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1 Introduction
The classical Hermite—Hadamard inequalities state that

o+ 1 f(o)+f()
f( 5 ) . f( )d — (1.1)

wheref :Z R is aconvex function on the closed bounded interval Z of R, and o, 7
with 0< . Since they play a crucial role in convex analysis and can be a very powerful
tool for measuring and computing errors, many authors have devoted their efforts to gen-
eralize inequalities (1.1); see [1-6]. It is worth noting that Sarikaya et al. [7] established
new Hermite—Hadamard-type inequalities via the Riemann—-Liouville fractional integrals.
Since then, many papers have generalized different forms of fractional integrals and pre-
sented new and interesting refinements of Hermite—Hadamard-type inequalities using
these integrals. Fernandez and Mohammed [8] established some Hermite—Hadamard-
type inequalities for the Atangana—Baleanu fractional integral. Mohammed and Abdel-
jawad [9] proved new Hermite—Hadamard-type inequalities in the context of fractional
calculus with respect to functions involving nonsingular kernels. For other related results,
we refer the readers to [7-19].

On the other hand, to improve the reliability of the calculation results and automatic
operation error analysis, Moore [20] introduced the theory of interval analysis. Inter-
val analysis has a strong model for handling interval uncertainty and has been widely
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applied and stretched in control theory [21], dynamical game theory [22], and many
others. Recently, numerous famous inequalities have been extended to interval-valued
functions. Chalco-Cano et al. [23] obtained Ostrowski-type inequalities for interval-
valued functions by using the Hukuhara derivative. Romén-Flores et al. [24] derived the
Minkowski and Beckenbach-type inequalities for interval-valued functions. Liu et al. [18]
proved Hermite—Hadamard-type inequalities via interval Riemann—Liouville-type frac-
tional integrals for interval-valued functions. Very recently, Zhao et al. [25, 26] established
Hermite—Hadamard-type inequalities for interval-valued coordinated functions. Budak et
al. [27] gave a definition of Riemann-Liouville-type fractional integrals for interval-valued
coordinated functions and presented some new Hermite—Hadamard-type inequalities.

Motivated by Zhao et al. [25, 26] and Budak et al. [27], we present a new class of
Hermite—Hadamard-type inequalities for coordinated h-convex interval-valued functions
via Riemann-Liouville-type fractional integrals. We also establish Hermite—Hadamard-
type inequalities for the products of two interval-valued coordinated functions.

The paper is organized as follows. Section 2 contains some necessary preliminaries. In
Sect. 3, we establish some new Hermite—Hadamard-type inequalities for coordinated h-
convex interval-valued functions via Riemann—Liouville-type fractional integrals. We end

with Sect. 4 of conclusions.

2 Preliminaries

In this section, we recall some basic definitions and results on interval analysis. We denote
by Rz the set of closed bounded intervals of R and by R* and R the sets of positive real
numbers and positive intervals, respectively. We also denote =[0, ] [ ,(]. For more

notions on interval-valued functions, see [28, 29].

Definition 2.1 ([29]) Let h:[0,1] R*. We say that f : [0, ] R% is an h-convex

interval-valued function if for all [0, ]and [0,1], we have
f( +(1-) ) h( f( )+h(1- ().
We denote the set of all h-convex interval-valued functions by SX(h, [0, ],RY).

Definition 2.2 ([26]) A function F : RY is said to be a coordinated convex interval-

valued function if

F(o+@=-),mu+0-))
FOom+ @=-)FC, )+0-) FO,m+0-)0-)FC, )

forall( , ), (K, ) and , [0,1].

Definition 2.3 ([25]) Let h:[0,1] R*. Then F: R? is called a coordinated h-

convex interval-valued function on  if the partial mappings

Fio ] Ry, F()=F(,)
Fil,a Ry,  F()=F(,)
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are h-convex for all [ ,qland [0, ]. We denote the set of all coordinated h-convex
interval-valued functions on by SX(ch, ,RY).

The families of all Riemann-integrable real-valued functions on [0, ], interval-valued
functions on [0, ] and on  are denoted by Ry, 1, TR0, )» and ZD( ). We have the
following:

Theorem 2.4 ([30]) Letf: [0, ] Rz besuchthatf=[f,f]. Thenf IR, jif,f

R([o, D and
(IR)/ f(9ds= [(R)/ f_(s)ds(R)/ f_(s)ds].
Theorem 2.5 ([31]) Let F: Rz. If F ID( ), then

(ID) // F(t,9dtds= (IR)/O dt(IR)/q}'(t,s) ds

Definition 2.6 ([16]) Letf:[0, | Rzandf ZIR(q j). Then the interval Riemann—
Liouville-type integrals of f are defined by

~ 1 -l
1J0+f( )_ ( )\/c: ( ) f( )d ’ >ox
1
J *f = - _lf ) )
J-fC) O / ( ) ~f()d <
where >0,and is the gamma function.

Theorem2.7 ([32]) Letf:[o, | R4, f IR, p,andh:[0,1] R*.Iff SXh,[o, ],
R%), then

1 o+ () s ~
h(%)f( 2 ) (-0 [ f()+3 ()] 21

1
[f(0)+f( )]/ ‘1[h( )+h(1 - )]d
0
with > 0.

The Riemann-Liouville-type fractional integrals of interval-valued coordinated func-

tions F(t, ) are given as follows.

Definition 2.8 ([27]) Let F: R% and /' ZD( ). The Riemann-Liouville-type inte-
grals Jo. +, Soi'qf, J L 43 g of Foforder , >0 aredefined by

G FC 5 [ 0 -9 tResdsa so s

JorgFC )=ﬁfo /q( —t) Ys= ) “LF(t,9dsdt, >0, <0
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~ o _ 1 _ 10 g -1
JLF(, )= O ()/ / (t- ) -9 'F(t,9dsdt <, >,
~ _ 1 d _ “1(a_ -1
JriaFC, )_7( T )/ /(t ) “(s— ) T F(t,9dsdt, <, <0

3 Mainresults
In this section, we prove some new Hermite—Hadamard-type inequalities for coordinated
h-convex interval-valued functions via the interval Riemann-Liouville-type integrals.

Theorem 3.1 LetF: R* be suchthatF = [F, Fland F ZD( ),andleth:[0,1]
R*. If F SXch ,RY),then

1 o+ +q
hz(%)]:< 27 2 )
() ()
(-0 (@-)
X [30;, +-F( 7q)+30;,q*f( ’ )+3 LY +—7:(0»Q)+3 L,q-f(o: )] (31)

[Flo, )+ Flo,g)+F(, )+F(,09)]
// Jh( ) +h(1~ )h( )
()h(1- )+h(1- )h(1- )]d d
with , >0.

Proof Since 7 SX(ch, ,R¥), we have

! f( Y ) FOW+FC W+ FC, )+ FC ).

h2(3) 2 2
Let = o+(1- ), =(1- )+ ,u= +(1-)gw=01-) + q , [0,1].
Then
1 0+ +q
hz(%)}—( 27 2 )
(3.2)
F(o+(1-), +@Q-)g+F(@- )+ , +(1-)q)

+F(o+(1-) ,(1- ) + gq)+F((1- o+ ,(1-) + q).

Consequently,
1 0O+ +d
hZ(%)f( 2’2 )
1 pl
_ 1 ]__(O+ ’ +q)// a1y g
h2(3) 22 /) Jo
[// -+ AF(o+(1-), +(1-)g)d d
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1,1
+/0/0 -1 ’1}'((1— o+ , +(1- )q)d d
1 p1
1 B B
+/0/0 F(o+(1-),0-) + qd d

1 1 R ~ ~ ]
+/(;/0 F(@-)o+ ,1-) + gyd d
1 1
=[/f 4 F(os(- ), +(1- o)
0 0

F(o+(1-), +(1- )dg)]d d

1 1
-1 -1 _ _
. / / [F(A- Yo+ . +(1=)a)

F(@-)o+ , +(1-)g)]d d

f / AE(o+(- ) ,a- ) + q),

7( o+(1-) ,0-) + q)]d d
// ME(@- Yo+ ,a-) + a), (3.3)

F(@- o+ .(a-) + q)d d]

=[//q (O)7C0) Tz St
//q (O)7(O) T )dfqodf]
+[/ / (- () () A& )dfqdfo
// (- ) (O TFEC )%q%]
+[//(( ) - ) A, >qdf0df
/O/q( () - ) TFC )%odf]
+U /q(l- () - ) TEC, >qdfdfo
/ f (1- 1= () TFC, )qdfdfo]

__ 0O 0
(-9 @-)
Jor +FC,D+Jgi g F(, )+T 2 . FOQ+3 “g-Flo )]

() ()

= W[%;' LF( ,q)+30;,qf]:( f )+3 L, +.7:(O,q)+3 7—,q—]:(0, )],

[Bor, +FC D +Jgi g £ )43 - W FOD+T g F0 ),

where ( )=—, ( ):g%.
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Similarly, since 7 SX(ch, ,RY),

Flo+(1- ), +@1-)g)+F(@- )0+ , +@1-)q)
+F(o+(1-) ,(1- ) + gq)+F((1- )+ ,(1-) + q)
[h()h( ) +h(1 - )h( )+h( )h(1 - )+h(1- )h(1- )]

x [Flo, Y+ Floq)+F( , )+F( )]

(3.4)

Multiplying both sides of (3.4) by ! ! and integrating on [0,1] x [0, 1], we have

O O) [Bor, +FC,D+Jgi - FCH )+T 2 W FOD+T - Flo )]

(-0 (q-)
[F(o, )+ Flo,q)+F(, )+F(,0]
(3.5)
// [ h( )+ h1= )h( )
+h( )h(1- )+h(1- )h(1- )]d d
Using inequalities (3.3) and (3.5) completes the proof. d
Example3.2 Let =[0,2]x [0,2]. Leth( )= , = =1, and F( , )=[2- 7)@2-

), 2+ )2+ T)].Then

1 O+ +d
h2(3) 27 2

() ()
(-0 (@-)

):[16,144],

[Bor, + FC,D +Jgh - F(, )+3 2 W F(0,9)+3 g F(0 )]
_ _ 2 _ _ 2

:[66—16 2-8 2 +2 +7,66+16 2+8 2 +2 +71|,

and

[Flo, )+ Flo,+F(, )+F(,0q]

// 'h( () +h(1— Hh( )

()h(@- ) +h(1- H)h(a- )]d

=[72-32 2,72+32 2].
Therefore
_ _ 2 _ _ 2
(16, 144] |:66—16 2-8 2 42 +,66+16 2+8 2 +2 +7]
[72-32 2,72+32 2].

Consequently, Theorem 3.1 is verified.
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Remark3.3 If F = Fand h( )= , then we get Theorem 3 of [33]. If F = F,h( )= and
= =1, then we get Theorem 1 of [34].

Theorem 3.4 LetF: R be suchthatF = [F, Fland F  ZD( ,andleth:[0,1]
R*. If F SXch ,RY),then

1 0+ +q
h%%)f< 2 2 )
(+1) [. vq\ . +q
() —0) [""J(’ 2 >+“f(°’ 2 )]

( +1) o+
"anda- ) [ ( ’q)+3q ( 2 )]

( +1) ( +1)
(-0 @)
X [3g +FC,0) + 35 g FCo )43 2 F0,0)+3 “qFO )]
( +1)[ o F( o )+ I FC,)+T -F(, )+3 -F(,9)] (3.6)

( -0
1
X/O “1[h( ) +h(1 - )]d

L, D
@-)

x/l [h( ) +h(1- )]d
0

[Flo, )+ Fo,q)+F(, )+F(,9]

1 1
-1 _ -1 _
xfo [h( ) +h(1- )]d /0 [h()+h(- )]d

[ FOq)+3 .F(,Q)+JIgFO )+Ig-F(, )]

Proof Using Theorem 2.7 and 7 SX(ch, ,R}), we get

1 +q O) . R
h(%)}"( . ) G F @3 F (]

1
[F ( )+f(q>]/0 () +h(- )]d

that is,

1 T T }
(q_)[/m )G s [C-) A

1
[F(, )+ 7 ,q)]/o “h( ) +h(1- )]d
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for all [0, ]. Moreover, we have

1 -1 +q
(—o)h(l)/(_) f(’ 2 )d
(—o(q— U/(‘)l(q ) T, )d d

(3.7)
+//(- )1(—)1J—'(,)dd}
1
( -0 _/ /0( - )‘1[]:( , )+ F( ,q)] —1[h( )+ h( - )]d q
and
IR R A
T R G L
q
ﬁ[/ /( -0 Mg~ ) 'F(, )d d
0 (3.8)
q
+/ /( —0) Y - ) 'F(, H)d d:|
—0) / /( -9 » )+ F( GI)] _l[h( )+h(1 - )]d d
Similarly, we have
_ 1]_-( )d
(q- ) h(2 )f )
(—0)((1—)[//(_ Y- ) "F(, )d d
(3.9)
+/ /( -0 'g- ) 'F(, )d d]
q pl
(q_l) //O(q— )*1[]-‘(0, Y+ F(, )] ’1[h( )+ h(l )]d q
and
;\/q( _ )_1f<0+ )d
(q- )h(l) ;
-0) (q— U f - )W, )d d
(3.10)

+//( S0 - ) F(C, ) d]

//( - ) [F )+F(, )] [h()+h(i- )]d d

(OI—
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Summing inequalities (3.7)—(3.10), we have
o e () o)
— | J+F|  —— _Flo——
2n(3)( -0 [“° ( 2 )0

( +1 R o+ R o+
g ) [" *I<T’q)+"qf< 2 >]

(+1) ( +1)

( -0 (- )
(+1

( -0
1

x/o [h( ) +h(1 - )]d

L)
a-)

xfol [h( )+h1- )]d ,

[Bor, + FC,D +Jgh - F(, )+3 -+ F(0,9)+3 “gF(0 )]

3o F( )43 FCa)+3 -F(, )+3 -F(,9)]
[ FO)+3J .F(,0+JIqgFO )+Ige-F(, )]

which gives the second and third inequalities in (3.6).
Using the first inequality in (2.1), we get

1 0+ +q (+1) [. +q R +(q
hze)f< ) h(D( -0 (o) swr( 57| e

and

1 O+ +q ( +1) [, o+ R 0+
hZ(é)f< 22 ) h(Da- ) [““'f<T’ )*"*f<T’q)}<3~l2>

Summing inequalities (3.11) and (3.12), we get the first inequality in (3.6).
Using the second inequality in (2.1), we also state

()

( -0
()

1
[3 FO )+3oF(, )] [Flo )+F(, )]/O Ah()+ha - )]d

1
[ FON+3.F 9] [Fog+F(,q] /0 h( )+hi- )]d ,

( -0
O 13 F F F F Ca h h(1 d
(q_—)[dq— (0 )+J .F(0,9] [Fo )+F(0,0] A [h()+h(1- )]d,
and
O ry F J.F F F Lo h( ) +h(1 d
G- BeFC 0+ FGal [FCO)FCal [ ThO+ha-)d
which gives the last inequality in (3.6). This completes the proof. O
Remark3.5 If F = F and h( ) = , then we get Theorem 4 of [33]. If = =1, then we

get Theorem 3.5 of [25]. If = =1andh( )= ,thenwe get Theorem 7 of [26].
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Theorem 3.6 Let F,G : RY% be such thatF = [F,F], G = [G,G], and FG  ID( ),
andleth:[0,1] R*.If 7 SXch, ,RY)andG SXch,, ,RY),then

() (O)
(-9 @-)

+ 30t +FCLQGC D +Jgi - F 5 G, )]

[J7 «FlomG(0,q) +3J - F(0 )G )

1 1
M, ,q>/ / S hy(1 = (1 - Jhy(1— Hhy(1- )
0 0
e = O = Yha( )+ O = Hha( Ihp(1— )
e O Ohe(Ohs()]d d
1 1
N, , , -1 -IThy(1 = )hy( Yhy(1= )hy(1 =
+ N (o q)/()/o (1= )h(Oha(1— (- )
e (1= e = () + O = ha( s ) 6.13)
OOy Oha(1= )]d d
1 1
P, , , -1 =Thy( Yhy(1 = Hhy(1 = )hy(1 -
+ P q)/ofo [ a1 = dhy(l= (1= )
ch@= = O = )+ (OO = Hhy( )
+hi (1= )hy( Hhy( hy( )]d d
1 1
-1 =1Th (O )hy( )ho(1 = )hy(1 =
+ (0 q)/ofo (i (ha(1 = Ihy(1= )
O = YNa(L— Yha( )+ byl = I ha( a1 )

+hi(Oh()ha(1- )ha(1- )]d d,

where

Mo, , ,aq)=F(, )G(o, )+ F(, )G(, )+ Floag(oaq) +F( ,qg( ,q),
N, , ,9=F( )G +F(, )G( ,q+F(qG0 )+F(,qg( , )
P, , ,a)=F(0, )G( , )+F(, )G(o, )+ Foaqg( ,q +F( ,qG(0,0),
Q@ , ,a)=F(, )G( ,aq+F(, )G, +FO,qng( , )+F( NG ).

Proof Since 7 SX(ch;, ,R%)andG SX(ch,, ,RY), we have

F(o+(l- ), +(1-)q)

hi( )hi( )F(o, ) +hi( )1~ )F(o0q)

+hi(1- )mO)FC, )+ - )@ - )F(,a),
F(o+(1-) ,0-) + q)

hi( )hi(1 - )F(o, )+hi( )hi( )F(0,0q)

+hi(1- )@ - )FC, )+m@- )h()FC,q),
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F(@-)o+ , +(1-)a)
hi(1- )m()F@© )+h(1- )@~ )F(o0q)
+h (O ()FC, ) +h()h(@ - )F(C ),
F(@-)o+ ,(1-) + q)
hi(1- )@ - )F, )+Mm@~- )hi( )F(o0)
+hi (M@ - )FC, ) +mO)h()FC ),

and

G(o+(1-), +(1-)o)

ha( )ha( )G(0, ) +ha( )ha(1 - )G(0,0)

+hy(1- )hy()G(, )+h(l- )h(1l- )G( ,a),
G(o+(1-) ,(1-) + q)

ha( (1 - )G(o, ) +ha( )ha( )G(0,q)

+hy(1- )hy(1- )G(, )+h(1- )h()G( ,0),
G- Yo+ , +(1-)q)

hy(1— )ha( )G(o, ) +hy(1- (1~ )G(0,0)

+ha( )2 ()G(, ) +ha( )ha(1- )G( ,0),
G- )o+ ,(1-) + q

hy(1- )hy(1- )G(o, )+ha(1 - )a( )G(0,0)

+hy()ha(1-)G(, )+ha( )h()G( 9.

Since 7,G RY, we have

Flo+(1-), +(1-)g9G(o+(1-), +(1- )q)
+F(o+(1-) ,(1-) + q)g(o+(1-) ,(1- ) + q)
+F(@- )o+ , +(1-)gg(d- Yo+ , +(1- )9
+F(1- )o+ ,1-) + q)g(1- o+ ,(1-) + 0
Mo, , ,q)
x [hi(1— )hi(1- )hy(1— Hha(1— )+hi(1 = Hhi( )hy(1— Hhy()
+hy()h (1= )hy( Yha(1 = ) +hy( )hy( )ha( Hha( )]
+N(o, , ,@[hi(1- )hi()ha(1 - )hy(1— )+hy(1— )hy(1- )hy(1— )hy()
+hy()hi(1 = )hy( ha( ) +hi( )hi( )ha( )ha(1- )]
+P© , (I - (1 - (1= )+hi(1- (11— Hhy( (1)
+hi( )i )ha(1— Yhy( ) +hi(1— Hhi( )ha( )ha( )]
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+9(0 , ,g[h()hi(ha(1 = Hha(1— ) +hi( Hhi(1- Hha(1- ho()
+hi(1 = Hh(O)ha( )ha(1 = ) + i )hi( a1 - (1= )]

Moreover, we have

// O F(o+(1- ), +(1- )q)

xG(o+(1-), +(1-)gdd

1,1
-1 -1 B _
+/0 /0 .F( o+(1- ) ,1- ) + q)

XQ( o+(1- ) ,1-) + q)d d

// A F@- o+, +(1-)g)

xG(1- o+ , +(1-)gdd
// A F@- Yo+ L,(1-) + Q)
xG(1- o+ ,1-) + qd d
MG, , ,q) / f M- (- (- (- )

+hi(1- )h( )ha(T— Hhy( ) +hy( Yh(T— ho( )ha(1- ) (3.14)
+hy( hy( hy( )h()]d d

+N(, , yQ)f / @ = ) (Oha(1- Hhy(1- )

+hi(1= )1 - )hy(I— )hy( ) +hi( )i (1 - )ha( )ha( )
+hi()hi( )ha( )h(1- )]d d

1 1
+P0O . ,0) /0 /0 S b1 = hyl— (1= )

+hi(1- )h (- )ha( )he(1 = ) +h( )hy( )he(1— Hhy( )
+hi (1= )hy( Hhy( )hy()]d d

+ 00, , .q) / / (e (= (1= )

+h1()h (L= )ha(1 = )ha( ) +hi(1 = )hi( )ha( )ha(1 - )
+hi()h( (- Hhy(1- )]d d .

By Definition 2.8 we get

f/ 1 F(o+(1-), +(1-)q)

xg(o+(1-), +(1-)gdd
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1,1
1 -1 _ _
+/0 /0 ]-'( o+(1- ) ,1- ) + q)

xG(o+(1-),01-) + qg)d d

/‘/ OAF((@- Yo+, +(1- )q)

xG((1-)o+ , +(1- )q)d d

-1 B :
+/0/0 F(@-)o+ ,(1-) + q)

xG(1- )+ ,1-) + qdd

00
(-0 @)

+ 3o, +F DG, + T - F 5 G, )]

(3.15)

[J L’ +]:(0,q)g(0,q)+3 L,q*-/—'v(or )g(o: )

From inequalities (3.14)—(3.15) we obtain inequalities (3.13).

Remark3.7 If = =1andh( )= ,then we get Theorem 8 of [26].If F = F, h( ) =
and = =1, then we get Theorem 4 of [35].

Theorem3.8 LetF,G:[o, ]x[ ,q0 R%besuchthatF = [F,F],G =[G,G],and FG
ID( ), andleth:[0,1] R*.IfF SXch, ,RY)andG SXch, ,RY),then

1 o+ +q 0+ +q
‘F ’ )
2 h2(Hh%(3) ( 22 )g( 22 )

() () - o
2( —0) (q- ) [Bor, +FCDGC ) + 350 g F (5 )G, )

+3 . F(0,9G(0,0) +J ~ ¢ F(0, )G(0, )]

+ M, ,q>/ 14 f OO a1 = )

+hy(1— Hha( ) +ha(1— (1= )]
+hi()hi(1 = )[ha( () +ha(1= e — ) +hy(1- )he( )]]d

1 1
N ,q)/o -ldfo “hy (b )[ha( ol )

+hy(1- )hy(1- )+ hy(1- Hhy( )] (3.16)

+hi (1= )[ha( (I = ) +hy(1- () +hp(1— )hp(1- )]]d
<P ,q)/ g / OO = a1 =)

+ha( ha( )+ ha( (1= )]
+h () (1= )[ha(1 = Hha( ) +hy( Dha(1— )+ hy( hp()]]d

+ 00, , ,q>/ g / (OO = Hha( )
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+ha( (1= ) + ha( ha( )]

+hi()hi(1 = [ = (= ) +ha( () +ha( (1= )]]d .

Proof Since 7 SX(chy, ,R})andG SX(ch,, ,RY), we have

}_(o+ , +q>g<o+ ’ +q>
2 2 2 2

_F( o+(1- ) +(1— )o+ +(1- )q+(1— ) + q)
- 2 2 ’ 2 2
xg< o+(1-) (- )o+ +(1-)q (A-) + q)
2 2 ’ 2 2
n(3)(3)
x [F(o+(1-), +QQ-)g+F(@- )+ , +(1-)q

+F(o+(1- ) ,(1-) + q)+F((1- o+ ,1-) + 0]
x[G(o+(1- ), +(1-)9+G(1- )+ , +(1-)q)
+G(o+(1-) ,A-) + q)+G(1- Yo+ ,1-) + q)]
(o) ()
x [F(o+(1- ), +(1-)ggG(o+1-), +(1-)q)
+F(1- )o+ , +(1-)gg(d- )o+ , +(1-)g)
F(lo+(1-),0-) + qg(o+(1-) ,0-) + q
F(@-)o+ ,1-) + qg(@- )+ ,(1-) + g
+“f(%)“f(%)
x [hi()hi()[ha( (1= )+ ha(1= () +hy(1— Hhy(1- )]
+hi (1= )[ha( Dha( )+ ha(1= (1= )+ hy(1— Hhy( )]
+hi (1= )hi()[ha(1= Hhy(1— )+ hy( )y )+ hy( Hhy(1- )]

+hi(1 = i@ = )[ha( )ha( ) + (1= Hho( )+ ha( (1= )Mo, ,

+h12<1)h£(%)[hl( () [a( ol )+ bl = ha(1— )+ (L= o )]

2
+hi ()= [ a1 - )+ Q= Jhp( ) +hy(1— Hhy(1- )]
+hi(1 = ()1 = o) +ha( (1= )+ ha( )ha( )]
+hi1- )h(1-)

x [ha(1= Hha(1 = ) +ha( () +ha( )ha(1- )N(o, , )]

aNe
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x [ (O)[ha(1= a1 = ) +ha( )ha( ) +ha( )ha(1- )]
+hi(Ohi1 = )1 = )ha( ) +ha( (1= )+ ha( )ha( )]
+hi1 = )h()[ha( a1 = ) +ha(1 = () +ha(1 = Hhy(1- )]
+h(1- )hy(1- )

x [ha( )ha( ) +ha(1 = (1 - ) +ha(1- ()]P(o, , )]

+hl2(%)h£(%)[hl( JO[ha( = Hha( )+ ha(ha(l = )+ ha( Hha( )]

+hi (1= )[ha(1- Hha(1— )+ hy( )hp( )+ ha( Hha(1- )]
+hi(1 = ) (O)[h( )ha( ) +ha(1= (1= )+ hy(1= Hhy( )]
+h(1- )hy(1-)

x [h( (1= ) +h(1 - )ha(1- ) +h(1- )ha()]Q0 , ,0)].

Moreover, we have

i}_<0+ , +q>g(o+ ’ +q)
2 2 2 2

() (O)Hh?(Hh?(3)
(-0 (- )
X [Jot +FCD+ 35 F(, )+3 2 L FOQ+3 “g F(O )]

+2h12(§>h22<§)/\4<o, . .0
1 1
! “1Th h h hy (1 -
x/o /0 [P o= )

+hy(1= hy( ) +hy(1- Hhy(1- )]
+hi (1= )[ha( Dha( )+ ha(1= (1= ) +hy(1- Hhy( )]]d

+2h12(1>h22(1)/\[(0, , ,q)
/ *ldf ([P s )

+hy(1— (1= )+ hy(1— )hy( )]
+hi()hi(1 = )[ha( (- ) +h(1 - () +hy(1- (- )]]d

+2h12(1>h22<1>73(o, , 50
x/ -1 / JO[ha(l— (- )

+ha( () +ha( (1= )]
+hi ()1 = )[ha(1 = Hha( ) +hy( Hha(1— )+ hy( hp()]]d
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+2h12(%>h22<%>9(o, ..
1 1
! -1Th h h,(1- )h
x/o /0 (OO = Hha( )

+ha( )ha(1 =) +ha( )ha( )]
+h(Ohi1 = )1 - (1= ) +hy( )ha( ) +ho( (1= )]]d ,

which rearranges to the required result. O
Remark3.9 If = =1andh( )= ,then we get Theorem 9 of [26].If F = F,h( )= ,
and = =1, then we get Theorem 5 of [35].

4 Conclusion

In this paper, we proved some new Hermite—Hadamard-type inequalities for coordinated
h-convex interval-valued functions via Riemann-Liouville-type fractional integrals. The
results generalize the previous results given in [25-27, 33, 35]. Moreover, in the future in-
vestigation, these results may be extended for different kinds of convexities and fractional
integrals.
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