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1 Introduction

In the field of g-analysis, many studies have recently been carried out, starting with Euler
owing to a vast requirement for mathematics that models quantum computing g-calculus
occurred for the relationship between physics and mathematics. In different areas of math-
ematics, it has numerous applications such as combinatorics, number theory, basic hy-
pergeometric functions, orthogonal polynomials, mechanics, the theory of relativity, and
quantum theory [1, 2]. Apparently, Euler invented this important mathematics branch.
He used the g parameter in Newton’s work on infinite series. Later, in a methodical man-
ner, the g-calculus without limit calculus was firstly given by Jackson [3]. In 1908—-1909
the general form of the g-integral and g-difference operator was defined by Jackson [4].
In 1969, for the first time, Agarwal [5] defined the g-fractional derivative. In 1966-1967,
Al-Salam [6] introduced a g-analog of the g-fractional integral and g-Riemann—Liouville
fractional. In 2004, Rajkovic gave a definition of the Riemann-type g-integral, which was
generalized to Jackson g-integral. In 2013, Tariboon [7] introduced the ,D,-difference op-
erator. Recently, in 2020, Bermudo et al. [8] introduced the notions of the qu-derivative
and integral.

Many well-known integral inequalities, such as the Holder, Hermite—Hadamard, Simp-
son, Newton, Ostrowski, Cauchy—Bunyakovsky—Schwarz, Gruss, Gruss—Chebyshev, and
other integral inequalities, have been studied in the setup of g-calculus using the concept
of classical convexity. For more results in this direction, we refer to [9-20].

© The Author(s) 2021. This article is licensed under a Creative Commons Attribution 4.0 International License, which permits use,
sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit to the original
author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The images or other
third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line
to the material. If material is not included in the article’'s Creative Commons licence and your intended use is not permitted by

L]
@ Sprlnger statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder. To view a

copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.


https://doi.org/10.1186/s13662-020-03195-7
http://crossmark.crossref.org/dialog/?doi=10.1186/s13662-020-03195-7&domain=pdf
mailto:chuyuming2005@126.com

Ali et al. Advances in Difference Equations (2021) 2021:25 Page 2 of 26

In 1938, Ostrowski [21] established the following interesting integral inequality.

Theorem 1 Let F: [a,b] — R be a differentiable function on (a, b) with bounded deriva-
tive, that is, |F'| o := SUP,c(, 1) |F'(%)| < 00. Then we have the following integral inequality:

u+b
- [1 ((’ )](b D|F | (1.1)

‘F(‘C)——/ F(t)dt py

forall T € [a,b]. The constant i is the best possible.

Inequality (1.1) can be rewritten in the equivalent form

)2 b— 2
[,

1 b
‘F(‘C) > F(t)dt

a

Since 1938, when Ostrowski proved his famous inequality (see [21]), this inequality has
been studied by many mathematicians in various fields, such as numerical analysis and
probability.

Various generalizations and extensions of the Ostrowski integral inequality for bounded-
variation, monotonic, Lipschitzian, convex, absolutely continuous, and # times differen-
tiable mappings with error estimates for some special means and some numerical quadra-
ture rules were considered by many scientists. For more recent results, we refer to [22-32]
and the references therein.

A formal definition of coordinated convex (concave) functions may be expressed as fol-

lows.

Definition 1 A function F: A — R is said to be coordinated convex on A if it satisfies

the following inequality for all (x,%), (z,w) € A and A, € [0,1]:

F(ax+(1-M)zuy + (1 - p)w) (1.3)

S AUF(x,y) + M1 = w)F(x,w) + n(1 = A)F(z,9) + (1 — A)(1 - w)E(z, w).

The mapping F is coordinated concave on A if inequality (1.3) holds in the reversed
direction for all (x,), (z,w) € A and A, u € [0,1].
Latif et al. [33] established the following Ostrowski-type inequalities for coordinated

convex functions.

Theorem 2 Let F: A := [a, b] >< [c, d] — R be a twice differentiable mapping on A° with
a<b,c<d,a,c>0suchthat L 3591 E e L(A). If | dsil is coordinated convex on A and | dsdtl <
M, (x,y) € A, then we have the following inequality:

(1.4)

1 b pd
‘F(x,y) + m/&; \/c F(t,s)dtdS—Al

<M[(x—a)2+(b—x)2]|:(y—c)2+(d—y)2]’
- 2(b-a) 2(d-c¢)
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where

A =

d
F(x,s)d
/ (x,8) s+b

1 b
FE(t,y)dt.
ic) _ﬂ/a (ty)

Theorem 3 Let F: A :=[a, b] x [c, d] — R be a twice differentiable mapping on A° with
a<b c<d, a,c> 0 such that 2 aac
1y ; =1, and |m(x,y)| <M, (x,5) € A, then we have the following inequality:

p
‘( ¥) + ba c)ff F(t,s)dtds — A,

|:(x a)?+(b- x)i||:(y )2 +(d- y)]
(1+r)% 2(b-a) 2(d —-c) ’

2
e L(A). If|%|p is coordinated convex on A, p > 1,

where A, is defined in Theorem 2.

Theorem 4 Let F: A := [a,b] >< [c, d] — R be a twice differentiable mapping on A° with

a < b,c<d,a,c> 0 such that 2L e L(A). If| 332;'; |? is coordinated convex on A, p > 1, and

Bsat
(x99 <M, (x,y) € A, then we have the following inequality:

|ds¢)t

(1.6)

1 b pd
‘F(x,y) + ml /c F(t,S)dtdS—Al

M=)+ (b-2*[ (= + (d -
—Z[ 2(b-a) ][ 2(d-c) }

where A, is defined in Theorem 2.

Inspired by this ongoing study, we establish some new quantum Ostrowski inequalities
for q;4,-differentiable coordinated convex functions. This is the primary motivation of
this paper. The ideas and strategies of the paper may open new venues for further research
in this field.

2 Preliminaries of g-calculus and some inequalities
In this section, we review the basic notions and findings needed to prove our crucial re-
sults. Moreover, we use the following notation (see [34]):

n

l_q =l+q+@+---+q"", qe(01).
-9

[n]q =

Jackson [4] has defined the g-Jackson integral from O to b for 0 < g < 1 as follows:
/ Fx)dyx=(1-q)b Z q"F(bq"), (2.1)
n=0

provided that the series converges absolutely.
Moreover, he defined the g-Jackson integral in a general interval [a, b] as

/;bF(x)dqx: /ObF(x)dqx—/an(x)dqx
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Definition 2 ([35]) For a continuous function F : [a,b] — R, the g,-derivative of F at

x € [a, b] is defined by the expression

F(x) - F(gx + (1 — gq)a)
(1-g)(x—-a)

aDgF(x) = , x#a. (2.2)

The function F is said to be g,-differentiable on [a, b] if ,D,F(x) exists for all x € [a, b].
If a = 0 in (2.2), then (D,F(x) = D,F(x), where D F(x) is the familiar g-derivative of F at
x € [a, b] defined by the expression (see [34])

F(x) - F(gx)

1-qx ' 70

D,F(x) =

Definition 3 ([8]) For a continuous function F : [a,b] — R, the g°-derivative of F at x €

[a, b] is characterized by the expression

b _ Flgx+(1-q)b) - F(x)
D,F(x) = 10— , x#b.

The function F is said to be g’-differentiable on [a, b] if quF (x) exists for all x € [a, b].
If b =0in (2.2), then °D,F(x) = D,F(x), where D,F(x) is the familiar g-derivative of F at
x € [a, b] defined by the expression (see [34])

F(x)-F
DqF(x) = %)

x #0.
Definition 4 ([35]) Let F: [a,b] — R be a continuous function. Then the g,-definite in-

tegral on [a, D] is defined as

b 00 1
/ F(x)adgx=(1-q)(b-a) Zq”F(q”b + (1 —q”)a) =(b-a) /0 F((l —ta+ tb) dgt.

n=0

On the other hand, Bermudo et al. [8] gave the following new definition of the quantum

integral.

Definition 5 Let F : [a,b] — R be a continuous function. Then the g°-definite integral on
[a, b] is defined as

o]

b 1
f F(x) bdqx =(1-¢q)(b-a) Zq”F(q"a + (1 —q”)b) = (b—cz)/0 F(m +(1- t)b) dgt.

n=0

For more detail about g°-integrals and corresponding inequalities, we refer to [8].
We have to give the following notation, which will be used many times in the next sec-
tions (see [34]):

q" -1
q-1"

[”]q =
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Lemma 1 ([36]) We have the equality

N (b a)oz+1
f maladgx =",

fora e R\{-1}.

Latif et al. [37] defined the g, -integral and partial g-derivatives for two-variable func-
tions as follows.

Definition 6 Suppose that F: [a,b] x [c,d] C R? — R is a continuous function. Then the
definite g, -integral on [a, b] x [c,d] is defined as

x ry
/ f F(t,8) edpys adyy £ = (1= q1)(1 = ga)(x — @) (y— )

<Y Y Gy E(dix+ (1-q)aqy'y + (1-45)c)

n=0 m=0

for (x,y) € [a,b] x [c,d].

Lemma 2 [fthe assumptions of Definition 6 hold, then

y X y X1
/ / F(t,s) qdg t dg, S—/ / (£,8) ady t Agys — / / F(t,s) adg t (dg,s
Y1 J¥1 )1 a

// (8,8) adg,t (dg,s — / /F(ts alg tdg,s
—/ / F(t,s)adqltcdq2s+/ / F(t,s) adg, t cdg,s.

Definition 7 ([37]) Let F : [a,b] x [c,d] € R*> — R be a continuous function of two

variables. Then the partial ¢;-derivatives, go-derivatives, and gq;¢q,-derivatives at (x,y) €
[a,b] x [c,d] can be given as follows:

a0g F(x,y)  Flqix+(1-q1)a,y) - F(x,y)

- ’ X b;
aaqlx (1—41)(96—“) 7/
1Fy)  Fx gy + (1 - go)c) - Flx,y) oy
gy (I-q2)(y -0 ’ ’
a,caqzl,qu(x,y) 3 1

by GO0 q L @ (- aagy+(1-a))

—F(q1x+ (1 —ql)a,y) —F(x,q2y+ (1 —qz)c) +F(x,y)], xZa,y#c.

For more detail on the related to g-integrals and derivatives for the functions of two
variables, we refer to [37].

On the other hand, Budak et al. [38] gave the following definitions of ¢%-, ¢;-, and ¢*?-
integrals.

Page 5 of 26
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Definition 8 Suppose that F: [a,b] x [c,d] C R> — R is continuous function. Then the
following qZ' - qf -, and g*?-integrals on [a, b] X [c,d] are defined by

x d
/ / E(t,5)%dyysadgt = (1 - q1)(1 - q2)(x — a)(d - ) (2.3)
a Jy
Y Y Gy F(dix+ (1-qt)a.qy'y + (1-q5)d),
n=0 m=0
b ry
f / Flt,5) edgysdyyt = (1 - q1)(1 — g2)(b - 0)(y — 0) (24)
<Y N didyF(dix+ (1-ab)b.ay'y + (1-45)c),
n=0 m=0
and
b d
/ / F(t,5)4dysdgy t = (1 - q1)(1 — g2)(b - x)(d — y) 2.5)
x Jy

x ) ) diayE(gix+ (1-d7)b.a5y + (1 - a3')d),

n=0 m=0
respectively, for (x,) € [a,b] x [c, d].

Definition 9 ([39]) Let F : [a,b] X [c,d] € R*> — R be a continuous function of two
variables. Then the partial g;-derivatives, g,-derivatives, and g;¢4,-derivatives at (x,y) €
[a,b] x [c,d] can be given as follows:

b9, F(%y)  Flqix+(1-q1)b,y) - F(x,y) 551

’

Pdpx (1 -q1)(b-%)
494, F(x,9) ) F(x,q2y + (1 — q2)d) — F(x,y) dy
b 0gyy (1-g2)(d-y)
492 F(x,9) 1
1142 _ [F(qlx +(Q-qi)aqy+(1- 42)61)

0%,y (x—a)(d-y)(1-q1)(1-q)
—F(qx+(1-q)ay) - F(x,qy+ 1 - q2)d) + Fx,9)], x#a,y#d,

532  F(x,) 1

€ q1,.92

baqlxcaqzy (b-x)y-)1-q1)(1-q) [F(
—F(qlx +(1 —ql)b,y) —F(x,qu +(1- qz)c) +F(x,y)], x#byHc,

q1x+ (1 - q1)b, g2y + (1 - g5)c)

b,daZ F(x, y) 1

91,92 _

35, 2%,y (b—x)(d-y)(1-q1)(1-q2)
—F(qlx +(1- ql)b,y) —F(x, gy + (1 - qz)d) +F(x,y)],

x#by#d.

[F(qlx + (1 -q1)b,gay+ (1 - qg)d)

3 Quantum Montgomery identity for the functions of two variables
In this section, we prove a quantum Montgomery identity via newly defined quantum

integrals for functions of two variables.
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Lemma 3 Let F: A CR? — R be a twice q1q,-differentiable function on A°. If the partial

b2 o Flts . .
q19>-derivatives %23(;) are continuous and integrable on [a,b] x [c,d] C A°, then we
q1 q2

have the following identity for q,q,-integrals:

1 b pd o 1 b ,
_ F(t,s)°dg t%d,,s — —— | F(t,y)°dgt 3.1
@ ), | He s 5 [ e’ ey
1 [ 4
T F(x,s)%dy,s + F(x,y)
1 orl bdg2  F(ta+ (1 -1t)b,sc+ (1 —s)d)
~-ad-0 [ [ w0 —re dytdys
a1 Ogy
where
t, te [0, &%),
\Iqu (t) _ q1 [ b—a)
qlt_l) te [2%2’1]’
and
S, s € [0, 4y ,
Wy, (s) = & [d =
qZS_lr se [d_:JCI7 1]y
forqi,q5 € (0,1).
Proof By Lemma 2 and the definitions of W, (¢£) and ¥, (s) we obtain
1 oel bdg2  F(ta+(1-1t)b,sc+ (1 —s)d)
W, ()Y, Qld d,td 3.2
| [ va0v.o i it s 62)
7% b492  Flta+(1-0)b,sc + (1 -s5)d)

ntdg,s

bx
/ b-a
0 0

. = s l)b’da;mp(m +(L=t)b,sc+ (1-s)d)
DS 59, 99, s 0?
0 0 q1 92

b d
0411%0y,8

d—
. 1 ﬁ( t_l)b’dagl'qu(m+(1—t)b,sc+(1—s)d)d .
N b9, t90,,5 o

o Jo 71t % gy

L opl bd32  Fta+ (1-t)b,sc+ (1 - s)d)
41,92 ’
+ /0 /0 (q25 — )(q1t —s) bog, 1705 dy,tdg,s

=L +1L+13+1.

From Definition 9 we have

b’da;mF(m +(1=0)b,sc+(1-s)d)
b9, 690,,s
B 1
(1-q1)A - q2)(b-x)(d - y)ts

(3.3)

[F(tqla + (1 —tq1)b,sqzc + (1 — qu)d)

Page 7 of 26



Ali et al. Advances in Difference Equations (2021) 2021:25

- F(tqla + (1 —tq1)b,sc+ (1 - s)d) —F(ta +(1-t)b,sqrc+ (1 - sqz)d)
+ F(m +(1-t)b,sc+(1 —s)d)].

To conclude the proof, we need to calculate the integrals in the right side of (3.2). By the
definition of q;q,-integrals we obtain that

/M/df b2 pFtat1-0bsc+(1-5)d) td,s (3.4)

b3, t99,,8 a
m
(S el (2o (o (22))e
(7)o (- (52))2)
LA (e (e ()

n=0 m
=0

d- d-

# (7 (e (322))4)

-2
d- d-

P ()

+ ;%F<q;’<b_z)a+ <l—q;’<f2)>b,
d- d-

#(2)e (- (32))4)

B 1

S (b-a)d-o)

S fSrw (2o (e (22))p
a(82)er (107 (22))o)
(2 (a2
(2 (- (522))9)
S (e (o ()

H(2)e (- (20

Sl (el

m=0

Page 8 of 26
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Sl (e (- (1))
#(572)e (- ()

: Wl(”l"[i‘r(”’(%)“ (1-ar(3=2) Jo.a)
(a5 e (1-a(573) o)
2w (7)o (- (55) o)
] iF("(z[%x)“ (1 —q’f“(jj_;;‘))b,yﬂ

= Gy F A~ F@d)=Fby)+Fisy)]

Similarly, we have

tdg,s (3.5)

b3y, E90,s n

@fagfa[mﬂ—ﬂnﬂ—ﬂhdumwn

w2 b2 L Flta+ (1 t)b,sc+ (1-5)d
.//d - . Prscr 029 )dqltdqzs (3.6)

baqltdaqzs

@f;@faﬁmw—me—n%m+ﬂmw}

Lhdg2 F(ta+(1—10)b,sc+(1-s)d)
f / by, 49 qtdgs (3.7)
q1L " 0gyS

@tartgﬂﬂmb—ﬂm@—Fma+meﬂ

Additionally, we have

5t Y92 F(ta+ (1 -10)b,sc+(1-s)d
/h f a1.92 ’ (1-12) (1-s) )dqltdqzs .
0q, %04,
3 1
T (b-a)d-o)
X Zqu”F<q;l+l<—> <1 qn+1<_>>b’ qgwrl (1 qm+1)d)
|:n—0 m=0 b-a b-a

00 0 m n+ b—x . b—x y N
_KX_;%qZF(QI 1([;_ ) (1 q 1<b_d)>b,q2c+(1_q2)d>



Ali et al. Advances in Difference Equations (2021) 2021:25

—ééqﬁ(q’f(i%x) (1 ql(i a)>b g5 le+ (1- q’””)d>

- a
+iiqmF<q"(b_x>a+<1—q"(b—>)bq c+(1- qm”)d)
e~ 2 N\b-a N\b-a 2
_ 1
S (b-a)d-o)
X |:Zq’2”F(b,q§”+lc+(1 qg””)d)—Zq E(b,qyc+(1-45)d)
m=0 m=0

+ qu’F(x, gyc+ (1-qy)d) - qu"F(x, qyle+ (1- q§"+1)d):|

- — 1
YF(b,qy 1-qg5)d) — —F(b,
[ o L BEbaes (1-a5)d) - —Fbo)

m=0

-, 1
- F(x,q7 1-47)d) + —F(x,
. E a5 (x q2c+( q2) )+q2 (x c)j|

m=0

T L rntds 2 [ R
= (b_“)(d_c)[ﬂh(d—c)/c F(b,s) dqzs_qz(d—c)/c F(x,5)“dg,s

- lF(b, C)+ iF(ac, c):|.
q2 q2

By similar operations we have

u bdy
= F(ta+ (1 -t)b,sc+ (1 —s)d
// q“” ( ) ( ))dqltdqzs (3.9)

aqlt aqzs
[ 1 /bF(t d)d t—;be(t yod, t
(b—a)(d—c) 01(b—a) Wt -y J, Y

- —F(a d) + —F(a y)]
q2

1 bd82 F(ta+ (1 -1t)b,sc+ (1 —s)d)
// a4 Pt dgtdg,s (3.10)

1 d
d - d
(b (,z)(d C){Q2(d—c)/ F(b,s) dqzs qz(d—C),/c F(a,s) dqzs

- —F(b,c) + iF(az,c)},
q2

(3.11)

b,d a2
/ /1 92, F(ta+(1=10)b,sc+(1-s)d) s
b3, t99,,s T

1 . 1 b ,
T b-a)d- C){th(b a)/ (¢, d)%dg,t - 1(b—a)/; F(t,c)’dgt

- —F(a,d)+ —F(a,c)},
q1 q1

Page 10 of 26
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and

q1,92
By T70s dy tdg,s (3.12)

/1/1tbd32 F(ta+ (1 —-t)b,sc + (1 —s)d)
s

(b a)(d c) {ZZ%QE"F qtlﬂla_l_ n+1)b qm+1 (1 qg’“l)d)
m=0 n=0

@y F (g a+ (1-q1"")b,qhc+ (1-45')d)

M2

i
(=)

Q1‘1£nF(Q1“ + (1 %)b qmﬂ (1 qm+1)d)

e 1M 1
L

99 F(‘h“‘F (1 ql)b gyc+ (1 9> )d)}
0

1
:W{%QZ[ZZ%%F%&Jr (1-qi)b,q5'c+ (1-q5)d)

m=0 n=0

N
i
3
i
<)

- Zqé”l—"(a, gyc+(1-q5)d) - Zq;’F(qi’a +(1-4})b,c) + F(a, c):|

m=0 n=0

—_[ZZ%%F%“"' (1-ai)bgyc+(1-45)d)

m=0 n=0

- in”F (@ds'e+ (1- qS”)d)}

m=0

& [qulquqﬂl* (1-47)b.g5'c + (1~ q5')d)

m=0 n=0

_ Zqi’l—"(q;’a +(1-47)b, c):|
n=0

+ZZ‘]1%F‘I1“+ (1-q{)bayc+ (1~ qz)d)}

m=0 n=0

B 1 1-q1)(1-q2) — v
= (b—a)(d—c){ P WIZOHXO:%%F (dia+(1-4q))b.gyc+ (1-q3)d)

1 qz m
E F s 1- d
P 9 “‘12C+( ‘I2) )

m=0

1 ql " 1
F a+(1-q})b,c) + —F(a,c)
1 ;‘h a0 ( %) ) s }

B 1 1 b pd , .
= (b_a)(d_c){qqu(b—ﬂ)(d—c)/ / F(t,S) dqlt quS

S b o 1
aqb- a)/ e c)/ Has) d””&l a2 F(a’c)}
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Now from (3.4)—(3.12) we obtain the following relations:

1
L= m[F(brd) ~F(x,d)-F(by) +F(x,y)],
I - 1
P (b-a)d-o)
d d
X [dic/; F(b,s)ddqzs—ﬁ/c F(x,s)ddqzs—F(b,d)+F(x,d)],
o 1
T -ad-0
1P b 1 [ b
X [b—a/a F(t,d) dqlt—m/ﬂ F(t,y) dqlt—F(b,d)+F(b,y)],
~ 1 1 b d b 4 1 b b
I = (b—a)(d—c)[(b—a)(d—c)/a /; F(t,s)°dg,t dqzs—m/a F(t,d) dgt
1 d
- / F(b,s)ddq2s+F(b,d):|,
which finishes the proof. d

4 Some new quantum Ostrowski-type integral inequalities
In this section, we prove some new quantum Ostrowski-type inequalities for g;¢;-

differentiable coordinated convex functions using the lemma proved in the last section.

b2
Theorem 5 Suppose that the assumptions of Lemma 3 hold. If | % |P1, p1 > 1, is
1 2
coordinated convex on [a,b] X [c,d], then we have the inequality
1 /b/dF(t yod, td 1 /bF(t yod, t (4.1)
_ )8 §——— , .
b-a)d-0 . J. S A

d
- / F(x,s)%dy,s + F(x, y)'

_1 _1
sw—mW—aPi“wa@mmi”miww

b,d 2 V4
3q1’q2F(ﬂ,c) !

b8,,t90,,s

)

b,d 52
2,0, (b.0)

b9, t49,,s

gl

1-L 1-L
+A1 . (ﬂ, b1 41;x)A4 7 (C7 d: 42,31)

X {Az(a, b,q1,%) <Az(c,d,q2,y)

491,92
by ¢d
gy 34,8

b2 F(g,d)
+A3(C, d, th:y) Ta A

P1
+ A3(ﬂ’ b; ql:x) (AZ(C) d) Q2,y)

bdy2  F(b,d)

91,92

+A3(C;d;@;)’) ba tda s
q1 q2
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P1
q1,92

by ¢d
gy t“9g,8

)

bd 2
Bql'qu(b, )

bafhtdaqzs

bl

1-L 1-L
+A, " (a,b,qi,%)A, " (6. d,q2,y)

bdy2  F(a,c)
X {A2(a7b:qlrx)(AS(C;d;q2yy) T g~

91,92
b d
0q1L%0g,8

bdy2  F(a,d)
+ A6(C; d, q2;_)’) YT

b1
+As(a,b,q1,%) (A—s(c, d,q2,y)

q1,.92
b d
04,1404,

bdy2  F(b,d)
+As(c,d, g2, )) | —

P1
91,92

b8y, t90,,s

)

bdy2  F(p,c)

bdy2  F(q,c)
X {As(ﬂ, b,q1,%) <Az(c,d,qz,y) —

9192
b d
gy £ 3g,8

b2 F(g,d)
+A3(C, d, qz,y) Tm g

P1
q1,92

b0y, 90,5

gl

1--L 1-L
+A, " (a,b,q1,%)A, " (e, d,q2,))

+Ag(a, b, q1,%) (Az(c, d,q2,y)

bdy2 F(b,d)

91,92

+A3(C:d,6]2,)/) ba tda s
q1 q2

p1
q1,92

b0, 0,8

)

bdg2  F(b,c)

bdy2  F(g,c)
X {As(a,b, q1,%) <As(c,d,qz,y) —

91,92
by td
gy t“3g,8

b2 F(g,d)
+Aslc,d, q0,y) | —o

p1
q1,92

+A6(a;bqu)x)<A5(Cld’q2’-y) ba tda s
q1 q2

bd o2 1
492 F(b,d)|P1\ | 71
+ As(e,d, gy, y)| — 22 ,
(¢, d,q2,) haqltdaqzs
where
= g (v-2\
Al(u»V,q,Z)=/ qtd,t = < > ,
0 l+g\v-u
e q v-z\?
Az(u,v,q,z):/ qtqut:7< ) ’
0 l+gq+q*\v-u

As(u,v,q,2) = /H qtdgt - / o qt® dgt =A1(u,v,q,2) — A2(u,v, 4, 2),
0 0

Ay(u,v,q,2) =

1 v-z

1 =
(l—qt)dqt:/O (1-qt) dqt—/o (1-qt)d,t

<

Z

v—u

2
l-q(z-u N q (z—-u
_1+q<v—u> 1+q(v—u)’

Page 13 of 26
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v-z

1 1 =7
As(u,v,q,2) :/ (t—qtz) dgt :/ (t—qt2) dqt—/ (t—qtz) dgt
y=z 0 0

v-u

1 1 v—z\> q v—z\>
= —_ =+ ’
1+q)(1+g+q*) 1+q\v-u l+gq+q*\v-u

1
As(u,v,q,2) = (1-0)(A-gt)dt

U

v=z

1 =1
:/ (l—t)(l—qt)dqt—/ 1-t)(1—gt)d,t
0 0

1 1
=f (1—qt)dqt—f (t—qt?)dgt
0 0

_/V_u(l—qt)dqt+/v_u (- qt*) dyt

0 0

:A4(I/l, v, q, Z) _AS(M) v q, Z)r
and q1,q> € (0,1).

Proof By taking the modulus in Lemma 3 we have

1 /h/dF(t )yod, t%d 1 /bF(t yod, t (4.2)
T E— .S §—— , .
b-a)d—a) J, J. R

d

- / F(x,s)%dy,s + F(x, y)'

<(b-a)d-c)
1 orl bdg2  F(ta+(1-1t)b,sc+ (1 —s)d)
v, ()W N2 d, td

X/Q /0‘ 0 () qz(s)| b9, t90,,s q1 L AqyS
=(b-a)d-c)

bex  doy bd 52
ba [d= 492 F(ta+ (1 -t)b,sc+ (1 —15)d)
t q1,92 td

X/o 0 new b9y, 6%0y,s 't

+(b-a)d-c)

b=x 4 bd g2
b-a 49~ F(ta+ (1 —t)b,sc+ (1 —15)d)
t1- 4 td,

X/o /Z_ﬁ q1£(1 - g29) 59, 190, b dg,s

+(b-a)d-c)

- bdy2  F(ta + (1 - t)b,sc+ (1 - 5)d)
l—ait 91,92 d. td

X/;;/o (=400 D0gy £90,,5 't b

+(b-a)d-c)

bdg2  F(tg + (1 -8)b,sc+ (1 - s)d)

91,92
by ¢d
gy £ 3g,8

1 el
X ﬁix ﬁ_y(l —q1t)(1 — g5) dg tdg,s.
baV dc
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Applying the power mean inequality for quantum integrals, we obtain

b pd b
l@j;%;j;}/ /‘FUinhﬂd@S—E%;/aF@JVdmt (4.3)
d
_dic/ F(x,s)ddq23+F(x,y)‘

d-y

b-x ay 1--L
b-a d—c 1
<b-a)d-c) </ qlqztsdqltdqzs)
0 0

b—x  d-y
b-a d—c
X ( / / q19>ts
0 0

+(b-a)d-c) (/ ﬁ— q1t(1 — g25) dqltdqzs)
0

Y

d—c

b-x 1
b-a
X (/ ﬁ q1t(1 - g25)
o JIZ

+ (b—a)(d—c)(ﬁ / @1 —qlt)qzsdqltdqzs>
bex Jo
Lo bdy2  E(ta+ (1 - t)b,sc+ (1 - s)d)
X (ﬁ / (1 -q1t)qas
bex Jo

a4

b9, t99,,s

1 el

+(b-a)d-c) (ﬁ_x L_y (1-g18)(1 - g25) dqltdqzs>
—a d—c

—a = d-c

1 1
y ( /b /Z_Z(l—qlr)(l—qzs)

bdy2  Ptg + (1= t)b,sc+ (1 - s)d)

91,92
b d
04,8%04,8

bdy2  F(tg + (1 -8)b,sc+ (1 -s)d) P2

q1,.92
b d
g1 £79g,8

i
dyytdg,s

1
1

1 5

b,d o2
392 pFta+(1—-0b,sc+(1-5)d)
bel t daqzs

dgt dqzs>

1

P1
dgy tdqzs)

p1

1
=5

1

P1 P
dgt dqzs)

2
110 F5)

by
Now using the convexity of |

z |P1, we obtain
11 %0q,

1

P
dg, tdq25:| (4.4)

b—x d-y 1

b-a d—c
[ [ one
0 0

d—y b=x

[ e[

bdg2  F(b,sc+(1-s)d)

q1,92
b d
041 L%04,8

bdg2  F(ta+ (1-1t)b,sc+ (1 -s)d)

q1,92
b d
041 L4048

b,daZ p1

qlmF(a,sc +(1-s)d)

b9, t49,,s

121 e
) dg, t} dq2s:|

bd o2
aql,qu(a, sc+ (1 =1s)d) |1

b0y, %0gys

+(1-1¢)

Y

T
= |:/ qzs{Az(a,b,m,x)
0

bd
32 g F(bysc+(1-s)d)

by ¢d
gy t“9g,8

1

P1 iz
]

+A3(6l7 b;qux)
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d—

b g2 b g2
d-c ) F((,l’c) P1 49 F(ﬂ,d) p1
= [Az(a,b,ql,x)/ q2s{s % +(1-5s) # }
0 gy 34,8 0q,£%0g,8
dy bid o2 bd g2 1
a-c 0,4, F (b ) |71 492 F(b,d) P11
+A3(a,b,q1,x)/ qzs{s % +(1-5) # }]
0 i £40g, S 0q, t%0g,8
bd g2 F(a,c) | bd 52 F(a,d) "t
= A ,b, , A ’d, , 91,92 A ,d, , %t 4)
|: b x){ ez b0y, £ 40,5 +4a(ed ) b9, t90,,s
b,daZ F(b, C) 1
+A3(a:b’q1;x){A2(C,d,qz,y) e T
b9y, t994,8

bd g2
07,0, F(b,d)

+A3(C,d,6]2,)’) ba tda s
q1 q2

8

By using similar operations we find

= b,d o2 N
= 492 F(ta+ (1 —t)b,sc+ (1 —s)d) |1 A
v = dg,td 45
|:/o‘ ﬁd_{ q1t( q28) baqltdaqzs a1t q,S (4.5)
bid g2 F(a,c) |
S AZ(a’b’ql!x){AS(C,d,qz,y) _ Ng2 T 7
|: haqltdaqzs

91,92
b d
0g1 L%0g,8

bdy2  F(g,d)
+A6(C; d, qz,y) T A

§

bdy2 E(bc) P!

q1,92
b d
04,£%04,8

1
P1 iz
7

”'da;mF(m +(1=t)b,sc+(1-3s)d)
by, t49, s
i t%0g,

+As(a, b, q1,%) {As(G d,q2,y)

91,92
by ¢d
gy t“9g,5

bdy2  F(b,d)
+ A6(C7 d: 6]2,)/) T e e

1 pdw
d-c
|: / / (1—q1t)q2s
b—x 0
b-a

S |:A5(ﬂ, b; ql’x) {AZ(cr d; Q2,y)

P1

pP1
dgt dqzs] (4.6)

bdy2  F(g,c) P

e
by td
gyt “0gy8

P1 }
bdg2  F(b,c)

491,92
by td
g1 £ 0g,8

1
P1 1
7

bd g2
07, 4, F(ad)

+A3(C,d,6]2;y) ba tda s
q1 q2

P1
+ A6(a’ b; ql:x) {A2(6¢ d; qZ’y)

bdy2 F(b,d)

q1,92
b d
04,1904,

+As(c,d, q2,9)

and

1 1
[ﬁ, 10—

x Jay
b-a ¥ d-c

1

P1 7z
dgt dqzsi| (4.7)

b,d 92
0o F(ta+ (L= 0)b,5¢ + (1= 5)d)
baql tdaqzs

b,d a2
aql»qu(ﬂ’ C) s

S[As(ﬂ,b»qvx){AS(C’d’qz’y) bd, t49,,s
q1 q2
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9192
b d
0g1L%0g,8

hdaz (61, d) P1
+A6(C, d: qz;y) T A g~

|

bdaz (b,c) ¥4

71,92
by td
g1 t“9g,

I

1

+A6(a,b,q1,x){A5(c,d,q2, )

b,d o2
92 F(bd) P
+ A6(C; d; qz:y) —

We also observe that

b dy 1-L b dy 1--L
b-a —c Pl b-a d- p1
(/ / q192ts dqltdqzs) = ((/ qitdy, t) (/ q2s dq25>> (4.8)
0 0 0 0

1-L 1-L
:Al o (ﬂ, b’ ql’x)Al a1 (cl d: qZ;y)y

o

b—x

== 1-L 1 1
P1 1--= 1— L
< / ﬁy q1t(1 - g28) dqltdq2s> =A, "(a,b,q1,%)A, " (c.d, q2,), (4.9)

3

1 d-y 1--L 1 1
d—c r1 I—E l—p—1
, (1 —qit)qasdy tdy,s =A, "(a,bq,x)A, T (cd q,y), (4.10)
b= VO

1
1 _ 1 1-L
(/ ﬁ (1~ q10)(1 - 4o5) dy £ d s) DA T @by wA, T G dgey). (411)
—x -y

b-a © d-c

By (4.3)—(4.10) we obtain the desired inequality, which finishes the proof. O

Theorem 6 Suppose that the assumptions of Lemma 3 hold. If | #zamvm is coordi-
nated convex on [a, b] X [c,d], then we have the inequality

1 b pd , J 1 b ,
|m / / E(t,5) dyg,t dgys = — / F(t,y) dg,t (4.12)
d
. i F(x,s)ddqzs+F(x,y)‘
<(b-a)d-c
b-x +H ’i 1783 %
) [((b—a) ( ) ([muql) ([mu@) )
M Fla) P :
x{ b9, t40,,s 2],,1 (2], (b ) ( )

b,d g2
afh qu(a, d)

b9,,t%0,,s
bd 2

8{11 qu(b’ U

8th 04,8
bd 52

2,0, F 0.0

b0, 0,8

LS| b-x -y d-y ?
o (o) (e (2)
1 -y —x b-x\>
[2]qz( )( —-a [2q1<b—ﬂ>>
Plib—x 1

(e )
=k

d—c [2],\d-c
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d-y 1+% q2 % 1 %
1- "
(@) " (@) (po-era)’)

bdy2  F(g,c) Pt

| ) (-(22))
Bqlt g, S (214, (2], \d ¢ b-a

. bdy2 JElad)Pr 1 - b-x\" d-y 1 d—y)z)
a,,lt gy S (2], b-a d-c [2),\d-c

. bdy2 F(b,c) pl( @ _b-x 1 <b—x>2> 1 <d—y>2
b9, t0,,s 2], b-a [2];,\b-a 2], \d—c

. by LE(b,d) Pl( o b-x 1 (b—x)z)
aqlt 04,8 2], b-a [2],\b-a

N——"

d-y 1 [d-y\*\|7
(e m) )}
b—x 1+% q1 % ) L1
+<(b—a> ([r1+1]q1) (d_y(l q28)" dqz) )
bda? Fla,c)r 1 b—x\> (4= 2
X{ b9g,t48,,s (2], [2]g, (b—“) ( _(d—c))
a4
8 N qus
bda2 F(b,e) | 1 d-—y\*\ (b-x 1 (b-x\>
s w0 (=) m ()
bdaglqu(b,d) PL/ip_x 1 [b-x\>
(e (=)
q@ d-y 1 (d-y\* oy
* ([21@ Td-c [%(d—c) >}
bda%qu(a o) ! d-y 2
[ e (- ) 0-(52)
e pE@d) P 1 b—x d-y 1 (d-y\?
[2]q1( (b a>)<[2]q2 d—c+[2]q2<d—c))
3 0
8 N qu
q1.492 @ —Xx 1 (b-x\?
aqlt g, ([2]q1 " b-a * (2]g, (b—ﬂ) )
(o a @)
2], d-c [2]lp\d-c
1 _

q1.42
bdp2 Fla,d) |t 1 (b—x>2< @ _d-y 1 (d—y)z)
2], \b-a 24 d-c [2]g \d-c
.42
b9, t90,,s
1 Lm .
(L maordue) " ([0 dus)
b9, t909,,s
L ENE - E ()
(2]4, d—c 2], b-a [2ly\b-a
bdaZ b
where q1,q2 € (0,1) and % ~=1,p;>1
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Proof Applying the well-known Holder inequality for ¢; g, -integrals to the integrals in the
right side of (4.2), we find

1 b pd , J 1 b ,
‘(b—a)(d—c)/u /c E(t,5)"dy,t dqzs—m/ﬂ F(t,y) dg,x (4.13)

d
- i F(x,s)ddqzs+F(x,y)‘

1

b—x d-y
b-a d—c 8t
< (b—a)(d—a[( / [ (1qats)" dqltdqzs)
0 0

1

ba 42 g2 Eta+ (1 —t)b,sc+(1-s)d) | Pt
X b3 143 dg tdg,s
0 0 q1t " 0gy$
B . g
+ J (%t(l - 6]25)) dg,tdg,s
0o Ja
= bdy2 Flta+(1—0)b,sc+ (1 -s)d) P pr
X (/ dy b9, t49,,s dqltdqzs)
0 = 71 q2
+ /; / ((1 - qlt)qgs) dgtdg,s
bx Jo
1 b’dagl,qu(m+ (1-8)b,sc+ (1 -s)d) | P
x|/, / b3 143 dgytdg,s
b= Jo q1t " 0ga8

1 1 %
' (ﬁx ﬁ-y ((1 —nt)(1- qzs))n dmtdq2s>
b-a ¥ d~

Lol bda2  F(ta + (1-t)b,sc + (1 —s)d)
(e L
b-a ° d-c

q1,92
by ¢d
g1 %9558
, , b g2 g F(ts) .
Now applying the convexity of | W |P1, we obtain that
q1 q2

1

P1 1
dqltdqzs) i|

b—.

d-y
ba [d< 1
( / / (q192t5)* dy, tdqzs) (4.14)
0 0

bdg2  F(ta+(1-t)b,sc+ (1 —s)d) o
= dg tdg,s "
b9,,t99,,s

b—x -y

b—x  d-y
([
() ) )
- b-a d-c [r1+1]4 [r1 +1]4
. [ b2 F@AP 1 (h_x>z(d_y)2
2], (2], \b-a d-c
bdp2 Fla,d) | 1 (b-x\>(d-y 1 [(d-y\*
[2]q1 <b_“> (d_c - [2]q2 (d_c> )

b9, t90,,s

91,492
L1 (d-y\*(b-x 1 [(b-x\’
(2], \d—c b-a [2],\b-a

P1

b0y, %0g,s
b,d a2

aql,qu(b’ C)

b9, t90,,s
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bdg2 E(h d)

+ 91,92
b9, t%0,,s

X(b—x 1 (b—x)z)(d—y 1 (d—y)2> oy
b-a [2l,\b-a) )\d=c [2,\d-c ’

d-y

(/_x/dcqltl 029))" dy td, s)1 (4.15)
(/ / bda; e mz(l—t)b,sc+(1—s)d) pld td, s)Ll
b 0g,t%0gys
1 1 1
d—y 1+ﬁ q2 n 1 n
- /= 1 1
=((7) ([muqz) </g( i dt)”)
e a2 0-G22)
X
P t90,s | [2]g[2lg, \d -
bdp2 JFla,d)|Pr 1 (1 <b x))(d—y 1 ( - >2)
b9, t49,,s 214 b-a d—c [2lg
bdy2 F(b,d)pl( Q b—x+ 1 (b x)
2], b-a [2], \b-a
pl( 0 _b—x+ 1 (b x>
[Z]QI b-a [2]611 b-a
2 1
y d—y_ 1 [d-y 1
d-c 2], \d-c ’

91,92
b—x

8 .t qus
bx 1
n
(/ o qlt(l qzs) dqltdqzs) (4.16)

&

b,d o2
02,3, F(0.0)
d

P0g,10gy5
b —a
([ L

c

1

P1 1
dgt dqzs)
L1
2

b X q1 % 1 1 %
S((b—a) <7[71+1]q1) (/d{(l 428)" dqzs) )
hdaglqu(ﬂ;C) Pl 1 b-x\* d-y\*
X|: b9q,t48y,s (214, 214, (b_“> (1_<d—c>>
bdaglqu(ﬂ:d) L1 (b-x\( qo d-y 1 (d-y\*
8 t 8‘123 [2]q1 (b_ﬂ> <[2]q2 _d_c+ [2]q2 (d_c))
bda2 F(byc) | 1 (4= N(b-x 1 (b-x\’
[Z]qz( _<d_c> )(b_ﬂ_[Z]ql (b_“) )
PLip_x 1 (b-x 2)
<b—a_[2]q1 (b—a)

41492
()
2];, d-c [2]g, \d-c ’

bdg2  F(ta+ (1-1)b,sc+ (1 -s)d)

91,92
b d
0q1 L4048

b8,,t90,,s
bd a2

B F )

b9, t9,,s
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(4.17)

1,1 T
(/’;_g -/j_{ (T-—qut)(1 - qzs))r1 dqltdqzs)
bdg2  F(ta+ (1 - t)b,sc+ (1 - s)d) |1 o
41,92
(/ ﬁ-y b3, t90,,s dqltdqzs)
1 T
5((/ (1-q10)" dy t) (ﬁ_y(l—qzs)”dqﬁ) )
[ e (- (622 6-(22))
b9, t99,,s (2], (214, b-a d-c
Mg @A 1 (b-x\N( @ d-y 1 (d-y)
ba t aqzs [z]ql( _<b—(,l) )([Z]qz - d—C " [2]q2 (d—C) >
bdy2 E(b,o) | 1 (1_(d—y)2>< @ _b-x 1 <b—x>2)
2], d-c 2, b-a [2],\b-a
P W FOAP (g b-x 1 (b-x\’
([2],,1 “b-a 2, (b—a> )
g d-y 1 [d-y N
(o ()

7102
P0g,£40g, s
From (4.13)—(4.17) we get the desired inequality, and the proof is accomplished. d

b9, t90,,s

5 Some particular cases

In this section, we present some particular cases of the results given in Sect. 4.

Remark 1 In Theorem 5,

(i) By taking p; = 1 and |#2(m| < M, we have the following new Ostrowski-type

t99,.s
inequality:
1 b pd , ., 1 b ,
_ F(t,s)°d, t%d, s — —— F(¢t, d,t 51
’(b—a)(d—c)/u/c 09 s~ = [y G
¢ d
r i F(x,s) dqzs+F(x,y)‘
<M -0+ (- @) - b -a) + qub -]
~ (214 [2]g,
X [y —a)* + (1 - g2)(y - ©)(d = ©) + ga2(d - y)*].
Particularly, taking the limit as g1,42 — 1~ in (5.1), we reduce inequality (5.1) to (1.4).
(ii) By taking x = a[;]qql b andy = ”qzd we obtain the following new midpoint inequality:
// (t,5)d,,t%d, 1 /bp AL CA VI (5.2)
s) ,S — , .
(b-a)d-c) a)(d —c) b-a . (214, n

1 d
_ / F(‘qub s) ddq2S+F(“+qlb,c+q2d)
d—C c [ [2]41 [2]‘12

]

< (b—a)(d—C)[ (ql)B ar (¢2)
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x {Bz<q1>(32<qz> bdbaatdg(a) i) w )
+33(q1)<32(q2) % " By % m) }pl—l
+ Bi_[%(QI)Bi_I% (¢2)
X {Bz(ql)(B4(q2) % o1 + Bs(q2) % 171)
+33(q1)<34(q2) % " B % m> }pl—l
+ Bi_ﬁ(QI)Bi_ﬁ ()
X {B4(q1)(32(q2) % o1 + Bs(g2) % 171)
+35(q1)<32(q2) % " By % m> }pl—l
+ Bi_'%(ﬂh)Bi_ﬁ (q2)
X {B4(q1)(B4(q2) % o1 + Bs(q2) % 171)
+Bs(q1)<B4(q2) % "B % p>}_}
where
q q 7
Bi(q) = 2B’ By(q) = PEEN Bs(g) = DEE
B~ Gy - %;qu

and g1, ¢ € (0, 1). Particularly, taking the limit as g1, g, — 1~ in (5.2), we reduce inequality
(5.2) to [37, Theorem 2, inequality (2.4)]

b pd b d
‘(b—a)l(d—c)/ ,/ F(t's)dtds_ﬁ/ F(t’C; )dt (5.3)
d

1 a+b a+b c+d
- /F ,8|ds+F s
d—c). 2 2 2
(b-a)d-c) [2\n
64 3

=

dsat ds dt ds dt dsat
4

{ [ 92F(a,c) + 282F(a,d) +2 92F(b,c) + 462F(b,d) Tll
X

Jds ot dsdt dsat ds 0t
4

a2 2 a2 2 1
[26 F(a,c) + 9°F(a,d) +4d F(b,c) " 23 F(b,d) :|E
+
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92F(a,c) 92F(a,d) | 02F(bc) 02F(bd) 4 L
. [2 ot T e T e Y2 e |7
4

92F(a,c) 92F(a,d) 02F(b,c) | 9%*F(bd) 7L
N [4 0t T2 Tmar T2 e T asae j|”1 }
1 .

(iii) By taking p; = 1 we have the following inequality:

b pd b
d
_dic/ F(x,s)ddq2s+F(x,y)‘

b,d a2
8q1,q2F(a’ ‘) ‘

b d
04,1404,

< (b—a)(d—C)[

{(As(a, b, q1,%) + As(a, b, g1, %))

x (Aax(c,d, q2,y) + (As(c, d, qg,y)))}]

bdaZ
=

F(a,d)
x (As(c,d, g2, y) + (As(c, d, qz,y)))}]

9192

3y, £ 70,5 {(Ax(a, b,q1,%) + As(a, b, q1,%))
X (AZ(crd &h; (AS(dequ,y)))}]

[

X (Ag (¢, d,q2,y) (A6(C’d 92,y )))}]

bd 52
Bql qu(b c)

b9, t9,,

{(A3(a; byqlrx) +A6(a; b;qux))

bdy2 F(b,d)

_ Cqugp” N
A ,b, ) A yhl ’
Bqlt 05 ‘{( 3(a,b,q1,%) + As(a, b, q x))

Particularly, taking the limit as g1,g, — 1~ in (5.4), we reduce inequality (5.4) reduces to
[40, Theorem 2].

Remark 2 2Consider Theorem 6.
(i) If |haqlt+2a(t:)| < M, then as q1,g, — 17, we obtain inequality (1.5).

(ii) Taking x = “[;]qqlb and y = ”Wl

, we obtain the following new midpoint inequality:

1 b c+qod
‘(b T // (t,5)d,, t4d s - —b—a/a F(t, )bdqlt
1

2],

a b b d
(e ) g0 )
d-c/J, 2],

2lg  2le
=(b-a)d-c)

L) ) o) o))
[2]q1 [2]q2 [Vl + 1]q1 [

r+ 1]y,
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bd bd
X { 1 agl’qu(a’ AP 24+ 43 831,1121:(“’ d) |
(213, (215, | 94,£%9g,5 (213 1213, | 20q,t?8y,s

2q1+ 4 |"05,,F GO (2 + ) 2q> + 43) | 05,0, F (B D) P }pLl
(213,215, [ 79, £%9g,5 (213 [23, b9, t49,,s
1 1 1
1 >1+H ( 92 >ﬁ (/1 T
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(213, (215, [ 94,£%0g55 (213,123, b9,,t99,,s
@+ 8- a) | BnFOI (@4 B - 000+ B) T FB.D P
(215, 1213, b0y, t 40,5 (212, 1217, b9,,t99,,s
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1
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[2]21 [2]22 P95, 40,5
1 1 1
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+ (1= q28)" dgys
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(215,213, | 05,290, 213 [2]2, 5y, t40,,s
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[2]21 (212, b0y, £404,s

bd g2
07,0, F (b d)

b8,,t90,,s

(@ + 95— 32) 202 + 43)
(213, 1213,

p1 },}1
1 o 1 i
([ vewr ) ([ o)
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T

In this research, we proved some new quantum Ostrowski-type inequalities for g;¢;-

(213 [2]3, b9, t99,,s

6 Conclusion
differentiable coordinated convex functions using the ;g -integrals. We also showed that

the results proved in this research transformed into some new and known inequalities by

considering the limits as g1,42 — 17 in the main results. It is interesting that the forth-
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coming researchers can offer similar inequalities for different kinds of convexities in their

future work.
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