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1 Introduction

As a useful mathematical model, the multiple point boundary value problem of fractional-
order differential equation is used to describe many phenomena and processes such as in
blood flow, chemical engineering, thermo-elasticity, underground water flow, population
dynamics, and so on. The existence and attractivity of solutions for fractional differential
boundary value problems is always a hot topic, and the latest research results can be found
in the literature [1-6]. However, in practical applications, people pay more attention to
whether a system is stable or not. So concepts and theories of stability such as those of
Lyapunov, Lagrange, Poisson, Popov, and so forth, have been proposed. A kind of stability
known as Ulam—Hyers stability has been put forward by Ulam and Hyers [7, 8]. This type
of stability has been widely studied by many scholars since it was proposed. There have
been many papers on this this stability (see [9-20]).

It is well known that impulse phenomenon is universal and inevitable in some fields of
natural science, engineering technology, and even social science. The most important type
of impulse is called the noninstantaneous impulse. This type of impulsive process is not in-
stantaneous, but takes some time to complete. For example, in a similar process, drugs are
absorbed, diffused, and metabolized in the human body. The noninstantaneous impulses
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are common in pharmacokinetics, agricultural pest control, sustainable fisheries produc-
tion, and wildlife conservation. In the functional differential equation, the instantaneous
pulse only changes the behavior of the solution of the equation at the point of the pulse,
while the noninstantaneous pulse changes the behavior of the solution of the equation on
a continuous interval. In contrast, the study of a noninstantaneous impulse functional dif-
ferential equation is more difficult than that of a differential equation. In recent years, the
study of noninstantaneous impulsive fractional order differential systems has attracted
the attention of some researchers, and some good results have been obtained (see [21-
30]). However, relatively little research has been done on the fractional-order differential
equation dynamics of noninstantaneous impulses.

Inspired by the above reasons, this paper mainly considers the following fractional-order
multiple point boundary value problem involving noninstantaneous impulse and abstract
bounded operator of the form:

CDS (CD;.[f + A)x(t) :f(t’x(t)’ CDggx(t))’ te (Si’ ti+1] C]l i= 0: ly ceeym,
x(t) =gl(t!x(tl_))7 te (ti)si] C])l = 1) 2;'-'ym; (11)
%(0) = x(1) = x(ni41) = %(5ix1) =0, Mis1, 81 € (Siti1) CJ,i=0,1,...,m,

where ] =[0,1],0<a<1,1< B <2, “D:} stands for the Caputo fractional derivative of
order *; A € C2(R,R) is a bounded operator; f € C'(J x R%,R), g; € C([t;,s:] X R,R) are
called noninstantaneous impulsive functions, for all i = 1,2,...,m. The impulsive points
and boundary points satisfy 0 =so <71 < {1 <t1 <S1<Na <o <l <+ <l < Sy < Ny <
Cm <tms1 = 1.

Furthermore, the investigation of (1.1) was also motivated by the work of Zada et al. [31].
They discussed nonlinear implicit fractional differential equations with noninstantaneous
integral impulses as follows:

Db () = f(t,9(0),°Df (1), t € (tros] CJk=0,1,...,m0<B <1,
yO) =15 L EEy©), te(icntl Clk=12...,m,
(0) = 15 (8, 9(2)),

where T>0,7=[0,T],0=fy<Sg<t1 <81 <+ <ty=T, CDg,t stands the Caputo fractional
derivative of order B; f € C(J x R%LR), n € C([0,T] x R,R), & € C([si_1,&] x R, R) are
noninstantaneous impulsive functions, for all i = 1,2,...,m; Iﬁ—lvfk
fractional integrals, respectively. By the generalized Diaz—Margolis’s fixed point theorem,

and Ig 1 are given to

the authors obtained Ulam—Hyers, Ulam—Hyers—Rassias, and generalized Ulam—Hyers—
Rassias stability for this problem.

Our aim is study the existence, uniqueness, and Ulam-type stability for problem (1.1) in
this paper. The rest of the paper is organized as follows. Section 2 contains some useful no-
tations and lemmas. The main results are proved in Sect. 3. In Sect. 5, an example is given
to illustrate our main results. Finally, we conclude with a discussion of the importance of
the studied problem (1.1) and summarize our obtained results in Sect. 5.

2 Preliminaries
In this section, we introduce some necessary definitions and lemmas of fractional calcu-
lus and present preliminary results. At the same time, we need to define some Banach
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spaces. Let C(J, R) be the Banach space of all continuous functions from J into R with the
norm ||x|lc = sup,; [%(¢)|. To discuss the existence and Ulam—Hyers stability of solutions
for problem (1.1), we need to introduce the space X = PC3(J,R) of piecewise continuous
functions

X =PC3(,R) = {x eC¥(,R):x € C((ti,si],R),x(t;) and x(s;')

exist with x(sf) =x(s;),i=1,..., m}
Clearly, X = PC3(J,R) is a Banach spaces equipped with the norm

Omax sup |C “x(t)|}

SISMgict<tig

ol = max{sur

Definition 2.1 ([32]) The Riemann-Liouville fractional integral of order « > 0 of a con-
tinuous function f : [0,00) — R is defined by

a-1
0= / (£ 9*Yf(s)ds

provided that the right-hand side is pointwise defined on [0, co).

Definition 2.2 ([32]) The Riemann-Liouville fractional derivative of order « > 0 of a con-
tinuous function f : [0,00) — R is defined by

1 a"

Lo _
Dof ) = vy am

f(t 11 (s)ds,

where 7 — 1 < o < n, provided that the right-hand side is pointwise defined on [0, 00).

Definition 2.3 ([32]) If f € C"[0,00) and « > 0, then the Caputo fractional derivative of
order « is given by

CD‘{)Zf(t)— /(t s)"~ L0 (5) ds,

where n — 1 < @ < n, provided that the right-hand side is pointwise defined on [0, c0).

Lemma 2.1 ([9]) Ifu € C"[0,1] and n—1<p <n, then

n-1

ul (0)
k!

I, (‘Do ut

k=0

To investigate the existence and Ulam—Hyers stability of solutions for the problem (1.1),
we need to consider the impulsive integral nonlinear equation (2.1) as follows:

Fo(t) oz+1_2annl 0(; )_ 15% tuo“lFO(nl) le [O)tl])

x(t) = | gilt, %(s7)), te(tysli=1,2,...,m, (2.1)

Fi(t) — ¢t —cht* — ¢ te(sptiil,i=1,2,...,m,

*
i3’
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o—1 _ \B-1
E = [ ([0, D) ds - (A )

=I% [Igf(u,x(u), D x(u)) — (Ax)(1)](®),

- l 1
(gt = s = s8) = (62 = s (nfy —58)
¢y = Ml (821 = s2)Finin) — (n%y = 8 FilGinn) = (6% — )i (s6%(£))],
¢y = M (n! = ) Filinn) = (8531 = s Filmie) + (257 = )il x(6)) ]
¢y = MA[(&83"s = s ) Fiminn) — (n'sy = 58 0y ) FiGinn)

- (gﬂlnﬁl nﬁﬁliil)gz‘(shx(t{))]'

M=

Lemma 2.2 Assume that A € C*(R,R) is a bounded operator, and f € C*(J x R%,R). Then
x(t) € X is a solution of the problem (1.1) if and only if x(t) € X is also a solution of the
integral equation (2.1).

Proof Assume that x(t) € X is a known solution of (1.1). When t € [so, 1] = [0, 1], accord-
ing to Lemma 2.1, we have

a-1 B-1
x(t) = % ( / & £ (5,%(s), “Diy x(s)) ds — (Ax)(u))

0
ta+1 [

Ta+2) PT@+1) 22)

—Co1

Using the conditions x(0) = x(n;) = x(¢1) = 0, we obtain

nyFo(¢1) — §f‘F0(771)’ cor =T+ 1) CE Fo(m) — n¥* 1 Fo(&)

cor =T +2)
{a+l Cftnzlwl ;-fmlnl é-{xntlw—l

)
Co3 = 0.

Substituting co1, ¢g2, and co3 into (2.2), we get

tot+1 i taé-l tot+1

M roer) - et Folm)

B =Fyr)- L Ztm
A0 =Foll) = e, g

When ¢ € (t1,51], it follows from (2.1) that

x(t) = g1 (6,%(27))-

When t € (sq, t,], from Lemma 2.1, we have

t(t— )a—l u( _ )/S—l ora
x(t) = / 1 ﬁ( / 1 %f(s,x(s), D)) ds - (Ax)(u)) du

toz+1 I
-c
11F‘(oz+2) 12 Mo +1)

—C13. (23)

Page 4 of 20
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In view the conditions x(s;) = x(s7) and x(¢2) = x(n2) = 0, we derive that

o+1 o
51 51

Cll(a—+12) + 2T, T3 = g1(s1,%(87)),
ncH» r’ot
TGy t 2Ty * s = Fi(m),

a+l a

z
ey + 2t + 6 = Fi(&a),

which implies that

i =Tl + 2My[(g5 = s7) (Fi(n2) — g1 (s1,%(87)))
— (15 = $9) (F1(22) - &1 (s1,%(17)) ],
e = Do+ DM [(n§™ = s (Fi(22) — g (s1,%(67))
— (g5 = s (Fu(n) - & (s1,%(57)) ]
c13 = Mu[(¢5sy — 7715 ) Fu(na) — (ns*'sy — ¢+ ng ) Fu(Z2)

= (&g =5 e g (su,x(87)) -

Substituting ¢11, ¢12, and ¢;3 into (2.3), we get

x(t) = Fy(£) = ¢y = cipt” = ¢,

¢ = Mu[(¢5 = s7)Fi(n2) — (n§ = s3)F1(%2) = (¢5° = n5) g (s1,%(27)) ]»
¢y = Mi[(n5™ = sT)Fi(62) - (857 = s7)Fu(m) + (&5 =5 g (s1,%(57)) ],
¢ty = My[(¢57"sy = s 8 ) Fi(na) — (n5™'sy — s+ 'nS ) Fu(&a)

— (g5 Mg =5 e )@ (sux(87)) -

Repeating the above arguments, we obtain

x(t):gl(tﬁx(tl_)), tG(ti,sl'],i=2,3,...,m,

x(t) = Fi(t) — ¢t — eyt —cly,  te(sutinl,i=2,3,...,m.

Thus x(t) € X satisfies (2.1).

Now we shall show that if x(¢) € X is a solution of (2.1), then x(¢) € X is also a solution
of (1.1). In fact, let x(¢) € X be a solution of (2.1). When ¢ € [0, #;], taking the Caputo
fractional derivative of order & on both sides of the first equation of (2.1), we obtain

Fo(fl) 1 FO(”I) 1
CDa+x(t) = CDa+F0(t) — ﬁchx+ [ tanl - 7‘)“61)0[4r taé‘l ot
0 0 é.l l_é_l m 0 ( ) {ln‘i{_nl 1 0 ( )

Fy(81)

= Lo (625(0), D (0) = (ADO) = o —

(Ml +2)=T(e + 1))

- %(F(a + 1)1 - T(a +2)), (2.4)

any —ny

Page 5 of 20
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which implies that

‘Dyx(t) + (Ax)(¢t) = Ig+f(t,x(t),cDg+x(t)) % (l"(ot +2)-T(a + 1)171)
1
%(F(a +1)¢1 - T +2)). (2.5)
1

Computing the Caputo fractional derivative of order 8 on both sides of (2.5), we derive
CDg+ (‘D x(2) + (Ax)(2)) = f (¢, %(2), “Djy x(2)),
that is,
cnB (e _ o
Dy, (‘D + (A)x(0)) = £ (£,%(2), “Djy. (1) ). (2.6)
It follows from the first equation of (2.1) that
x(0) = x(m) = x(£1) = 0. (2.7)

When ¢ € (s;, ti11], i = 1,2,...,m, by employing similar arguments, as those used to obtain
(2.4)—(2.7), on the third equation of (2.1), we get

DB, (D%, + A)xe(t) = f (6, x(t), ‘D (1)), (2.8)
x(n:) = x(5;) = 0. (2.9)

When ¢t € (t;,s;],i=1,2,...,m, we notice that the second equation of (1.1) and (2.1) have
the same expression. Thus we verify that x(¢) € X also satisfies (1.1). The proof is com-
pleted. O

Next we state the Ulam—Hyers stability concept and some facts.
Let y € X and € > 0. Consider the following inequality:

|CD§{r (CD;X; + A)y(t) —f(t,}/(t)ch?}}’(tm E €, te (Si: ti+1]:
(@) -gGy(E)I <€ te(tsil.

(2.10)

Definition 2.4 The problem (1.1) is Ulam—Hyers stable if for a given ¢ > 0 and for each
solution y € X of the inequality (2.10), there exist a constant cf4,g, > 0 and a solution
x € X of the problem (1.1) such that

p(®) =2(0)] < Grapge-

Remark 2.1 Assume that A € C*(R,R) is a bounded operator, and f € C'(J x R%,R).
A function y € X is a solution of the inequality (2.10) if and only if there exist a function
B(t) € X and a sequence {B;}}; such that
(i) |B@t)|<e, te]Jand |B)| <e,i=1,2,...,m;
(i) CD’S (D3 + Ay(e) = f(£,y(2), CD“J(t)) + B(1);
(iii) (t) g,(t y(t;7) + B, i=1,2,.
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Lemma 2.3 Assume that A € C*(R,R) is a bounded operator, and f € C'(J x R%,R). If

the function y € X is a solution of inequality (2.10), then y is a solution of the following
inequality:

(0) = Fole) + i Fo6a) + 8= Folm)|

<& (B, HEm wh & atp
= (a+,3+1)(t1 §a+1—{ft771 1 {1'7 oc+l m ) te[o tl]

(@) gt x(E) <&, te(tisili=12,...,m,
[y(£) = Fi(£) + ¢t + cht® + ¢y
=T a+ﬂ+l {t?:lﬁ + Mgyt
x (g =sOminl + Gy =6 + 1M [ = s ey
+ (fz‘oﬁl MI)WH ﬁ] +IM;|[(co s _Sa+1 z+1)71('“ﬂ

L+1 i i+1
a+l o+l o at+p

+ (77;+1 S, —S; nl+1)é—[+1 ]}’ te (Si: ti+1],i= L,2,...,m

(2.11)

Proof According to Remark 2.1, we have

Cfo D% + A)y(t) = f(t, (1), D% y(2)) + B(t), te (sitin],i=0,1,...,m
(&) =gt y&) + B, tetysili=1,2,...,m, (2.12)
¥(0) =9(T) = ¥(%ir1) =yMis1) =0, Niv1s Civ1 € (Sis 1), i=0,1,...,m

By Lemma 2.2 and (2.12), we obtain

Fo(t) - ;aﬂ_z.am Fole) - %Fo(m) te(0,4],
y(t) = gi(t,y(s7)) + By, te(t,sl,i=1,2,...,m
Eit) =Tt =Tt =T, te(ntinli=12,...,m,

where

~ o [te-wtr (u—s)f1 o ~
t) —L ) </s, ) (f(s,y(s), Ds;y(s)) + B(s)) ds (.Ay)(u)) du,

=M,; [(§z+1 Si )E(”iﬂ) - (’7?+1 _5?)?1‘({”1) - (Q‘Oﬁ - ﬂ?il)gi(si»y(ti_))]’
M, [(flfﬂl 7+1)Fi(§i+l) - ({,-T{l —S?H)Fi(ﬂm) + (nff:’ll - Cloﬂl)gl(suy( ))]
M [(gi;lsa _Sa+1 z+1)F (77”1) (77,:115? _SaHnﬁl)Fi(;Hl)

(fzoﬁlnﬁrl ’7i++11§ioil)gi(si»y(ti_))]~

aa

¥

It is worth noticing that the Beta function B(-, -) will be extensively used in the following

calculation. So we introduce it as follows:

[(e)l'(B +1)
Me+p+1)°

! o Ne-l ¢ Y= _ ! -1, B T@r+1) atf
/O(t u) '/O(Ll s) dsdu—fo(t u) udu_if‘(a+,6+l)t .

1
BB +1,a) = / Q-w)*"'uldu=
0

Page 7 of 20
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When ¢ € [0,#], we have

ta+1 _ trx t(x{l _
_F 71: Lotz
|y(t) o(2) + T iy, of1) + o = ntlﬁl Fo(m)
(7 (u—s)P1
= B(s)dsd
./o [(o) /o r(p) DO

o — gy /gl (& —u)*t /" (u—s)Pt

- B(s)dsd
Tl S R S R
taé' ta+1 /n1 (nl_u)a—l

(u—s)Pt
T g M@ fo rpy D) dsdu

(= w)*t [ (u—s)P!
/ F(L:x) /o ur(sﬁ) [B(5)| s

toz+1 — IS _ a1 u _
— a’h / (Cl M) / (u S) |B(s)|dsdu
G =¢mlJo I'(a) 0 ')
ta ta+1 N1 _ a1 u _
Fa-r / (m — ) / (=) |B(s)| ds du
Cl’h -m (o) 0 I'(B)
- etotB N 8;{’“‘/3 ol _ 2 gn‘f‘"ﬁ N e — _ g+l
Tle+p+1l) Tla+p+)|g™ —gfm| Tle+p+1)  [ang -ni"
€ ( wp | BT =M g, B — 5! noHﬂ)
“Ta+prl) Gt —ofm iy ng - it

When ¢t € (t;,5,],i=1,2,...,m, we get
(®) ~&(t.y(6))] = 1B <e.
When t € (s;, ti41], i = 1,2,...,m, it follows that

|y(t) - F@)+ c;"lt"“rl +Cpt™ + c}“3|

[ E—w ! (u—s)f1 T

- /s, () ./s, T'(B) Bs)dsdu — Mt“* [ (¢4, = 57) (Filninr) = Fi(nisn))
= (nfty =) (Eigin) — Fi(gi)) ] - Mat* [ (nfe) - s¢) (Fiin) = Filtinn))

- (;iﬁ;l SOHl)( (771+1) F(nl+1))] [(;K*I—IS;X —Sa+1 l+1)(F (77[+1) F(r]H_l))

= (et = s ) (FilGin) = FilGi)) ] ‘

N
e B s O

Ni+1 _ Ot 1 _
+|M; |t°”1|:(§,+1 SO’)/ (i 11_‘(05) / (u R |B(s)| dsdu

Cis1 _ a1 _ o\B-1
(’7”1 )/; (gﬂ ) /(u 9 |(s)|dsdu]

N (SR (u—s)Pt
NPes a+l _ o+l
+ M|t |:(77i+1 s )/s, ) /s, T 6) |B(s)| dsdu
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a+l a+l i (n +1— U ) ol “ (M—S)
+ (it s / @ / T |B(s)|dsdu]

Ni+ _ )1
+ |Mi||:(§lﬁ{18f‘—s°‘+1§l+1)/ 1(,7 L M) / (e — )) |B(s)| dsdu
Civl .o gyl _ J\B- 1
(ﬂﬁﬁlsa—s“+l77f‘+1)/s_ (CMF(:)) / (ur(sﬁ) (s)’dsdu}

t (t _ M)oz—l u (u _ S)ﬁ—l
= 8/0 (@) /o g B

i+l —u)*" 1 (- S)ﬁfl
M| (e, — ¢ / 77;+1 / dsd
+8| | [(§l+1 Sl) 0 F(ﬂ) sau

N e (Rl L (u —S)ﬁ_l
+ (Th'+1 =S ) /o (o) ‘/0 NG dsdu]
Civ1 (é"+1— Dt 1 (u—sﬁ 1
e a+l qz+1
+£|Ml|t |:(771+1 S; )/0 F(O{) / dsdu

a+l o+l Tl (41 — u)oz—l *(u— S)ﬁ_1 ]
i+l ~ %0 dsd
+ (687 - )/0 @) ./o ) sdu

Ni+1 L, — a1 u _ Bl
+5|Mi|[( ol —S“+l§l+1)f0 (nl - ) f u T 9 dsdu

(B)
st s [ G / e dsan]
e I [ st + (o~ )5
e e (AR T A Il
gl M|

1 1 +B 1 1 B
m[((ﬁj s = sy g + (isy = st g e’

&
= Ty pa e MR (el —)nilf + (ot - 50557

G (A L GBS Ll

FIM[(e83 "5 =i ai) il + (nea'ss =i nia) 6]}
Thus we conclude that the inequality (2.11) holds. The proof is completed. O

3 Existence and Ulam-Hyers stability
In this section, we shall discuss the existence and Ulam—Hyers stability for the problem
(1.1). Now we introduce some assumptions to ensure that the problem (1.1) has a unique
solution which is Ulam—Hyers stable. So consider

(H1) f € C'(J x R%,R) and there exist some constants Lis, Ly > 0 such that

lf(t’ w1, a1) _f(tr w3, a2) |

< Lifloy = onl + Lyf|@or = @],  t€J,w1,01,w0,02 €R;
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(Hy) gi € C((t;,si] x R,R) and there exist some constants Ly, >0, i = 1,2,...,m such that
lgi(t,0) - gi(t,®)| < Lglo-o|, te(tys],ooeR;

(H3) A e C*(R,R) and there exists a constant L 4 > 0 such that
|Ax— Ayl <Lalx-yl, telxyeR;

(Hs) 0<X <1, where X =max{Ao,Ats...sAms hos 1s- s s Lgyso s Ly, s

Ly +Ly B £ — ath , B -0 g
T(a+p+1) T S TR TYSESF Ch
LA u ta+1 tanl o toz+l_t ;-1 o
+ oz+1 Cl + a+l m
Mo +1) -fm nee -
i 1 HT(+2) = T(@+ 1)m _gep
+
rB+1) TLa+p+1) — !

(e +2) —T(a+1)81 g4p 1
+ n )]+LA[1+7F(05+1)

oz+1

to = (Lif + sz)[

)71 ;-1 a+1 1
y (tlr(a+2) C(a+1)m @y H(a +2) -T(a + 1) l{()]’
§a+1 ;{xnl ’71 é- Ot+1
Llf +L2f 0t+l3 a+l a+p a+p
)”i = F(Ol +ﬁ + 1)[ i+1 + |M |tl+1 [( z+1 )nl+l + (nHl l)§i+l ]

w IMIE [t = s )P o (g3t = sl + IMA[ (g5 s

L
= s i (et = st ) 6] + F(a—fl)[tfil

FIMER (68 =)0 + (i = sO)¢ia ]+ IMGlEEL [(nF = s7) &
+ (81 = s ]+ IMGI (g tsy =it el ) nd + (nilsy
=i ia) ]+ L Ml (¢ — i) + 2 (657 = i)
(e - nite)],
wi =Ly + Lyf)

B
liv1 Mt T (@ +2) atp a+B
( r'B+1) + T+p+1) [( i1~ )77H1 + (77;+1 );Hl ]

| M|
gl = st )

+ LA(l + Mt (o + 1)[(4',“ )77?11 + (77?11 _5?)@'011]

+ |Ml|[(§;ﬁl (Hl)nul + (n?fll a+1)§iil])

+ Lg,'|Mi|[ti+1F(O( + 2)(;;:1 - ’7;‘11) + T (a + 1)(;5:;1 - 775?11)]

Theorem 3.1 Assume that (H,)—(Ha) hold. Then the following assertions are true:
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(1) The problem (1.1) has a unique solution yy € X and satisfies the integral equation
(2.1), namely,

+1_ o o+l
Folt) — LS Fo () — 4= twlFo('h), te[0,t],

et —gfm ang
Yo(t) = (L, y(s7)), te(t,sil,i=1,2,...,m
Fi(t) — et — cht* — ¢, te(sptinli=12,...,m,
(3.1)
where c}y, ¢}y, and ciy are the same as in (2.1), and
t (t _ M)a—l u (u _ S)ﬁ—l
Fi(t) = / (/ $,90(s), D% yo(s)) ds — (A )(u)> du.
O], TFa U, Ty S 0O D)=
(2) The problem (1.1) is Ulam—Hyers stable, that is, if y € X is a solution of the
inequality (2.10), then
[y(®) = yo(t)| <ke, te],
where k = max{1,K0,K1,...,Km},
_ 1 <tcx+ﬂ ttlw.l - t‘fnl a+f + t(lxgl - t(l)Hl na+ﬁ)
Moe+pB+1) et =gyt an —ngtttt )’
1
B B B
Ki= m{ ti + M (68 =T )mid + (8 =s8) ¢ ]
M [ = s el + (et = st ni]
FIM[(e8a"ss = s el + (ned'ss = s nia) 6]}
Proof For all x € X, t € ], we define the operator Q: X — X by
o+l _ o o o+l
FO(t) - ;ful_zfzr:]ll FO({I) - ; rfl ta+1F0(771)» te [O’ tl]r
(Qx)(t) = gl'(tr x(Sl_)), te (ti: S[], i= 1: 2: ey m, (32)
Fi(t) — ¢t — cht* -, te(sytinli=12,...,m

Since x(¢) € X, f € C1(J x R%,R), g; € C((t;,s:] x R,R), A € C*(R,R), and due to the ex-
pression of (Qx)(£), we know that if x(¢) € X, then (Qux)(£) € X.

We firstly apply the Banach contraction principle to prove that (1) of Theorem 3.1 holds.
To do so, we need to prove that Q is strictly contractive on X. In fact, for any v;, v, € X, in
view of (H;)—(H3), we have

|(Qui)(®) - (Qua)(®))|

(t )%= 1 (u - )ﬁ 1 .
S./(; F(L:x (/ MF(;) S’ VI(S), D0+v1(s))

—f(8,v2(5), “D§: v2(s)) | ds + | (Avy) (1) = (Ava)(n) |> du
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tot+1 _tanl
+ a+l _ o
& Om

& _ -1 u _B-1
-/(; (CIF(Z)) </0 (ur(slg)) If (5, v1(5), ‘D v1(s))

—f(8,v2(5),“ D v2(s)) | ds + | (Av1) (1) = (Ava)(n) |> du

t‘)t{ ta+1 7]1( _ )ot—l u( _ )ﬁ71 .
W/ " <0 Ty 0O Don)

= (5020, D va(s)) | ds + |(Ave) () = (Ava) (w) I> du

(-l [ (" (g —s)PL
/0 ( r(uoz) </0 (MF(S'Z) [Lif[v1(s) = v2(5)]

+ LoD m(s)) —D§va(9))|] ds + La|vi(u) = va(w)|) du

a _ a1 u Bl
/0 (glF(Z)) </0 (ur(;)) [Llfi"l(s)—vz(sﬂ

+ LoD m(s)) —D§va(9))|] ds + La|vi(u) = va(u)|) du

IA

toz+1 _ tanl

+ o+l o
g -4am

ta{' _tot+1 ( _ )Dt—l u( _ )ﬁ—l
e | v (s e TR

+ LoD m(s)) —D§va(9))|] ds + La|vi(w) = va(u)|) du

L L ta+B L at® I L a+f
< (Lur L) A lvr = vollx + Ly +Ly)ey
Ma+p+1) T(e+1) Ta+p+1)

o ) A2 EI s (M

Cle+1) ) et —¢m Fa+pB+1)
LA'I‘f ta+1 taé-l
Tla+1)) noe - ot lvi = vallx
< Lif + Loy b B —tm o B -1y .
Ma+p+1) Z;f”l t'm ! né - Ml !
L.A ta+1 _ tanl toz+1 ;l
T 1 (tllx t il &+ 1a+1 ny ) gliv —vallx
(o +1) 18] §1 m 771 61—
=hollvi —wmallx, t€[0,4], (3.3)

|°D+ (Qui)(2) - “D§. (Qua)(8)|

t(+_ o\B-1
< f () V(S) v1(s), ch(D)t+ \)1(5)) —f(S, v (s), cDng V2(S)) | ds
0

N0e))
$'Mm
- d.
/( o <§{¥+1 §1771> S‘

a (;1 - M)a71 *(u - 5)5*1 .
X/o‘ () ( s T(B) If (s, v1(s), “D§: v1(s))

+[(Av) (@) - (Av)(®)| +

= (5020, D va(s)) | ds + |(Avy) () = (Ava) () I> du
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s — s (- w)
d.
‘r(l a)/( (;ml “*1) S/o I'(a)

“u— S)ﬁ71 ey ¢y
X ( T [f(s, v1(8), °Dye v1(8)) = f (s, 12(5), “D va(s)) ’ ds

+ | (Av) (w) - (sz)(u)I) du

b1
5/0 (tF(S;;) [Lay[v1(s) = va(s)] + Los|*DG. v1(5) = “Dg. va(s))| ] ds

tH(a+2)-T(x+1)m
Gt —¢im

R A
X/o (@) (0 r(p) [L17]v2(6) = 206)]

+LA|vl(t)—v2(t)| + ‘

+L2f|CDg+v1(s)) —CDg+vz(s))|]ds+LA|v1(u) - vz(u)})du
[t ! ( ‘-5
0 ['(a) o I'(B)

X [L1f|v1(s) - vz(s)‘ + sz‘CDng vl(s)) —“Dgsv2(s)) ’] ds

o+l

‘F(a + 1) —tT (o + 2)
it - nf

+LA’v1(u) - vg(u)})du

(Liy + Lop)tP (Lip + Lop)ef™?
= (gt mae (FRT

Lty )tIF(a +2)=T(a+ 1)

+ oS m— lvi = vallx
Mo +1) & 1‘(1 m ! 2
Ly + Loy Lang \al(@+2)-T(e+1)a
+ a+1 [lvi —vallx
IMNa+pB+1) IMNa+1) Ny -
B
t 1 H(a+2)-T(a+1)n 4
< {(Llf +L2f)|: L. < : TSR m e
rg+1) Ta+p+1) G -4m

s ul(e+2)-T(a+1)4 a+ﬂ>]

771;1 cx+1 1
1 ul 2)-T 1
F L1+ 1 (0l+1) (o + )771{1
(e +1) Ot =4'm

tIF(Ol + 2) (O( + ].);1
+ ﬂa)“”‘/l—vzﬂx

1
771 ;l a+1
= pollvi —wallx, tel0,t],

|QU®) = QD] = [gi(t.v1(8)) = &i(t:v2 ()] = La 1 (&) = v2 (&)

ELg,'”Vl_UZHX: te(t,',Si],l:Lz,...,Wl

|QU)(®) - Q)(®))|

t _ a-1 u YA
= ; (t F(MOE) ( ) (MF(S;) lf(S, Vl(S))CDglfer(S))

Page 13 of 20
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—f(s vz(s),CD‘S"; v2(8)) | ds + |(Avy) (1) = (Ava)(u) |) du

a+l o Tisl (ni+1 B M)Ot—l ’ (M—S)ﬁ_l
+ M|t [((HI Si)/ﬂ () </s ()

x |f(s,v1(s), CD‘:? v1(8)) —f (s vas), CD;";, v2(s))| ds

Gl (Gipn — )
')

+ [(Av)(u) - (AV2)(u)|) du+ (nf,, —s7) /
" (Lt _S)ﬁ_l o a0 cnHo
x ( T [f(s, v1(s), Ds;_" vl(S)) —f(s,v2(s)s Ds; Vz(S)) | ds

+ |(.Av1)(u) - (‘AUZ)(u)|) du + §z+1 nz+1 |g,(S,, V1 (t )) _gi(Si’ Uz(tl_))|j|

a a+l a+1 {Hl §l+1 - u)a ! “ (M _S)ﬂJ
+ |Ml|t |: Niyx — / F(Ol) (/S: F(ﬂ) lf(S: Vl(s)»

cD;";, vi(s)) £ (s vz(S),CD‘S’?, v2(s))| ds + | (Avy) () - (AUZ)(M)D du

Ni+l (1. . — )01 u (1, _ ¢\B-1
(et -a | (nle(aL;) ( (ur(sﬁ)) F (51051, Dy 1 (5)

i

—f(s vz(s),CD‘;‘; v2(8)) | ds + |(Avy) (1) = (Avy)(u) |) du
et =) oo () o)

. o+l o o+l il (Tlm - u)a—l “ (H —S)ﬂ_1
+ |Ml|[( Cis1 i —S; CHI)/S‘ T() </§l F(,B) lf(S, v1(s),

i

CDS} vi(s)) = f (s, VZ(S)’CD?? v2()) | ds + | (Avy)(u) - (.Auz)(u)|) du

ivl (g, — )1 U (y—g)B1
—f(s vz(s),CDg‘; v2(s))| ds + | (Avy) () = (Ava)(n) ’) du
+ (G g — mi e g (so i () — &isi v (f[))|]

Ft-wt ([ (u—s)P
5/0 T'(a) (0 r(p) [Lag[va () = vas)

+ L2f|CD?7 vy (s) - cDg‘;vz(s)| ds + LA|v1(u) - vz(u)}> du

Nisl (1. o — 1)1 u _q)B-1
M ) [ e (0 (”F(;)) (L |11(5) = va)]

+L2f| D"‘ vi(s) — °D% vz(s)|ds+LA|v1(u)—vz(u)|> du

N e (T 7 (u—s)P-
ot st) [ ([T 9 -t
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IA

IA

+ L2f|CD‘S"i+ vi(s) — CD%])2(S)| ds + LA|v1(u) - vz(u)|> du

+ (glg‘rl - ’72‘11)% Vl(ti_) - VZ(tt_) |]

Sivl (p. . _ 1)@-1 u _q)8-1
+ M (! =57 /0 “’“F(a”)) (/O (“r(g) [Lif|v1(s) = v2(s)]

+ sz{cDg‘; vy(s) — CD?‘; U2(5)| ds + LA|v1(u) - vz(u)}) du

Ni+1 _ a-1 _ -
+(§fﬁl—5?+l)/o n1 M) (/ (uF(;)) [Laf|v1(s) = va(s)|

+ L2f|cD‘;‘i+ vi(s) — CD(SIZVZ(S)| ds + LA|v1(u) - vz(u)|> du
(@ =i ) L v () — v () []

a+l o a+ el (iv1 — )a—l M( -s)7!
+ ML s - s 1§L+1)/0 ( lr(al; (/0 ur(sﬂ)) |:L1f|V1(S)—V2(S)|

+ sz’CDg‘l_+ vi(s) — CD?‘;vg(s)| ds + LA|v1(u) - vz(u)‘> du

1 (Gian — ) (u—S)ﬂ !
g —set) [ S ([ ) - a0
0 Ol

+ L2f|cDg‘i+ vi(s) — CD‘S’;vz(s)| ds + LA|v1(u) - vz(u)|> du

i (g7) = vi(8)]]

L+ L L Lis+L +
i 2f B, At + M, |tot+1 (Cz+l Soz) 1f 2f ?irlﬂ
MNa+pB+1) MNo+1) MNa+B+1)

Lani « o Lif+ Ly o0p Latiy
+t— <)t ir1 —S; — + + L.
F(a+1) (11 = 7) Farp+D" T+ (¢ = i)

Llf +L2f L.A;‘a
+ M a+l QH-l _J Y -OHﬁ + Eaiasl.d
|M;] |:(771+1 S ) C(e+p+1) Sir1 Mo +1)

o o Llf + sz B L_AT]‘?[ 1 o o
+ (§i+;1 _Si +1) <F(Ol + IB + 1) ’7?:1 + F(O[ _:_+1) + (Ci;il ﬂz++11)L

Lif + Ly L any,
+ M| (gratse — st ol -
|Mi] [( Civ1 i ) Fa+p+1) " " Tla+1)

( a+l o o+l o )( L1f+L2f a+p L-A;iil )

a+l o o+l
(§Z+1 '71+1 n1+1 gwl) 8i

sy - gL
Ui i1 Fae+B+1)"" " T+1)

1 1
(é‘;i; ’];ﬁ-l 77;1:1 EH-I) ] }”‘)1 - ‘)2”)(

Lir+L @ @
P I (e — st + o =)
M [ =) e+ (@t - iy ]+ MU

L
1 +B 1 1 +B A
=Sy s+ (gtsy = si g )i ] + T+l (£

+|M; |tfx++11[( Civ1 — )’7?11 + (’7?:1 _S;x)fi‘il] + |Mi|tﬁ1[(’7?+1 _5?)@%1
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+ (giTl.l _S?H)nil] + |Mi|[(§zlﬁlsfl _sa+1§z+l)nz+1 + (nffll 7
OHI”?:—I);HI]] +ngM [ :):-Jrll (2;;:—1 - 77;'):1) + t?:—l(gilj—;l - ng:ll)

1 1
+ (i by — i Cm)]}”vl - Vallx

=Millvi —wllx, te (Si, ti+1],i: 1,2,...,m, (36)

D% (Qui)(®) = “DS: (Qua)(0)|

tp Bl
< v/s, % If (s, v1(s), CD?‘; v1(8)) —f (s, v2(5), ”Dg‘; v2(s))| ds

+ |(./4U1)(t) - (./41)2)(t)| Fiﬂ' ) / (t_ Ot a+1

Ni+1 _ a-1 B-1
x[(;fil se) [ e (f s D0

—f (s, v2(s),°D vz(s))|ds+ | (A1) () = (Ava)( u)|) du

N N Sl £y — )a—l “(u— );371 .
+ (Th'+1 =S; )/; ¢ ll-,(ojt) </S: Mr(;) lf(S; vi(s), DS; V1(S))

i

_f(S, vy (s), ”D;"i+ v2(s)) | ds + |(Av1)(u) — (Avy)(u) |> du

(et oo (4) ool | e [ -9 )

Sisl (g, — 17)2-1 _q\8-1
|:(Tlfl++11 ‘l‘m)/v (CMF(“M)) (/ (ur(;)) [f(s,m(s)fD??m(s))

—f(s UQ(S),CD‘(:;. v2(s))| ds + | (Avy) () = (Ava)(n) ’) du

i+1 _ u _JB-1
sl [ ( R RARCE Y

—f(s,v2(s), ”D;’i+ 1)2(5)) | ds + |(Av1)(u) — (Av) () |> du
(et e () - (s a(e)

tp -1
< /0 %[mvl(s) s (8)] + Loy DS vr(5)) =Dl vafs)|] s

Misl (11 — u)* !

+LA|1)1(t)—vz(t)| +|M; |tl"(o¢+2)|:(§l+1 9 )/0

(o)
(u S)ﬁ ' o
(f [Llf’vl ’ +L2f‘ Dj. vy (s )) —“Dg+ vz(s))|] ds
e o [ Qi —w) [ (- s)f
+LA’v1(u)—v2(u)})du+(ni+1—si)/0 T ( \ TB)

X [L1f|v1(s) - v2(s)| + L2f|cDg‘+ vl(s)) — D+ va(s)) |] ds + LA|U1(M) - U2(1/l)|) du

Page 16 of 20
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+ (gi‘il - ’lgl)Lgi

Gitl (Civ1 — u)ot—l " (y —s)ﬂ‘l
i /o (@) (/0 r(py [Pyl -0

+ sz’CDg+ vl(s)) - CD8‘+v2(s))|] ds + LA|v1(u) - vz(u)}) du

Ni+1 _ -1 _ )81
+(§fﬁl—5?+l)/o (e u) (/ (uF(sﬁ)) [Lif|vi(s) = va(s)|

0 (65) = )@ IMIT G+ 1)[(77:1;1 1)

+ L2f|cDg‘+ vl(s)> - °Dg, vz(s))|] ds + LA|v1(u) - vz(u)i) du

(e =) =)

- {(Llf +Ly)t! 1 = s Ly + Ly’

+ L+ Mt (o + 2)[@”1

rp+1) Moa+B+1)
(& = sDLanty - (s =8 Ly + Ly’ , i~ sOLag,
IMNa +1) IMNoa+pB+1) Mo +1)

a o (nfﬁl - SOHI)(Llf + sz)§z+1
+ (& - ’7i+1)Lgi] + ML (o + 1)[ Ta+p+1)

L O —stOLag | (Gt s Ly + Ly

[a+1) Mo+pB+1)
(é—;i‘f’l OHI)LAYIH. . .
P Mo +1) : (§i+11 B ’71+11)Lgi] } v —vallx
B
Livy IMiltin D@ +2) b0 oy arp i
< {(Llf +L2f)<F(ﬁ+1) + Farpsl) [y —smil + (i =)y
|Mil

s+ e
+La(1+ IMltia (e + D[ (g2 — s )%y + (0% —s2) ¢
+ |./Vli|[(§irﬁl a+1)nl+1+ (’7??11 S?H)Ci‘il])
+ Lgi|Mi|[ti+1F(0l + 2)(4'1"11 - 7}?11) + Do + 1)(4';1*{1 _ nft++11)]}”vl ol

=Mi”vl_v2”X1 tE(Si,t[+1],i= 1,2,...,m. (37)
It follows from (3.3)—(3.7) that

1(Qu)®) - (Qu)(®)]|c < Allvr = vallx. (3.8)

According to (Hy) and (3.8), we know that Q is strictly contractive on X. In the light of the
Banach contraction principle, we conclude that the problem (1.1) has a unique solution
¥o € X and satisfies the integral equation (2.1).

Next we show that (2) of Theorem 3.1 also holds. Indeed, let y € X be a solution of the
inequality (2.10) and yo € X be a unique solution of (1.1). According to Lemma 2.3 and
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(3.2), we have

Iy(8) = yo ()| < koe, te[0,t1],
|y(t)—)’0(t)| <g, te(tl’,Si],izl,Z,...,m, (39)
ly(t) —yo(®)| <kie, te(sptiali=12,...,m

Then (3.9) gives that |y(£) — yo(¢)| < k¢, ¢ € ], namely, the problem (1.1) is Ulam—Hyers
stable. The proof of Theorem 3.1 is completed. O

4 lllustrative example
Consider the fractional-order six-point boundary value problem involving noninstanta-

neous impulse and bounded operator as follows:

1
3 1 X(0)+°D5 x(0)
DL (D% + A)x(t) = —r—, te[0,3]1U( 1],
! ! (£+20)2(1+(x(£))2+(¢D 2 x(1))2)
“ 5i (4.1)
X
() = gz t€(33)

x(0) =x(g) =x(3) =x(3) =x(3) =x(1) = 0.

Obv1ously,ot—% ,3—%,0—50<n1——<§1——<t1 —<Sl——<n2——<§2— <t2—
() +°D% x(t)
o . )
l,f(t,x(t),D;"f ( )) (£+20)2(1+(x(0))2+(CD* L x(t ))2 with Llf = Llf 400’ gl(t x(t)) = 1+t)2 with
Ly = 320 < 1. Let (Ax)(t) = ’3‘(;0, then LA 325+ S0 the conditions (H;)—(H3) hold. Next we

verify that (H,) holds. Indeed,

1
M, = ~ 127.4847,

(na+1 a+1)(§2 = 1) = (&3 = s1)(n3 —s7)

L1f+L2f (ta+ﬁ n tiﬁl _ttlxnl a+f + ttl)H.1 _t‘fé‘l a+ﬁ)

T(a+p+1) et et gt -ttt

L.A ( " ta+1 _ L‘"‘r]l tut+1 _ tozé-l "

+ o+ ) 0.0119<1,
T(a+1)\* ;f*“—;lm‘ m;—ni““

& 1 <t1F(ot+2)—F(a+1)n1 wif

F(B+1) T@+p+1) ot - ofm !
(@ +2) -T(a+ 1)1 g4p 1

* Ny —ngtt h ):| +LA[1 * [(o +1)

X(n (@+2)-T(a+1)m a+flr(“+2)‘ (“+1)§1na>}~oo4o9<1

0=

=(Ly+ sz)[

1
ot = gtm nie - it

Llf +L2f
MNa+B+1)

n |M1|t2 [( a+l a+1)§2ﬂ+ﬁ ({5“1 a+l)ng+ﬁ] + |M1|[( a+l 01
a+ o+ a Ot+ o a+ L o

—syt e )ny ’ + (5! “s)es ﬂ]] F(iA[@

+ M (g5 = sT)ns + (n5 —s7) &5 ] + IMalEs [(n5 —s7)¢5

o+1)
+ (C;Hl a+1)n2] + |M1|[(§2a+15(f _S(f+1§2 )772 (ng+1 o

1= [ 5+ My |ta+1[(§2 _51)’7?‘3 ('72 _51)§2a+ﬁ]
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=$TS)es 1]+ L M85 (5 =) + 65657 - ™)
+ (g5 g —n3 ey )] 2 07570 < 1,

tg IMi|taT (o + 2)
+
B+1) Ma+pB+1)
|Mi]

+FGTFTEK3H‘ﬁ”M?”%ﬁ“—ﬁ“)fﬂ)
+La(L+ IMilta(e + D[(55 = s7)n5 + (15 = s7)85]

+ |M1|[( 2uz+1 _S?+l)ng + (ngﬁl _S(iul)é.g])

+ Lo IMy|[62T (@ + 2) (85 = 15) + T + 1) (¢3! = n3™1)] ~ 05313 < 1.

[(g5 = s5)m5*" + (n5 - )™ ]

u1 = (Liy +L2f)(l_,(

Thus all the conditions of Theorem 3.1 hold. Therefore, the problem (4.1) has a unique
solution yo(¢) € X. Meanwhile, the problem (4.1) is Ulam—Hyers stable.

5 Conclusions

As a useful mathematical model, the multiple point boundary value problem of fractional-
order differential equation is used to describe many phenomena and processes such as in
blood flow, chemical engineering, thermo-elasticity, underground water flow, population
dynamics, and so on. The existence and stability of the solution of this kind of problem
is very important in theoretical research and practical application. Therefore, we mainly
study the existence and Ulam—Hyers stability of the solution of problem (1.1) in this paper.
Some novel and useful criteria have been obtained by the Banach contraction principle
and direct analysis methods.
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