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1 Introduction and preliminaries

We denote by P(X), CLB(X), CLD(X) and by K(X) the class of all nonempty subsets of X,
the class of all nonempty closed and bounded subsets of X, the class of all nonempty closed
subsets of X, and the class of all nonempty compact subsets of X. For A, B € CLB(X), let

H(A,B) = max{ sup d(a, B), supd(b, A)},
ac A beB

where d(a, B) = inf{d(a,b) : b € B}. Then H is a metric on CLB(X), which is called the
Pompeiu—Hausdorff metric induced by d. In 1969, Nadler [1] proved that every multi-
valued contraction on a complete metric space has a fixed point. Since then, many re-
searchers extended it multi-directionally (see, for example [2—14]). Berinde and Berinde
in [15] introduced the idea of multivalued almost contractions (originally called multival-

ued (8, L)-weak contractions) and proved the following fixed point theorem.

Theorem 1.1 ([15]) Let T : X — CLB(X) be a multivalued almost contraction mapping
on a complete metric space (X, d), that is, there exist two constants 0 < 8 < 1 and L > 0 such
that, for all x,y € X, it satisfies

H(Tx, Ty) <8d(x,y) + Ld(y, Tx). (1)

Then T has a fixed point.
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Wardowski [16] extended the Banach contraction principle by introducing F-

contractions and established fixed point theorems in metric spaces as follows.

Definition 1.1 ([16]) Let us consider a function F : (0, 00) — R and the following axioms:
(F1) F is strictly non-decreasing;
(F2) for each sequence {a,} C (0, 00) of positive real numbers, lim,_,~ a, = 0 if and
only if lim,_. F(a,) = —00;
(F3) for each sequence {a,} C (0,00) of positive real numbers, lim,,_, », a, = 0, there
exists [ € (0,1) such that lim,_, oo (a,)'F(a,) = 0;
(F4) F(inf.A) =inf F(A) for all A C (0, 00) with inf A > 0.
We denote by F the family of all functions F satisfying (F1)—(F3), and by 7* the family
of all functions F satisfying (F1)—(F4).

Example 1.1 ([16]) Let F: (0,00) — R be defined by
(i) F(a)=Ina;
(ii) Fla)=a +Ina.
Clearly, F in (i) and (ii) satisfies (F1)—(F4).

Definition 1.2 ([16]) A mapping T : X — X on a metric space (X,d) is called F-

contraction, if F € F and there exists T > 0 such that
T+ F(d(Tx, Ty)) < F(d(x,)), 2)
for all x,y € X with d(x,y) > 0.

If we take F(«) = In« in (2), we obtain
d(Tx,Ty) <e*d(x,y), forallx,yeX,Tx+#Ty. (3)

Clearly for x,y € X such that Tx = Ty, the inequality d(Tx, Ty) < e "d(x,y) also holds.
Thus, T is an ordinary contraction with contractive constant ¢ = ™%, but its converse is
not true in general.

By combining the ideas of Wardowski and Nadler, Altun et al. [17] introduced the idea
of multivalued F-contractions and obtained some fixed point results for this type of map-

pings on complete metric spaces.
Definition 1.3 ([17]) Let T: X — CLB(X) be a multivalued mapping on a metric space

(X,d). Then T is called a multivalued F-contraction, if F € F and there exists 7 > 0 such
that

T+ F(H(Tx, Ty)) < F(d(x,y)), (4)
for all x,y € X with H(x,y) > 0.

By putting F(a) = Ina, then every multivalued contraction in the sense of Nadler is also
a multivalued F-contraction.
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Theorem 1.2 ([17]) Let T : X — K(X) be a multivalued F-contraction on a complete met-
ric space (X,d). Then T has a fixed point in X.

Theorem 1.3 ([17]) Let T : X — CLB(X) be a multivalued F-contraction on a complete
metric space (X,d). If F € F*, then T has a fixed point in X.

Altun et al. [18] established the concept of multivalued almost F-contractions and
proved some fixed point results as follows.

Definition 1.4 ([18]) A multivalued mapping T : X — CLB(X) on a metric space (X, d)
is called a multivalued almost F-contraction, if F € F and there exist two constants 7 >0
and y > 0 such that

T+ F(H(Tx, Ty)) < F(d(x,9)) + yd(y, Tx), (5)
for all x,y € X with H(x,y) > 0.

By putting F(a) = Ina, then every multivalued almost contraction (1) is a multivalued
almost F-contraction.

Theorem 1.4 ([18]) Let T : X — CLB(X) be a multivalued almost F-contraction on a com-
plete metric space (X,d). If F € F*, then T has a fixed point in X.

Remark 1.1 Theorem 1.4 generalized Theorem 1.1 and Theorem 1.3, because
(i) If we take F(a) =Ilna, T =—Indand y = %, where § € (0,1) in equation (5). Then we
get equation (1).
(ii) If we take y =0 in equation (5), we get equation (4).

In recent times, Kamran et al. in [19] established the idea of extended b-metric spaces,
which generalized b-metric spaces (see [20, 21]) simply by replacing a constant s by a
function depending on the left hand side of the triangle inequality.

Definition 1.5 ([19]) Let X be a nonempty set and 6 : X x X — [1,00). Then a mapping
dp : X x X — [0,00) is called an extended b-metric, if for all x,y,z € X, it satisfies the
following axioms:
(i) do(x,y)=0iffx =,
(ii) do(x,y) = dg(y, %),
(ili) do(x,2) < 0(x,2)[dp(x,y) + do(y,2)].
The pair (X, dp) is called an extended b-metric space.

Since then, many authors proved several fixed point results in the context of extended b-
metric spaces; see [22—31]. In [32], Mlaiki et al. introduced the concept of controlled type
metric spaces as a generalization of b-metric spaces, which is different from extended b-
metrics space and is very useful to prove existence and uniqueness theorems for different
types of integral and differential equations.

Definition 1.6 ([32]) Let X be a nonempty set and « : X x X — [1,00). Then a mapping
dy : X x X — [0,00) is called a controlled metric, if for all x, y, z € X, it satisfies the follow-
ing axioms:
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(1) dolx,y)=0iffx =y,
(11) dot (x,y) = dot ()/, x):
(iil) do(x,2) < a(x,y)da(x,y) + oy, 2)do (3, 2).
The pair (X, d,) is called a controlled metric space.

Remark 1.2 Every b-metric space is a controlled metric space, if we take a(x,y) =s > 1 for
all x,¥ € X. Generally, a controlled metric space is not an extended b-metric space [32], if

we take same functions o = 0 as follows.

Example 1.2 ([32]) Let X ={1,2,...}. Define d,, : X x X — [0,00) as:

0, ifx=y;

i, if x is even and y is odd;
doz (x’ }’) = 1

T if x is odd and y is even;

1, otherwise.

Hence (X, d,) is a controlled metric space, where « : X x X — [1,00) is defined as:

x, ifxisevenandyis odd;
a(x,y) =1y, ifxisoddandy iseven;

1, otherwise.
Clearly, d, is not an extended b-metric for the same function o = 6.

In this paper, we define a generalized Hausdorff metric on the class of nonempty
closed subsets of controlled metric spaces. Also we prove that if (X, d,,) is complete, then
(Hy, CLD(X)) is complete, too. Moreover, we define multivalued almost F-contractions
on controlled metric spaces and prove some fixed point results, which generalize many
pre-existing results in the literature.

2 Main results
We denote by «(x,.A) = inf,c 4 @(x,a), and d, (x, A) = inf,c 4 do (%, a), for A C X.

Lemma 2.1 Let (X,d,) be a controlled metric space. Then
dot (xlr A) =< a(xl’xZ)dat (xlij) + a(er A)d(xZ’ A)r (6)
forall x1,x, € X and a € A C X, where a(x3, A) = infc 4 2 (%2, a).

Proof From axiom of definition, we have
dot (xlr d) =< a(xlr xZ)dOt (xh xZ) + Ol(XQ, ﬂ)da (th d)r for all X1,%2,4 € X.
By taking infimum of both sides over A, we get

inf dy (%1, a) < a(x1,%2)dy (%1, %2) + inf o (xy, a) inf dg (%2, a).
acA acA acA
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Since a(xy, A) = infc 4 o (%o, a),

Ao (x1, A) < a(x1,%2)d (%1, %2) + &t (%2, A)dy (%2, A). O
Now we will introduce the Pompeiu—Hausdorff metric.

Definition 2.1 Let (X, d,) be a controlled metric space. Then the function H,, : CLD(X) x
CLD(X) — [0, 00) is defined by

dy(a, B), dy(b, A)}, ifth i ists;
HL(AB) - max{sup,. 4 ds(a, B), sup,.z du (b, A)}, if the maximum exists

00, otherwise,
where A, B € CLD(X).

Lemma 2.2 Forall A,B,C C CLD(X), we have

Hy(A,C) < max{supa(ﬂ, b), (b, A)}HQ(A, B)
ac A

+ max{a(b,C), supa(c, b)}Ha(B,C).

ceC

Proof Assume that H,(A, B) and H,(B,C) are finite. From Lemma 2.1 fora € A, b € B,

we have
dy(a,C) < a(a,b)dy(a,b) + a(b,C)dy(b,C).
As dy(b,C) < Hy(B,(), therefore we have

dy(a,C) < ala,b)dy(a,b) + a(b,C)H, (B, (),
dy(a,C) <al(a,b)dy(a, B) + a(b,C)Hy(B,C).

Hence by taking supremum over a € A, we get

supdy(a,C) < supa(a,b)Hy (A, B) + a(b,C)H,(B,C).
ac A ac A

Analogously,

supdy(c, A) < a(b, A)H, (A, B) + sup a(c, b)Hy (B, C).
ceC ceC

So
max{ sup dy(a,C), supdy/(c, A)} < max{ sup a(a, b), a(b, A) }HQ(A, B)
acA ceC acA

+ max{a(b,C), sup«(c, b)}Ha(B, C).

ceC
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Therefore, by Definition 2.1, we get

Hy(A,C) < max{supa(u, b), (b, A)}HQ(A, B)
ac A

+ max{a(b,C), supa(c, b)}Ha(B,C).

ceC

Moreover, if Hy (A, B) or H,(B,() is infinite, the condition is obvious. O

Theorem 2.1 Let (X,d,) be a controlled metric space, then the function H, : CLD(X) x
CLD(X) — [0,00] is a generalized controlled metric space in CLD(X).

Proof Let Hy(A,B) =0, for A, B € CLD(X). This implies

max{ sup dy(a, B),supdy (b, A)} =0.
acA beB

Thend,(a,B) =0foralla € A, hencea € B, i.e., A C B.Inthe same way, we see that B C A
and consequently A = B. Conversely, if A = B, then H, (A, B) = 0. Of course H, (A, B) =
H, (B, A) for all A, B € CLD(X). Finally, in view of Lemma 2.2, the proof is complete. [

Definition 2.2 a € A, where A is the closure of a set A C X, if and only if there exists a

sequence {a,} in A such that a = lim,_,  a,, forn=0,1,2,....
Denote for ¢ >0 and A C X,
A = {x €X:dy(x, A) < 8}.
Lemma 2.3 Ifx € A,, then d,(x, A) <lim,_, o, a(x,, A)e, where

a(x,, A) = inf a(x,,a).
acA

Proof Let x € A,, then there exists a sequence {x,} in A, such that lim,_, %, = x, for
n=0,1,2,.... From Lemma 2.1, we have

do (%, A) < a(x, %,)dy (%, %) + (%0, A)dg (%, A).
By letting n — o0 in the above inequality, we get

dy(x, A) < lim a(x,, A)e.

n— 00

It proves the lemma. d

Definition 2.3 The upper topological limit of a sequence {.4;}, for [ = 1,2,... in controlled
metric space X is denoted by Lt.A; determined by

acLtA;, ifand only if llim infd,(a, A;) = 0.
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Theorem 2.2 A point a € LtA;, if and only if there exists a subsequence {a,,} C A such
thatlim;_, o a,, = a and a,, € Ay, for[=1,2,3,....

Proof First, let us suppose that a € Lt.A;, then there exists a subsequence {.A,,} of A; such
that lim;_, o d (4, Ay,,) = 0. Hence for every [ there exists a strictly increasing sequence of
positive integers {p;} with

1
de(a, Ayy) < 7 for all n > p;.

Therefore, we can find a sequence {a,,} of points such that a,, € A,, and dy(a,a,,) < %, for
pi < n<pp1. Hence limy_, oo ay, = a.
Conversely, let us assume that 4, — @ and a,,, € Anl, [=1,2,3,.... Hence

do(a, Ayy) < do(a,a,) — 0
and lim;_, o, infd,, (4, A;) = 0. This implies that a € Lt.A;. a
Theorem 2.3 L =LtA, is closed.

Proof Suppose that x is a limit point of L. Then there exists a sequence x,, € L — {x} that
converges to x. By Theorem 2.2 for x,, € L, there exists a subsequence {x,,,} C A such that

My o0 %y = %7 and &,y € Ay, for 1= 1,2,3,.... Now by the triangular inequality, we have
Ao (K %) < 0y, 20) Ay (1), 1) + 0t (01, %)l (1, ).

Clearly lim;_, o %, = x. It follows that {x,, } converges to x and x,,, € A,,, for [ =1,2,3,....
Therefore, by Theorem 2.2, x € L. Hence L is closed. O

Corollary 2.1

LtA, = ﬂ U Al

=1 n=0
Proof First, let us assume that x € Lt.A;, then there exists {xn,} C Asuch that lim;_, o, x,, =

xand x,, € Ay, for [=1,2,3,.... Hence for every p

o0
xn € JApin, foralli>1.
n=0
This implies that

X € ﬂ UA1+,,.

I=1 n=0

Conversely let us assume that, for every p, x € | J7, A,.». Then there is a sequence {x,} C
U2 Apsn such that x,p = xas [ — oo for every natural. Let there exists x; = x , such that
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%y, € Ay, and dy(x), ,x) < 1. Similarly, let x; = xf};'l such that p, > p; and d, (xi};l,x) <1
xi}{rl € A,,. By continuing this process, we have x;,; = xff; 11 such that d, (qul; ll,x) < ﬁ and
xiflﬁ € Ap,..» i < pie1. Thus, we have x; — xas | — ooand x; € A; for [ =1,2,3,.... Hence
by Theorem 2.2, x € LtA;. It completes the proof. O
Corollary 2.2

llim A =LtA =Lt A,

Proof Let us assume that a € L_t—Al, then there is a sequence a,, € LtA; for n=1,2,3,...
such that g, — a as n — 0o. Consequently, there exists an integer p; such that 4; €
Ay, and dy(ay,,a1) < 1. Similarly, there exists an integer p;, > p;, such that dy(ay,,az) < %
Continuing this process, we can find an increasing sequence {p;, } of integers with a;, € A;,
forn=1,2,3,... such that

1
da(ﬂln’ﬂn) < —, fOl‘ all n.
n
Thus, by the triangle inequality, we get
dy (dl,,; ﬂ) =< Ol(ﬂ]n, ﬂn)da (ﬂln ’ an) + Ol(&l,,, “)da (ﬂm “)-

Note that, as we take # to infinity, the distance between {4;,} and a converges to zero, so
it follows that {a;,} converges to a. Hence, by Theorem 2.2, a € Lt.A;. It follows that

LtA C LEA,. )
Conversely, let us assume that a € Lt.A;, then, in a similar way,

LtA, C LA, 8)
From Egs. (7) and (8), we have

LtA, =Lt A,
The remaining part of the theorem can be verified by the similar way. 0

Theorem 2.4 If (X,d,) be a complete controlled metric space with 1im,, ;,_, 0o &¢(Xy, %)k <
1, for all x,,,x,, € X, where k > 1. Then (CLD(X), H,) is complete.

Proof Let {A,}, n=1,2,... be a Cauchy sequence in CLD(X). Then, by the definition, for
each ¢ > 0, there exists a positive integer N € N such that

Hy(A,, A,) <e, forallm,m>N. 9)

Let A = ItA,. We will prove that A € CLD(X) and A, — A. From Theorem 2.3, A €
CLD(X). Next, we will show that {A,} converges to A, i.e. there exists a positive integer
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N such that H,(A,, A) < ¢ for all n > N. By the triangle inequality for all #,m > N,

Ho(Au A) = max] sup a(@n @), @A) | Ho(Au Ay)

an€Ay

+max{ sup a(am,a),a(a,Am)}Ha(Am,A).

am€Am

For n,m > N, we have from (9)

Ha(AmA) =< max{ sup a(an,ﬂm)ra(am:An)]g

an€Ay

+max{ sup a(am,a),a(a,Am)}Ha(Am,A). (10)

ameAm

Now, we will prove that

HD,(Am,A)EmaX{ sup a(am,am),a(am,Am)]e.

am€Am

For this purpose, we will show the following inequalities:

d, (am,a*) <alam ay)e, foralla,ecA,, (11)

dy(a*, Ap) < a(ay,, Ane. (12)
From (9), we get

A, C A, forallu>m=>N.
Next from Corollary 2.1, we have

ACAUALU---CA,.,
hence from Lemma 2.3, we get, for a* € A,

dy(a*, Ay) < a(ay,, Ane.

Thus, condition (12) is fulfilled.

Now, we have to prove (11). Since {A,} is a Cauchy sequence in CLD(X), we can find a
strictly increasing sequence of positive integers {n,} = {¢/”"} forr = 1,2,3,... such that n, >
N, where N € N and H,(A,, Ay) < el™, for all n,m > n,. Take arbitrary a,, € A,,, where
A = Ay Since Hy (Ay, Apy) < €, for n > ng, there exists a,,, € Ay, such that dy(a,,,a,,) <€,
for n = ny > ny. Similarly, H, (A, A,,) < 7, so there exists a,,, € A,, such that d,(a,,,a,,) <
%, for n = ny > ny. By continuing this process, we can form a sequence {a,, } with a,, € A,,,
forr=0,1,2,...and

&

do(ay,, an,.,) < ” Apy = a. (13)
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Next, we will verify that {a,,} is a Cauchy sequence, from the triangle inequality, we have

do(an,, an,,,)

< alay,, an,,)du(@n,, an,,,) + (an,,,,an,.)de(@n,,,,an,,,)

< o(@nyps Wnyyy VA (s Wnyyy) + Uy 15 Ay )@y 15 By B (@15 By
+0(@n,,y An,, )@, s Ay, Vo, g A, )

<al(ay,,an,,,)du(an,, an,,,)
ta (anr+1 Ay )(x (a”r+2 @Ay )ot (a”lr+2 A3 )dvt (a”lr+2 »Anyyy )
+ &,y Ay, )y Oy, )y By, VAo (@ 5 )

<...

r+l-2 i
= (X(ﬂnr, Anppy )da (a"r’ Anyy ) + Z l_[ 0[(6{,,,/., a”nl) a(ﬂ”i’ Anjyy )d“ (a"i’ An;iy )

i=r+1 \j=r+1

r+l-1
+ 1_[ O[((ln/, a”r+l)a (a”Hl—l ’ d”wl)da (ﬂ”Hl—l ’ ﬂ”Hl)

j=r+1

r+l-1

i
=< a(anr: “n,,,l)da(dn,: ﬂn,+1) + Z 1_[ Ol(ﬂn]., dnHl) a(ﬂni: dni+1)da(ﬂnir “niﬂ)

i=r+1 \j=r+1

r+l-1 i
< &@n,an,, Vo npytn) + Y| [ ] s an,,,) |l an,))da(@n, an,,)-
i=r+1 \j=r+1
From Eq. (13), we have
s r+l-1 i s
da(anwﬂnHI) = O{(ﬂnr, an,+1)l_r + Z l_[ a(an/;ﬂnHI) a(ﬂni;ﬂni+1)ﬁ~ (14)

i=r+1 \j=r+1
As limy, ;o0 0t (Xy,, %)k < 1, for all x,, %, € X. Thus the series
r+l-1 i
€
E 1_[ Ol(&l,,,]., anHZ) a(ﬂni: a”i+l)ﬁ

i=r+1 \j=r+1

converges by the ratio test. By taking the limit r — oo in Eq. (14), we get

lim d,(ay,,an,,,) = 0.

r—00
Hence, we conclude that {a,, } is a Cauchy sequence. Since (X, dy) is complete, there exists
a, € X such that a,, — a, € X, and clearly a, € A. Again, by the triangle inequality, we

have

Ao (g An,) < Bngs Ay VAo (g Gny) + Qa5 B0, ) Ao (B, > An,)

S a(ﬂno, anl )da (ﬂnoy ﬂnl ) + ot(a,,l ’ anr )a (ﬂnl ’ anz)da (anl ’ anz)

Page 10 of 20



Alamgir et al. Advances in Difference Equations (2020) 2020:24

+ Ot(ﬂ,,l » A, o (“nz ’ an,)da (dnz ’ an,)
< ...

r-2 i
< gy O, oy ) + Z(]‘[a(an, an,> s Ay, ) (@ O,,)

i=1
r-1

+ [ e an)elan, ,, an)do(an, , an,)
j=1

r-1 i
< a(@nys Ay ) Ao (Any, any) + Z(Ha(a,,}.,a,,))a(a,,i,a,,m)da(a,,i,anM)
i=1 =

r-1 i
< (@ngs Any Ao (@ngs any) + (]_[ a(ay;, ﬂn,)>a(ﬂni»ani+1)da (@ ny,y)-
j=1

i=1

From Eq. (13), we have

r-1 i
I
Aoy Any) < Qg Ay )E + Z( a(”n;r“m))“(ﬂni:ﬂn”l) (15)
]

ﬁ.
i=1 j=1

As limy, 00 @ (%4, X))k < 1, for all x,,x,, € X. Thus, the series

r—1 i
> (} [] etan, an,)> (s A, )%

i=1 \j=m+1

converges by the ratio test. By taking the limit » — oo in Eq. (15), we get
. 1
lim dy(a,,a,) < —€ <e.
r—>00 K
Next, from the triangle inequality, we have
Ao (@sr W) < (Ass A, ) Ao (s An,) + Ay, A) Ao (@, s W)

Hence, d, (a*, a;) < a(ay,,am)e, when r — oo. So the condition (11) is fulfilled.

Hence, from (10), we obtain

Ha(Aw A) = max| sup alanap),alan An fe + max| sup a(am,a),a(@ A

ancAy am€Am

+max{ sup  a(@m, an,), an,, m)}
amEAm

Since limy, ;00 @ (X, %)k < 1, for all x,,, x,,, € X, by taking the limit 7, m — oo in the above
inequality, we get a positive real number on right side. Hence A, approaches .4, which
completes the proof. O

Next, we will prove some fixed point results over controlled Hausdorff metric spaces.

Page 11 of 20
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Lemma 2.4 Let A, B € CLD(X), then for all € >0 and b € B there exists a € A such that
dy(a,b) < Hy(A,B) + €. (16)
Proof From Definition 2.1, for A, B € CLD(X) and for any b € BB, we have
dy (A, b) < Hy(A, B).
By definition of infimum, we may assume a sequence a, in A such that
dy(b,a,) <dy(b, A) +¢, where e >0. 17)
Since A is closed, there exists a € A such that a,, — a. Therefore, by (17), we have
dy(a,b) <dy(A,b)+e <Hy(A,B) +e¢. O

Theorem 2.5 Let T : X — CLD(X) be a mapping on a complete controlled metric space
(X, dy). If T satisfies the inequality

H,(Tx, Ty) < kdy(x,y), forallx,yeX, (18)

where k € [0,1) is a real constant such that limy, ;0o (X, %)k < 1, for all x,,x,, € X. Then
T has a fixed point.

Proof Let us consider « >0, xg € X and choose x; € Txg. As Txg, Tx; € CLD(X) and x; €
Txy, then, by Lemma 2.4, there exists x, € Tx; such that

Ao (%1,%2) < Ho(Txo, T1) + €.
Now since Tx1, Tx, € CLDX) and x, € Tx1, there exists x3 € Tx, such that
dy (%2, x3) < Ho(Tx1, Txz) + €.

Continuing in this fashion, we obtain a sequence {x,} of elements of X such that x,,; €
Tx,,forn=0,1,2,...and

Ao (X Xni1) < Hy(Tx,_1, Tx,) +€”, forallm>1.
From Eq. (18), we have

da(Xn;erl) =< Edot(xn—lix") +e€"
=< E(Kda(xn—ZJxrlfl) + 6”’1) + Kn

= szot (xn—Z: xn—l) +2k".
Continuing in this way, we have

Ao (X Xni1) < k"dy(xg,%1) + nc”, forallm>1. (19)
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From the triangle inequality and Eq. (19) for m > n, we have

da(xmxm) < a(xnrx;ﬁl)da (xm xn+1) + a(xn+l:xm)do¢(xn+1;xm)
a(xnr xn+1)da (xm xn+1) + a(xm xm)a (xn+17 xn+2)dot (xn+17 xn+2)

+ a(xn: xm)a (xn+2: xm)dot (xn+2: xm)

m=2 i
= a(xnr xn+1)doz (xn; xn+1) + Z (1_[ a(xj;xm)>a(xi’xi+1)da (xi’xi+l)

j=1
m—-1
+ 1_[ a(xj, xm)a (xm—l;xm)da (xm—lyxm)
j=1

m-1 i
SSUCHEN NSRS (]_[ a(x, xm)>a(x,-,xi+1)da (%, %i11)

i=1 \j=1

m-1 i
=< a(xnr xn+1)dot (xm xn+1) + Z (1_[ a(xj;xm))a(xi’xi+1)da (xi’xi+l)

Jj=1

f a(xnranrl)[Knda(xO’xl) + nKn]
m-1 i
£y (]_[ a(x,-,xm)>a(xi,xm)[/c"da(xo,xl) +iK'].
i=1 \j=1

This implies that

doz(xmxm) =< da(xval)[a(xn:xn+1)Kn + a(xmxm)n’(n]

+dy (m;m)Z(l_[a(x],xm)) (i, %101 )K"
+ Z(HO{ x/’xm)> x,,x,+1)l;c

Since limy, ;0o (X, %)k < 1 for all x,,x, € X, a(x,,x,) is finite and the series
Ziil K" ]_[f'zla(xi,xm)a(xi,xm) converges by the ratio test for each m € N. If we take
1 Sn+
Sy = k" [y i xm)a(xi,x01) and Syeq = k[T (% %) (5, 541), then 221 < 1,
when 1 — co. By the same procedure Y oo, nk” [ 1L, ot(xs, % )0t (x1, %41) is Convergent. Let
o) n n ]
S=Y k"] [etorma@mxin),  Su=D_ 1 | [l xmatexi),
n=l  i=1

j=1 =1

and

0 n n J
S =Y " [ [atoxma@xi),  S,=>jic | ol wmeri,xisn).
n=1 i=1

j=1 i=1
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Thus, for m > n, we have

Aoy (% Xm) < oy (%0, %1) [ (s K1 " + 000610, X ) 111" |y (20, %1) [Syum1 — S

+ (S =S,

n

By letting n — oo, we conclude that {x,}, for n=0,1,2,... is a Cauchy sequence. Since X

is complete, there exists x, € X such that lim,,_, c X, = x,. Now by the triangle inequality

da(Tx*,x*) =< a(Tx*;xn)dot(Tx*rxn) + a(xn,x*)doz (xn,x*)
=< a(Tx*;xn)[Kda(x*,xn—l)] + a(xnrx*)dot(xmx*)

=< a(Tx*’xn)[KZda(x*)xn—Z)] + a(xn:x*)da(xmx*)

=< a(Tx*;xn)[Kndot(x*:xO)] + a(xn’x*)da (xn:x*)'

Since limy, ;00 @ (%, %)k < 1 for all x,,, x,,, € X, (2, %,,) is finite. Thus, by taking the limit

n — oo in the above inequality, we get

do(Tx.,%,) = 0.
T is closed, therefore x, € Tx,. Hence x, is a fixed point of T'. O
Definition 2.4 ([18]) A multivalued mapping 7 : X — CLD(X) on a controlled metric

space (X, d,) is said to be a multivalued almost F-contraction, if F € F and there exist two

constants T > 0 and y > 0 such that
T+ F(Ho(Tx, Ty)) < F(do(%,9)) + vda(y, Tx), (20)
for all x,y € X with H,(Tx, Ty) > 0.

By putting F(«) = In«, then every multivalued almost contraction (1) is also a multival-

ued almost F-contraction.

Theorem 2.6 Let T : X — CLD(X) be a multivalued almost F-contraction on a complete
controlled metric space (X, dy) with lim,,,,,_, oo (%, %, )k < 1, for all x,,,x,, € X, where k >
1.IfF € F*, then T has a fixed point in X.

Proof Letx, € X. Since Tx is nonempty for all x € X, we may choose x; € Txo. If x; € Tx,
then x; is a fixed point of T. Therefore let us suppose that x; ¢ Tx;. Since Tx; is closed,
dy(x1, Tx1) > 0, and also d (x1, Tx1) < Hy(Txg, Tx1). From axiom (F1) of Definition 1.1,

we have

F(da(xl, Txl)) < F(Ha(Txo, Txl)).
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From Eq. (20), we obtain

F(dy (21, Tx1)) < F(Hy(Txo, T1))

< F(do(x0,%1)) + yda(x1, Txo) — 7.
As dy(x1, Txo) = dy(x1,%1) = 0, from above inequality, we have
F(da(xl, Txl)) < F(da(xo,xl)) -T. (21)
From condition (F4), we can write
F(da (%1, Txl)) = yér}ﬁl F(da (xl,y)).
Thus, from Eq. (21), we have

inf F(da (xl,y)) < F(do, (xo,xl)) -T. (22)

yeTx)

From Eq. (22), there exists x, € Tx; such that
F(do(%1,%2)) < F(do(x0,%1)) — .

If x, € Tx,, then the proof is complete, otherwise in the same way there exists x3 € Tx;
such that

F(do (2, %3)) < F(do(x1,%)) — 7.

By continuing the same procedure recursively, we get a sequence {x,} in X, forn=0,1,2,...
such that x,,; € Tx, and

F(da (xm xn+1)) = F(da (xn—l’xn)) —-T. (23)
Ifx, € Tx,, then x, is a fixed point of T. Therefore, suppose that for every n € N x,, ¢ Tx,,.

Denote by A, = dy (%, %441), for n=0,1,2,.... Thus, forall n=0,1,2,..., dy (%, %441) > 0.
From Eq. (23), we get

F(A,) <F(A,1) -t <F(Ay2) -2t <--- < F(Ap) —nr. (24)

By taking the limit # — oo in Eq. (24), we get lim,,_, o, F(A,;) = —0c. Thus, from condition
(F2) of Definition 1.1, we have

lim A, =0.
n— 00

Also from condition (F3), there exists [ € (0, 1) such that

lim ALF(A,) = 0.
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From Eq. (24), for all n € N, the following holds:
lim ALF(A,) - lim A F(Ap) < lim —Alnt <o0. (25)
n—00 n—00 n— 00

By letting n — o0 in (25), we obtain

lim nA! = 0. (26)

n—00

From Eq. (26), there exists n; € N such that nAl <1forall n> ny. Thus, for all # > 1y, we

have

|~

Ay < (27)

~I=

n

From the triangle inequality and Eq. (27) for m > n > n;, we have

doz (xm xm) =< a(xnr xn+1)doz (xn: xn+l) + a(xn+1:xm)da (xn+1;xm)
=< a(xnr xn+1)dot (xn;xwrl) + a(xmxm)a(xn+1rxn+2)da (xn+1’xn+2)
+ a(xn: xm)a (xn+2: xm)da (xn+2: xm)

m-2 i
< (X K1)y (K Xri) + Z (H a(x;, xm))a(xi:xi+l)da (%15 Xir1)
i=1 \j=1

m-1

+ 1_[ a(xjixm)a(xm—lyxm)da(xm—lxxm)
j=1

m-1 i
=< O5(-'4;1’ An+1)dot(~/4m An+1) + Z (1_[ a(xjyxm))a(xi:xhl)da(xi’le)

j=1

m i
< @ X1 (0 K1) + Z(]_[a X)X )a(xl,xwl)da(xi,xm)

i=1

m-1 i
= a(xnranrl)-An + Z( a(x];xm))a(xwal)

i=1

m-1
1 1
= (K K1) + ]_[a %, %m) |, %) 1
nl o i

= a(xnrxwrl) + Z(l_[ a(x]’xm )oe(xl,le)il.

1!

Since lim,, ;,,—, 0o 0¢(%,41, %)k < 1 forallx,, x,, € X, the seriestl(]_[jzl o (X5, %) )0t (%5 K1) i%
converges by the ratio test for each m € N. Therefore, by taking the limit # — oo in the
above inequality, we get d, (x,, x,,,) — 0. Since X is complete, there exists x, € X such that
lim,,—, o0 %, = x+. Now, we prove that x, is a fixed point of 7. From the construction of {x,,}
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forn=0,1,2,..., there is a subsequence {x,} such that

%y € Txp_1. (28)
Since lim,_, o, %, = ., we have

plilr;o de (%4, Txp_1) = 0. (29)
From Lemma 2.1 and (20), we have

Ao (s To:) < (W, 2p) ey (%4, %) + (K, T ) (%, Tix)
< a(wy, xp)dot (%4 xp) + a(xpr Tx*)Ha(Txp—l; Tx.)
f a(x*rxp)da (x*> xp) + O5(9517’ Tx*)[da (xp—l,x*) + Vda (x*, Txp—l)]-
Since limy, ;o0 & (%, X )k < 1 for all x,,, x,,, € X, a(xy, %) is finite. Thus by taking the limit
p — oo in the above inequality and from (29), we get d (x«, Tx.) = 0. Hence x, € Tx,, and
x4 is a fixed point of T O

Remark 2.1 Theorem 2.6 is a generalization of Theorem 1.1 and Theorem 1.3.

Example 2.1 Let X =[0,00). Define d, : X x X — [0, 00) as

0, ifx=y;

1 ifx>1andye[0,1);
doz(xry) = ;C .

3 ify>1andx€[0,1);

1, otherwise.

Hence (X, d,) is a complete controlled metric space, where « : X x X — [1,00) is defined
as

1, ifx,y € [0,1);
alx,y) = ‘
max{x,y}, otherwise.

Define a mapping 7 : X — CLD(X) by

[g)g]y 1fxyy€ [O, 1);

{x}, ifx>1.

T§ =

Now, consider the mapping F defined by F(A) = In.A. Then T is multivalued almost F-
contraction with t =1n2 and y = 10. As H,(Tx, Ty) > 0 for x # y. So (20) is equivalent to
the following equation:

Ho(Tx, Ty) < e "dy(x,y) + ye " du(y, Tx),
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and so
1
HO((Tx» TJ’) = idot(x)y)) + Sda(% Tx)' (30)

Now, we will consider the following cases:
Case (1) Ifx,y € [0,1), then

Hot(Tx: TJ’) =1= do/(x;y);

and hence (30) is satisfied.
Case (2) Ifx,y > 1, then

Hy(Tx,Ty) =1 =dy(x,y) = dy(y, Tx).

Clearly, (30) is satisfied.
Case (3) Ifx>1and y € [0,1), then

1
Hy(Tx,Ty) = Lo dy(x,y) = dy(y, Tx).
Equation (30) is satisfied.
Case (4) Ify>1and x € [0,1), then

1
Hy(Tx, Ty) = — =do(%,9) = do(y, TX).
y

Hence (30) is satisfied.

3 Conclusion

In the present study, we defined the concept of a Pompeiu—Hausdorff metric on the class of
nonempty closed subsets of controlled metric spaces and we showed that if (X, d,) is com-
plete, then (H,, CLD(X)) is also complete. Also, we analyzed some topological properties
of such spaces. Then we established some fixed point results for multivalued mappings sat-
isfying almost F-contractive condition on controlled metric spaces which generalize many
existing results in the literature. We think that different versions of contractive conditions
can be considered in such spaces by using a Pompeiu—Hausdorff metric. Also, this new
working area will be a powerful tool for the existence solution of the systems of integral

inclusions and fractional differential inclusions.
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