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Abstract

In this paper, we mainly study a kind of fractional-order multiple point boundary
value problem involving noninstantaneous impulse and abstract bounded operator.
The existence and uniqueness is obtained by the Banach contraction principle. And

by applying direct analysis methods, we establish some conditions of the Ulam...Hyers
stability for this problem. Finally, an interesting application example is given to
illustrate the validity of the results.

MSC: 34A08; 34B10; 34B37; 34D20

Keywords: Fractional-order multiple point BVP; Existence and Ulam...Hyers stability;
Noninstantaneous impulses; Abstract bounded operator

1 Introduction

As a useful mathematical model, the multiple point boundary value problem of fractional-
order di erential equation is used to describe many phenomena and processes such as in
blood "ow, chemical engineering, thermo-elasticity, underground water "ow, population
dynamics, and so on. The existence and attractivity of solutions for fractional di erential
boundary value problems is always a hot topic, and the latest research results can be found
in the literature [1..6]. However, in practical applications, people pay more attention to
whether a system is stable or not. So concepts and theories of stability such as those of
Lyapunov, Lagrange, Poisson, Popov, and so forth, have been proposed. A kind of stability
known as Ulam...Hyers stability has been put forward by Ulam and Hy&ts]. This type

of stability has been widely studied by many scholars since it was proposed. There have
been many papers on this this stability (se®.[20]).

It is well known that impulse phenomenon is universal and inevitable in some “elds of
natural science, engineering technology, and even social science. The mostimportant type
ofimpulse is called the noninstantaneous impulse. This type of impulsive process is notin-
stantaneous, but takes some time to complete. For example, in a similar process, drugs are
absorbed, di used, and metabolized in the human body. The noninstantaneous impulses
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are common in pharmacokinetics, agricultural pest control, sustainable “sheries produc-
tion, and wildlife conservation. In the functional di erential equation, the instantaneous
pulse only changes the behavior of the solution of the equation at the point of the pulse,
while the noninstantaneous pulse changes the behavior of the solution of the equation on
a continuous interval. In contrast, the study of a noninstantaneous impulse functional dif-
ferential equation is more di cult than that of a di erential equation. In recent years, the
study of noninstantaneous impulsive fractional order di erential systems has attracted
the attention of some researchers, and some good results have been obtained Xee [
30])). However, relatively little research has been done on the fractional-order di erential
equation dynamics of noninstantaneous impulses.

Inspired by the above reasons, this paper mainly considers the following fractional-order
multiple point boundary value problem involving noninstantaneous impulse and abstract
bounded operator of the form:

°DF (D8 + A)x(t) = (6,.x(8), ‘D% x(t)),  t € (s1,tw1] CJ,i=0,1,...1m,
x(t) = gi(t, %)), te(t,s]C/,i=1,2,...m, (1.2)
2(0) =x(1) =x(ni+1) =%(5i+1) =0, M1, w1 € (siy2iv1) CJ,i=0,1,...m,

whereJ =[0,1], 0 <a < 1, 1< < 2,°D} stands for the Caputo fractional derivative of
order #; A € C2(R,R) is a bounded operatorf € C1(J x R2,R), g; € C([t:,s:] x R,R) are
called noninstantaneous impulsive functions, for all= 1, 2, ... m. The impulsive points
and boundary points satisfy 0 30 <11 <1 <t1 <$1 <N <& <tp <+ <t <8 <Ny <
Cm <tms1=1.

Furthermore, the investigation of {.1) was also motivated by the work of Zada et aB]].
They discussed nonlinear implicit fractional di erential equations with noninstantaneous
integral impulses as follows:

D y(0) = f(t,5(0), Dy (8)), t € (tosx] CJ,k=0,1,...m,0<p <1,
yO =15 L &Ey0), teliatl T k=1,2,...m,
(0) =15 71(t.¥(2)),

whereT >0,/ =[0,T],0=ty<sg<t1 <$1<---<t,, =T, CDg,t stands the Caputo fractional
derivative of orderg; f € C(J x R?R), n € C([0,T] x R,R), & € C([sx..1] x R,R) are
noninstantaneous impulsive functions, forall=1,2,...m; Ifk___ltk and Ig’T are given to
fractional integrals, respectively. By the generalized Diaz...Margolisss “xed point theorem,
the authors obtained Ulam...Hyers, Ulam...Hyers...Rassias, and generalized Ulam...Hyers...
Rassias stability for this problem.

Our aim is study the existence, uniqueness, and Ulam-type stability for probleinj in
this paper. The rest of the paper is organized as follows. Sectirontains some useful no-
tations and lemmas. The main results are proved in Se8tIn Sect.5, an example is given
to illustrate our main results. Finally, we conclude with a discussion of the importance of

the studied problem (L.1) and summarize our obtained results in Sed.

2 Preliminaries
In this section, we introduce some necessary de“nitions and lemmas of fractional calcu-
lus and present preliminary results. At the same time, we need to de“ne some Banach
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spaces. LeC(J,R) be the Banach space of all continuous functions frofrinto R with the
norm ||x||c = sup,, |x(¢)|. To discuss the existence and Ulam...Hyers stability of solutions
for problem (1.1), we need to introduce the spac# = PC3(J,R) of piecewise continuous
functions

X=PC%J,R) = {x € C3(,R) :x € C((¢;,s:], R),x(¢;) andx(s)
exist with x(s}) = x(s;),i = 1, ... m}.

Clearly,X = PC3(J,R) is a Banach spaces equipped with the norm

llxllx = max{sup|x(t)| max sup | ‘+x(t)|}.
l l

S gi<t<tiq

Definition 2.1 ([32]) The Riemann...Liouville fractional integral of order > 0 of a con-
tinuous function f : [0,00) — R is de“ned by

5.f() = / (t .5 F(s) ds,

T(a)

provided that the right-hand side is pointwise de“ned on [G0).

Definition 2.2 ([32]) The Riemann...Liouville fractional derivative of order> 0 of a con-
tinuous function f : [0,00) — R is de“ned by

o 1 n..o
DS0= o [ € YO
wheren ... 1 <« < n, provided that the right-hand side is pointwise de“ned on [&0).

Definition 2.3 ([32]) If f € C"[0,00) and « > 0, then the Caputo fractional derivative of
order « is given by

610 rs [ € T s
wheren ... 1 < < n, provided that the right-hand side is pointwise de“ned on [Gy).
Lemma 2.1 ([9]) Ifu e C"[0,1]andn ... 1 <o <n, then

n...1
8. (Dhu(0) = u). Z L0

To investigate the existence and Ulam...Hyers stability of solutions for the probldni)
we need to consider the impulsive integral nonlinear equatiof.@) as follows:

Folt) - e Folsr) - £ Fo(n), € [0,t1),
x(t) = | @i(t, x(s;)), te(tys]i=1,2,...m, (2.1)

Ei(t) ..cit™™ et .. ch, te(sitn],i=1,2,...m
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where

I(a) r'(8)
= I3[ (1.%(), ‘D x(w)) .. Ax) 1) (0),
1
(et sy ) e Gy STy )
¢ = Ml[(E8q 58 Filmien) - {nfe - 5F)FilGinn) - (E50 - 1n) (s, %(6) ),
= MO ™) E ) (65 ) E o) + (D ()]
ciy = MA(¢8a"sY st ¢in) Fininn) - (ne's? - 58 i) FilGinn)

(e B )@ (s (6)) ]

a1/ pu 8.1
F(t) = / ) (v(”“s) (s.5%(5). %x(s))ds...@x)(u))du

Mi:

Lemma 2.2 Assume that A € C?(R,R) is a bounded operator,and f € C*(J x R2,R). Then
x(t) € X is a solution of the problem (1.1) if and only if x(t) € X is also a solution of the
integral equation (2.1).

Proof Assume thatx(t) € X is a known solution of (.1). Whent € [so,£1] = [0, 1], accord-
ing to Lemma2.1, we have

_ [t ()P 1 e
x(t) = e (/ F(ﬁ) f (s,%(s),“Diyrx(s)) ds ... @x)(u)) du

ta+l

..601F(a+2) F(O{+1) 3. (22)

Using the conditionsx(0) =x(n1) = x(¢1) = 0, we obtain

¢ Fo(n1) - 0 Fo(21)

+1 +1
&rng - &0y

niFo(¢1) .- 41 Fo(n1)

0t+l a o atl !

~L1n

=T'(a+2) 02=T"(a +1)

co3 = 0.

Substituting coz, co2, andcgz into (2.2), we get

tot+1 Ianl a+l
x(t) = Fo(t) .- —z7——5—Fo(¢1) - ai Fo(n1).
ot gtm anf a3t

When ¢ € (£1,s1], it follows from (2.1) that
x(t) = ga(£,2(87)).
When ¢ € (s1, 2], from Lemma2.1, we have

x(t): t(t...bl)a"'l( u (u._s)ﬁ...l

a T@ oA ?zx(s))ds---ﬂx)(u))du

getl e
11F(a+2) "Clzl“(a+1) - £13

(2.3)
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In view the conditionsx(s1) = x(s7) andx(¢2) = x(n2) = 0, we derive that

a+1

Cllr(a.,.z) Clzl‘(a+l)+c].3 g1(s1, (1)),

CLITT r(a+2) + CL2FLAT r(aﬂ) +c13= F1(n2),

¢
UGy T L2 G r(a+1) +c13= F1(82),
which implies that

c11=T(a +2)M4[ (55 ..s3)(Fa(n2) .- ga(s1.x(27))
(0§ 58)(Fa(@) g (s1,2()) ]

cr2=T(a+ DMa[(n5"™ .57 (Fal22) - ga(sn.x(81))
AT ST (Fa(n2) - ga(s1x(8)) ]

c1a= Ma[ (g5 51745 ) Falna) - (n5"st s ng) Fa(c2)
(65 3T es g (s1x(51)) ]

Substituting c11, c12, andcyz into (2.3), we get
x(t) = F1(t) .. 5% . ot .. Cla,
where

1= Ma[(85 . s§)Fa(n2) .- (05 - 55)Fa(¢2) - (&5 .. n5)ga(s1.%(27)) ],
Cip= Ma[(ng™ . sy FL(E) - (&5 sy ) Fa(n) + (257 - 5™ (s1.%(61)) ],
M (¢85 .. 578 ) Fana) .. (n5™sg .. s 0 ) Fa(22)

A8 gt ) g (s1,x(87)) ]

Repeating the above arguments, we obtain

x(t)=g(t.x(t)), te(t,s]i=2,3,...m

x(t) =Fi(t) ..ct™™t ot ey, te(sitwa] i=2,3,...m

Thus x(t) € X satis“es @.1).

Now we shall show that ifx(z) € X is a solution of @.1), thenx(¢) € X is also a solution
of (1.1). In fact, letx(t) € X be a solution of @.1). When ¢ € [0,#], taking the Caputo
fractional derivative of ordera on both sides of the “rst equation of 2.1), we obtain

8ex(£) = D Fo(?) .. 7§a+1°(2 D (L tny) . 7{17710(”1)”16 o (t700 . £
— 7B c o FO(gl)
= Ioof (8,x(2), D x(t)) ... @Ax)(2) .. W(F( a+2)..I(a+1)n)
F 0(”1)a+1 (Dl + 1)1 .. T +2)), (2.4)

Clﬂl
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which implies that

Fo(¢1)

T tm

D&% x(t) + (Ax)(0) = I5.f (¢,x(2), DG x(t)) .. (T(+2)..T(a + L)1)

Fo(n1)

at+l

s (P(o+1)ey .. T (o +2)). (2.5)

Computing the Caputo fractional derivative of ordeg on both sides of 2.5), we derive
"Dl (“Dieax(e) + (Ax)() =1 (2,%(0), “Dx(1)),
that is,
Dl (D + (A)x(D)) =1 (£,x(t), D& x(2)). (2.6)
It follows from the “rst equation of (2.1) that
x(0) =x(n1) = x(51) = 0. (2.7)

When ¢ € (s;,t41], i = 1,2, ... m, by employing similar arguments, as those used to obtain
(2.9)...2.7), on the third equation of @.1), we get

CD:} (D + A)x(e) = (¢, (), ‘Dis (1)), (2.8)
x(n;) = x(&:) = 0. (2.9)

When ¢ € (t;,s], i =1,2,...m, we notice that the second equation ofl(1) and 2.1) have
the same expression. Thus we verify thatz) € X also satis“es {.1). The proof is com-
pleted. O

Next we state the Ulam...Hyers stability concept and some facts.
Lety € X ande > 0. Consider the following inequality:

(<DL (D% + (D) S (3O, DEYE) <€ L& (sitinl,
(@) - gt yEN <€, te(tis]

(2.10)

Definition 2.4 The problem (1.1) is Ulam...Hyers stable if for a given> 0 and for each
solution y € X of the inequality .10, there exist a constanty, g, > 0 and a solution
x € X of the problem (1.1) such that

’y(t) ..x(t)’ < Crapgt-

Remark 2.1 Assume that4d € C%(R,R) is a bounded operator, angd € C(J x R? R).
A function y € X is a solution of the inequality 2.10 if and only if there exist a function
B(t) € X and a sequencé;}Z; such that
() IB@)| <& teJand |Bi| <e,i=1,2,...m;
(i) D (D% + A)y(e) =/ (£.3(0), D y(®) + B(o);
(ii) y(&) =gt ¥(t;)+B;,i=1,2,...m.
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Lemma 2.3 Assume that A € C?(R,R) is a bounded operator, and f € C*(J x R R). If
the function y € X is a solution of inequality (2.10), then y is a solution of the following

inequality:

Iy(£) .. Fo(t) + —ﬁ"— Fo(1) + %Fo(m»

ta+ﬁ *logm a+ﬁ t‘fcl 51 a+/3
—I‘(a+/3+1)( £a+l“{f é’l {1'1 a+1 M )

() ..gi(t,x(t)) <&, te(tns]i=1,2,...m
1Y) .. Ei(t) + ¢yt + iyt +
< ragen e+ Ml
< [(ghy s + (g - SO T+ IMGlEE [Oneat 520y
+ (et s T+ MGGt L se e i,

+(nff11 sY .. “+1nf_‘+1)§l+1 1}, telsitisal,i=1,2,...m

te [0,t1],

(2.11)

Proof According to Remark2.1, we have

CDf;f (CDflf + A)y(t) = f(t,(2),° ?;J/(t)) +B(t), te(sits1],i=0,1,...m,
y@©) =gt yt; N+ By tel(tns]i=1,2,...m, (2.12)
¥(0) =y(T) = y(¢i+1) = y(i+1) =0, M1, i1 € (50, 41),i=0,1,...m

By Lemma2.2and (2.12, we obtain

Fo(®) . Fol¢) - 5 Foln), ¢ [0,81],

y(t): gi(tvy(si))-'-Biv te(thsi]!i:lyzy---m
Eit) . Tt Tt T, te(sintsn], i=1,2,...m

where

~ Er Ly s)d
Fo= [ S ([ g e Do) + B s o)) )

T = Mil(¢hg --57)Fininn) - Anfn - 59 FiGina) - 6820 - 1i0) @i (509 () ],
Ty = M (it s Fi(Gn) (6830 - S8 Einia) + (it 2530 i (500 (6) ]
T = M (3"t 50 e Finis) - (nisy 87 00 ) Fi(Gin)

AT )& sy (8))]-

It is worth noticing that the Beta function B(-,-) will be extensively used in the following
calculation. So we introduce it as follows:

C@r(B+1)
Fa+p+1)’

... — ! o... _T@rB+1) ,.

B(B+1,a)= /(1 uw)* P du=
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When ¢ € [0, t1], we have

é— atl

L2
t) .. Fo(t T t _—
’J’() o(8) + §a+]_ o Fo(t1) + s Jﬁﬂ Fo(n1)

t(t...u)“"'l (Ll S)
o I Jo T(B)

t°‘+1..t“n1 /{1 ({1..14)0["'1 (Lt _g)/S 1B(S)dsdu

B(s) dsdu

ot Jo I (c) o TI'(B)

taé'l...taﬂ /"71 (nl__u)a...l/- (u S)/S a1
B(s)dsd
ani o T T o Ty POe

()t [ )P
| Sk oy Boldsan

t(x+l LY 41 . a...1 pu . B...1
" - anl / (Cl M) (u s) |B(S)|dsdu
& aLim () o T(B)
P ta+l n1 . a...1 pu . B...1
S L / (11 4) 77 )| dsu
ang ..nf L) Jo T(B)
- gte*P N s§f+ﬂ AT sn‘iﬁﬁ A ke
TT+B+1l) Tl+p+1)|g™  ofm| T+p+1) |ang.n8
£ <a+ﬂ+ BB e, B0 1na+ﬁ)_
=Ta+p+1) et lggm g gttt

Whent e (¢,s],i=1,2,...m, we get

@) ..gi(t.y(t)| = 1Bl <e.
When ¢ € (s;,ti+1], i = 1,2, ... m, it follows that

9(8) .. Fi(f) + ¢t + ot + ¢y

t(t...u)a“'l (u S)
a L@ Jy; T

(g o 52) (Biginn) CEi(gn)] M (i s (Fi(Ge1) - Fi(Ginn))

(et ST (Ein) - Fi(nie))] --Mi[(iffils? L SE8 ) (Eiina) - Fi(ien))

B(s)dsdu Mt (g8 ) (Finin) - Fi(nisn)

et s ) (Fi(§i+1) . Fi(¢1)) ]

a...1 B...1
=, “rf& / (ur(sﬂ)) [B(s)| ds

Ni+1 . «...1 pu B...1
+|M; |t°‘+1[(§,+1 SQ)/S, (77t+lr-(-a”)) /s (”r"‘(‘;)) |B(s)| ds du

(., wd pu g, Bl
F (% s )‘/S‘ (G 11“(0,)) [ (MF(S;) |B(s)|dsdu]

Cit1 1 .. a...1 pu . B..1
+|Mi|t“[(nﬁ11..s?+1) / G 1F(:)) _(”F(Z) |B(s)| ds du
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a+l ol Ni+1 (ni+l “M)ot...l u (u ..S)ﬁ“'l
(§z+1 vy )/s, (@) T |B(s)|dsdu]

N+l (g .. a..1l pu L g)p1
+|M|[(<:51117..s;*+1;,.°11) f e (;)) [ (ur(sﬁ)) 1Bs)] ds du

Cit1 (Ci+l “M)a...l u (I/l ..S)ﬂ'“l
a+l « atl o
(711+1 s .S 77i+1)/5i (@) LT |B(S)’dsdui|

- [(t...u)““'l u(uus)ﬁ...l
A

Ni+1 (771‘+l ..J/t)“"'l u (u ..S)ﬁ“'l
. /\/lﬂ“”[ @ / dsd
M ) | T rey  fy T B

Cir1 ({' . )a...l u (u “s)ﬁ...l
)/ F(a) o T'(B)

(Th+1 ds du]

N (STORNE7) LIRS (720 L
+ Mi t a++1“ q+l / dsd
el [(”‘ s T b Ty

a+l  _a+l i+l (rh‘+1 ..u)““'l u (u __S)ﬁ...l
+ (LS )/o ) ) dsdu]

Ni+1 (m+1 “M)Ol...l u (u ..S)ﬂ“'l

a+l Dt atl .o
+¢|M,; |[( Tl S -8 §i+1)/(; I'(a) A r'(8) ds du

il (C ...u)""“l u (u _.s)ﬂ...l
a+l o a+l o i+l
(77,+1 S; .S 77i+1) /O F(O{) A F(ﬁ) ds dlzti|

_ st™*p + 8|Mi|ta+1
_F(a+ﬁ+l) Ca+p+1)

[(c%y sl + (n%y . 52) e8]

M[(nq+l Sq+1)é_g+ﬂ (;.a+1 s‘?‘ﬂ)n‘.’”ﬁ]
F(O{ + ﬂ + 1) +1 9 i+1 +1 9 i+1

8|M | 1 1 1 1 4
Tl LTS st il + (st s )63

I
S T A (CORE U ARl

M (2 )+ (s

HIMA[(gETtse st bl + (s s )6y ]).
Thus we conclude that the inequalityZ.11) holds. The proof is completed. O

3 Existence and Ulam...Hyers stability
In this section, we shall discuss the existence and Ulam...Hyers stability for the problem
(1.2). Now we introduce some assumptions to ensure that the problerh.{) has a unique
solution which is Ulam...Hyers stable. So consider

(H1) f € CY(J x R? R) and there exist some constants Ly, Ly > Osuch that

lf(t,wl,al) ..f(t,w2,52)|

S Lyflwy ..p| + Lyf|loy .. 02|, t€J,01,01,02,02 €R,;
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(H2) g € C((ti,si] x R,R) and there exist some constants L, >0,i=1,2,..

‘gl(tva)) gl(t!6)| = Lg,‘lw Ell te (tirsi]va)!a € R:

(H3) A e C?(R,R) and there exists a constant L 4 > 0 such that

|Ax .. Ay| < Lalx ..y, te],xyeR;

-1)‘-m1/¢L01/*L11"' ;Lgm}

(Hs) 0<A <1, where A =max{Ag, A1, .. Woms Loy, -
L]:f +L2f

at+p
l“(oz+ﬁ+1)<tl *

+ LA o «
M+ D\ TR
& 1

l’%ﬂ..ti‘nl
1
ot Lgfm
Hg . Em,
ot ggm

Ao =

n1
7714' -773”1

t(fﬂ A0

LaT A w)

l

. m such that

po=(Ly + sz)l:l"(ﬁ+1) l"(oz+ﬁ+1)( ot tm

L AT +2) D+ 1) ﬁ)] . [ 1
Lall1+ —
R AT Ta+1)

ul(e+2) .. T(@+ 1,

§f+1 Lim
Mo+p+1)

sz [
+ Ml [ (it

tlF(a + 2) F((X + 1){1

a+l

niéL .19

1

0t+/3
i+1

+|M; |t:i+ll[( Civ1 - '5?)77:‘?1/3 + (77;1+1 .

i~

+1) Lotp +1
s; )§,+1 +(§f+1 .-

(x+l o

77;+1) C;ﬂﬂ]] +

st )+ IMl(e

La
INa+1)

(,H-l ( a+l o

;1+1)771+ nz+l i

[t84
Ml (5 -
+ (et ST g ]+ IMG[ (¢ S+ (s
a+1'77+1)§z+1]] + Ly M, [tffll(fﬁrl ) e (g5

atl o
(§z+1 Mis1 -

a+l a a+l
l+1 S Si §

i)

a+l

~Mi+1 §z+1)]

)77?++1ﬂ + (n;‘il "

a+l)

ni= (L]f + sz)
% ( o L IMiltia T (@ +2)[(§
F(/~‘3+1) Da+p+1) Lot
Ml at o+ a+l) .ot
m[(ﬁﬂl - Nt + (et s 1)§l.+1’3])
+La(1+ | Miltua(e + (6% -
ML )

s+ (M 8780
i) i)

+ Lo | Mil[tis1T (@ + 2)(¢2 .. 0%q) + Do + 1)(g83E

a+l

nz+1 (nz+1 .

i)

Ll +2) Dt D oo

s+ (M - 57) 8]+ IMuleda [ (0 -

1

)
S?)fz‘ﬂﬁ]

a+l o
z+l i

5) i

)]

Theorem 3.1 Assume that (H1)—(Ha) hold. Then the following assertions are true:

Page 10 of 20
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(1) The problem (1.1) has a unique solution yo € X and satisfies the integral equation
(2.1), namely,

+1 o o a+l
Folt) . g Fo(tr) - £t Fo(m), £ € [0.a],
0() = 4 &t ¥(s;))s te(t,si=1,2,...m
Fi(t) ..cyt™t et .. e, te(sntin],i=1,2,...m

(3.1)

where cy, ¢y, and ciy are the same as in (2.1), and

Fi(t) =

G ..u)"‘"'l( “(u..s)P1

. T(@) T(8) £ (s,y0(s),° D yo(S)) -(4yo)(u)> du.

(2) The problem (1.1) is Ulam—Hyers stable, that is, if y € X is a solution of the
inequality (2.10), then

y(8) ..90(0)| < ke, te],

where k = max{1,k0,K1, ... Km},

Ko = : < 7 + ta 7‘tl n a+ﬁ + t%é‘l .ta aﬂs)a

[(x+p+1) ot oim cng it

Fe L M )+ ()Y

M s + (et s

+ M| [(g;ﬁlsa S?+1§z+l)n;¥+-;.ﬂ (77:)-[:115& a+177;1+l) gioﬁﬁ] }

Ki=

Proof Forallx € X, t € ], we de“ne the operatorQ : X — X by

Folt) - g Folr) - 352 Fo(m), € [0,61),
(Qx)(8) = | gilt, x(s;)), te (sl i=1,2,...m, 3.2)
Ei(t) ..yt et .. e, te(sitsl],i=1,2,...m

Sincex(t) € X, f € C1(J x R%,R), g; € C((t:,s]] x R,R), A € C?(@R,R), and due to the ex-
pression of Qx)(¢), we know that ifx(¢) € X, then (Qx)(¢) € X.

We “rstly apply the Banach contraction principle to prove that (1) of Theorer3.1holds.
To do so, we need to prove thaf is strictly contractive onX. In fact, for anyv;, v, € X, in
view of (H;)...Hs), we have

[(Qu)(®) ... Qu2) ()|

E(t. u)rt u gl
S./(; (tr(‘j) (/0 (MF(‘;)) lf(S,Vl(S),CDg+v1(s))

S (5,v2(5),“ D v2(s)) | ds + | (Avy) (w) ... .(4vz)(u)|> du
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e+l LM

ot tm

G (r s ()
[ [ e e D)

S (5,v2(5),“Dge v2(s)) | ds + | (Avy) (w) ... .(4v2)(u)|> du

" w1y pu pl
[ ([ a0 )

T s
+ &1

a+l

¢y - n9

() I'(B)
S (5,v2(5),“ D v2(s)) | ds + |(Avy) (w) ... .(4v2)(u)|> du

C L)Y (. s)Pd
s (tij) <0 (MF(S;) [Lar[v1(s) --v2(5)]

+ Loy |*D% vl(s)) < EDGva(s))|] ds + La|vau) .. va(u)|) du

&1 ... 1 u B..1
I A S R

ety

ot m

+ L2f|cDg+ vl(s)) ...CDg+ V2(S))|] ds+ Ly | ])l(u) VZ(”)D du

n a...l u B..1
/(; (7711_-‘-(1;; < O (MF("Z) [L1f|p1(s)...\)2(s)|

I e

+ o o+l
fing -1

+ L2f|cDg+ vl(s)) ...CDg+ V2(S))|] ds+ Ly | ])l(u) VZ(”)D du

Ly +Lop)t**F  Lat* Lip + Lo}y ™"
< (Ly + Lop)t™™” | La 1 ol + (L + Lap)y
MNa+p+1) TI'(a+1) IMNa+p+1)

o Ladt & Em (L Ly
Fla+1)) i gfm - T(a+p+1)

Lang ) 50

lve .. v2llx
D(ae+1) ) n¥¢ ..ot

< { L]f +L2f (ta+ﬂ + t(])_ﬁl "'t%nl é_o(+ﬂ + t%+l "'tgcl na+ﬂ)
“Ar@+p+\t gt g gt

LA ta+1 --Jf“m to[+l ---ta§1

+ ( % i+1 1(x fl + i la+]_ ’I(I ”U1 ---UZHX
(e +1) &t fim 181 .. 07

=Xollvi..v2llx, te[0,¢],

D5+ (Qu1)(®) .. <D (Qu2)(2)|
‘ (t ..S)ﬂ.”l [ Y% Cc o
= J, Trepy Vi DE i) S (51v26), Dhvals) | s

1 t L m /
+[(Avy)(8) ---ﬂvz)(t)|+’m/0 (¢..5) (gf*?gi"m) ds‘

5 /0 (ar--(z)) (0 (”f'(‘z) [/ (s5,v1(6), D vas))

S (5,v2(5),“ D v2(s)) | ds + | (Avy) (w) ... .(4vz)(u)|> du

(3.3)

Page 12 of 20
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a+1 n1 (771 ..J/i)a"'l
‘r(l a)/ . (ml n‘f*l) dS/o (@)

X( o (”r(-z) lf(svvl(t),cDgwl(s)) ..f(s, vo(s), “Dg+ vz(s))’ds

+ |(.Av1)(u) e .(41)2)(u)|) du

t(t..S)ﬁ'“l . -
S D) [L1f|vi(s) .. v2(5)| + Lo |“DG v1(s)) .. “Dgrvia(s))| ] ds

tH(a+2)..I'a+1)n
Gt tfm

(g ) [ (s)P
X./o I'(a) (fo I p) [Llf!vl(s)...vz(s)y

+ Lo | DG vl(s)) DG v2(s))|] ds + La|va(w) .. v2(w)|) du

/')1 (771 ..M)O"“l( u (u __S)ﬁ...l
o T o T'(B)

x [Lag|va(s) .. v2(s)| + Loy |*Di vl(s)) ..£DGev2(s))|] ds

+La|vi(t) .. v2(t)| +

‘F((x + 1) .. T (a + 2)

a+l

&g .0

+ LA’vl(u) ...vz(u)})du

(Lay + Lop)t? (Lys + Lop)ey™”
S<¥+LA vy ..vallx + L

r+1) C(a+pB+1)
Lty )tlr(fx*'z) T(a+ 1)711 allx
[(a+1) ot zfm '
Ly +Lons™  Lang \al(@+2)..Ta+1)5
+< F@rp+1) +r(oe+1)> T T AR
{(L oL )[ £ 1 <t1F(a+2)..F(a+1)n1 wtB
VR T+ Tt pr D) T
tlr(a+2) T(a+1)0 a+ﬂ>]
771§1 a+l !
1 tl(a+2)..I'a+n1
+Lyg| 1+ v
A[ e +1)( G oom
t]_F(Ol+2) J(a+ 1) o
e n1 )“IIVl 2llx
771§1
= uollvy .. v2llx, te[0,t], (3.4)
|Q(®) .. Q)| = |gi(t.vi(5)) - &t v2(5)| < Lg [va(t;) - v2(5) |
<Lglvi..vollx, te(nsi]i=1,2,...m, (3.5)

Q1)) .. Q) ()|

)Y [ (u..s)Pt Ca
( i r6) [f(s, v1(s), Ds;vl(s))

<

=) T@
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S (s, vz(s),CD‘S"; vo(s)) | ds + [(Avy)(w) ... Avo)(u) |) du

ol N N Ni+1 (771'+l __u)a...l u (u __S)ﬁ...l
FIMile [(g”” "S")L @) ( . TP

x |f (s, vl(s),cD‘:? v1(s)) ..f(s,vz(s),CD;"; v2(s))| ds

Civl (§i+l ..J/t)a"'l

+|(Av) (@) ... (4V2)(’4)|> du+ (s --7) / ()

§ ( “(u..s)Pd

gy V1 D)) (5,020, D vals)) | ds

+ [(Av) @) ... @vz)(u)l) du+ (&5 - ) g (s (67) --gi(SiyUZ(tlf'))|j|

Sivl (5. a...1 u B...1
e sy [ G ([ s,

i

CD;"; vl(s)) S (s, vz(s),cD‘s’? vz(s)) | ds+ |(.Au1)(u) (4v2)(u){> du

Ni+1 i+ __Moz...l u “Sﬂ...l
+ (gt s / d }(a)) ( (”r(ﬁ)) (s 1(9), D v (s))

S (s, vz(s),CD‘;‘; va(s)) | ds + [(Avy) (u) ... Avy)(u) |) du

et alsat) - ra(e) |

Ni+1 X a...1 u B..1
+|Mi|[(cﬁzls?‘--s?”c,fil) [ s S )

“Diva(s)) --f (s, v2(s), ‘D va(s)) | ds + [(Avi) ) . (41)2)(”)|) du

Cirl 1 . a...1 u 5Bl
+ (niﬁls‘f --s‘;ﬂ’l?ﬁrl)/ﬁ i 11_,(;)) < g (ur,(;)) [f(s, vl(s),”D‘S?vl(s))

S (s, vz(s),CDg‘; vo(s)) ‘ ds+ ’(Avl)(u) o AV () ’) du
(G - ) & (i va (£7) - &i(sinva (£7)) I]

Lt u) Y (.. s)PL
0 (t Fz;)) (0 (ur(z) [L]f|vl(s)...\)2(s)|

+ L2f|CD;"i+ v1(s) ...”D;"; v2(5)| ds+ L4 | v1(u) ...vz(u)}> du

IA

T (g )Y (. s)PL
ING)) < o T [L1f|v1(s) ...v2(5)|

+ L2f|chi+ va(s) .. D V()| ds + L.a|va(x) ...vz(u)|> du

Ci+1 1 .. a...1 u . B...1
+ (nfﬂrl s‘l")/(; (¢ ]i_‘(;t)) ( i (ur(‘z) [Llf|V1(S) ...V2(S)|

M et ) [
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+ Lo Gva(s) - g‘;vz(s)| ds+ L 4 |v1(u) ...vz(u)|> du
vl(tlf') vz(tl)H

Civl (5. o...1 u B...1
+ Ml (- ‘,»Hl)/o (Clﬂl_;(';t)) ( A (ur('g) [Lyf|va(s) ..v2(s)]

+ (Cioil --17?+1)Lg5

+L2f{c 2‘?\)1(3) WL g‘:_rvz(s)|ds+LA|v1(u) ...vz(u)}) du

Ni+1 1 U a...1 Uy . s B...1
+ (é‘iqu "S?H-)/O (r’l ]1;(0[)) ( o ( F([g) [Llf’Vl(S) "'VZ(S)’

Ly D) D8 209 s+ L on () 2] )
# (681 ) L va(67) w26

Ni+l (. a...1 u B..1
+ |Mi|[(§f&l sy ..Sfﬁlf;il)/o (n”},.(.au)) (/0 (ur(.;)) |:L1f|U1(S) - va(s)|

+ Ly g‘lfvl(s) LS g‘;vz(s)|ds+LA|v1(u) ...vz(u)‘>du

Cit1 1 .. a...1 Uiy B...1
(Wffllsa _gi?‘+1n?il)/o (& lr(;i)) < i ( F(‘g) [Llf‘vl(s)...vz(s)‘

+ Loyl va(s) - ‘S’;vz(s)|ds+LA|v1(u) ...vz(u)|> du

vi () - va(8)]]

Lir+ L, o L at* o o Lis+ 1L, o
#t +B 4 + | M|t +1 (§l+1 .S ) i el 771++1ﬂ
MNa+pB+1) INa+1) IMNa+p+1)

a+l o at+l
(§z+1 Ni+1 -+ Mir1 §l+l) gi

IA

LAn;x+1 & o4 L]f + sz atp LAé‘iil o a
=S )t S| sy b + (2% 0% )L,
F(C{ + 1) (nz+1 Sl ) F(Ol + ,B + 1)§z+1 F(Ol + 1) (§z+1 -77,+1) g

Llf +L2f + LAg‘P‘
FIMe| (et s (TS ey DA
| | |:(771+1 S; ) F(Oé"',B +1)§;+1 F(O{+1)

Lis+L L An%
a+l o+l lf * Lof + Alliv1 a+l o+l
+ (gi*'-:'l—. "Si+ )<1—~(a +ﬂ + l) ?(‘Flﬁ + F(a _:_+1)) (Cl‘f'-:t 'nl:i )L :|

Lir+ L, L an,
+ a+l @ a+l .o 1 f ?“"/3 + i+1
|M ||:( l+l i S §z+1)<l—w(a +/8 + 1)77;+1 F(Ol + 1)

(not+lSot a+1na ) L]f+L2f q+ﬁ+ L.A;i(j—l
i FU\T(@+p+1)"""  T(a+1)

+1 +1
+(CA My B ) Ly :|}||V1 allx

IA

Li+L N . )
{ﬁ[ l:lﬁ M |tfﬂl[( Giva - )77i++1ﬁ + (77;‘11 ..S?[)Cﬁzﬂ]

M [(n2h - se Y e + (et s il T+ IMI[ (g5 tse

L
R A U e T Ll | R i

+ |M |tfﬂ_l[( ;+1 --S?)ﬂfil + (77;'1+1 . z ) ;+1] + |M |t;+1[(77;+1 z )§l+l
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+ (gt sG]+ IMG (s s e )t + (s
?+1ng+l)§z+l]] +LgiM [ ffil(z;ﬁl ‘nz+1) L+1(Cl‘j'-£1 n?::—l.l)
+ (e gy i) } v .. vallx

:)"i||vl"-v2||X1 te(Sith'l]vi:lyZa---m:

D% (Qu)(®) -.“D% (Qu2)(9)|

t(t“S)ﬂ...l . e
< i WV(S, v1(s), D% v1(s)) .. f (s, v2(s), D% v2(s))| ds
M, +
)0 - O]+ s [ (e )

Ni+1 . o1 Be..
% |:(§;il ..S?‘) f (771+1 ..J/l) ( | (u --S) V(S’ vl(S),CDgifvl(S))

(a) r'(8)

..f(s, vz(s),cD‘s"; vz(s)) | ds+ |(Av1)(u) BN )] |) du

Sitd (. a...1l u B...1
+(’77+1--s§1)/ ML ( , 9 [f (5,v1(5), D va(s))

(a) r'(8)

i

(502, D ()| ds + | (Avn) ) (4v2)(u)|> du

(et )l n(e) et |+ s [

S (ATEIN7) Ly A Bl (700 Ly

x [(nfff--s?”) / r@ ( rgy V(616 Do)

S (s, vz(s),CD;"; vz(s)) | ds+ |(Av1)(u) AV () ’) du

INC) M)

Ni+ . a...1 u /31
. (g-l}ﬁl __S?’fl) / L (i1 - 24) ( (u..5) lf(svvl(s)ch(stf' Vl(S))

i

A (51926, o) ds + |(Avi) ) .(4V2)(M)|> di

(et ) e - suvale) |

IA

r'(8)

+ LA |va(£) .. v2(8)] + M| (o + 2)[(;;11 .8%) /0 )

u B...1
5 ( O (u..5) [Llf’vl(s)...VQ(S)"*'LZf‘EDg*Ul(S)) ...CDS+V2(S))|]ds

r'(8)

L(tes)Pl P e
/0 7[L]f|1)1(3) ...vz(s)| +L2f| DG v1(s)) .. DG+ vz(s))|] ds

O

+LA’v1(u) ...Uz(u)})d“*' (’7?11 S?)/O (@)

S+l (L1401 ..u)"’"'l< “(y..s)ft
0
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(3.6)

X [L1f|v1(s) ...vg(s)\ + L2f|cDg+ vl(s)) ..*Dg+ vz(s))|] ds+ LA|U1(M) ...vz(u)|)du
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e )l a(6) oa(e)| | £ 1M G 2) 055 )

Civ1 (§i+l __M)ot...l u (u ..S)ﬂ“'l
) \/O ') ( 0 T'(B) [LJf|Vl(S) ...v2(s)|

+ Loy ’CD8+ vl(s)) ..fDg+ U2(S))|] ds+ L4 | v1(u) ...vz(u)|) du

Ni+1 1 .U a...1 u s B..1
+(§l;ﬁl,.s?+1)/0 (m: ;(a)) ( 0 (MF(;) [Lf[v1(s) .. v2(5)|

+ L2f|cDg+ vl(s)> ..*Dg+ vz(s))|] ds+ Ly | v1(u) ...vz(u)|) du

T L ) o)

{ (Ly + Lyy)eP (1 - s7) Ly + L2f)77§-fr1ﬂ

Ma+pB+1)

IA

rp+1)

G SOLany |, (i Sy 4 La)efe | (g )Lt
INo+1) MNa+p+1) MNa+1)

+ L+ Mt (e + 2)|:

v (i s Y Ly + Lop)iy’
+ (¢ --Jli+1)Lgt] + |Mf|r(a+1)[ Mo+ B+1)

(DLt | Qs + Lo
[Na+1) Ma+p+1)

(gfﬂl "Sq*-l)LAnq-il at+l atl
+ 1—,(02 +1) =+ (gi:i --J7i++1 )Lgi lve .. v2llx

+

B
ti+ |Mi|ti+lr(a + 2) o o), ot o o) .ot
<+ ) (e e ey e st + o )Y

|Ml| o o o o o o
m[(éﬁﬁl S LW Uhvit +1)§i+;.ﬁ]>

+ LA(l + M|t (o + 1)[(@%1 --S?)'??u + (77211 --S?)Qil]

¥ |Mi|[(§‘fﬁl "S?ﬂ)n?ﬂ * (’7?:11 --S?ﬂ)fﬁrl])

+ Lo | Mil[taD (@ + 2) (¢ - a1fig) + Tl + (AT )] } lve 2l

:Mi”vl'-'vZ”Xy te(silti+l]li:1121"'M' (37)

It follows from (3.3)...8.7) that

1(Qua)(®) .. Qu2)(®)]|x < Allva .. w2l (3.8)

According to (H,) and (3.8), we know thatQ is strictly contractive onX. In the light of the
Banach contraction principle, we conclude that the problemi(1) has a unique solution
yo € X and satis“es the integral equationd.1).

Next we show that (2) of TheorenB.1also holds. Indeed, ley € X be a solution of the
inequality (2.10 and yo € X be a unique solution of {.1). According to Lemma2.3and



Zhao and DengAdvances in Di erence Equations  (2021) 2021:44 Page 18 of 20

(3.2, we have

1y(8) - 90(t)] < koe, tel0,],
ly(@®) ..90(t)| <&, te(ts]i=1,2,...m, (3.9

|y(t)y0(t)|§'€l8! te(si!ti+l]!i:1;21---m

Then (3.9 gives that|y(t) ..yo(2)| < ke, t € J, namely, the problem {.1) is Ulam...Hyers
stable. The proof of Theoren8.1is completed. O

4 [llustrative example
Consider the fractional-order six-point boundary value problem involving noninstanta-
neous impulse and bounded operator as follows:

1
3 enl HHD 20 12
‘D (‘D + Ax(t) = 1 , tel0,51VGE 1]
i i (t+20)2(1+(x(t))2+(cD - %(1))?)

o 4.1)
x(t)—m, te(——
x(0) =x(2) = x(3) = 2(3) = x(33) = x(1) = 0.
Obviously,a=3,8=3,0=so<m=L<a=<ti=t<s=2<p=3<p=H<sp=

H{e)+D% (1) )
1, f(¢,x(2), D% x(t)) (t+20)2(l+(x(t))2l+(cD“+x(t))z) with Lyy = Lyr = 400, ai(t,x(t)) = B2 with

Ly, = 555 < 1. Let (Ax)(t) = 29, then L 4 = ;. So the conditions f1)...{Zs) hold. Next we

verify that (H,) holds. Indeed,

1
M= ~ 127.4847,

(5™ sTDES sP) & s - sT)
L]f+L2f (ta+ﬁ+ t%-'—l "'t(])_[nl a+ﬁ ta+1 't]_;l a+ﬁ)

o o { 0( n
F(a+p+1) ottt gyttt

Ly (a L m a+t"+1 B,

+
(a+1) T T T

& 1 <t1F(a+2) LD+ 101 gep
FB+1) Ta+p+l) ot gfm !

O:

) 0.0119<1,

po = (Ly + sz)[

L ul@+2). Tle+1)4 oz+/3):| [
+Lyg| 1+
n§cy ..yt E A Ma+1)
Hlh(@+2).I'e+1 tl'(e+2) . I'(ae+1
(1 (o MZ (@t Dm ., al@*2). 5?1 )1 aﬂ 0.0409<1,
& kfm nisa ..
_ Ly+ly £ 4 o+ oy, o+h atp
t F(oe+ﬁ+1)[ Mg )z + (g )8 ]
+ |./\/11|t2[( a+l a+l)§2+ﬁ + (;.éwl “siﬁl) (x+ﬁ] + |M1|[( a+l a

o L o
ST g+ (g s st g ) e ]+ F(aﬁl)[tz

Mt (55 - sT)ns + (5 - s7) g5 ]+ Ml [ (5 - 57)¢5

e ] ML e (7
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STS) )]+ Ly Ma[657H (5 n5) + 15657 05"

+ (65" - a3™e5)] 2 0.7570 < 1,

t L Milel (e +2)
F(+1) T+p+1)

M|

sl 7 st )

+La(1+|Maltola +1)[(55 - 57)n5 + (n5 --57)¢5 ]
+IMal[(g3™ s s + (5™ 55765 ])

+ Lo, [Ma|[toD (@ +2)(¢5 ..5) + T + 1) (5™ .. n5™)] ~# 05313 < 1.

m:(Llf+L2f)< [(c5 .. s)n5™ + (ng ..53) 5™ ]

Thus all the conditions of Theorem3.1 hold. Therefore, the problem 4.1) has a unique
solution yo(¢) € X. Meanwhile, the problem 4.1) is Ulam...Hyers stable.

5 Conclusions

As a useful mathematical model, the multiple point boundary value problem of fractional-
order di erential equation is used to describe many phenomena and processes such as in
blood "ow, chemical engineering, thermo-elasticity, underground water "ow, population
dynamics, and so on. The existence and stability of the solution of this kind of problem
is very important in theoretical research and practical application. Therefore, we mainly
study the existence and Ulam...Hyers stability of the solution of problehnl in this paper.
Some novel and useful criteria have been obtained by the Banach contraction principle
and direct analysis methods.
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