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1 Introduction
The classical Hermite—Hadamard inequalities state that

)=

where f : 7 — R is a convex function on the closed bounded interval Z of R, and 0,c € Z

f(0) +f(§)
2

(1.1)

with o < ¢. Since they play a crucial role in convex analysis and can be a very powerful
tool for measuring and computing errors, many authors have devoted their efforts to gen-
eralize inequalities (1.1); see [1-6]. It is worth noting that Sarikaya et al. [7] established
new Hermite—Hadamard-type inequalities via the Riemann—-Liouville fractional integrals.
Since then, many papers have generalized different forms of fractional integrals and pre-
sented new and interesting refinements of Hermite—Hadamard-type inequalities using
these integrals. Fernandez and Mohammed [8] established some Hermite—Hadamard-
type inequalities for the Atangana—Baleanu fractional integral. Mohammed and Abdel-
jawad [9] proved new Hermite—Hadamard-type inequalities in the context of fractional
calculus with respect to functions involving nonsingular kernels. For other related results,
we refer the readers to [7-19].

On the other hand, to improve the reliability of the calculation results and automatic
operation error analysis, Moore [20] introduced the theory of interval analysis. Inter-
val analysis has a strong model for handling interval uncertainty and has been widely
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applied and stretched in control theory [21], dynamical game theory [22], and many
others. Recently, numerous famous inequalities have been extended to interval-valued
functions. Chalco-Cano et al. [23] obtained Ostrowski-type inequalities for interval-
valued functions by using the Hukuhara derivative. Romén-Flores et al. [24] derived the
Minkowski and Beckenbach-type inequalities for interval-valued functions. Liu et al. [18]
proved Hermite—Hadamard-type inequalities via interval Riemann—Liouville-type frac-
tional integrals for interval-valued functions. Very recently, Zhao et al. [25, 26] established
Hermite—Hadamard-type inequalities for interval-valued coordinated functions. Budak et
al. [27] gave a definition of Riemann-Liouville-type fractional integrals for interval-valued
coordinated functions and presented some new Hermite—Hadamard-type inequalities.

Motivated by Zhao et al. [25, 26] and Budak et al. [27], we present a new class of
Hermite—Hadamard-type inequalities for coordinated /-convex interval-valued functions
via Riemann-Liouville-type fractional integrals. We also establish Hermite—Hadamard-
type inequalities for the products of two interval-valued coordinated functions.

The paper is organized as follows. Section 2 contains some necessary preliminaries. In
Sect. 3, we establish some new Hermite—Hadamard-type inequalities for coordinated /-
convex interval-valued functions via Riemann—Liouville-type fractional integrals. We end

with Sect. 4 of conclusions.

2 Preliminaries

In this section, we recall some basic definitions and results on interval analysis. We denote
by Rz the set of closed bounded intervals of R and by R* and R the sets of positive real
numbers and positive intervals, respectively. We also denote A = [0, ¢] X [p,¢q]. For more

notions on interval-valued functions, see [28, 29].

Definition 2.1 ([29]) Let / : [0,1] — R*. We say that f : [0,¢] — R is an s-convex

interval-valued function if for all x,y € [0, ¢] and t € [0, 1], we have

flex + @ =1)y) 2H(T)f(x) + H(1 - T)f ().
We denote the set of all #-convex interval-valued functions by SX(#, [0, ¢], RY).

Definition 2.2 ([26]) A function F : A — R is said to be a coordinated convex interval-

valued function if

Flrx+Q-1)y,0m+1-6)v)

210F(x, 1) +t(1=0)F(x,v) + A =1)0F(y, u) + (1 - 7)(1 = 0)F(y,v)
for all (x,y),(u,v) € Aand 7,0 € [0,1].

Definition 2.3 ([25]) Let /:[0,1] — R*. Then F : A — R is called a coordinated -

convex interval-valued function on A if the partial mappings

Fyilosl=> Rz, F(0=F7)

-7:)( : [,O,I'I] %R}’ ]:X(J/)=]:(X»)/)
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are h-convex forall y € [p,q] and x € [0, ¢]. We denote the set of all coordinated /-convex
interval-valued functions on A by SX(ch, A, RY).

The families of all Riemann-integrable real-valued functions on [o, ¢], interval-valued
functions on [0, 5] and on A are denoted by Rjo,c1), ZR([o,c))» and ZD(,). We have the

following:

Theorem 2.4 ([30]) Let f :[o,c] — Rz be such that f = [/:,]7]. Then f € ZR(,c)) lﬁ(]:,]? €
Ritoc1) and

S S S _
@R [ s as- [(R) [ roasw [ f(s)ds].
Theorem 2.5 ([31]) Let F : A — Rz. If F € IDp), then
S q
1D F(t,s)dtds= (IR dt(ITR F(t,s)ds.
( )// (t,)deds = ( )/0 1 )fp (t,5)ds

Definition 2.6 ([16]) Let f : [0,¢5] — Rz and f € ZR([,.)). Then the interval Riemann—
Liouville-type integrals of f are defined by

”*19—1 ﬁﬂ a1 d o

3 )-@fo< _ 0 0dy, 9o
S

3‘;f(ﬁ)=ﬁ /ﬂ =90 dy, 9 <c

where « >0, and T is the gamma function.

Theorem 2.7 ([32]) Letf :[o,c] = RY, f € IR,y and h : [0,1] — R*. Iff € SX(h,[o, ],
RY), then

1 0+¢ L) g »
ah(%)f( 2 ) = (s —o) [35:/(5) + 3¢-f (0)] -

1
2 [0 +f)] [+ [h(e) + b1 - )] e

with a > 0.

The Riemann-Liouville-type fractional integrals of interval-valued coordinated func-

tions F (¢, s) are given as follows.

Definition 2.8 ([27]) Let 7 : A — R% and F € ZD(,). The Riemann-Liouville-type inte-

o,

grals Jofpﬂ 3‘:1’27, 3?’13,/)” Jz’ﬁ,q— of F of order «, B > 0 are defined by

1 X Y
0B _ a-1 B-1
¥ Fx, -—/ /( ey P F @ s)dsdt, x>0,y > p,
o FOGY) ror® ), ), X y X>0,y>p

1 X (4
~0,fB _ _pa=1le, o \B-1
Sl F D= s | [ -0 e Fedsd a0 <q
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S 14

3 F(xy) = t—x) Ny )P F(ts)dsdt, x<c,y>p,

T(@r () )F(ﬁ)

q

3P F(x,y) t—x) s -y F(t,s)dsdt, x<c,y<q.

" T(@r() )F(ﬂ)

/]
[
X Y
3 Main results

In this section, we prove some new Hermite—Hadamard-type inequalities for coordinated
h-convex interval-valued functions via the interval Riemann-Liouville-type integrals.

Theorem 3.1 Let F : A — RY be such that F = [F, Fland F € 1Dy, andleth:[0,1] —
R*. If F € SX(ch, A, RY), then

aﬂ;@)f(o;g, p;q)
I'(e)C(B)
(s -0)g-p)
< [300 Fle,@) + 38 Fls,0) + 327 . Flo,q) + 3¢y Flo, p)] 3.1)
2 [Flo, p) + Flo.q) + F(s, p) + F(s,q)]
/ / 1P h(v)h(©®) + h(1 - T)h(0)

+h(t)h(1-0) + h(1 - t)h(1 - 9)] dr db

with o, B > 0.

Proof Since F € §X(ch, A,RY), we have

1 <X+y w+v

() SR )Qf(x,u)+f(%u)+f(x,v)+f(y,v)-

Let x =to+(1-1t)s,y=(1-1)o+165, u=60p+(1-0)g, w=(1-0)p +6¢q, t,0 €[0,1].
Then

1 0+ +
o F( Zg’pzq)
()

DF(ro+(1-1)5,0p+(1-0)g) + F(1-1)o+ 75,60+ (1-6)q)

+F(to+(1-1)5,(1-0)p +0q) + F((L-1)o+75,(1-0)p +6q).

Consequently,

1 : ]__(o+g’p+q)

1 p1
= 11 f(0+g,p+q)//r°"10ﬁ_ld0dr
e\ 22 ) s

11
>, [/ / 9P Fro+ (1-1)s,0p + (1-0)q) do dt
0 Jo
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1,1
+ / / 1“495*1]-'((1 —-1)o+71tc,0p+(1- Q)q) do dr
o Jo
1,1
+/ / 0P F(ro+(1-1)5,(1-0)p +0q) do dr
o Jo

1,1
+/ / r‘”—l@ﬁ_l}'((l—r)0+tg,(l—@)p+9q) d@dt]
0o Jo

1 1
= [/ / 0P [ F(ro+ (1-1)5,0p + (1 -0)q),

_( -0)*(q - p)?
P Floq) + 3 Fle,p)+ 32 Flo,q) + 322 Flo, )]

" (c-0)(q-p)P

where n(x) = =%, ¢(y) = L&

F(ro+(1-1)5,0p +(1-0)dq)]do dr

a-1nB-1 _ _
+/0 /0 P E(1-1)o+75,0p + (1-0)q),

F(1-1)o+715,0p+(1-0)q)]dodr

1 p1
a-1npB-1 _ _
+/(; /0 %70 [£(ro+(1 7)g,(1 9),0+9q),

.7'(10+(1—r)g,(l—@)p+0q)]d6dr
1,1
+/0 /0 T“’le’s’l[z((l—r)o+rg,(1—9)p+9q),

.7'((1 -1)o+716,(1-0)p + 051)] do dr]

d d
[// n00) ™ (e ) F )2 4%
S

4
[ ooy con Fon 2 }

s p _ a-1 B-1 d—]/ dX
+[/ q(l ")) s

s e . d
/ (1160 () Tl L y X]
q -qgGs—a

e dy dx
+[/§/p(n(x)) (1-ctr) Foon) L

q d
// 1G0) (L= () Fi y)—y X]
) —po-¢

v dx
L[ anony ey Foon 2

ff (L= n00)™ " (1= e F ) -2 dx}

g-ps-o
T ()T (B)

Yoo pr L

F(a)l"(,B) [3(1/3

E|Y

g—o q-

[0 Flo,q) + 35 Fle,0) + 322, Flo,)

T+ 3 Fe,0)+ 32 Flo,q) + 320,

(3.3)

a2 (0,p),

Flo,m],
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Similarly, since F € SX(ch, A, RY),

F(ro+(1-1)5,0p+(1-0)g) + F((L-1)o+75,0p+(1-0)q)
+F(to+(1-1)5,(1-0)p+0q) + F((L-1)o+75,(1-0)p +6q)
2 [h(t)h(@) +h(1 - 1)h(0) + h(t)h(1 -0) + h(1 — 7)h(1 - 9)]
x [F(o,p) + Flo,q) + F(s, p) + F(s,9)]-

Multiplying both sides of (3.4) by %161 and integrating on [0, 1] x [0, 1], we have

F@TB) (o y
m (35, Fle,) + 32, Fla,0) + 32 Flo,0) + 322, Flo, )]

2 [Flo,p) + Flo,q) + F(s,0) + F(s,q)]

(3.5)
1 p1
X / / 0P [h(t)h(®) + h(1 - T)h(0)
o Jo
+h(t)h(1 - 0) + h(1 - T)h(1 - 6)] dT db.
Using inequalities (3.3) and (3.5) completes the proof. d

Example 3.2 Let A =[0,2] x [0,2]. Let h(#) =60, =8 = %, and F(x,y)=[2- /X2 -
VY 2+ /02 + /¥)]. Then

1 0+¢ p+q\
() e

2 2
I'()T(B)
(¢ —0)*(g—p)P

2 2
- [66—16«/5—8fzn+2n+ %,66+16\/5+8«/§n+27r+ %}

(350, F(6.@) + 35 F (6, p) + 32 . F0,0) + 3224 Fl0,0)]

and
[F(0,p) + Flo,q) + F(s,p) + F(s,9)]
1 1
a=1gB-1Tp(2)h(B) + h(1 - T)h(6
X/O/Or [(x)h(6) + h(1 - T)(6)

+h(t)h(1-0) + h(1 - 1t)h(1 - 9)] dr db

= [72 - 324/2,72 + 324/2).

Therefore

72 w2
[16,144] D |:66 — 1672 - 821 + 27 + 7,66 +16+/2 + 82 + 27 + 7]
D [72 -32+/2,72 + 324/2].

Consequently, Theorem 3.1 is verified.

Page 6 of 17
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Remark 3.3 If F = F and h(6) = 6, then we get Theorem 3 of [33]. If F = F, h(0) =6 and
a = B =1, then we get Theorem 1 of [34].

Theorem 3.4 Let F : A — R be such that F = [F, F| and F € D), and let h: [0,1] —
R*. If F € SX(ch, A,RY), then

1 0o+¢ ,o+q)

]—'( ,
n(3) 2 2

Mo +1) N p+q> N ( ,o+q)]
>D— 3% Flec,— “ Flo,
wh(%)(g—o)d["” <§ 2 )T\

w7 (7))
+2h(%>(q—p)ﬂ["”*f 2 1)

Mae+1I(B+1)
~ (s-0)*(g-p)
x [300 Flo,q) + 32 _F(s,0) + 327 . Flo,q) + 32 Flo, p)]

L Bre+1)
~ (c—-o)

[38.F(s,p) + 3% F(5,q) + 32-F(s,0) + 3 F(s,q)] (3.6)

1
x/ 0P~ [h(®) + h(1 - 0)]do
0

rg+1
%[ﬁﬁﬂo, D+ 3 Floq) + 3 Flo,p) + 3 Fls,0)]
1
X / r“‘l[h(t) +h(1 - r)] dt
0
2 aB[Flo,p) + Flo,q) + F(s,p) + F(s,q)]

1 1
< [ et en o) [0 o)+ -o))as
0

0

Proof Using Theorem 2.7 and F € SX(ch, A,RY), we get

1 r
ﬁh(l)ﬂ(p;q> 2 (q—(i))ﬂ [30. F (@) + 3 F (0)]
2

1
> [Fy(0) + Fo(@)] fo 67 [(6) + h(1 - 6)] b,
that is,

1 0 +q>
f )
Bh(L) <X 2

1 q q
-y Fy)d (v =)' Flx, d}
(q—p)ﬂ[/p (q-v (v 7/+/p v =p)" " F(xv)dy

2

1
S [Fxm) + Floa)] / 651 [h(6) + h(1 - 6)] df

0
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for all x € [o, ¢]. Moreover, we have

1 s a-1 ( :0+Q)
S — )1 F( x, d
ﬁ(s—O)“h(%)/o(g W 0y ) dx

- w1 B o d
~ (c—0)*(q-p)F U/(g X Ng-y) T Fx,v)dy dx

_ye-lg,  \B-l
+/ /(g O - p) J:(X,)/)dydx}

(3.7)

a-1 B-1
> — / / (6 = " [F0) + Fo @105 [0) + (1 - 0)] d6 dx

and

1 oy m)d
ﬁ(g—O)“h(%)./o(X ) f("’ 2 )

; ° 1 _ o1 _ ﬂ—lf d d
9(§_0)a(q_p)ﬁ[/o /p(x 0)* g-y)" Fx,v)dy dy .

S q
_ -1 _ ,\B-1
+/O /p(x 0" (y-p) J’(X,y)dydx]

< -1 B-1
> — / /O (X — 0" [F(x0) + Fo )65 [(6) + (1~ 6)] db dx.

Similarly, we have

1 4 B 0+¢
— -y)F v )d
a(q—p)ﬁh@)fp(q (55 ) o

1 : B _ a-1¢, p-1 dvd
2—(§_0)a(q_p)ﬁ[/o /p(g X g -y) T F(xy)dy dx

S q
EEPAY-20 Y B-1
+/ /(x 0)* (g-v) f(x,y)dydx]

(3.9

DW/ / (g- vV [Flo,y) + Fls,)]r* [h(r) + h(1 - 7)] dr dy

and

1 a +s
p-1
ai(q—p)ﬁh(%)/ (v -p) f( 5 J’)dV

1 < 1 _ a1 _ p-1 dvd
_—(g—o)“(q—p)ﬁ[/o fp(g Xy = o) Fx,y)dy dx

o g (3.10)
Y S PRy
+/o /p(x 0y = p) f(x,}/)dydx}

1 “rt
> | [ -0 e+ Fle e o) +ha - )] de ay.
o

Page 8 of 17
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Summing inequalities (3.7)—(3.10), we have
N +1
_TlerD) [mﬁf(g, p—”) 3‘;_f<o, Pr q)]
2h(5)(s —0)* 2 2

st () ()
+2h(%)(617-/>)“‘[d”+JT 7 ) eI\ e

5 Fa+1I'(B+1)
~ (¢ —-0)(g-p)?
_ Br@+1)
~ (¢-o)

[388 Fle,q) + 355 F(s,0) + 32 Flo,q) + 322 F 0, p)]
[35: F (s, 0) + 35 F(s,q) + IL-F(s, ) + J2-F(s,9)]

1
x/ 071 [h(0) + h(1 - 0)]do
0

s all(B +1)
(q-p)f

1
X / r“’l[h(r) +h(1 - r)] dr,
0

[35. Flo.q) + 35, F(s,q) + 34-F(0,6) + I F(s, )]

which gives the second and third inequalities in (3.6).

Using the first inequality in (2.1), we get

1 0+¢ p+q Ma+1) [, p+q - p+q

rnt () 2 i o 97 (05 307 (225 ) b
and

1 0+¢ p+q rB+1) [.s 0+¢ B 0+¢

hZ(%)F< 2 72 )Qh@)(q—p)ﬂ [J"‘f< 2 ’p)”ﬂ*f(T'q)}BJ”

Summing inequalities (3.11) and (3.12), we get the first inequality in (3.6).
Using the second inequality in (2.1), we also state

F(O{) ~0 ~ ! a—1
c—oF [Jg-]:(o, p) + 3% F(s,0)] 2 [Flo. p) + ]-'(g,p)]/o t* h(r) + k(1 - 1)]dr,
1
(gl"_(o;))a [3?]“(0, q) +35+.7:(§:Q)] ) [.7:(0,6[) + .F(g,q)] /0 t“‘l[h(t) +h(1 - r)] dr,
LP) 3 7 b.F o[F F " 071[h(0) + h(1 - 6)] do
s [ P00+ 3 Fo.0) 2 [Fon) s Fo.a)] [ 676+ h1-0)]as,
and
r 1
. _(’Z ))ﬁ [30-F(c,0) + 3% (e, )] 2 [F(c,0) + F(, )] fo 65-1[(0) + h(1 - 0)] db,
which gives the last inequality in (3.6). This completes the proof. O

Remark 3.5 If F = F and h(0) = 0, then we get Theorem 4 of [33]. If « = B = 1, then we
get Theorem 3.5 of [25]. If « = 8 = 1 and h(0) = 6, then we get Theorem 7 of [26].
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Theorem 3.6 Let F,G: A — R be such that F = [F,Fl, G = [Q,a], and FG € ID ),
and let h:[0,1] = R*. If F € SX(ch, A, RY) and G € SX(chy, A, RY), then

where

I'(a)I'(B)
(¢ —0)(qg-p)f

(3¢, F(0,005(0,9) + 3¢ F (0, 0)5 0, )

+ 300 Fle,0)0(5,9) + 3 - F(s,0)G(s,p)]

1 1
> M(o,¢,0,9) /0 /0 298 [y (1 = 2y (1 - O)hy(1 — )hs(1 — )

(1= T O)V(1 = 2V(0) + 1y (D (1 = B)a(DVha(1— )
+ hl(z')hl(G)hz(‘E)hg(Q)] dr do
1 1
Nospa) [ [ w08 (1= @)1 - a1 -0
0 0

+ (L= D)l (1= )1 = D)ha(6) + Iy (1) (1 = 0)n(2)hs(6) (3.13)

+ hl(f)hl(e)hz(‘[)hg(l — 9)] dt db

1 1
+P(0, 6, 0,9) / / 107 [y (2)h (1 - 0)hy(1 - T)hy(1 - 6)
0 0
+ (1= ) (1= 0)hy(T)ha(1 = 0) + Iy (1)1 (0)ha (1 — 7)o (6)
+ (1= )l (0)ha(v)ha(0)] dr db
1 1
+Q(0,5,0,9) / / 0P Iy (1) (0)ha (1 — 7)1 - 0)
0 0

+ (D) (1 = 0)ha(1 = T)ha(0) + i (1 = T)h(0)ha (1) ha(1 - 0)
+ (D) (0)ha(1 - T)ha(1 - 0) ] dt db,

Mo, 6, p,q) = F(0,0)G(0, p) + F (5, p)G(s, p) + F(0,9)G(0,q) + F(5,9)5(5, 9),
N(o,5,p,q) = F(o,p)G(0,q9) + F(s,)G(s,q) + F(0,9G (0, p) + F(5,9)G (s, p),
P(o:5,0,9) = F(0,0)G(s, p) + F(s,0)G(0, p) + F(0,9)G(5,q) + F(5,9)G(0,9),
Q(o,5,p,q) = Flo,p)4(s,q) + F(s,p)G(0,q) + Fl0,9)G(s, p) + F(5,9)G (0, p).

Proof Since F € SX(chy, A,RY) and G € SX(chy, A, RY), we have

]—'(ro +(1-1)c,0p+(1 —Q)Q)

2 hy(T)h1(0) F (0, p) + i (T)h1 (1 - 6)F (0,9)

+ (1= (0)F (s, p) + (1 - 1) (1-0)F(s,q),

f(ro +(1-1)5,(1-0)p + 9q)

2 () (1 -0)F (0, p) + hi(t)h1(0) F (0, 9)

+m(1-1)m(1-0)F(s,p) + m(1-1)h(0)F(s,9),
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F(@-1)o+75,0p+(1-06)q)
D1 - 1) (0)F (0, 0) + hi(1 - 1)k (1 -6)F(0,q)
+ (O (0)F (s, p) + i (t)hi(1-0)F (s, q),
F(1-1)o+15,(1-6)p +6q)
21 - 1) (1-6)F(o,p) +hi(1—1)h1(6)F(0,q)
+ (D)1 -0)F (s, p) + ()i (0)F (s, q),

and

G(ro+(1-1)5,6p +(1-6)q)
2 ha(v)h2(0)G (0, p) + ha(T)ha(1 - 0)G (0, 9)
+ha(1 = T)ha(0)G(s, p) + ha(1 = T)ha(1 - 0)G (s, 9),
G(ro+(1-1)5,(1-0)p +06q)
2 ha(v)ha(1 - 0)G (0, p) + ha(7)h2(0)G (0, 9)
+ha(1 = T)ha(1 - 0)G(s, p) + ha(1 - T)h2(0)G (5, 9),
G(A-1)o+75,0p+(1-6)q)
2 ha(1 - 1)h2(0)G (0, p) + ha(1 = T)h2(1 - 0)G (0, 9)
+ha(T)h2(0)6 (s, p) + ha()ha(1 - 0)G (s, q),
G(Q-1)o+715,(1-6)p+06q)
2 hy(1 - 1)ha(1-0)G (0, p) + ha(1 - 1)h2(0)G (0, 9)
+ha(D)ha (1 - 0)G(s, p) + ha(T)ha(0)G (s, ).

Since F,G € RY, we have

F(ro+(1-1)5,0p+(1-0)q)G(ro+(1-1)5,0p +(1-6)q)
+F(to+(1-1)5,(1-0)p+0g)G(ro+(1-1)5,(1-0)p +06q)
+F(1-1)o+75,00+(1-0)g)G((1-1)o+15,0p +(1-0)q)
+F((1-1)o+75,(1-0)p+09)G((1-1)o+75,(1-0)p +6q)

2 M(o,,0,9)
x [ (1 = D)k (1= 0)ha(1 = T)ha(1 = 0) + Iy (1 = T)hy (0)ha(1 - T)ha(0)
+ 11 (D)1 (1 = 0)hy(2)ha(1 = 0) + Iy (T)h1 () ha(2)ha(0) ]
+ N0, 6, p,q)[ (1 = )1 (0)ha(1 — 7)o (1 — 0)+h1 (1 — 7)1 (1 - 0)ha(1 — T)h2(6)
+ hy () (1 = 0)hy(T)ha(6) + 1y (7)1 (0) 2 () ha(1 - 0) ]
+P(0,5, p,q) [ 11 ()1 (1 = 0)ha(1 — T)ha(1 — 0)+h1 (1 - T)hy (1 — 0)ha(T)ha(1 — 0)
+ 11 (D) (O)ha(1 = T)ha(0) + Iy (1 = T)h1(0)ha(T)h2(0) ]

Page 11 of 17



Shi et al. Advances in Difference Equations (2021) 2021:32 Page 12 of 17

+Q(0, 5, 0, @[ (D)1 (O)h2(1 = T)ha(1 = 0) + Iy (T) (1 = O)hy (1 — 7)o (6)
+ (1= 01 (0)ha(2)ha(1 = 0) + hy(t)h (0)ha (1 - T)ha(1 - 6))].

Moreover, we have

/01 /01 0P Fro+ (1-1)5,0p + (1 -0)q)
xG(to+(1-1)s,0p+(1-06)q)drdb
+ /01/01 0P F(ro+(1-1)5,(1-0)p +60q)
xG(to+(1-1)5,(1-0)p +0q)drdo
+ fol/ol 0P F(1-1)o+15,0p +(1-0)q)
xG((L-1)o+75,0p+(1-06)q)drdb
+/OI/OII“'IHﬁ"I.F((I—T)0+Tg,(l—@),o+9q)
xG((1-1)o+715,(1-0)p +0q)drdo
2M(0,§,p,q)/01/011°‘leﬁl[hl(l—r)hl(l—9)h2(1—r)h2(1—6)

+ 11 (1= 1)l (0)ha(1 = T)ha(0) + hy (1)1 (1 = 0)ha(T)ha(1 - 6) (3.14)
+ 1 (0)h1(0)ha ()2 (0)] dt db

1 1
+ N(0,6,0.9) /0 fo 0P [y (1= 1)y (0)hs(1 = T)s(1 )

+ (1 - 1) (1 - 60)ha(1 - 0)ha(0) + h1(T) 1 (1 - 0)ha(T)h2(0)
+ 1 (t)h1(0)hy () (1 = 9)] dt db

1 1
+Plo,c,p4) /0 /0 298 [y (2 (1 - B)ha(1 — 1)s(1 — 6)

+h1 (1= 1) (1 - 0)ha(t)hy(1 - 0) + hi (1) (8)ha(1 — T)hy(6)
+ h1(1 - 'E)hl (e)hg(f)hz(e)] dt do

1 p1
+ Q(o, g,p,q)/o /0 r”"leﬁ’l[hl(r)hl(@)hz(l —T)hy(1-0)

+h1(T)h (1= 0)ha(1 = T)h2(0) + (1 = 7)1 (0)ha(T)ha(1 - 6)
+ h () (0)h (1 — T)hy(1 - 0)] dr do.

By Definition 2.8 we get

1,1
/ / r"‘_IQﬂ’l}"(ro+(1—r)g,9,o+(l—G)q)
o Jo

x G(to+(1-1)5,0p +(1-0)q)dr db
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1l
+/ / T“’le’s’l}'(ro+(1—r)g,(l—@)p+9q)
o Jo
x G(to+(1-1)5,(1-0)p +0q)dr do
1l
+ / / 0P F((1-1)o+ 15,0p + (1-0)q)
o Jo

(3.15)
X Q((l -1)o+1tc,0p+(1- G)q) dt do

1 1
+/ / 0P F(1-1)o+15,(1-0)p +0q)
o Jo

xG((1-1)o+75,(1-0)p+6q)drdo

__ T@re)
(¢ —0)*(g— p)?

+ 300 Fls,9)G(s,9) + 3oL, Fls,0)G (s, p)].

[3¢7 . F(0,0)G(0,q) + 3L - F (0, p)G 0, p)

From inequalities (3.14)—(3.15) we obtain inequalities (3.13). a

Remark 3.7 If « = B = 1 and k() = 6, then we get Theorem 8 of [26]. If F = F, h(6) =0,
and o = 8 = 1, then we get Theorem 4 of [35].

Theorem 3.8 Let F,G : [0, ¢] x [p,q] — R: besuchthat F = [F, F),G = [G,Gl,and FG €
1Dy, and let h:[0,1] — R*. If F € SX(ch1, A, RY) and G € SX(chy, A, RY), then

1 ]__<o+g ,o+q)g<o+g p+q>
208 (D (5" \ 2 2 22

')’
> %[ﬁffwﬂ;wg(m) + 3 F(6, )95 p)

3 F0.0G(0.0) + 32y Flo,p)G (0, )]

1 1
Mo.spa) [ e e [ 07 o)1 -0)
0 0
+hy(1 =)y (0) + hy(1 — ) (1 - 9)]
+ () (1 - 9)[1’12(‘5)1’12(9) +hy(1 = 1)y (1 —0) + hy(1 — r)hz(e)]] do
1 1
N0 [ vt [0 I om @) ()

0

+ha(1 = T)ha(1 - 0) + hy(1 — T)hy(0)] (3.16)
+ I (V)1 (1 = 0)[ha(T)ha(1 = 0) + (1 = T)ha(0) + ha(1 - T)ha(1 - 0)]] d6

1 1
+ P(o,g,p,q)/(; r“‘ldr/(; Gﬂ_l[hl(f)hl(e)[hg(l —T)hy(1-0)

+ ha(T)ha(0) + ha(T)ha (1 - 6)]
+ hl(T)]’ll(l - 9)[/’12(1 — ‘L’)hz(@) + hz(f)hz(l - 0) + hg(f)hg(g)]] do

1 1
+ Q0,6 p1q) /0 vl gy /0 681 [y (), (0) s (1 = )a(0)
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+ha()ha(1 = 60) + ha(2)ha(6)]

+ hl('L')hl(l - 9)[h2(1 — T)h2(1 — 9) + hz(l’)hz(@) + h2(T)h2(1 - 9)]] do.

Proof Since F € SX(chy, A,RY) and G € SX(chy, A,RY), we have

]_.(0+§,p+q>g<0+§’p+q>
2 2 2 2
(ro+(1—r)g (I-t)o+tg Op+(1-0)gq (1—9)p+0q>
=F + , +
2 2 2 2
<w+(1—r)g (I-1t)o+1tg Op+(1-6)g (1—9)p+9q>
x G +

’

2 ’ 2 2 2
on (33
x [F(ro+(1-1)s,0p+(1-0)q) + F(L-1)o+715,0p +(1-06)q)
+F(to+(1-1)5,(1-0)p+0q) + F(L-t)o+75,(1-0)p +06q)]
x [G(ro+(1-1)5,00+(1-6)q) +G((1-1)o+75,0p +(1-6)q)
+G(to+(1-1)5,(1-0)p+6q) +G(1-1)o+ T5,(1-0)p +6q)]
2(3)(3)
x [F(ro+(1-1)5,00+(1-0)q)G(to+(1-1)5,0p +(1-6)q)
+F((1-1)o+15,0p+(1-60)q)G((1-1)o+15,6p+(1-6)q)
F(ro+(1-1)5,(1-0)p +0q)G(to+ (1 -1)5,(1-0)p +0q)
F(1-1)o+15,1-0)p+6q)G((1-1)o+75,(1-6)p +6q)]
*hf(E)hzz(%)
x [11(2)(0)[ha(2)ha(1 = 0) + ha(1 = T)ha(0) + ha(1 = 7)ha(1 - 6)]
+ 1 () (1 = 0)[ o (2)ha(0) + ha(1 = T)a(1 = 0) + ha(1 - 7)1 (6) ]
+h1(1 = ) (0)[I2(1 = ©)ha(1 = 0) + ha(2)ha(6) + ha(T) (1 - 6)]

+ (1= 0)h1(1 = 60)[ha(2)ha(6) + ha(1 = T)ha(8) + ha(2)ha(1 - 6) | M0, 6, p, q) |

. h12<1>h22(%) [ () (O)a()h6) + (L = TVa(L = 6) + B = T)n(6)]

2
+ I ()hy (1= 0)[a(x)ha(1 = 0) + y(1 = T)ha(8) + hy(1 — T)ha(1 - ) ]
+ (1= Dl (0)[Ba(1 = )a(60) + s () ha(1 = 6) + s ()2 (6)]
+ (1 - 7)1 -0)
x [Ba(1 = T)y(1 = 0) + iy (t)1a(6) + o (D) ha(1 = )N (0, 6, 0,9)]

naee
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X [ (1)1 (0) [2(1 = ©)ha(1 = 0) + ha(T)ha(6) + ()2 (1 - 6) ]

+ hy ()1 (1= 0)[ o (1 = T)ha(6) + ha(T)ha(1 = 0) + ha(T)h2(6)]

+ 1 (1= 7)1 (0)[I2(T)ha(1 = 6) + (1 = T)ha(0) + ha(1 — T)ha(1 - 6)]
+h(1-1)hh(1-0)

X [h2(T)ha(0) + ha(1 = T)ha(1 = 0) + ha(1 — T)ha2(0) [ Plos 5, 0, 9) ]

e (%)%2(%) [ (D) (O)[1a(1 = TVs(0) + ha(tVa(1 = 6) + hal(x)a(0)]

+ I (O (1= 0)[ (1 = D)ha(1 = 6) + ha(T)ha(0) + ha(2)a(1 - 6)]
+ (1= ) (0)[ha(T)ha(0) + ha(1 = T)ha(1 - 0) + ha(1 - T)ha(0)]
+h(1-1)hh(1-09)

x [a(x)ha(1 = 6) + ho(1 = D)ha(1 - 6) + ha(1 = T)s(6)] Q(0s 5. 0, 9)].

Moreover, we have

1 0+¢ p+q 0+¢ p+q
aﬁf<2’2>g(2’2)
5 T(a)T(B)*(3)ha°(3)
(s —0)*(qg-p)P
x [3¢0 . Fle,a) + 3L Fls,0) + 327 . Flo,q) + 324 Flo, p)]

1 1
+ 2h12(§>h22<5)/\4(0, S0 q)

1 1
X./o t"‘_ldt/ 9’3_1[hl(r)hl(e)[hz(r)hg(l—(9)

0

+ h2(1 - T)hz(e) + hz(l - T)h2(1 - 9)]

+h(t)h(1- 9)[h2(7:)h2(9) +ha(1-1)ha(1-0) + ha(1 - r)hz(e)]] do

+ 2h12(%>h22(%)/\/(0: $,0,9)

1 1
X/o r“’ldr/ 07 [ (1)1 (0) [ 2 ()2 (0)

0

+hy(1 =) (1-0) + ha(1- T)h2(9)]

+ hl('L')hl(l - 9)[h2(f)h2(1 — 9) + h2(1 - T)hz(@) + h2(1 - T)h2(1 - 9)]] do
1 1
+2h12(§>h22<§>73(0,§1,0:q)
1 1
e [ 0P [y (v)(0)[ha(1 - )ha(1 -6
x/()t T/O (11 (2)hy (6) [ a1 — 7)o (1 — 6)

+ ha(T)h2(0) + ha(T)ha (1 - 6)]

+h(t)h(1- 6)[h2(1 —T)ha(0) + ha(T)ha(1-0) + hz(r)hz(Q)]] do
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1 1
+ 2]412(5)]’122(5) Q(or S P,q)

1 1
X/O t“‘ldt/ Oﬁ_l[hl(r)hl(ﬁ)[hz(l—t)hz(e)

0

+ ha(T)ha(1 = 0) + hy(2)ha(6))]
+ hl('L')hl(l - 9)[h2(1 — T)h2(1 — 9) + hz(l’)l’lz(@) + hz(T)]’lz(l — 9)]] d@,

which rearranges to the required result. O

Remark 3.9 If « = B = 1 and k() = 6, then we get Theorem 9 of [26]. If F = F, h(6) =0,
and « = 8 = 1, then we get Theorem 5 of [35].

4 Conclusion

In this paper, we proved some new Hermite—Hadamard-type inequalities for coordinated
h-convex interval-valued functions via Riemann-Liouville-type fractional integrals. The
results generalize the previous results given in [25-27, 33, 35]. Moreover, in the future in-
vestigation, these results may be extended for different kinds of convexities and fractional
integrals.
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