-periodic Horadam sequence.
In particular, by taking the initial conditions 0, 1 and 2, b we call these sequences a gener-
alized bi-periodic Fibonacci sequence {u, } and generalized bi-periodic Lucas sequence {v,},
respectively.

Some modified versions of the sequence {w,} have been studied by several authors. For
the case of wy = 0, w; = 1 and ¢ = 1, the sequence {w,,} reduces to the bi-periodic Fibonacci
sequence, and some basic properties of this sequence can be found in [4, 10, 18]. Its com-
panion sequence, the bi-periodic Lucas sequence, was studied in [2, 6, 14, 15]. For the
case of ¢ = 1, the sequence {w,} reduces to the bi-periodic Horadam sequence, and sev-
eral properties of this sequence were given in [4, 13]. For a further generalization of the
sequence {w,}, we refer to [1, 9].
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Table 1 Special cases of the sequence {w}

{wn} {Wn(wo,ww,a b,0)} generalized bi-periodic Horadam sequence
{un} {wn(0,1;a,b,0)} generalized bi-periodic Fibonacci sequence
{vn} {wn(2, b a,b,0)} generalized bi-periodic Lucas sequence
{gn} {wp(0,1;a,b,1)} bi-periodic Fibonacci sequence [4]

{pn} {Wn(Z a;b,a, 1)} bi-periodic Lucas sequence [2]

{Wh} {wp(wo,w1;a,b,1)} bi-periodic Horadam sequence [4]

{Hn} {wn(wo,wi;p,p,—q)} Horadam sequence [5]

{Fn} {wn(0,1;1,1,1)} Fibonacci sequence

{Ln} {wn(2,1;1,1,1)} Lucas sequence

{Fxn} {wn(0,1;k,k 1)} k-Fibonacci sequence

{Lkn} {wn(0,k;k,k, 1)} k-Lucas sequence

{Pn} {wn(0,1;2,2,1)} Pell sequence

{PLn} {wn(2,2;2,2,1)} Pell-Lucas sequence

{n} {(wn(0,1;1,1,2)} Jacobsthal sequence

{Ln} {wn(2,1;1,1,2)} Jacobsthal-Lucas sequence

On the other hand, the matrix method is extremely useful for obtaining some well-
known Fibonacci properties, such as Cassini’s identity, d'Ocagne’s identity, and the con-
volution property. For the detailed history of the matrix technique see [3, 7, 8, 11, 16, 17].
The 2 x 2 matrix representation for the general case of the sequence {w,} was given firstly
in [15], and several properties were obtained for the even indices terms of this sequence.
Then, in [12], the author defined a new matrix identity for the bi-periodic Fibonacci se-

quence as follows:

ab ab a | B*Mq at"p
o n_ 2] n+1 qn
S:= |: . o :| = S"=(ab)'2 |:a§(”+1)qn bg(”)qml s (1.2)

where {g,} is the bi-periodic Fibonacci sequence and ¢ (n) is the parity function. By using
this matrix identity, simple proofs of several identities of the bi-periodic Fibonacci and
Lucas numbers were given. One of the main objectives of this study is to generalize the
matrix identity (1.2) for the sequence {w,}.

Similar to the notation of the classical Horadam sequence in [5], we can state several
sequences in terms of the generalized bi-periodic Horadam sequence {w,} := {w,(wo, w1;
a,b,c)} in Table 1.

The outline of this paper as follows: in Sect. 2, inspired by the matrix identity (1.2),
we give analogous matrix representations for the generalized bi-periodic Fibonacci and
the generalized bi-periodic Lucas numbers. Then, we generalize the matrix identity (1.2)
to the generalized bi-periodic Horadam numbers. Thus, one can develop many matrix
identities by choosing appropriate initial values in our matrix formula. We state several
properties of these numbers by using matrix approach which provides a very simple proof.
Section 3 is devoted to obtaining more generalized expressions for the generalized bi-

periodic Horadam numbers, by using the matrix method in [16].

2 Matrix representations for {u,}, {v,} and {w,}

i : ._rabch . . . . .
First, we define the matrix U := [? {']. For any nonnegative integer #, by using induction,
we have

¢ (1) —¢(n+1)
u" = (ab)'2! [b Unrl  cba u} (2.1)

atmy, cht My, |
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where u, is the nth generalized bi-periodic Fibonacci number. Since the matrix U is in-
vertible, then

—n

_(ab)\3) | bt Py, —cba Dy,
" (—abe)r | —atMy, bWy

By using the matrix identity (2.1) and using a similar method to [12, Theorem 1], one
can obtain the following results which give some basic properties of {u,}. Note that the
results (1)—(3) can be found in [18, Theorem 9], but here we obtain these identities by

using matrix approach.

Lemma 1 The sequence {u,} satisfies the following identities:
(1) (9P = (9 Dty y1ay1 = ()",
(2) (D)o gy + (2)EO) ey 3 = Uy,
(3) (&), — (B)EOm M) gy 1 = (—0) "ty

(4) (S){(mwrn)umun—mﬂ + C(%)C(mn)umflun—m =Uy.

Now we consider the matrix equality

](~—1 ab A . Kn_(“b)ﬁj My, Aty 02
2|1 ab 2 atm-1y, at®y ’ '

n

where A := a?b? + 4abc # 0. By using the method in [12, Theorem 4], one can obtain the
following results which give some relations involving both the generalized bi-periodic Fi-
bonacci and the generalized bi-periodic Lucas numbers.

Lemma 2 The sequences {u,} and {v,} satisfy the following identities:
(1) v2 - ;Azui - 4(2){(”)(_C)n’
(2) Vv, + ﬂ%”mun = Q(S)C(W)C(M)me’
(3) UV + UpVy, = Q(S)C(H)C(M)Mmm,
(4) Vv, — a%umu,, = 2(—eym(&)EEmy,
(5) UV — vy = 2(_C)M(%)—c<n):<m)
(6) Vi + (=C)" Ve = (%)C(ﬂ){(m)vmvm
(7) thnim + (=€)t = (3)5 M 1y,

Un-m>

We define the matrix H := K + abcK™! = [° 2]. It is clear that we have the matrix relation
10

_(ab)'?]
2

K" (ag(”)’lu,,H +at® V). (2.3)

Also from the relation
b ¢(n)
Wy = UyW + c(—) Uy_1 Wo, (2.4)
a

we have v, = bu,, + 20(%)5(”)%_1. Then we have

K" = (ab)'2) (a* V0, K + cb P, 1 1). (2.5)
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By using the matrix relations (2.3) and (2.5), we give Theorem 1 and Theorem 2, respec-

tively.

Theorem 1 Let D :=1—af"v,, + (ab)*" (=c)” #0, then

n

Z(ﬂb) m’” (mj”)_lumjw
j=0
1 r
= l—)((ab)waf(”-l(u,-(-c)mai Sl pEme Oy, )

mn+m+r

(ﬂb) ] {(mn+m+r) 1

(m);(mn+m+r+1)b;(m){(mn+m+r)

X (umn+m+r + (_C)ma; umn+r))x

n
Z(db)L 5 Jat(mlﬂ)vmj”

Jj=0

1 ,
= (@) a5 (v, — () gf DS, Y

HRAT. | d((mn+m+r)

~ (ab)t

% (an+m+r + (_C)mac(m)[(mn+m+r+1)b((m){(mn+m+r)vmn+r)).

Proof ltis clear that

n
I— (K™= (1-K™) S K™,

=0
Since

det(I-K™) =1- a* ™y, + (ab)* " (=)0 # 0,
then

_ gbm) vm ¢(m)—-1 tm
T S R e
D| astm-tmm 1 gt

:l 1o gfmYm )\ pem-1Bm )
D 2 2

By using the matrix identity (2.2), we have
(1-K") (1= (K™™K
"
=Y K"
j=0
|| L

:|:Z (ﬂb) - ﬂ{(m’”)vméﬁ AZ olab) 72 gt o= 1”m21+r:|

(2.6)
Y7 olab)t T 7 € omjr)-1 o pya o(ab) 5" g tmien) Ve

Page 4 of 11



Tan and Leung Advances in Difference Equations (2020) 2020:26 Page 5 of 11

On the other hand, we have

= l 1 — gbm [ +a5m-12" (I(r I(mn+m+r)
D 2

= %((1 _a{(m)%ﬂ)(j(r — K mn+m+r) + a((m) 1 2”’]_1(1 " _ K mn+m+r)>
1 v X AY AY AX

=12 gimm + gblm-1Hm , 2.7)
D 2)ly X 2 | X AY

where

X .= (ab)L%Jag‘(r)& _ (ab)[m”*zm”ja;(mwrmw) VWm;mw}
— (ab)'5! 2018 — (ab)\ 5 ) gE nnemin=1 Umnmar
2

By equating the corresponding entries of (2.6) and (2.7), and using the fifth identity of
Lemma 2, we get the desired result. The remaining result can be proven similarly by using
the fourth identity of Lemma 2. O

Theorem 2 For any nonnegative integers n, r and m with m > 1, we have

1-¢(mn+r) 1
_a N\ i i s ,
Umn+r = W i c u Mm 1uz+r [m,n,r,z],
a 2 -
i=0
_ n
~ ﬂl L (mn+r) n\ . 5 )
Viner = W J)e Lt v, 8m, i),
i=0
where

S[m, m,r, i) := (ab)L 51115 | g8 OmrDi=L+ (64 pe (m)n=i)

Proof By considering the matrix identities (2.5) and (2.2), then equating the corresponding
entries we obtain the desired results. g

Note that Theorem 1 and Theorem 2 can be seen as a generalization of the results in
[11].
Finally, we define the matrix T := [

abwi+cbwgy cbwy
awy cbwg

- (ab)LnTﬂJ B Vw0 chatMw,,, 2.8)
- ag“(n+1)wn+1 Cb{(n+l)wn ’ :

]. By induction we have

where w, is the nth generalized bi-periodic Horadam number.
If we take the determinant of both sides of Eq. (2.8) and taking » — n — 1, we obtain
Cassini’s identity for the sequence {w,}:

b ¢(n) b ¢(n+1) b
(—) Wy 1Wpel — (—) w? = (=1)""? (wf — bwow, — c—wg). (2.9)
a a a
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The matrix T can be written as
T = chbwol + w1 U, (2.10)
where I is the 2 x 2 unit matrix. It is easy to see that
TU" = chwoU" + wy U™, (2.11)

If we equate the corresponding entries of the matrix equality (2.11), we get the identity
(2.4). Also, the generalized bi-periodic Horadam numbers for negative subscripts can be
defined as

al 1) e (n) 1
Woy=——m——W_ 1 + Zw_mz, (2.12)

4

so that the matrix identity (2.8) holds for every integer n. From (2.11), we have

b ¢(n)
(_C)nw—n = (;) Wolkps1 — Wilky, (2.13)

which reduces to

_ 1)+l 1\
1) u, and v,n:( D Vi (2.14)

hon = ct "

for the generalized bi-periodic Fibonacci and Lucas numbers, respectively.

3 More general results for {w,}

ab abC]

Besides the matrix U, the nth power of the matrix A := [/

also has entries involving
generalized bi-periodic Fibonacci numbers; that is,

4 - |:ab abc:| _ (ab)L%J |:b5(”)un+1 cbgﬂrz)u,,j|' (3.1)

1 0 atomly by,

If n is even, then

n n+ b n b n+
ar| " =@ | M|, A [ =yt | (3.2)
alw alw, oWy Wyt

By combining Egs. (3.1) and (3.2) for even n,
Wit _ Up+l Cbun w1
atlw,| |alu, cu,q||atwy|
chw, o | Hnn chu, | | chw,
Wt | |a 'y ctp || om |

We get (2.4) by comparing entries in (3.3). We generalize it further as follows.

(3.3)

Page 6 of 11
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Theorem 3 Let n and p be any positive integers. Then

b\ S0 D) b\ E@)
Whap = (;) UpWpi1 + c(;) Up_1Wp. (3.4)

Proof Let n and p be even. By (3.2), (3.3),

(ab) ¥ | Mt | g | M
a " Waip atwy
= (ab)iar| "
alw,
H+, n b n
= (ab)? [‘fl“ cou } [V_”f”] (3.5)
a‘u, Cuya||aw,

By comparing both entries of the matrices on both sides of (3.5), we get (3.4). Similarly, we
obtain the following equation by (3.2) and (3.3):

coWyipia _ uTl cbu, | | cbwy,o . (3.6)
Wiip+l a U, Cup CWpi1
By comparing entries of the matrices in (3.6), we get the desired result. O

By Theorem 3, we have the following matrix identities for even # and even p:

Whiptl | _ | Un+l bcu, Wp+l (3.7)
-1 - -1 ’ ’
a - wp 0 1 awy
wan+p+2 _ Un+l bCl/ty, wap+2 (3 8)
CWpy1 0 1 CWpi1 ' '
The following theorem is a generalization of Catalan’s identity, Cassini’s identity and

d’Ocagne’s identity.

Theorem 4 Let n, p and q be any positive integers, then we have the following identity:

b\ {WEPI@ b\ S e (@)
(;) WiipWhig — (;) WiWnip+q

B\ S @D g+) b
= (;) (=) upuy (W% - bwow; — ;cwé).

Proof For the case of even 1, odd p and odd g, we note that

b cw,
C(Wn+pwn+q - ;WnmeJrq) = [Wn+q ﬂ_lwn] |: P :| . (3.9)

_bcwn+p+q

Page 7 of 11
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By (3.7) and (3.8), we get the following two equations:

S RS |

bcuy 1 1
-1 AT n Ug 0
=[w atwo] (|, L (3.10)
-
1 o[ o 17"
n+p-1 —
@ap)" 5| M |- Wil (3.11)
—bcWyipigq —bcuy u,||-abc ab —bcwy,

We note that

1
Uy 0 0 —ul,
beugy 1| -bcug1 uy
ab 1 0 -1 — _abel.
abc 0| |-abc ab

We take the product of equations (3.10) and (3.11), and by using (3.9), (3.12), we get

(3.12)

p-1
n+ 2=
(ab)™ 2 C<Wn+pwn+q - ;WnmeJrq)

n n+p-1
B ab 1 0o -1 cwy
=, [wl a lwo]
abc 0 —abc ab —bcw,
p-1
0 -1 cw
= (~abe)"u, [Wl a—lwo] |:_ﬂbc ab] |:—bc:v2j|

= (~abc)"u, [wl a‘lwo] (ab)l%1 [ CUp-2 —a‘lup1j| |: o j| (3.13)

—bcuy_q Uy —bcewy
We compute the following matrix product:
CUpy  —a ‘U, oy
[W1 u_lw()] 'p p
—bcuy_, Up —bcw,
_ 2.9 b,
=CWilp 2 — —CWoWi1lhp_1 + —CWI1Wally 1 — —CWoWalhy
a a a
2.2 b b
= CWilly_y — —CWilhp_1(CWo — W2) — —cwou,(awr + cwp)
a a
2.2 2 b, o,
= Wity + bewin, 1 — bewowiuy, — —c Wiy,
a
_ 2 b b h 2.2
= ewy(Up-2 + buy_1) — bewowiu, — ;c Wyldyp

_ 2 -b _ é 2.2 _ 2 _ b _ é 2
=CcwWildy CWoW1lp aC Woldp = Clp| WY WoWw1 aCWO .

We replace it in (3.13) to get the result as desired for the case of even 7, odd p and odd 4.

Page 8 of 11
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For the case of odd 7/, we take n’ = n + 1 and then do a similar computation to the one
above for

-1
zil a Wu+l)
(ab)n+ 2 [bCW(n+1)+p CW(n+1)] |: " +q]

“Wn+l)+p+q
where n is even, p, g are odd.

For the case of even n, even p and odd ¢, we do a similar computation to the one above
for

(ab)mg I:qu ﬂ_lwn] |:6_l_1Wn+P:| )

For the case of odd #, even p and odd g, we do a similar computation as above for

(ab)”_l*% [bcw,,+q cw,,]|: W :|

_bcwn+p+q
The other cases for even g can be proven similarly. g
We state another two matrix identities for even #:
[wl bcwo] A" = (ab)% [wn+1 bcwn] ,
(3.14)
[a‘IW2 cwl]A” = (ab)? [a‘lwmz cwml].

The following result is a generalization of (2) and (4) of Lemma 1.

Theorem 5 For positive integers n and m, we have

b ¢ (mn+n) b ¢ (mn+m) b L (m+n)
(;) WhilWpm + (;) CWuWy—1 = WiWpan + (;) WoWmin-1-

Proof For even n and odd m, by (3.7) and (3.14),

n+m-—

1
(ab) 2 (Wn+lwm + _CWnWm—1>
a

= (ab)"%™ [W"“ bCWn:I |:a11:;nm—1i|
= [WI bCWo] ATA™ |:aml/il/oi|
- [Wl bCWO]Amw1 LV;/L/J

= (ab) neged [wl bcwo] [ _1Wm+n :|
a " Wyn-1

Page 9 of 11
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Hence the result follows. For the case of odd # and even m, we do a similar computation

on

n+m-1 bCWn+1
(ab) 2 [a‘lwm cwm_l] ow
n

For even # and even m, we do a similar computation on

m+n-2 _ Whysl
(ab)” 2 [a Ly, cwm_l] o
alw,

For odd # and odd m, we do a similar computation on

bew,.a

m+n=2

(ab) 2 [wm bcwm,l]

cawy, 0

By substituting m = n + 1 in Theorem 5, we get the following corollary, which is a gen-
eralization of the classical result F2,; + F2 = F,,,,; for Fibonacci numbers.

Corollary 1 For positive integer n, we have

b ¢(n) b C(n+1) b
(;) Wi_l + (;) CWﬁ =WiWous1 + (;)CWOWQ,,,.

By Corollary 1, we prove the following result, which is a generalization of the classical

2 2 _ : )
result F;,, — F,;_; = F,, for Fibonacci numbers.

Theorem 6 For positive integer n, we have

2 2.2 n n+l
w2, —cwr_ = af DB D (iw, + cwows,_ ).

Proof For even n, by Corollary 1,

b b
_ 2 2 2.2
1= (W}’l+1 + ;CW}’I - ;CWH tCw,

= <W1W2n+l + ;CW()Wzn) - C(W1W2n—l + ;CW0W2n—2>

2 2.2
W1 —C Wy

= W1 (Waps1 — CWou_1) + ;CWO(WZn — CWoy—2)

= bwiway, + bewowsy,_1.
For odd #, by Corollary 1,

by’ b (b b b
(2) o= = 2 (o vent) - (v Zeni )

b
= — | WiWaps1 + —CWoWoy | — —C| W1W2u—1 + —CWoW2,_2
a a a a
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b
= ; WI(W2n+1 - CWZn—l) + ;CWO(WZn - CWZn—Z)
b
= ;(bWIWZn + bewowyy,_1).

So the proof is complete after simple algebraic manipulations of both sides of the equa-
tion. g
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