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1 Introduction

Fractional differential equations have attracted great attention due to their ability to model
various phenomena in applied sciences. The so-called fractional differential equations are
specified by generalizing the standard integer-order derivative to arbitrary order. For more
interesting theoretical results and scientific applications of fractional differential equa-
tions, we refer to the monographs of Diethelm [2] and Kilbas et al. [3] and references
therein.

The existence, uniqueness, and global behavior of solutions for boundary value prob-
lems of fractional differential equations have been considered in several recent papers
(see, e.g., [1, 4-9] and references therein).
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Zou and He [1] investigated the problem

Dv(x) + fx,v(x)) =0, 2<a<3,x€(0,1),

(1.1)
v(0) =v'(0) =v(1) =0,

where D* denotes the standard Riemann-Liouville fractional derivative, and f satisfies
the following conditions:

(H1) f € C((0,1) x R,R) and f; [f(x,0)| dx < 00;

(H2) There exists g € C((0,1), [0, 00)) such that

[f(x,v) —f(x, w)| <gqx)|v-w|, Vxe€(0,1),v,weR,

and

1
0</ q(x) dx < co. (1.2)
0

Let L > 0 be the minimum positive constant such that

1
‘/0 Gy (x,y)q(y)y"_l(l —y)dy < Lx*1(1-x), (1.3)

where G, (x,y) is the Green’s function (given later in this paper) associated with problem
(1.1). By using Banach’s contraction principle on some convenient Banach space they have
obtained the following result.

Theorem 1.1 Under assumptions (H1)—(H2) and L < 1, problem (1.1) has a unique solu-
tion in C([0,1]).

Motivated by this reault, we prove that the conclusion of Theorem 1.1 remains true
under the following weaker assumptions:

(A1) f € C((0,1) x R,R) and [, (1 —%)*"2|f(x,0)| dx < 00;

(A2) There exists g € C((0, 1), [0, 00)) such that

[f(x, v) —flx, w)’ <gx)|v-w|, Vxe(0,1),v,weR,

and

1 Lo
= a-l(] _ )21 . 1.4
0<Myo F(a—l)/o 271 —x)* " g(x) dx < 00 (1.4)

Remark 1.2 1t is clear that conditions (H1)—(H2) imply (A1)-(A2).
Conversely, for 8 € [1,a — 1), the function f(x,v) := (1 —x) (1 + v) satisfies hypotheses
(A1)-(A2) but not conditions (H1)—(H2). So assumptions (A1)—(A2) are weaker.

In this paper, for « € [2, 3), we use the following notations:

o h(x) :=x*1(1 -x),x € [0,1].

e G,(x,y) denotes the Green’s function of the operator v — —D*v with boundary condi-
tions v(0) = v/(0) = ¥(1).
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eE:={a>0: fol Go(x, Mh(y)q(y) dy < ah(x),x € [0,1]} (we will see that E # #)).
oM :=infE. (1.5)
We will prove that M is a positive constant satisfying the following range estimation:
Mgoi1 <M <Mgyy. (1.6)

e Fora e R, a* := max(a,0).
e C,([0,1]) := {v € C([0,1]) : thereis o >0 such that |[v(x)| < oh(x),x € [0,1]}.

In the next remark, we list some properties of elements of Cy([0, 1]).

Remark 1.3
(i) Cu([0,1]) is a Banach space equipped with the following #-norm:

iln = inf{o >0: |v(x)| <ohx),x € [0, 1]} = su V@ (1.7)

ve01) H(®)

(i) ve Cu([0,1]) if and only if v = hg, where ¢ is a bounded continuous function in
0,1).

Our main result is the following:

Theorem 1.4 Assume that (A1) and (A2) hold. If M < 1, then problem (1.1) has a unique
solution v in Cy([0,1]). In addition, for any vy € C([0,1]), the iterative sequence vi(x) :=
fol Go (%, 0)f (v, vi_1(9)) dy converges to v with respect to the h-norm, and we have

k

vk = vl <

< {1 - ol (1.8)

Our paper is organized as follows. In Sect. 2, we improve the estimates on Green’s func-
tion G, obtained in [1, Lemma 2.2]. This allows us to obtain the range estimation (1.6).
Our main result is proved in Sect. 3. Some examples and approximations are given at the
end.

2 Preliminaries
Definition 2.1 ([3]) Let f: (0,00) — R be a measurable function.
(i) The Riemann-Liouville fractional integral of order y > 0 for f is defined as

) = %y) fo (e= )" ) dy,

where I' is the Euler gamma function.

(ii) The Riemann-Liouville fractional derivative of order y > 0 for f is defined as

. 1 i " * _ ayy-v-1
D= o (4) [ e,

where n = [y] + 1, and [y] is the integer part of y.
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By [10, Lemma 2.2] the Green’s function associated with problem (1.1) is given by

1 |2 1=y t—(x—y*1 forO<y<x<l,

Go (%) (2.1)

S T(@) |21 —y)al for0<x<y<l.

Lemma 2.2 The Green’s function G,(x,y) has the following properties:
(i) Gulx,y) is a nonnegative continuous function on [0,1] x [0, 1].
(i) Forallx,y € [0,1], we have

Ha(x;y) =< Ga(x;y) = (05 - I)Ha(x,y)t (22)

where Hy(x,y) := ﬁxo“z(l — )% 2 min(x, y)(1 — max(x, y)).

Proof It is obvious that (i) holds. Now we prove (ii). From (2.1), for all x, y € (0, 1), we have

T(@)Gy(x,y) =211 =) = (= p)") " (2.3)
_ a1 a-1 (x_y)+ ot
e (v (52

Since for A >0 and ¢t € [0,1],
min(1,A)(1 - ¢) <1 -¢* < max(1,A)(1 - ¢),
we deduce that
(x-9)* (x—p)*"\"" (x—9)*
- M-y = - (x(l —y)) =l 1)<1 ~x(1 —y))’

Using this fact and (2.4), we obtain

L(@)Ga(y) _

21— gyt = (@ -1 (1 -y) - (@x-p").

#(l-y)—(x-y)" <
Hence estimates (2.2) follow from

x(1-y)—(x—-y)*" = min(x,y)(l - max(x,y)). O

Remark 2.3 In [1, Lemma 2.2], the authors stated that for all x,y € [0,1],
(1) 27 M (1 -2)y(1-9)*" < T(@)Ga(x,9) < (& = Dy(1 -y)* 7,
(i) x* 11 -x)y(1 - 9)* ! <T(a)Galx,y) < (@ — Da* (1 - x).
Note that since for all x,y € [0, 1],
xy <min(x,y) and (1-x)(1-y) < (1-max(xy)),
we get

27 N1 —x)y(1 - ) < T(a)Hy(x,y) < min(x“"l(l —x),y(1 —y)“"l).

Combining this fact with (2.2), we immediately obtain inequalities (i) and (ii).



Bachar et al. Advances in Difference Equations (2021) 2021:22

Therefore estimates (2.2) improve those stated in [1, Lemma 2.2].

Lemma 2.4 Let q € C((0,1), [0, 00)) and assume that 0 < M, < c0. Then
Mq,oz+1 = M = Mq,ou
where M is the constant defined by (1.5).

Proof Let

1
E={a>0:A Gmeh@MUﬁWEahwthULH}

where h(x) := x* (1 - x), x € [0, 1].
By (2.2) we obtain

1
/0 Gu 6, 9)H()q) dy

1

1
< Tz l)xa—ZfO ya—l(l _y)a*1 mln(x,y)(l - maX(x,y))q(y) dy

< Myoh(x).
It follows that E # @ and M < M, where M :=infE.

On the other hand, using again (2.2) and that
min(x, y)(1 — max(x,y)) > xy(1 — x)(1 — y) for x,y € [0, 1], we deduce that for any a € E,

1
ah(x) > ﬁxa-z /0 711 = )% minx, ) (1 - max(x,9))q() dy
> L e / L =) ey - 1)1 = y)a0) d
~ T A y Yy Y y)q y
= h(x)Mq,a+l-

Hence for each a € E,
a > Mq,oz+l'
Therefore M > M 4.1, that is, M € [My 441, Mo ]. O

Remark 2.5 From Lemma 2.4 it is obvious that if M, < 1, then
M :=infE < 1. Note that the inequality M, <1 can be verified for a large class of func-
tions ¢, including the singular cases. For example, let
Bla,b):= [, t* 1 - )’ ' dtfora>0and b>0
Then by using MATLAB we obtain
(i) Ifg € C((0,1)) with g >0 and ||q|lcc < 1, then

B(a,a)
”Srm—n<'

My

Page 5 of 11



Bachar et al. Advances in Difference Equations (2021) 2021:22

(i) If g(x) := (1 —x)"%, then

_ B, %) .
T Pa-1)

(iii) If g(x) := x5 (1 —x)"%, then

3 Existence and uniqueness
We need the following useful lemma.

Lemma 3.1 Let2 <« < 3, and let ¢ be a function such that x — (1-x)*"'o(x) € C((0,1)) N
LY((0,1)). Then the unique continuous solution of the problem

D*v(x) = —p(x), x€(0,1),
v(0) =v/'(0) = v(1) = 0,

(3.1)

is given by

1
Volx) = /0 Galx, )0 ) dy.

Proof Let ¢ be a function such that x — (1 — x)*"g(x) € C((0,1)) N L1((0,1)). Since by
Lemma 2.2, G, (x,y) belongs to C([0, 1] x [0, 1]) with

0<Gy(xy) < (1—y)*,

“Ta-1)

we deduce by the dominated convergence theorem that Vg € C([0, 1])
and V(0) = V(1) = 0. Therefore I3-*(V|¢|) is bounded on [0, 1]. By Fubini’s theorem
we obtain

- _ 1 * a2
PVOW = g [ @0 Ve dy
1
:/ K(x,r)o(r)dr,
0

where K(x,7) := ﬁ Jox=2)*Gy(y,r) dy.
Simple calculation gives
1 1
K(x,r) = Exz(l S 5((x - r)+)2.

Hence, for x € (0, 1), we have

2 1 x
Pvew =" /O (-t dr /0 (¢ = (r) dr.

Page 6 of 11



Bachar et al. Advances in Difference Equations (2021) 2021:22

This implies that

ds
e (PP (V) (®) = —p(x).

Now, since for each y € (0,1),

imZe®) _o and o< Ge®D) _

1_ a—l,
x>0 x - ox _F(a—l)( 2

by the dominated convergence theorem we obtain (V¢)'(0) = 0.
To prove the uniqueness, let v,w € C([0, 1]) be two solutions of problem (3.1) and set
0 :=v—w. Then 6 € C([0,1]), and we have

DO (x) = 0, x€(0,1),
0(0) = 0'(0) = 6(1) = 0.

By [3, Corollary 2.1] there exist c3, ¢z, ¢3 € R such that

1 2 3

0(x) = 1™ + cox™ " + 3”77

Applying the boundary conditions, we obtain ¢3 = ¢; = ¢; = 0, thatis, v = w. O
Remark 3.2 The conclusion of Lemma 3.1 remains true for o = 3.

Proof of Theorem 1.4 Assume that (A1) and (A2) hold and M < 1, where M is given by
(1.5). Let us prove that problem (1.1) has a unique solution v in Cy([0, 1]). In addition, for
any vy € Cy([0,1]), the iterative sequence vi(x) := fol Go (%, 9)f (v, vi_1(y)) dy converges to v
with respect to the z-norm, and we have

k

Vi —V <
vk ||h_1_M

lvi = volln.
To this end, define the operator T by
1
1) = [ Guls)f 040)) dyx € [0,11,v € Ci((0.1). (32)
0

We claim that 7 is a contraction operator from (Cy([0, 1]), || - ||) into itself.
Let v € Cy([0,1]), and let o > 0 be such that |v(x)| < oh(x) for all x € [0, 1].
Since by Lemma 2.2(ii), 0 < G, (x,) < ﬁ(l —9)*72, it follows from (A2) that

|Gu(x,9)f (y,v)| <

oy 0:0) 0,0+ [/ 0))

=

ra-p L= @oho) +116:0))

=Te-D 0y (1= "q0) + A= )2|f(5,0)]).
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Since G, (x,y) is continuous on [0, 1] x [0, 1], by (A1)—(A2) and the dominated convergence
theorem we deduce that Tv € C([0, 1]).
Furthermore, from Lemma 2.2(ii) we have

0<Gylxy) < h(x)(1 - y)* 2. (3.3)

1
“Ta-1)
Hence by using (3.3) and similar arguments as before we obtain

1 ! )
|TV(.7C)| < |:O'Mq,a + m /O (1 _y)a_ lf(y, 0)| dyi|h(x),

and thus T(C([0,1])) C Cx([0,1]).
Next, for any v, w € Cy([0, 1]), by using (A2) we obtain that for x € [0, 1],

1
| Tv(x) - Tw()| < /0 Gal)|f (V) —f (3, W) | dy
1
< f Gal,)70) V() - w()| dy
0
1
<lv=wl / Gulw,9)g()h(y) dy
0
< My = wiluh().
Hence
1TV - Tw||, < M|lv—wl|p.

Since M < 1, T becomes a contraction operator in Cj([0,1]). So there exists a unique
v € Cy([0,1]) satisfying

1
)= [ Gus (0 x€ ) (34

It remains to prove that v is a solution of problem (1.1). Indeed, it is clear that
x — (1 —x)*"f (% v(x)) € C((0,1)). Next, by using (A2) and v € C;,([0, 1]) we obtain

|(1=x)* " f (2, v(x)) | < (1 =) (f (%, v(x) = f(x,0)] + |[f(x,0)])
< (1-%)"(q@)|v)| + |f(x,0)])
<ox* N1 -x)1gx) + (1 -x)*2 V(x, 0)|.
Therefore by (A1) and (A2) it follows that x — (1 —x)*Lf (x, v(x)) € L'((0, 1)). Hence from
Lemma 3.1 we derive that v is a solution of problem (1.1).

Finally, it is well known that for any vy € C,([0, 1]), the iterative sequence
vr(x) = fol Go (%, 9)f (v, vi_1(y)) dy converges to v, and we have

k

vk = viln <

vi—volln. O
< 1—M” 1= volln



Bachar et al. Advances in Difference Equations (2021) 2021:22 Page 9 of 11

Example 3.3 Let 2 <« < 3. Consider the problem

D*v(x) + g(x)cosv=0, x¢€(0,1),
v(0) =v'(0) =v(1) =0,

(3.5)

where g € C((0,1)) with ¢ > 0 and ||g|loc < 1. Let f(x,v) := g(x) cos v for (x,v) € (0,1) x R.
We have f € C((0,1) x R,R) and

1 1
/ (1= 9°|f(x0)| dx < qlloe / (12" dx < 0.
0 0

So assumption (A1) is verified.

On the other hand, since v — cos v is a Lipschitz function, we obtain
[f(x, v) —f(x, w)! <gx)lv-w|, x€(0,1),v,welR.

By Lemma 2.4 and Remark 2.5(i) we have

1
0<M <My, < lglloo fx“‘l(l—x)“‘ldx<1.
F(C(—l) 0

Hence by Theorem 1.4 problem (3.5) has a unique solution v € Cy([0, 1]).

Example 3.4 Let 2 < o < 3 and consider the singular problem

Dy(x) + (1 -x)"2(1+sinv) =0, x€(0,1),
v(0) =v'(0) =v(1) = 0.

(3.6)

In this case, we have f(x,v) = (1 —x)"%(1 +sinv) for (x,v) € (0,1) x R.

Sof € C((0,1) x R,R) and fol(l —x)*72|f(x,0)| dx = f01(1 —x)372dx < 00, that is, assump-
tion (A1) is satisfied.

On the other hand, we clearly have

[f(x,v) = fx,w)| <g@x)|v-wl, x€(0,1),v,weR,

where g(x) := (1 —x)7%.

From Lemma 2.4 and Remark 2.5(ii) we deduce that
1 e e
0<M§qua:m/(; x* (l—x)f_ dx<1.

Hence by Theorem 1.4 this problem has a unique solution v € Cy([0, 1]). In particular, for
o= %, the unique golution is approximated (see Fig.Bl) by the iterative sequence vi(x) :=
Jo G @)1~ )F (1+ sin(vics () dy with vo(x) = x3 (1 - x), x € [0, 1].
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Figure 1 The approximation of the solution of problem (3.6)
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Figure 2 The approximation of the solution of problem (3.7)

Example 3.5 Consider the problem

Divix)+at(1-x)"11+v)=0, xe(0,1),

(3.7)
v(0) =v'(0) =v(1) = 0.

As in Example 3.4, we verify that assumptions (A1) and (A2) are satisfied. Therefore by
Theorem 1.4 problem (3.7) has a unique solution v € Cj,([0, 1]), and the iterative sequence
defined by vo(x) := x5 (1-x),x€[0,1],and

1 5 5
w)i= [ Gy H-p s na0)

converges to v (see Fig. 2).
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