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1 Introduction

Learning a foreign language has always been one main issue for individuals who are living
in a globalized world. To achieve this aim, the individuals have spent expense, energy, and
time.

The main problem in foreign language education relates to how to teach it: traditional
or modern education. The classes are still traditional i.e., teacher-centered, and the meth-
ods used for teaching do not attend to the individual’s personal needs. Moreover, these
methods do not truly support the ambition to develop team working abilities among the
students. Not surprisingly, a redesign of the situation is necessary to improve it. Mod-
ern education (computer-aided procedures) can function as a supplement to traditional
education. Thanks to advancements in educational technology such as computers and so-
cial media, learning a language does not seem the same painstaking task as before, since
as time passes it has turned out to be quite enhanced moving from teacher-centered to
learner-centered methods.

Firstly, some do not succumb to the reality of the benefits they can have from emerging
technology, and secondly, there are others who fascinatingly hurry to use technology with
no learning discipline. Modern education is not devoid of problems. The major problem
refers to the point that normally sufficient computers are not available. The learners may
also be short of time to use computers for learning. Moreover, in this system of education,
the learner requires some skills in the appropriate use of computers.
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The majority of educational programs can be applied in certain conditions. For exam-
ple, the software which works in the Windows environment cannot be used in the I0S
environment. The opposite case is also true.

Another problem with modern education is that the software and hardware applications
and systems are usually expensive and having access to them is difficult. Some learners do
not easily accept technology and prefer to be taught through traditional methods.

Levine [5] and other scholars state that although in both methods of education, i.e. tra-
ditional and modern, the learners can enjoy the same level of language learning, this level
can be achieved in less time in modern education.

We can consider individuals who tend to learn a foreign language either through tradi-
tional methods or modern methods according to their abilities and interests. In addition,
they can switch between traditional and modern education. Individuals who fail to learn
English as a foreign language (EFL) can participate in training again. The present study
aims to compare the two educational systems of traditional and modern by using mathe-
matical modeling to examine which system is more effective. This modeling becomes the
development of epidemic model with two strains and superinfection [7, 8]. We use the
mathematical modeling of Lotka-Volterra model see [3, 4].

At first in Sect. 2, the researchers present the model and define two basic reproduc-
tion numbers. They examine some preliminaries such as boundedness and the positivity
of the solutions of the model. In Sect. 3, the existence of equilibria and local and global
asymptotical stable is investigated. In Sect. 4, the occurrence of backward bifurcation is
shown by using the theorem of Castillo-Chavez and Song [2]. In Sect. 5, they use a geomet-
ric approach, introduced by Muldowney and Li [6], and show that the nontrivial positive
equilibrium is globally stable. Finally, a numerical simulation is carried out to support the
analytical results.

2 Mathematical model

In this paper, the model of learning the English language by university students has been
considered. It has the following compartments: S(¢) is the number of susceptible individ-
uals who tend to participate in language learning classes, C(t) is the number of students
who have selected modern education (computer-aided procedures). T'(¢) is the number of
students who have selected traditional education. F(t) is the number of students who have
successfully completed the course.

Class T selected traditional education due to several reasons including not having easy
access to computer within the class, not being skilled enough in working with computer,
the high expense of educational software, and the teachers’ unwillingness or their less
proficiency to work with computer.

Class C selected modern education due to the problems of traditional education. With
the passage of time, an individual who has been present in the traditional class of 7" may
prefer to learn English through modern education maybe because he/she has learned the
necessary skills for working with a computer, and is now able to overcome the problems
of modern education. Hence, he/she may be transferred to class C with the rate of §;.
Another case may happen too. An individual in the modern class may come to the con-
clusion that the traditional class is more suitable for him/her. So, he/she is transferred to
class T with the rate of §;. In mathematical modeling, the rate of death is considered as
. It is hypothesized that in modern education the individuals with the rate of «; and in
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Figure 1 Model diagram
1o \ la

the traditional education the individuals with the rate of «; are successful in learning En-
glish. With the rates of 1 — @7 and 1 — a5, the individuals who have not been successful
in learning English are transferred to the class of susceptible individuals. We also assume
that susceptible individuals enter the classes of modern and traditional education at the
rates of % and %, respectively.

Based on the above assumptions and model diagram in the Fig. 1, the proposed model
is formulated as the following model:

S=A-B5 -BF —nS+(1-a)C+(1-)T,
C=p15¢ -85 + 818158 — (1 +01)C— (1 - n1)C,
T =55 + 8285 = 61815 — (+ )T - (1 - )T,
F=a1C+a2T—MF,

(2.1)

The parameters in the model (2.1) are as follows:

« N: Size of the total population.

+ §: The number of susceptible individuals who tend to participate in English language
class.

o T:The number of individuals who tend to learn English language through traditional
methods not computer-aided procedures.

+ C: The number of individuals who tend to learn English language via computer-aided
procedures (modern education).

« F:Individuals who have finished the course successfully.

« A: The rate at which recruits enter the susceptible population.

«+ p1: The probability that a susceptible individual uses traditional education to learn
English language.

+ Bo: The probability that a susceptible individual uses modern education
(computer-aided procedures) to learn English language.

+ w: The natural death rate of the general population.

« 81: The rate at which a language learner who uses traditional education turns to a
language learner who uses modern education (computer-aided procedures).

« 85: The rate at which a language learner who uses modern education (computer-aided
procedures) turns to a language learner who uses traditional education.

«+ a1: The rate of ending the traditional course by a language learner successfully.

+ ay: The rate of ending the modern course by a language learner successfully.

The total population N(t) = S(¢t) + C(£) + T(t) + F(¢) satisfies the following relation:
dN

N _A_uN,
dt H
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hence limsup,_, .  N(t) = % Therefore the set

A
Q= {(S,C,T,F):S>0,C>0,T>0,F>0,S+C+ T+F< —} (2.2)
7
is a positively invariant set for (2.1). Therefore the dynamics of the model can be studied
only in €.
We define two reproduction numbers:

Ry = ) R, = ) Ry = max{R;, R.}. (2.3)
n+1 u+1
Let
S C T F
_S _< _ L L 2.4
=y N fxv Ion 24)

where s =1 - c— g —f. Hence system (2.1) is converted to the following system:

¢=Pilc—c—cg—cf) + (8181 - 82B2)cg — (n + 1),
g=Pg-g" —cg—fo) + (8282 — 81B1)cg — ( + 1)g, (2.5)
f=aic+arg — uf.

Now, we prove the positivity of the solutions.

Proposition 2.1 If the initial conditions are positive, i.e., c(0) > 0, g(0) > 0 and f(0) > 0,
then the solution (c(t),g(t),f (t)) of the system is positive for all t > 0.

Proof Let (c(t),g(t),f(¢)) be a solution of the system with ¢(0) > 0, g(0) > 0 and f(0) > 0.
Assume the conclusion is not true, then there is a t* > 0 such that

min{c(t"),¢(¢")./ (")} =0
and
min{c(t),g(t),f ()} >0, Vte[0,t).
If min{c(t*), g(£*), £ (¢")} = f(£*), then we have
f=-uf), Veelotr).

Therefore 0 = f(¢*) > £(0) exp(—ut) > 0, hence it is a contradiction. Similarly, if min{c(¢*),
g(t*),f (%)} is equal to c(¢*) or g(t*), then this leads to a contradiction. O

3 Existence and stability of equilibria Ey, E; and E;
System (2.5) has the following equilibria:

EO = (07 O) 0)1

Page 4 of 24
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- 1% 1 o 1
E =G0, = 1-—),0——(1-—)),
1=60.0) (Mﬂxl( Rl) M+0ll( R1>>
_ = jz 1 o 1
= 0’ ), = 0, 1-— ) 1-— .
( gf) ( ,bL+Olg( Rz) /,L+012< Rz))

The equilibria E; and E, exist provided that Ry > 1.

Theorem 3.1 The education-free equilibrium E, is asymptotically stable provided that
R() <1.

Proof We need to be careful in computing the Jacobian. In particular, we need to keep
in mind that N(¢) = S(¢) + C(¢) + T(¢) + F(t). The Jacobian matrix of the system has the
following form:

ain a4 a3
J=|an axn ax;|,

asr  asz  ass

where

an =pP1(1-2c+ —g+cg—f+fc) + (6181 — 8282)(g — cge + 1),

a1y = Br(—c+cg+ + of) + (8181 - 82p2) (c — c@),

a13 = B1( + cg —c+ of) + (8282 - 81B1)cg,

an = Pa(-g+ &> +cg+gf) + (8282 - 8181)(g -

an=P(l-c+eg-20+g —f +fg) + (82B2— 8181)(c—cg) — (u+ 1),
(

a3 = Pa(cg + & —g +gf) + (8181 — 8282)cg,

as = oy,
asy = 0y,
asz = —u

The Jacobian matrix at the equilibrium Ej is

Br—(u+1) 0 0
Jo =J(Eo) = 0 Br—(u+1) 0
o1 o —M

Jo has the eigenvalues
1
Aot =,31—(M+1)=l31<1——),
R
1
Aop =P —(u+1) =,32(1— —),
R,

Aoz = —[L.

Since Ry < 1, all eigenvalues are negative. Therefore E, is asymptotically stable. O
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We use Lasalle’s invariance principle and we show that the education-free Ej is globally
asymptotically stable.

Theorem 3.2 (Lasalle’s invariance principle) Let X* be an equilibrium point for X' = F(X)
and let L : U — R be a Lyapunov function for X*, where U is an open set containing X*.
Let P C U be a neighborhood of X* that is closed and bounded. Suppose that P is positively
invariant and that there is no entire solution in P — X* on which L is constant. Then X* is
asymptotically stable, and P is contained in the basin of attraction of X*.

Theorem 3.3 The education-free equilibrium E is globally asymptotically stable provided
that Ry < 1.

Proof Consider the following Lyapunov function on R3:
V=c+g

It is easy to see that V = 0 at the disease-free equilibrium. We compute the derivative of
V with respect to ¢:

=Bi(c—c* —cg—fc) + (5181 — 8af)cg — (1 + 1)c

+Ba(g - g —cg—f2) + (828 — $1B1)cg — (u + 1)g

= ﬁw(l - Ri> + ,81(—c2 -cg —fc)
1
+ ﬁzg(l - Ri> + ﬁz(—cg—gz _fg).
2

Since Ry < 1, then dV is nonpositive. Hence the education-free equilibrium Ej is globally

asymptotically stable by the Lassalle invariance principle. 0

In the following theorem, we get the conditions that the equilibrium E; = (¢, 0, f ) is lo-

cally asymptotically stable.
Theorem 3.4 Let

Rl Bl =~ f) + 8,858
2 81ﬂ12+ﬂ+1 '

The equilibrium E; = (¢, 0, f ) is locally asymptotically stable if and only if Ig <1
Proof The local stability of the equilibrium E, is given by the Jacobian matrix at E:
bu b1y bis

]1=](E1)= 0 b22 0 )

ap Oy —M
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where

bu=pi(1-26+S -F+f0) - (n+1),

b1z = Bi(<C+ T +£2) + (5181 - 5282)C,

bis = B1(& - +7),

by = f2(1-C—f) + (8282 — 1 B1)C — (1 + 1).

An eigenvalue of matrix J; is
ha = B =C=f) + (B2B2 = 81— (1 + 1). (3.1)
The other eigenvalues are the eigenvalues of the following submatrix:

T |:ﬁ1(1 SZAE4fO-(ur ) HE —?+/C§{\):|
1 = .
o1 -1

Matrix J1; has eigenvalues with the negative real parts if Tr(J1;) < 0 and det(/1;) > 0. We
can easily see that

Te(n) = Bi(1- 26+ —f +f¢) -2u - 1. (3.2)
By replacing
1 ~ 1
e-—t—(1-=) F-— 1——), (33)
n+ o R; n+ o Ry

in Eq. (3.2), since Ry > 1, we get

Tr(J11) = m (M(M + 1)(1%1 - 1) - pin? —0l1,31M> <0,

det(J11) = (e + 1)|:1 - Ri] > 0.

1

Hence, stability E; is determined by the sign of the eigenvalue A1,

A= Bo(1=C—f) + (8282 — 81B1)E— (1 +1) < 0.

The equilibrium E; will be locally asymptotically stable if and only if
A1 <0, that is,

RL- Ba(1 —5A—f) +82BxC 1l
81ﬂ1C + U+ 1
Therefore, the equilibrium E; = (¢, 0, f ) is locally asymptotically stable. O

Theorem 3.5 Suppose 201 = 201 = B1 = Ba. The equilibrium E; = (C, O,f) is globally
asymptotically stable provided that R} < 1.
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Proof We consider the following Lyapunov function on R3:

V=K <c —?—?Ln(é)) + Kog + Ks(f —?)2~
C

It is not hard to see that V = 0 at E;. We take the derivative of V with respect to t:

dv / 2
— =kt ~D% + g+ 2K5(f ~J)f
c

=Ki(c-0)(B1(1—c—g—f) + (8181 - 8282)g — (n + 1))
+Kog(B2(1—c—g—f) + (8282 = 8181)c = (n + 1))
+26K3(f =)o - azg — pif)

= —Kipi(c =0 = Kapog? - 2K3pa(f — )’

+ Kog(RL=1) + (f - P)g(—Kay + 2Ksry)
+(c— &)g(=Ka By — K1 B1 + K18 — K>d)
+ (= —f) (=K1 B1 + 2K301).

(3.4)

We evaluate the coefficients K, K3, K3, such that the coefficients of g(f — f )and (c—¢)(f - f )

are equal to zero:

K =K,,
B B2
K;=—K = —Ko.
3 2051 ! 20{2 2

The following inequality has been obtained from the equation for dV'/dt and by using

the inequalities a® + b? > 2ab and a? + b*> > —2ab:

dav ~ ~
—r = 2Kanlf — ) + Kog(Ry—1).

If Ig < 1, then ‘Z—‘; is negative. Therefore, by the Lasalle invariance principle, the equilib-

rium E; is globally asymptotically stable.

O

The proof of locally and globally asymptotically stability of E; is similar to the one dis-

cussed above. For this purpose, we define

2. BA-2-N+8B2
P sipig e+l

Now, we get an equilibrium in which both types of educational methods are present.

This equilibrium is a nontrivial solution of the following system:

Br(l—c—g—f)+ (8181 —62B2)g = + 1,
Ba(l—g—c—f)+ (8282 - 81B1)c=p +1,
aic+opg—uf =0.

(3.5)

Page 8 of 24
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System (3.5) gives the following values:

. Bra) )R -1)
c = )
(B2 — B + (182 — ez 1) + 8 14)

o Pl (RL-1)

C8((Ba = B + (1 Ba — o) +81)

(1 + o) + D)oy (B2 — 1) + erp(RL = 1) (s + 1) (1 + 1)
(B2 — B + (182 — a2 1) + 8 14)

’

f=
where § = §1 81 — §28,. Therefore the following theorem holds.

Theorem 3.6 Suppose Ig <1and I’Q\% < 1. The equilibrium E3 = (c*,t*,f*) exists provided
that one of the following conditions holds:

1)8>0, By < Byand oy <y,

2)§ <0, By < 1 and ay < ay.

4 Backward bifurcation
Initially, we will state Castillo-Chavez and Song theorem, then we show that backward

bifurcation occurs.

Theorem 4.1 (Castillo-Chavez and Song theorem) Assume
Al: A=D,f(0,0) = (g—jj(o, 0)) is the linearization matrix of the following system around
7
the equilibrium 0 with ¢ evaluated at 0 (zero is a simple eigenvalue of A and all

other eigenvalues of A have negative real parts):
dx n 2 (Ton
= ~f@e).  fiR xR — Randf e C*(R" x R) (4.1)

A2: Matrix A has a nonnegative right eigenvector w and a left eigenvector v
corresponding to the zero eigenvalue.
Let fi be the kth component of f and

a= Z kalw, (0 0),

kij=1

b= kawl : (00)

k,i=1 x;0

The local dynamics of (4.1) around 0 are totally determined by a and b.

i. a>0,b>0. When ¢ <0 with |¢| < 1, 0 is locally asymptotically stable, and
there exists a positive unstable equilibrium; when 0 < ¢ <K 1, 0 is unstable and
there exists a negative and a locally asymptotically stable equilibrium.

ii. a<0,b>0. When ¢ <0 with |¢| < 1, 0 is unstable; when 0 < ¢ < 1, 0 is locally
asymptotically stable, and there exists a positive unstable equilibrium.

ili. a>0,b<0. When ¢ <0 with |¢| <K 1, 0 is unstable, and there exists a locally
asymptotically stable negative equilibrium; when 0 < ¢ < 1, 0 is stable, and a

positive unstable equilibrium appears.

Page 9 of 24
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iv. a<0,b>0. When ¢ changes from negative to positive, 0 changes its stability
from stable to unstable. Correspondingly a negative unstable equilibrium
becomes positive and locally asymptotically stable.

We apply the theorem of Castillo-Chavez and Song to show that in system backward
bifurcation occurs in the following cases:

Casel. Ry =1and R, < 1.

Since R; = 1, we can compute fB; as

Bri=B=p+1

The eigenvalues of J(Ey, B7) are 0, —t, B2 (1 - ) Therefore, zero is simple and other eigen-
values are negative real numbers. If R; = 1, then A1 = 0 and corresponding right and left
eigenvalues are w = (1,0, %‘) and v = (1,0, 0). We rewrite the system (2.5) as follows:

Fy(x1,%,%3) = Br(x1 — &% — 123 — 01%3) + (8181 — 8282)x160 — (1 + 1)1,
Fy(x1,%,%3) = Balvg — X3 — x1%0 — x3%2) + (8282 — 81 B1)x162 — (1 + 1o, (4.2)

F3(x1,%2,%3) = 1% + oy — (X3,

Now, we compute the quantities 4 and b in the following form:

32F;
a= VEWiW;
Z I oo
kiij=1

2F _28*
Zwlw/a 31 28 (%)(—wr) _ i)

ij=1 K
2. 9°F
b= e E, —1(0,0)=1.

Case2.Ry=1and R; < 1.
From R, = 1, we conclude that

Br=p5=pn+1

The Jacobian matrix J(Ey, 8;) has eigenvalues 0, —u, 1(1 - %) Therefore zero is simple,
since Ry < 1 other eigenvalues are negative real numbers. The right and left eigenvectors
of J(Eo, B5) associated with A; =0 are w = (0, 1, %2) and v = (0, 1,0), respectively. Hence

a= Z VleW]
Pays 0x Bx,

3
9%F —2B*
= ZWiW;—l =-2B5 + e} (-285) = —2B5 (e + 1) <0,
axiax, "

ij=1 H
. 9°F
1
b= ZVsz ] 0:,31) Z 8xa(p (0,0) =1.
k,i=1 l =1 ‘

Since a < 0 and b > 0, model (2.1) undergoes a backward bifurcation.
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5 Global stability of the nontrivial positive equilibrium
The second additive compound of the Jacobian matrix J is the 3 x 3 matrix given by J!:

My My, My an +an ass —ai3
_gl2] _ _
M=]"=|My My Myy|= asp ai +ass a )
Mz, M3z Mz —asi as ay +asz

where

M =Bi(1-2c+—g+cg—f+fc) + (8181 — 828

—2u+ 1)+ Ba(l-c+cg—2g+g" —f+fg) + (528 - 81B1)c,
My = Ba(cg + & —g +/g) + (5181 - 82B2)cg,
Mz =1 ( +cg—c+cf) + (8181 — 8282)cg,
My = g,
My =pi(1-2c+ S ~g+cg—f+fc) + (811 - 8:52)(g ~cg) - 21~ 1,
Moz = Pr(~c +cg +¢* +cf ) + (8181~ 822)(c — cg),

M3 = —a,
Msy = Bao(-g + g +cg+gf) + (8282 - 8181)(g — ),
Mss=PBo(1—c+cg—2g+g —f +fg) + (5282 — $:11)(c — cg) —2u — 1.

Now, we use the geometric method for the global stability problem and prove sufficient
conditions for the global stability of the nontrivial positive equilibrium(see [6]). We denote
unit ball of R? and its closure and boundary by 3, B and 313, respectively. The collection of
all Lipschitzian functions from X to Y is denoted by Lip(X — Y). A function ¢ € Lip(B —
2) is considered as a simply connected and rectifiable surface in 2 € R”. A rectifiable and
closed curve in Q is a function ¢ € Lip(d8 — 2) and it is called simple if it is one-to-one.
Assume Y (¢, Q) ={y € Lip(B — Q) : @198 = ¥}. For any simple, closed and rectifiable
curve in ©, o (¥, 2) is a nonvoid set provided that 2 is an open domain which is simply
connected.

We consider a norm | - || on R(). We define a functional S on the surfaces in Q by the

following relation:

<8u1 8u2) H du (5.1)

o¢/\a

In which the mapping u — ¢(u) is Lipschitzian on B, and ¢ s the wedge product
in RG). Furthermore, the (2) (2) matrix function P is 1nvert1ble and |IP71|| is a bounded
function on ¢(B). The following result is stated in [6].

Consider a C! function on the set 2 € R” such as x — f(x) € R” and the following ODE

system:

d
= =) (5:2)
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We consider the function ¢.(u) = x(t,(u)) as the solution of (5.2), passing through
(0; ¢(u)), for any ¢. We define the right-hand derivative of S¢, by the following relation:

1
D.S¢; = /f lim —(”z + hQ((j)t(u))zH - ||z||) du. (5.3)

B h—0* h
In which Q = PfP’1 + P%P’l, Py represents the directional derivative of P in the direc-

of12) - . i
tion of the vector field f, and % denotes the second additive compound matrix of %
Furthermore, we consider the following differential equation:

dz

it = Q(¢t(u))z' (5.4)

d

For which the solution is of the form z = P.( % A ;72). The formula D, S¢; can be expressed

as,
D, S¢i - ﬁ D. |2l du. (5.5)
B

Let P be the following matrix:

€3C+3g 0 0
P = 0 63c+3g 0
0 0 63c+3g

Therefore, we have the matrix
PP = diag(3c +3¢’,3¢ +3¢,3¢ +3¢),

hence the matrix PJ21P~! = J12! and

An A A
Q=P P +P/UP = | Ay Ay Ans |,
Az Az Az

where

Avr = 1 —216" = Pig — Pif + 8¢ + P2 — Pac
—2B0g% — Bof —8c—2u -2 + Brc—2Pa1gc
=2p1¢f =3(n + L)c + Pog — 2Bagc — 2Bogf —3(n + 1)g,
Arp = Ba(cg + &> — g + gf) +cg,
A1z =Bi(c—c* —cf —cg) +8cg,
A =y,
Ap = 1+ Pre = 2B — Pig — 2B1cg — Bif - 2B1cf
+8g—210—1—58cg—3(u + 1)c — 3Bat> — 3Bycg
—3Bfg - 3(n + 1)g + 3Bag,
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Aoz = —Bic+ Picg + Bi + Picf +8c - 8gc,

Az = -y,

Aszp =—Pog + ﬁzgz + Bacg + Bogf — 8g + 8gc,

Ass = By — fac — 2Pacg — 2Bog — 2P2g” — Bof — 2Bagf
—8c+8cg—21u—1+3B1c—3pB1c* - 3Bigc - 3Bicf

=3(u+1)c+3Brg —3(u + 1)g.

We use the following norm for z = (z1,22,23)”:

max{|z1| + |z3], |22 + |23]}  if 2223 > 0O,
lzll = . (5.6)
max{|z1| + |z3], |z2[} if 2323 < 0.

Lemma 5.1 There exists a constant T > 0 such that D, | z|| < -t||z|| for all z € R® and all

¢, g.f >0, where z is a solution of% = Q(¢p¢(u))z provided

28 < ,31,
Po+oar<l, (5.7)
§+3B,<3.

Proof We prove the existence of some t > 0 such that D, ||z|| < —7||z| and z is a solution
of % = Q(¢¢(u))z. The proof contains eight cases based on the different octants and the
definition of the norm in (5.6). We consider § = 8; 81 — 8,82 > 0. By using Theorem 3.6, we
have B; < B, and a3 < «;. For § < 0, the proof is similar.

Case 1: z1,z5,z3 > 0 and |z1| + |z3| > |22 + |z3]. In this case ||z|| = |z1] + |z3]

D, ||z|| = D, (|z1] +|z3])

=D.(21 +z3)

=z +74

= (A11 + As1)z1 + (A1 + A32)za + (A13 + As3)zs

=[B1-2B1" - Big — Bif + 8¢ + B2 — Pac — 2Bog”
—Bof —8¢c—2u -2+ Brc—2P1gc — 2P1cf + Pog
=3(u+1)c—2Bsgc —2B2gf —3(u+ 1)g — a1z
+ [2,820g + 228" — 2Pog + 2pogf + 28cg — (Sg]zz
+[Brc = Bic® = Bief — Brcg +28¢cg + Ba — Pac — 2acg
— 228~ 2P28% — Bof —2Pagf —8c— 211 — 1+ 3pog

+3B1c—3B1¢” — 3Bi1ge — 3Bref — 3(u + 1)c - 3(u + 1)g]zs.
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We consider K; = 28ycg + 228> +2B28f +28¢g, since |z, | < |1, therefore, K|z, | < K |z1].
We have
D.llzll < [(B1+ B2 —2) -1 + (8 = B1)g = 28167 — Bof — Pac
+(B1 = 3)c— Bof —Sc— 21 +2(8 - Br)ge — 2Brcf - 3uc
+ (B2 - 3)g - 3ug]lzl
+[(B1 = B2)e + (3B1 = 3)c + 2(8 — Ba)eg + (B2 — 3)g — g
—4p1 —4Brcf + (Ba— 1) — 2 — 4Prcg — 218" — Pof
—2pagf — 8¢ - 3puc]|zs|

< max{Ly1, Lo}zl

where

Liy = (B + B2 —2) — a1 + (8 — B1)g — 261" = Buf — ac
+(B1=3)c— Bof —c— 2 +2(8 — Pi)ge — 2B1f — Bpuc
+(B2-3)g - 3ng

Ly = (B1— Ba)c+ (BB1 —3)c+2(8 — Br)cg + (B2 —3)g — 3ug
— 4P —Afref + (B2 — 1) — 2 — 4Prcg — 218" — Pof
—2B2gf — 8¢ —3puc.

D, ||z|| be bounded away from zero on the negative side for all z and ¢, g,f > 0, therefore,
we require

B1+B2<2,
,32 < 1, (58)
< ﬁl.

Case 2: z1,22,z3 > 0 and |z1| + |z3] < |22] + |z3]. In this case ||z|| = |z3| + |z3]| and

D izl = D, (1221 + Iz))

=D, (z +23)

=2 +7,

= (Ag1 + As1)z1 + (Agy + A2y + (Ags + Asz)zs

= [az — a1)z1 + [(B1 + Prc = 26167 — Prg — 21ge
- B = 2B1¢f =21 = 1=3( + 1) —2828" + 2Pog
= 2B2gc = 2pogf - 3(i + 1)glza + [2B1c + B2 — Pac
—2Pacg = 2628" = Bof —2B28f 21t — 1 = 2p1cf
=3( +1)e=3(u +1)g - 2B1gc — 2B16 + Pogzs.

Page 14 of 24
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Since the coefficient z; is smaller than oy and z; < 25,

D, |zl < [(az + B1 = 1) =21 + (B1 — 3)c — Buc + (28, — 3)g - 3ug
= 2B1gc — 2agc — 228" — 2B0gf — 281" - Brg — Bf - 2B1¢f |22
+[(B2—1) =21 + (B2 — 3)g — 3ug + (21 — 3)c — Pac — 2acg
—2p2g% — Bof —2B28f — 2P1gc — 2p1¢f —3puc —2B1% ]z

< max{Lyi, L}||z]|.
Here

Ly = (g + 1~ 1)=2u+(B1 - 3)c—3uc+ (22 - 3)g - 3ug
—2B1g¢ - 2Page — 2Pog” — 2628f — 216 - prg - B - 2Bucf,

Ly =(B2—1) = 2u + (B2 — 3)g — 3ug + (2B1 = 3)c — fac — 2Pacg
~2Pag” = Bof — 2Pagf — 2P1gc — 2P1cf — 3puc - 21

D, ||z|| be bounded away from zero on the negative side for all z and ¢, g,f > 0, therefore,

we require

ﬁ1+062<1,

,32<1.

Case 3: z1 <0< z9,z3 and |z1| + |z3| > |22| + |z3|, therefore ||z|| = |z1| + |z3] and

D, ||z|| = D, (|z1] + |z3])

=D, (-z1 +z3)

=—z) +24

= (A31 —An)z1 + (A3 — A12)za + (A3 — A13)z3

=[~o1 = B1+ 28167 + Big + Bif —8g — B2 + Pac
+2B2g” + Bof +8c+ 21 +2 - Brc + 2Bige + 2Bicf
+3(1 + 1)c — Bog + 2Bage + 2Bogf + 3(i + 1)g]z1
X (=8g)z2 + [ B2 — Bac — 2Bocg — 2Bog — 2B2g” - Bof
—2Bogf — 8¢ —2u — 1 +2B1¢c - 281> — 2P1gc

=2p1¢f = 3(u + e —3(1 + 1)g]zs.
Since |zo| < |z1|, we have

Dzl < [(o1 + Br+ o —2) = 2u + (8 — B1)t + (B1 —3)c — Buc
+(Ba—3)g = 3ug —2B16" — Bif — Bac — 208" — Bof
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—8c—2p1gc - 2B1¢f — 2Bage — 2Pagf | 121
+[(B2—1) =21 + (2B1 = 3)c — Bac — 2B1cf — 21
—2p1cg + (B2~ 3)g — 311g — 2Bag” — Pof — 2Pacg - ¢

—2B2gf - 3uc)zs < max{Lay, Ly} 2|

Here

Lai = (o + By + Ba—2) =2 + (8 — )t + (B1 — 3)c — 3uc
+ (B2 = 3)g = 3ug — 21" = Buf - Pac - 228" = Bof
—8c—2p1gc — 2B1cf — 2Page - 2Bgf,

Ly = (By = 1) = 2u + 261 = B)c = fac — 2p1¢f — 21"
—2p1¢g + (B2 — 3)g — Bug — 228" — Paf —2Bacg - 5¢
—2Bogf - 3uc.

Therefore, we require

ap+ B+ B2 <2,
B <1, (5.10)
< /31.

Case 4: z; < 0 < z3,z3 and |z1| + |z3| < |z2| + |z3]. Hence ||z|| = |z2| + |z3] and D, |z| =
D.(|z2] + |z3]). We have
D, ||z|| = D, (|z2| + |23])

=D, (23 + 23)

=2y +24

= (Ao + Asz1)z1 + (A + A32)22 + (A3 + Asz3)zs

=[og —oq]zr + [,31 +Brc—2B1c* — Prg — 2B1cg — Bif
—2B1cf +8g -2 — 1= 3(1u + 1)c = 2Baog” — 2Bacg — g
—2Bofg —3(n+ 1)t + 2,32g]z2 + [2,81c —2pB1cg + B2 — Pac
—2B2cg —2Pog — 228" — Bof —2Bogf — 210 —1-2B1
=3(u + 1)c+3Bag - 2B1¢f —3(u + 1)g]zs.

Since |z1| < |z2], @1]z1] < @1]22|, we have
D, |lz|l < [(011 +B1-1) =2+ (B1-3)c—3uc+ (282 - 3)g - 3ug

—2B1¢* — Prg — 2B1gc — Bif — 2B1cf — 2Bag” — 2Pagc — 2Bogf |2
+[~2B1gc — 2Bagc — 2B1c* = 2B1cf + (3B2 — 3)g — 3ug - 21
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= Bof —2Bag’ + (2B1 = 3)c— Pac + (B — 1) — 2Bogf — Bpuc]zs

< max{Ly1, Lsp}||z]].

Here

Ly =(1+PB1-1)=2u+(B1—3)c—3uc+ (28, -3)g-3ug
—2B16% - Big — 2B1gc — Buf — 2B1cf — 2B2g” — 2Bage — 2Bogf
Ly = —2B1gc — 2Bagc — 2B16* — 2B1¢f + (32 — 3)g — 3148 — 211

— Bof — 228> + (21 = 3)c — Pac + (B — 1) — 2Bogf — 3pc.

Therefore, we require

a1+ B <1,
B2 < aa, (5.11)
,32 <1.

Case 5: 25 < 0 < z1,z3 and |z1| + |z3| > |22|. Hence | z|| = |z1| + |z3] and

D, |zl = D, (Jz1] + 1z3]) = Ds (21 + 23) = 2, + 2,

= (A1) +A31)z1 + (A1g + A3)zo + (A3 + As3)zs

=[B1-2B1 = Brg — Buf +8g + Br — Pac— 208"
= Bof —dc=2pu =2+ Brc—2B1gc — 2Bicf + Bog
=3(u+1)c—2Bsgc — 2Bogf - 3(u + 1)g — a1 |z
+ [2B2cg + 2B2g” — 2Bag + 2Bagf +28cg - gz
+ [4B1c — 4B16” — 4B1¢f —4Prcg + 20cg + B
= Bac = 2268 + P2g — 228" = Bof — 2Pogf

—8¢—2pu—1-3(u+1)c—3(u+1)g]z.
We consider K5 = 28,g + 8g. Therefore Ks|z;| < Ks|z1| + Ks|z3|. Hence we have

Dylizll < [(B1 + B2 —2) =21 = 2B1% + (28 = 1)g — Bof — Pac — 2Pag”
— Bof =8¢+ (B1 = 3)c— Buc - 2B1ge — 2B1ef + (3> — 3)g — Bug
— 2pagc—2pagf —an]lza| + [(3B1 = B)c + (B1 — Ba)c — 4P * — dBrcf
+2(8 - Ba)cg + (B2 — 1) — 2t — 4Prcg + (8 + 32 — 3)g — 31ug — 2Pag’
= Bof —2Bagf — ¢ —3uc]zs

< max{Ls;, Lso}|z]l.

Page 17 of 24
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Here

Lsi = (B1 + B2 —2) =21 = 261" + (28 — B1)g — Buf — Pac — 208"
= Bof —dc+(Br—3)c—3uc—2B1gc - 2P1cf + (32 — 3)g - 3ug
= 2fage = 2Pogf — 1,
Lsy = (381 = 3)c+ (B1 — Ba)c — 4B1c* — 4picf
+2(8 = Pa)eg + (B2 = 1) ~ 211~ 4Prcg + (5+ 3B2 ~ 3)g ~ 3ug ~ 2P2g
= Bof = 2Prgf —c—3pc.

Therefore, we require

Ba<1,
B2t f1<2,
26 < B,
§+3By<3.

(5.12)

Case 6: 2 <0< z1,z3 and |z1] + |z3| < |z2|. Hence ||z]|| = |z2| and

D,llz|l = Di(|z2l) = -2,
= —Anz1 — Axnzy — Azszs
=~z + [-B1 - Prc+2B1C” + ig + 2Picg
+Bif +2B1cf —8g+2u+1—28cg +3(u + 1)
+3Pog” +3Bacg + 3Bofg +38gc + 3(u + 1)g — 3,32g]22
+[Bic— Bicg — Bic® = Bicf — 8c + 8gc)zs.
We consider K¢ = ¢ + 8gc. Since |z1] < |z2| and |z3| < |z2|, we have Kg|z3| < Kg|z2], there-
fore
D. |zl <[(B1—1) = 2u + (281 — 3)c — Buc — 2B1c* + (8 — B1)g
= 2p1gc— Bif ~2P1ef ~ 3pag” ~ 3page — 3pagf
+ (32 - 3)g - Bug]lzal.

Therefore we require

Ba<1,
8<ﬁ1.

(5.13)

Case 7: z3 < 0 < 21,25 and |z1| + |z3| > |z3]. Therefore ||z|| = |z;| + |z3]

Dy izl = Dy (lz1] + |23])

_ /
=21~ 23

Page 18 of 24
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= (A1 — As1)z1 + (A1y — As)zp + (A1s — Ass)zs

= [B1-2B1c* ~ Prg — Buf +8g + Po— Pac — 2Pg’
—Bof =8c—2p -2+ Brc—2p1ge — 2B1cf —3(u + 1)c
+ Bag — 2Bagc — 2Bogf — 3( + 1)g + a1 |21 + 8gzn
x [=2B1c + 2816 + 2Bicf +2B1cg — Pa + Pac + 2Pacg

— Bog +2Bog” + Bof +2Pagf +8c+2u +1+3(+ 1)c+3(u + 1)t]23.
Since |z;1| + |z3| > |22], the relation §g|z;| < 8g|z1| + 8g|z3| holds, therefore

Dyllzll = [(B1 + Ba + 1 =2) =2 + (B1 = 3)c + (28 - B1)g
+ (B2 = 3)g — 3ug — 216" - Bif —2Pag” — Bof — ¢
= 2B1¢f - 2B1gc - Buc — fac — 2Page — 2Bagf |21
X [(B2=1) =2u + (21 = 3)c = Bpc - foc = 216> = 2f1cf
- 2B1cg — 2Bacg + (B2 + 8 — 3)g — Bug — 268" — Bof

—2Bagf — 8c]lzs] < max{Lyy, Lo}zl

Here

Ly =B+ fat+on=2) =2+ (B1-3)c+ (28 - p1)g
+ (B2 = 3)g - 3ug — 216" — B1f —2Pag” — Pof - bc
= 2P1¢f —2B1ge — e — Bac — 2Bagc - 2Pogf,
Lyp = (B2 = 1) =21t + (21 = B)c = Bpc — oc = 261" = 2B1¢f

—2B1cg —2Bocg + (Bo + 8 — 3)g — 3uug — 2Pag” — Pof — 2Bagf — c.

Therefore, we require

B+ Br+a1<2,
B2<1,

28 < B,

By +68<3.

(5.14)

Case 8: z3 < 0 < 21,2, and |z1| + |z3]| < |z2]. Therefore ||z|| = |z2| and

D, |lz]l = D, (lzal) = 2
=Anz + Axnzy + Axzs
=ayz1 + [B1+ Pic—2B1c” — Brg — 2P1cg - Bif
—2B1cf +8g -2 —1-8cg—3(n + 1)c— 3,12



Ghasemabadi and Soltanian Advances in Difference Equations (2021) 2021:15 Page 20 of 24

—3B2cg — 3Bofg — 3(u + 1)t + 3Bat]|z2[—Brc + 8¢

+ Bicg + Bic* + Picf — Sgc]23.
We define Kg = B1c + 8gc. Since z3 < 0, § > 0, we have az|z;1| < 2|z2| and Kg|z3| < Kg|zz| and

D, |zl < (a2 + 1 — 1) = 2 + (281 — 3)c — 3uc — 2B ¢
+(3B2-3)g-3ug+ (8- Bi1)g—2pigc— Bif
—2B1¢f — 328" — 3Bage — 3pagf 1|22

Therefore, we require

,31 + 0y < 1,
8 < B, (5.15)
ﬁz <1.

In [6], the global stability of a unique steady state is investigated by the geometric method.
In such cases, a compact absorbing set exists. therefore surfaces remain in €2 for all times.
But there is no such set, when a model such as model (2.5) has backward bifurcation.
Hence, the following lemma proves the existence of the sequence ¢* of surfaces (see [1]). (]

Lemma 5.2 Suppose that \ be a simple and closed curve in Q2. There exist € >0 and a
surface gok that minimizes S with respect to (¥, Q) such that gof CQforallk=1,2,3,...
and forall t € [0, €].

Proof Suppose & = %min{c : (¢,8,f) € ¥}. We consider § > 0, if § < 0 then the proof is
similar. In this case

dc > 1
— >—(u+ 1),
- M

therefore, there exists € > 0 such that if ¢(0) > & then the solution remains in 2 for ¢ €
[0, €]. Hence we must show that there exists a sequence {¢*} which minimizes S relative to
(¥, Q), where Q = {(c,g,f) € Q:c > ). Let o(u) = (c(u),g(u),f(u) € (¥, Q), we define
a new surface ¢(u) = (c(u), g(u), f (1)), by the following relation:

o(u) c(u) > &,
ou) = { (&,8.f) clu)<€Eand & +g(u) +f(w) <1, (5.16)
(6, 50-8,L0-8) cw<tands +gw)+fu)>1,

() € (¥, Q). Now, we demonstrate that S < S¢:

[ 9 9c ]
duy dup
det| %¢ 3¢
e ¢ L duyr  dua |
dug ou e dc
a_(p A 8_§0 = a_g A B_g = | det duy duy
ou ou duy duy i i
1 2 of of L dup duy |
duy duy g 9g
duq duy
det| o' a7
L L du dus | _|
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9 9 9
1savector inR3. We denote a;; AL ou2 = (%1,%2,%3)T and axz A a;; (%1,%2,%3)T and show

” duy 3141 ” — ” oup r)uz ”
Case 1.1f ¢ > & then § = p and |&| = || (i = 1,2,3), therefore | 22 A 22| = | 22 A 22 .

duy duy duy

Case 2. If c< & and & + g(u) + f(u) < 1, then ¢(v) = (§,g2(v),f(v)). Therefore

det 0 0
et ag g
Jur  Bus 0
R17) aQ 0 0 0
8_ N 8_ = det af af = B_g B_g
! U2 _M M_ det |:8u1 3uz:|
dg g /A
det a{;j} 85}2 duy duy
L duy duy | _|

09 A 99 d¢  O¢
uq A 3u1 =1l dup A duy I

Case 3. If c< & and & + g(u) + f(u) > 1, then ¢(v) = (£, g+f(1 &), ngf(l £)). Therefore

almost everywhere. Hence it follows that |X;| < |x;|, thus ||

og of | 0
% ( E)fa_w_gﬁ 1 i=1,2
aul (g+f)2 1 ’ ]_ 3 Lo
% and 22 are ' s 00 A 00 _
Thus, T and -+ are linearly dependent, and hence their wedge product is Fur Ny = 0-
Therefore | ;= ‘)“’ /\ a"u"; l=0<| ;’fl A ;’LZ |. We denote i»(u) = max{c, £} and hence % < %
Therefore
9 99
S = / RAapNL P
B l2 8M1 Buz
d d
Bl || 0ur  Juy

=Sop.

Suppose that {¢*} is a sequence of surfaces that minimizes S respect to X (v, Q). Let {¢X}
be a sequence of surfaces in X (v, ) defined by the above definition. Since S¢ < S¢ for
every k, and (v, Q) is a subset of X (v, 2), one concludes that @* minimizes S relative to

(¥, Q). 0

Lemmas 6.1 and 6.2 and Corollary 5.4 in [1] lead one to conclude to the following the-

orem.

Theorem 5.3 Positive semi-trajectories of system converges to an equilibrium point, i.e.,

any w-limit point of 2.1 in Q is an equilibrium point.
Finally, the above theorem implies the following result.

Theorem 5.4 Suppose the inequalities in Lemma 6.2 hold, if Ry > 1, then all solutions of

(2.5) tends to the unique positive equilibrium point.
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6 Example

In the present study, 30 EFL students at Semnan University participated. They chose mod-
ern and traditional education equally. Hence 8; = ;. There were 15 students in each
group. Before the treatment, all the participants took a reading comprehension test as
pre-test. Table 1 shows the results of pre-test.

An independent samples ¢-test was run at the 0.05 level of significance to determine
whether the difference between the means was significant or not. The results of the ¢-test
presented in Table 2 show that there was no significant difference between the groups as
far as their reading comprehension proficiency was concerned before the treatment.

After the treatment, another reading comprehension test was given to the participants.
This test served as a post-test. The results of this test are shown in the following tables.
As the results in Table 3 show, the modern education group outperformed the traditional
education group in post-test. To see if the difference in means was significant, another
independent samples ¢-test was run. Table 4 demonstrates the results of the ¢-test for the
post-test.

The analysis of the data in Table 4 shows that at the 0.05 level of significance there was a
significant difference between the post-test reading mean scores of the subjects from the
modern education group and the post-test reading mean scores of the subjects from the
traditional education group (t observed (3.717) is bigger than ¢ critical (0.001)).

7 Conclusion
In this paper, English learning in a university is modeled. This modeling becomes the de-

velopment of an epidemic model with two strains and superinfection. In most superinfec-

Table 1 Descriptive Statistics of Pre-test in Terms of Groups

Variable pretest Number of subjects Mean SD Std. error mean
Modern Education Group 15 14.13 2.066 0.533
Traditional Education Group 15 14.27 2.086 0.539

Mean Difference = -0.14

Table 2 Independent samples t-test for pre-test

Levene's Test for equality of means
test for
equality of
variances
F sig. t df  sig(2-tailed) Mean SE of 95 percent confidence
difference  difference  interval of the difference
Low Upper
Equal 0131 0720 -0.176 28 0862 -0.133 0.758 -1.686 1419
variances
assumed
Table 3 Descriptive statistics of post-test in terms of groups
Variable posttest Number of subjects Mean SD Std. error mean
Modern Education Group 15 18.07 1.580 0408
Traditional Education Group 15 16 1.464 0.378

Mean Difference = 2.07
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Table 4 Independent samples t-test for post-test

Levene's Test for equality of means
test for
equality of
variances
F sig. t df  sig(2-tailed) Mean SE of 95 percent confidence
difference  difference interval of the difference
Low Upper
Equal 0410 0527 3717 28 001 2.067 0.556 0.928 3.206
variances
assumed

tion models, individuals infected with strain two can superinfect individuals infected with
strain one. We consider the case in which superinfection goes in both directions.

In this model, individuals can participate in two groups of modern and traditional ed-
ucation based on their abilities and interests. We carried out a qualitative study of this
model including the computation of basic reproduction and the existence and locally and
globally stable of boundary equilibria and coexistence equilibrium point. The education-
free Ey is shown; it is local and global stable under suitable conditions.

By using compound matrices, local and global stability of the coexistence equilibrium
point was proven. The global stability conditions of this point indicate that initially, indi-
viduals chose the traditional education class more than the modern education class. But
eventually the number of modern education graduates was higher.

The analysis of the model showed that the occurrence of backward bifurcation and more
complexity can occur when we attempt to eliminate the education problems. Therefore,
when Ry < 1, education problems may be persistent.
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