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1 Introduction

Since the relationship of different biological species is very common in nature, many schol-
ars have done a lot of works in this field [1-4]. In the real world, some biological species
can release toxic substances that can affect the growth of other species. These toxic sub-
stances can even affect the living environment of human beings, so it is important to study
the dynamics of the population models. In [5], Chattopadhyay studied the local and global
stability of the interior equilibrium of a two-species competitive system with toxic sub-
stances. This work suggests that the toxic substance has the stabilizing effect on the model.
In [6], Kar and Chaudhuri considered a two-species competing fish model with harvesting
effect and toxic substances. They mainly studied the stability of the interior equilibrium.
In addition, reaction—diffusion models arise in a variety of real world problems, such as in
physical [7], chemical [8] and biological [9] applications. In [9], Zhang and Zhao proposed
a diffusive predator—prey model with the toxic substance of the following form:

2lbr) — Dy Au+ ru(l - &) - e x€Q,t>0,

%:D2Av+ev(l—%)—ﬁuv2, x€Q,t>0, w1

dulet) _ dvix) _ g x€0Q,t>0 ‘
v v 4 4 ’

u(0,%) = up(x) > 0, v(0,x) =vo(x) >0, xeQ.
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All parameters are positive; # and v denote the densities of prey and predator, respectively;
r and € denote the growth rates of prey and predator, respectively; D; and D, are diffusion
coefficients of prey and predator, respectively; K is the environmental capacity of prey.
The functional response is of Holling II-type; S represents the efficiency toxic substance
released by prey. They mainly studied the stability of the constant positive steady states
and existence of the nonconstant positive steady states.

In the real world, time delay and asymptotic behaviors are widely studied toward the
comprehension of growth process for biological species [10-13], such as gestation delay,
maturation time, capturing time, and so on. Additionally, related analysis of characteristic
equations also appear in the description of equilibrium models for other sciences, as, for
instance, in civil engineering; see [14]. Differential equations with time delay often cause
periodic oscillations, and show more abundant dynamic properties [15, 16]. In [17], the
authors studied the Hopf—Hopf bifurcation in a predator—prey with predator cannibal-
ism and time delay. In [18], the authors studied the Hopf-zero bifurcation in a delayed
predator—prey model with dormancy of predators. These results all suggest that the time
delay can enrich the dynamic properties of the predator—prey models.

Using the following parameters transformation:

_ u hv D D
rt:t, _:ﬁ) —:V’ dl__li dz—_2:
K K r r
K mK € BK3
a=—, b = ) = = )
o ahr rK he

the model (1.1) becomes

9 — o Au+ u(l —u) — 1b+’2’u, 12)

5 = Av+cev(l - - —suv).

Based on the model (1.2), we consider the following delay model:

3’4;9;1) =diAu+u(l-u(t-1))- ll:L;vu’ ®E8,2>0,
Z)véa;,_t) =dyAv+cev(l = 2 —suv), ®€1>0, (1.3)
Bua(alj,t) _ BViSJIC),t) =0, x€0RQ,t>0,

u(x, t) = ul(x, t) >0, V(xr t) = Vl(x) t) >0, xe€Q,te [_T)O]'

All parameters are positive; T is the resource limitation of the prey logistic equation. For
convenience, we denote Q2 = (0,/x). The aim of this paper is to study the effect of time
delay on the model (1.3). Compare with the model (1.1), whether some new dynamical
phenomena occurs.

The organization of this paper is as follows. In Sect. 2, we study the existence of equi-
libria. In Sect. 3, we analyze the stability of the positive equilibrium, the existence of Hopf
bifurcation, and the property of bifurcating periodic solutions. In Sect. 4, we give a nu-

merical simulation. At last, we give a brief conclusion.
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2 Existence of equilibria
The equilibria of model (1.3) are the roots of the following equations:

u(l—u)—%:o,

ev(l - —suv) =0.

Lemma 2.1 For the model (1.3), the following statements are true:
(1) The model (1.3) has a boundary equilibrium (1,0).
(2) The model (1.3) has at least one positive equilibrium.
(3) Under hypothesis (Hp), 0 < s < a < 1, the model (1.3) has a unique positive
equilibrium.

Proof Obviously, the model (1.3) has a boundary equilibrium (1, 0). Now, we consider the
existence of positive equilibrium denoted as (u,, v,). From the first equation in (2.1), we

(1—uy)(auy+1
b

have v, = ). From the second equation in (2.1), we have v, = su@ﬁ > 0. Then we

can obtain that u, is the positive root of the following equation:
hw)=asu*+ Q1 -a)su® + (@—s)u*+ L+b-a)u—-1=0. (2.2)

It is not difficult to obtain that 4(0) = —1, lim,_, .o /(1) = +00. Thus Eq. (2.2) has at least one
positive root, which means that the model (1.3) has at least one positive equilibrium. In ad-
dition, by the Descartes’s rule of signs, Eq. (2.2) has a unique positive root under condition
0 < s < a < 1, which means that the model (1.3) has a unique positive equilibrium. d

In the rest of this paper, we denote the positive equilibrium as (i, v.), where v, = m’;*;l.

3 Stability analysis
Linearize system (1.3) at (i, v4) as follows:

3\ _ ult) u(t) ut— 1)
(%) =dA (V(t)) +L (V(t)) +1L, (V(t— ‘L’)) , (3.1)

where
L= a  —ap ’ L= -u, 0 ,
cas c 0 O
and
abu? bu, 1-su?
a = >0, ay = >0, a3 = ————. 3.2
! (auy, + 1)*(su2 + 1) 2T au,+ 1 3 (su? +1)2 (32)

The characteristic equation of (3.1) is
det(A — M, — Ly — Lre ™) =0, (3.3)
where I = diag{1,1} and M,, = —n?*/? diag{d,,d,}, n € Ny. Then, we have

A+ AA,+B,+(Cy+ Auy)e ™™ =0, neNy2{0JUN, (3.4)
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where
2
Ay =(d+ dz)l—2 —(a +¢),
n* n?
B, = dldzl—4 —(a1d> + Cdl)l—

2

n
C,= dgu*l—z — Cliy.

3.1 Thecaseof T=0

When 7 = 0, the characteristic Eq. (1.3) reduces to the following equation:

M —-Tr+D,=0, neN,,

where

2
Tn:—An—u*:—(d1+d2)l—2+c—E,

4

D,=B,+C,= d1d27—4 — (cd; - zdz)’;—2 + clagas — ),

a u,(2au, + 1 - a)

au, +1

for n € Ny. The eigenvalues are given by

o _ TnE /T 4D,

1=, neNo.

We consider the following hypotheses:

(Hy) O<c«<eg,

>+ c(ay + aras),

2(1 — u)*(au, + 1)°

d
(Hy) 0<c§—25, 0<b<
d

By direct calculation, we can get the following remark.

u(au? + 1)

(3.6)

Remark 3.1 Hypothesis (Hp) is a sufficient condition for ¢ > 0. If Hypothesis (H;) holds,

then T, < 0 for n € Ny. If Hypothesis (Hy) holds, then D, > 0 for n € N,.

Theorem 3.1 When t = 0, the equilibrium (u.,v,) is locally asymptotically stable under

Hypotheses (H1) and (Hy).

Proof When t =0, by Remark 3.1, we have T, < 0 and D,, > 0 for n € Ny under Hypotheses

(H;) and (H3). Then the eigenvalues (3.7) all have negative real parts, which can guarantee

the statement in Theorem 3.1.

O
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3.2 Thecaseof 7 >0
To study the stability of E,(u,,v.) when t > 0, we suppose (H;) and (Hz) hold. Let iw
(w > 0) be a solution of Eq. (3.4). We have

—w? +iwA, + By, + (C, + iwu,)(cos wt —isinwt) = 0.

Then we have

—w? + B, + C,cos T + wu, sinwt =0,

(3.9)
A,w - C,sinwTt + wu, coswt =0,
leading to
w*+ (AL -2B,-u’)o® + B, - C2 = 0. (3.10)
Denote z = w?. Then (3.10) can be changed into
2+ (A -2B,-ul)z+ B, - C> =0, (3.11)
and the roots of (3.11) are
+_1 2 2 2 2)2 2 _ (2
z, = 5[—(,4" —2B,-u;) +/(A2-2B,-u2)" - 4(B% - C2)].
By direct computation,
2 2 2 o n* 2 2
Al -2B,—u’ = (di +d3) 7 2ard; + calz)l—2 —c(2azas —c) - (u2 - a3),
n* n?
B,-C, = d1d21—4 - [cd1 + (dg(ﬂl + u*))] 7 + c(ay + aras + uy),
n* n?
B,+C,= d1d21—4 —(cdq - Edz)l—2 + c(araz —¢) =D, >0.
Fix parameters 4, b, ¢, s, define
D = {k € Ny | Eq. (3.11) has positive roots with #n = k}. (3.12)

Under (H;) and (H,), we can obtain
A5 —-2By-u?<0, By—Cy>0,
and

2

(A5 -2Bo-u2)" —4(B-C3) = 2¢*(u2 —a}) + (a} —ui)2 +4azazc(ul — (a1 +c)*) +c* > 0.

This means that Eq. (3.11) has at least a pair of positive roots zat. Then D # 0.

Page 5 of 17
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Forn € D,ifz* > 0, then Eq. (3.4) has a pair of purely imaginary roots +iw} at r,’f,j € Np.
If z~ > 0, then Eq. (3.4) has a pair of purely imaginary roots +iw;, at 7", j € Np, where

; 2j
i =Vzf, tﬁl’izt,?’i+]—i (/=0,1,2,...),
Wy
0+ w% arCCOS(‘/cos)r Vsin >0,
5= (3.13)
wT [27T - arccos(VCOS)], Vsin < 0;
Vv _ (Cn - u*An)(a);f)z - BnCn o wi [Ancn _Bnu* + u*(w}f)Z]
o8 C2 + u(wir)? ’ . C2 + u2(wir )

From (3.13), we have 79 < rf;’i (j € N). For k € D, define the smallest 7 so that the stability

n

will change, 7, = min{r,?’jE or ‘L'/?’+ | k € D}.

Lemma 3.1 Suppose (Hy) (or (Hz)) holds. If (A% — 2B, — u?)* — 4(B> — C?) > 0, then
Re(%)hqﬁ >0, Re(%)|f:#" <0fort eDandjeN.

Proof Differentiating two sides of (3.4) with respect 7, we have

(dk)l A+ A, +ue™ T

dr) T Gyt aune A
Then
d\ 7! A +A, +ue? T
Re —_— = Re —)\ - — )
dr ced® MCy + Aug)e?T A eed®
L. 5 2 2
= [X(Zw + A} - 2B, - u*)]f_rgi
1 2
_ :|:|:X\/ (A2~ 2B, - u2)> ~ 4(B2 - Cg)]f_yi’
where A = @?u? + C% > 0. Therefore Re %NT:T{;* >0, Re(%)h:ﬁf <0. d

Theorem 3.2 Suppose (H;) and (Hyz) hold. For system (1.3), the following statements are
true:
(1) E.(us,vy) is locally asymptotically stable for T € [0, t,.), and unstable for
T € [Ty, Ty + €) With some €.
(2) System (1.3) undergoes a Hopf bifurcation at the equilibrium E,(u,, v.) when T = ‘L',],;'+
(ort = r,’;’_),j € No, n € D, where rf,’i is defined in (3.13).

Remark 3.2 From Lemma (3.1), we obtain Re(%)|rzrj,+ >0, Re(%”f:,f’* <0fort € Dand
j € No, then the stability switch may exist.

3.3 Properties of Hopf bifurcation
Now, we will study the property of Hopf bifurcation by the method exploited in [19, 20].
For a critical value 7" (or t)7), we denote it as T. Let &(x, £) = u(x, tt) — u, and ¥(x, ) =
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v(x, 7t) — v,. Then the system (1.3) is (dropping the tilde)

% = ldy A+ (+ )1 - ut — 1) — u, — 2ty (314)

?)_E =t[dryAv+c(v+v,)(1 - ;:—;*; —s(u+u)(v+w))l.

Denote T = T + &, and U = (u(x, ), v(x,2))”. In the phase space € := C([-1,0],X), (3.14)

can be rewritten as

% =TDAU(t) + L:(Uy) + F(Uy, €), (3.15)

where L.(¢) and F(gp, €) are

L(p)=¢ a191(0) — a2¢2(0) — u, p1(-1) , (3.16)
caz$1(0) + cp2(0)
F(p,e) =eDA$ + L: () +f(9, ), (3.17)
with
f((,b,é‘) = (f + 8)(F1(¢r8)!F2(¢78))T’
b(¢1(0 « 0) + vy
Filge) = (61(0) + ) (1 — i (1) -, — ("511(3;(;12(()‘;51(; ; - ))
—a1$1(0) + a2¢2(0) + u.¢1(-1),
Fa,) = c(0(0) +v.) (1= SX0 —s(0100)+10) (0200)+ 1))
— caz$1(0) — cg2(0).
respectively, for ¢ = (¢1,$2)" € €.
Consider the linear equation
dg—t(t) =TDAU(t) + Lz (Uy). (3.18)
We know that A, := {iw, T, —iw,T} are characteristic roots of
dz(t) . n° ]
% —rDl—Zz(t) + Lz (z;). (3.19)
Choose
tE, o =0,
n"(o,7) =10, o €(-1,0), (3.20)
-tF, o=-1,
where

2
47 —u, 0
E-(""%E 2, =" . (3.21)
cas c—d2’l’—2 0 0
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Then
2 0
2D 9(0) + Li(#) - / dn' (o, 7)p(0)
-1

for ¢ € C([-1,0], R?).
Define the bilinear paring

0 o
(lb,w)o:l//(o)w(o)—/l ) ow(s—a)dn”(o,f)w(s)dé
T (3.22)

0
— Y (0)p(0) + 7 f e + VPO d

for ¢ € C([-1,0],R?), ¥ € C([0,1],R?); A(7) has a pair of simple purely imaginary eigen-
values £iw, 7, and they are also eigenvalues of A*.
Define p;(0) = (1,€)Te“™ (o € [-1,0]), q1(r) = (1, n)e” " (r € [0,1]), where

cas a

§

T v dt P tie = c—dyn?/2 + i’

Let ® = (®;, ;) and ¥* = (¥}, ¥;)T with

_11(0) +pa(o) _ (Re(ei‘””f") )

®:(0) 2 \Re(geino)

Dy(0) = }M _ ( Im(ent7) )

2i Im(gel®n?7)
for o € [-1,0], and

a0+ @) ( Re(eon) )

v (r) = ——F—F——= = L
1( ) 2 Re(neiontr)

W3 (r) = M _ Im(e‘iwnfr)
200 T \mee

—iwnfr)
for r € [0, 1]. Then we can compute by (3.22)

Dj:= (W}, ®1),,  Di:=(¥], @),  Di:i= (W5, ®1),,  Dj:= (¥, D),

Define (W*, @) = (W7, &) = (’;; D2) and W = (W, Wy)T = (W¥, &)W, Then (¥, b)o = .
4
In addition, define f,, := (B, B2), where

1 [cosTx 2 0
& ( 0 )’ & (cos%x'

We also define

c-fy= clanl + CZIBZ, forc= (C1,02)T €6
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and

1 154 1 I
(u,v) := —/ Uiy dx + —/ Us Vo dx
l?T 0 l]T 0

for u = (u1,u2)T, v=(vi,v2)T, u,v € X and {9, fo) = ({0, ), (@, fZ))T.
Rewrite Eq. (3.14) as

du(t
ﬁ =A;Ut +R(Ut,8), (323)
dt
where
O; 9 [S [_1r 0)1
R(U;,¢) = (3.24)
F(U;e), 6=0.
The solution is
U,=o (x1>f,, + h(x1, %0, ), (3.25)
X2

where (;Czl) = (Y, (Uy, ), and h(x1, x5, €) € Ps%1, h(0,0,0) = 0, Di(0,0,0) = 0. Then

U= o (D) £+ e, 20,0). (3.26)
x2(t)

Let z = x; — ixy. Then

@ <xl)fn = (@1, @) <i(zTE)>fVl = %(Plz +D12)f
X2 3

and

z+7 i(z-2)
h(xl)xZ)O):h<T; 5 ,0)

Equation (3.26) is

u; = l(plz +p12)fu + h(ﬂ, 1(z—z),0)
2 2 2
(3.27)

1 _ _
= E(Plz +p12)fy + Wz 2),

where

W(z,i):h(iz,i(z_i),o).
2 2

From [19], z satisfies

z=iw,Tz + g(z,2), (3.28)
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where

g(z,2) = (‘Dl(o) - i\IIZ(O))<F(Ut:0)1ﬁ1>- (3.29)
Let
z? z
W(z,E) = WQQE + WHZZ + WOZE +, (330)
_ z? _ z? 7’z
82 =g +8uz2Z+gn—— +&1—— + (3.31)
2 2 2
then
Lo nx OnZ . wOns . wOmZ
u,(0) = E(z+z) cos T + Wy (O)E + W7 (0)zz + Wy, (O)E +oee,
Ll = nx AmZ . @ . O Z
v:(0) = E(E +&Z)cos T + Wy, (O)E + W7 (0)zz + W, (O)E +ee,
A nx (1) z (1) =
us(-1) = E(ze +ze )cos T + Woo (—1)3 + Wiy (-1)zz
-
+ Wéé)(—l)z— oo,
2
and
— 1
Fy(Uy,0) = ZFy = =1 (00 (~1) + a1 47(0) + e (0)v4(0) + 324 (0)
T (3.32)
+ a1 (0)v(0) + O(4),
— 1
Fa(Uy,0) = =F> = B (0) + Boutr(0)v:(0) + B3 (0) + Byt (0) + P (0)v(0) 5.33)
+ Bout(0)v7(0) + O(4),
with
abv, b
=T a0 Oy =—7—""""—,
(au, +1)3 > (auy +1)2
a’bv, ab
a3 =——-——, a4 = ——,
3 (auy + 1)* * (auy +1)3
3.34
cv? 2cvy(su? - 1) c(su? +1) (3:34)
,312——3, ,322—72; Bz =——"",
U Uy Uy
£ = cv? 2, o clsut-1)
4 = Mi ) 5= L{i ) 6 = u,% .
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_ zZ2
F(U;,0) = cos ( )( X20 +ZZX11 + EXzo)
+ — 2z cos n + xo cos® n +
2 X1 l X2 l )
(3.35)
2 =2
_ of nX z _ 7 _
F»(Uy,0) = cos (7) (55‘20 +2zen + 55‘20)

2’z nx 3 Nx
+ — COS— +¢3€08° — | + -+,
5 S1 I S I

(F(U,0),,) = 7 ((Fr (U, 0),£1), (Fa(U, 0),£2)

=2 [ 2= (3.36)
=Z— X20 I'+z X 1"+z—f izo F+Zf “a o
2 G20 S11 2 S20 2 K2

1 [l X
= E/(; cos (7) dx,
I
K1 = S| cos? o] (ead dx + —/ cos* dx,
lT[ 0 l lJT 0
I I
Ky = s cos? aad dx+2/ cos* asd dx,
In 0 l In 0 )

with

and

1 i [
X20 = 5(061 +Eay —eTm), Xi1 = _Z(eilmn +e™ — (201 + (€ +8))),

~Wio(-1)

X1 = WiP(0)(2a1 + aaf —eT) + WP (0)ery - WY (-1) - 5

o
2’

+ Wz(é)(o)(%(Zal + ok — eifwn)) + W2(0)=
1 — 1
X2 = 1(3053 +ag(§ +28)), S0 = 5(,31 +&(Ba + B3§)),
L M W
g1l = 4( B+ ,32(W11 (0) + i“) +2B3W1p (0)5),
1 _ _
G2 = —(3,34 + Bs (& +28) + Bek (26 +§)),

1 = W0)(2B1 + Bo§) + WD (0)(Bs + 236)

+%m@ﬁ@)%wﬂhw)

Denote

V1(0) —i¥2(0) := (Y1)

Page 11 of 17
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Notice that

1 [l nx
=l_ cos37dx=0, n=123,...,
T Jo

and we have

(W1(0) - iW2(0))(F(Us, 0), £,)

22 o .z _ .
= 5()/1)(20 +12620)T'T + 2Z(y1 11 + Yos1)T' T + 3(3/1)(20 + 2G0T (3.37)
2’z _
+—-Tlyik + yaka] + -

> |

Then by (3.29), (3.31) and (3.37), we have gy0 = g11 =802 =0, forn =1,2,3,....

Ifn=0T= % Ol” cos® %% dx = 1, then we have

£20 = V1T X20 + Y27 6205 gu=nTxu + 2T, 802 = V1T X20 + ¥2T G a0-

And for n € Ny, g21 = T(y1k1 + y2k2). Next, we just need to compute W11(0) := (Wl(})(Q),
WP (0)7 and Wao(0) = (Way (6), Wiz (0))7.
By (3.30), we can obtain

W(Z,E) = Wgozé + Wnéz + WHZ% + Wogﬁ +oey,
z2 z
A:W(z,Z) = As WZOE +A;WHZE+A;W023 P

From [19], we have

W(z,2) =A: W + H(z,2),

where
_ 22 _ z
H(z,z) = Hyo— + Hj12z + Hpp— + - - -
2 2 (3.38)
= F(U[,O) — d)(\l",(F(utJO)’f;’l»o 'f;’l'
Hence, we have
(2w, T — Az)Wao = Hay, -A; W11 = Hyy, (—2iw,T — Az)Woo = Hpo, (3.39)

that is,
Wao = (2iw,T —Az) ™" Hoy, Wi = -Az'Hy, Woz = (—2iw,T —Az) " Hpy. (3.40)
For —1 <0 <0, we have

H(z,2) = —~®O)WO)F (U, 0).fn) - fr

_ _<P1(9) +pa2(0) p1(0) —Pz(e)) @,(0)
B 2 ’ 2i @,(0)

) (FWUs,0). 1) - fo
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= 2 [P1O)(@1(6) - 102(6)) + pa(6)(©1(6) + 102(0)) | EU 001} 1
2
2
= 2| (11O + 22O = + (p1(O)gur + p20711) 2
2 2

-
+ (p1(0)g02 + p2(0)ga0) %] +

Therefore,
0, nel,
Hy(0) = ) B
—5(1(0)g20 + p2(0)gg,) - foo n=0,
0; ne N,
Hy1(6) = . B
-5 (p1(0)g11 +p2(9)gy) - fo, n=0,
0, nel,
Hy(0) = ) B
—5(1(0)g02 + p2(0)go) - foo n=0,
and

H(z,2)(0) = F(Uy,0) — ®(V, (F(U,0), /), - for

where

= ( X20 2( nx
T cos“ (), neN,

Hyo(0) = ~( izz‘(’)) ~
T(gzo) 5(p1(0)g20 +192(0)g02) fo, n=0,

(3.41)

~( X11 ()
T cos™ (T nel,

(o) = | o) <o ) v i
7(c) — 31 g11+192( )211) for 1 =0.

By the definition of A; and (3.39), we have

: .. 1 _
Wi = Az Wag = 2iw, T Who + §(P1(9)g20 +p2(0)8gy) fu» —1<6<0.

That is,
Wao(6) = <g20P1(9) + pz(G)) S+ Epe¥ent,
where
£, - | WO n=1,23,...,

W0 (0) — ﬁﬁ(gzolh(@) + g°2192(9)) -fo, n=0.
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By the definition of A; and (3.39), we have that for -1 <6 <0,

—(gzopl(m + ‘%m(m) o + 2ZinEE, — A (# (gzopl(O) . iﬂm(m) -ﬁ>)

2w,T

i
—A:E - L:
o1 r(2&),,1?

(gzopl(m + ‘%m(m) St E162i‘””f9>
=7 <X20> - %(pl(O)gzo + p2(0)gps) - fo-

G20

Azp1(0) + Lz (p1 - fo) = iwop1(0) - fo

and

Azp2(0) + Lz (p2 - fo) = —iwop2(0) - fo,

we have
2iw,Ey — A;Ey — L;E1e4“n = § X20 cosz<ﬂ), n € Ny.
S20 l
That is,

. - 2 L -1
- (2w, T +di i —a1 + U, e Hont a, X20 o nx
Ei =7 L 2 cos“| — |.
—cas 2iw,T +dy’y — ¢ $20 /

Similarly, from (3.40), we have

i

~-Why = Y (210)g11 +p2(0)g1) fur —1<6<0.
That is,
i _
Wi () = TN (P1(0)g11 —p1(0)g11) + Es.

Then, we have

i —a N
Eooz[BEmaru @ X1 2(@)
=T 2 cos .
—Ccas d21—2—C S11 l

Thus, we can obtain

L Rea©)
T Rei@)

i |g02 > 1
0) = —2lgn|* - =
c1(0) P <g20g11 lgul 3 ) t3

(3.42)

Ty = [Im(c(0) + maIm(X ()], B2 = 2Re(ca(0).

n
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Theorem 3.3 For any critical value i, the bifurcating periodic solutions exists for T >
rﬁ,’i (ort < Ii,’i) when 1y > 0 (or ny < 0), and are orbitally asymptotically stable (or unsta-
ble) when B, < 0 (or B3 > 0).

4 A numerical simulation
In this section, we give a numerical simulation done with Matlab. The numerical simula-
tion of the systems is implemented by finite-difference methods. In the model (1.3), we fix

the following parameters:

s=1, a=2.5, b=3, d, = 0.5, dr =1, c=0.1, =2
The model (1.3) has a unique positive equilibrium (i, v.) ~ (0.4691,0.3845). By direct
computation, we have D = {0,1} # {4, and 7, ~ 2.0053. By Theorem 3.2, we know that

(¢4, Vi) is locally asymptotically stable when 7 € [0, 7,) (shown in Fig. 1). Hopf bifurcation
occurs when t = 7,. By Theorem 3.3, we have

Ha A 0.6816 > 0, Po~—-0.0942<0, and T,~7.01825>0.

Hence, the locally asymptotically stable bifurcating periodic solutions exists for t > 2.0053,

and the periods of bifurcating periodic solutions increase (shown in Fig. 2).

u(x,t) vix,t)

. e 4
0 ~— N
t 500 0 x

Figure 1 Numerical simulations of system (1.3) for T = 1.5

u(x,t) v(x.t)

0.5

0
10000

Figure 2 Numerical simulations of system (1.3) for T = 2.1
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5 Conclusion

In this paper, we considered a delayed diffusive predator—prey model with toxic substances
released by prey. We mainly analyzed the effect of the time delay on the stability of the
positive equilibrium, and time delay induced Hopf bifurcation. We gave some parameters
that determine the properties of Hopf bifurcation, namely bifurcation direction and the
stability of the bifurcating periodic solution. Compared with the model (1.1), time delay
is an important factor in relationship between prey and predator, since it may affect the
stability of the positive equilibrium and induce Hopf bifurcation.
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