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Abstract

Umbral calculus is one of the important methods for obtaining the symmetric
identities for the degenerate version of special numbers and polynomials. Recently,
Kim-Kim (J. Math. Anal. Appl. 493(1):124521, 2021) introduced the A-Sheffer sequence
and the degenerate Sheffer sequence. They defined the A-linear functionals and
A-differential operators, respectively, instead of the linear functionals and the
differential operators of umbral calculus established by Rota. In this paper, the author
gives various interesting identities related to the degenerate Lah-Bell polynomials
and special polynomials and numbers by using degenerate Sheffer sequences, and at
the same time derives the inversion formulas of these identities.
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1 Introduction
It is important to note that many academics in the field of mathematics have been re-
searching various degenerate versions of special polynomials and numbers not only in
some arithmetic and combinatorial aspects but also in applications to differential equa-
tions, identities of symmetry and probability theory [9, 12, 14, 16-23], beginning with
Carlitz’s degenerate Bernoulli polynomials and the degenerate Euler polynomials [2].
Moreover, umbral calculus, established by Rota in the 1970s, was based on modern con-
cepts such as linear functionals, linear operators, and adjoints [28]. Umbral calculus is
one of the important methods for obtaining the symmetric identities for the degenerate
version of special numbers and polynomials [5, 6, 24, 25, 28]. Recently, Kim—Kim [11] in-
troduced the A-Sheffer sequence and the degenerate Sheffer sequence. They defined the
A- linear functionals and A- differential operators, respectively, instead of the linear func-
tionals and the differential operators used by Rota [28]. Also, Kim et al. introduced the
Lah—Bell polynomials and studied some identities of Lah—Bell polynomials [10, 25]. The
two papers mentioned above inspired me. So, I focus on finding the noble identities of
degenerate Lah—Bell polynomials in terms of quite a few well-known special polynomials
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and numbers arising from the degenerate Sheffer sequence. In addition, the author derives
the inversion formulas of the identities obtained in this paper. They include the degenerate
and other special polynomials and numbers such as Lah numbers, the degenerate falling
factorial, the degenerate Bernoulli polynomials and numbers, degenerate Frobenius—Euler
polynomials and numbers of order r, the degenerate Deahee polynomials, the degenerate
Bell polynomials, and degenerate Stirling numbers of the first and second kinds.

Now, we give some definitions and properties needed in this paper.

The unsigned Lah number L(#n,k) counts the number of ways of all distributions of
n balls, labeled 1,2,...,n, among k unlabeled, contents-ordered boxes, with no box left

empty and have an explicit formula

n-1

L b = (k -1

)Z—: (see [10, 25]). (1)

From (1), the generating function of L(n, k) is given by
1 ‘ k— 3 L(n, k r k> 10, 25-2
2= -Zk (1K) —, (k= 0) (see [10,25-27)). @

Recently, Lah—Bell polynomials were introduced by Kim—Kim to be
1 > t"
e = "Bl (%) (see [10]). (3)

n:
n=0

When x = 1, BL = BL(1) are called Lah—Bell numbers.

For any nonzero A € R, the degenerate exponential function is defined by
W) =1+r)%,  e)=(1+r)r (see[2,9,12, 14, 16, 17, 19-23]). ()
By Taylor expansion, we get
o0 t”
&)=Y @n— (see[9,12,14,16,17,19-23]), (5)
— n!
where (x)o = 1, (¥),5 =x(x —A)(x = 21) - - - (x = (m = 1)A) (mn > 1).

It is known that

oo

a— > l
(1—t>-m=2< 7)(—1)lr1=2<m>1% (see (1, 4)). ©)
=0 =0 ’

where (x)g=1, (x), =x(x+1)x+2)---(x+n-1),(n>1).
The degenerate Bernoulli polynomials and degenerate Euler polynomials of order r, re-

spectively, are given by the generating functions

t r M e , "
(m) e (t) = HXZ(; ﬁ;(q,;\(x); (see [2,7,21]) 7
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and

Vl

< (t)+1) & (1) =ZEr x)— (see [2,7,15,18]). 8)

n=

We note that ,3,(3 = ,3,(3(0) and Ef:,\ = S:)A(O) (n > 0) are called degenerate Bernoulli and
degenerate Euler numbers of order r, respectively.

Kim et al. introduced the degenerate Frobenius—Euler polynomials of order r defined by
, (t)—Zh 6l (w11 € C) (k= 0) (see [15)) ©)
ex(t) u n! -

When x = 0, h;r‘)k(u) = hgj\(0|u) are called degenerate Frobenius—Euler numbers of or-
der r.

The degenerate Daehee polynomials are defined by

logy(1+1) | Z%(x)— (see [9]). (10)

n=0

Here log, (1 +¢) = %((1 +t)* — 1) and log, (e, (¢)) = e (log, (2)) = ¢.
When x =0, D,,; = D,,;(0) are called degenerate Daehee numbers.

The Bell polynomials are defined by the generating function

00
"
ex(et_l) = ZBeln(x); (see [8) 19, 22]) (11)

n=0

Kim-Kim introduced the degenerate Bell polynomial given by
=> Bely; (x) 4, (see [19]). (12)
=0 ’

For n > 0, it is well known that the Stirling numbers of the first and second kind, respec-

tively, are given by

@n=Y_ Si(nDx' and k(log(1+t) ZSl(n,k)— (see [2, 3]) (13)
1=0 n=k
and
xnzgSz(n,l)(x)l and %(&-1)2;52(;4,/()% (see [2,3]), (14)

where (x)g =1, (), =x(x—-1)---(x—n+1) (n>1).

Page 3 of 16
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Moreover, the degenerate Stirling numbers of the first and second kind, respectively, are

given by

@)=Y S120n D)), and

(15)
1
5 —(log, (1 + 1) ZSM(n,k)— (k > 0) (see [12, 14]),
n=k
and

(). = ZSZ,A(VI, D(x); and

e (16)
1
(e~ Zsu(n k)— (k > 0) (see [12, 14]).

n=k
For k € Z, Kim-Kim introduced the modified polyexponential function as
. -«

Eis(x) = 21: D (see [18, 21]). (17)

By (17), we see that Eij (x) = €* — 1.
Kim-Jang considered the type 2 degenerate poly-Euler polynomials which are given by
the generating function to be

Eil(1
1((0%)1:12; & (8) = fo( )— (see [13]). (18)

When x =0, 5,(133\ = é‘,(fy)l(O) are called type 2 degenerate poly-Euler numbers.

Since Ei; (log(1 + 2¢)) = 2¢, we see that Ey(l,li(x) = E,,(x) (n > 0) are the degenerate Euler
polynomials.

Let C be the complex number field and let F be the set of all power series in the variable
t over C with

ok
]—':{f(t):Zak%‘ake(C}. (19)
k=0 :

Let P = C[x] and P* be the vector space all linear functional on P.
P, = {P(x) € Clx]| deg P(x) < n} (n>0). (20)

Then P, is an (# + 1)-dimensional vector space over C.

Recently, Kim—Kim [11] considered the A-linear functional and A-differential operator
as follows:

For f(¢) = Y o ak% € F and a fixed nonzero real number A, each A gives rise to the
linear functional (f(¢)|-), on IP, called A-linear functional given by f(£), which is defined

Page 4 of 16
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(f(t)l(x)n,k)A =a,, foralln>0 (see[ll]). (21)

and in particular (£ [(X),0)5 = 8k, for all n,k > 0, where §,,x is Kronecker’s symbol.

For A = 0, we observe that the linear functional (f(¢)|-)o agrees with the one in (f(¢)|x") =
ag, (k> 0).

For each X € R, and each nonnegative integer k, they also defined the differential oper-
ator on IP by

(tk))h(x)n,)t _ (n)k(x)n—k,)u if k <n, (22)
0 if k > n (see [11]).

and for any power series f(£) =Y ;- Oakk, €F, (FEN (X)nyp = Y o 0( ) Yk (1> 0).
Note that different A give rise to different linear functlonals on P (see [1 1] p. 5, p. 8).
The order o(f(¢)) of a power series f(£)(# 0) is the smallest integer k for which the coeffi-

cient of X does not vanish. The series f(¢) is called invertible if o(f(¢)) = 0 and such series

has a multiplicative inverse 1/f(¢) of f(¢). f(¢) is called a delta series if o(f(£)) = 1 and it has

a compositional inversef(t) of f(t) withj_‘(f @)=, (}7 (2) =t
Let f(£) and g(¢) be a delta series and an invertible series, respectively. Then there exist

unique sequences s, , (x) such that we have the orthogonality conditions

(e (F©) 150 @), = ntdux  (n,k > 0) (see [11]). (23)

The sequences s,,; (x) are called the A-Sheffer sequences for (g(¢),f(¢)), which are denoted

by s, (%) ~ (g(£).f (£))s..
The sequence s, (x) ~ (g(¢),f(¢)), if and only if

ad Sk, (x
20: ;{' * (n,k>0) (see [11]). (24)

g(f(

Assume that, for each A € R* of the set of nonzero real numbers, s, (x) is A-Sheffer for
(g.(t),£i.(2)). Assume also that lim; _, o £, (t) = f(¢) and lim; _, 0 g, (£) = g(¢), for some delta se-
ries f(t) and an invertible series g(£). Then limkﬁof)\(t) = f(t), where is the compositional
inverse of f(t) with f(f(£)) = f(f(¢)) = t. Let lim,_o s, (%) = s¢(x). In this case, Kim—Kim
called this the family {s,, (x)},er—(0) Oof A-Sheffer sequences s,,, are the degenerate (Shef-
fer) sequences for the Sheffer polynomlal $u(%).

Let $,,,(x) ~ (g(£),£ (1)1 and 1,y (3) ~ ((£), g(6)); (n > 0). Then

sua(®) =Y tukria(®) (1= 0),
: (25)
h(f (@)

g(f (t))

whereunk—1< (LF®))|ex )M> (n,k = 0) (see [11]).
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2 Degenerate Lah-Bell polynomials arising from degenerate Sheffer
sequences

In this section, we derive several identities between the degenerate Lah—Bell polynomials

and some other polynomials arising from degenerate Sheffer sequences.

Kim-Kim introduced the degenerate Lah—Bell polynomials given by
( ) ZB k(x)— (n,k > 0) (see [10]). (26)

When x = 1, B., := B[ (1) are called the nth degenerate Lah—Bell numbers.
When A — 0, lim,_,o B}, = B, are the nth Lah—Bell numbers.
For n e NU {0} and P(x) =Y }_, ZkBi’A(x) eP,
by using (23), we observe that

k n "
<(ﬁ> ‘P(x)> = ZZI<( ) ‘BM(?C)> = ZZ[[!(S/GZ =k\Z. (27)
b0 1=0

From (27), we have

1/t

Thus, we have

n k
P() = ZiBL, (x) where Z = %<(%> ’P(x)>k. (29)

k=0

Theorem 1 For n € NU {0}, we have

n n k k
B, (%) =) Lin)@)ii= (% > ( l) (—1)“<z>n> (®)ia- (30)
T 1=0

k=0 k=0

As the inversion _formula of (30), we have

n n 1 k K
@np = Y _(=1)"*L(m,k)B, (x) = ng‘ (E lZoj ( l)(—l)“"(m) B, (x). (31)

k=0

Proof From (5), (24) and (26), we consider the following two Sheffer sequences:

B;A(x)~(1,1%t> and (W) ~ (1,2);. (32)
A

From (6), (25) and (32), we have

BL, () =) tuk(®)is, (33)
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where

1/ ¢\
Mk = E<(1——t> ’(x)n,x>/\ =L(n, k),

. . (34)
1 K, aalf 1Y\ 1 1y
or =50, )D (1——t [ =z ,Z (-1)
1=0 =0
Therefore, we have the identity (30).
To find the inversion formula of (30), let P(x) = (x),,,. From (29),
@)nr = Y ZiBE, (), (35)
k=0
where
1 n-k
Zi= 7 ](xm - (1" L, ),
Py
Lk Lk (36)
or Zy= k,Z( )(— )<( )\(x)m> = ,Z( )( n"(l)
A =0
Therefore, from (35) and (36), we have the identity (31). O

Theorem 2 For n € NU {0} and r € N, we have

I=k m=0

B}, (x) = Z(Zi( ) ’"*”L(z KL(n -1, m))ﬁm(x) (37)
As the inversion formula of (37), we have
B (%) = Z ( T ; % ( ) (l T 1) (:;) (=1~ m)!ﬂm) B, (x)
_ kZ(ZO (1) evrsim-m k)%) B, (1),
=\

(38)

where B, (x) are the degenerate Bernoulli polynomials.

Proof From (7), (24) and (26), we consider the following two degenerate Sheffer sequences:

BL, (x) ~ (1#) and B (x) ~ ("A(ti_l,o : (39)
s s

From (2), (5) and (25), we have

BL, (%) =) ttniBia(®), (40)
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> (l)m,k t e
L(l, k)<Z ol (m) ‘(x)n—l,)»>x (41)
i (1)m+1,k t "

<Z (m + 1)1 <:> ‘(x)"_l'k>x

n - (1)m+1,A 1 t "
-2 (1 Jren L) o)

To find the inversion formula of (37), let P(x) = ,,,.(x). From (29), we have

Bui(®) =Y ZiBf,(x) (n>0).

k=0

where

k - [ -1 v v -
(rEl bS]

1< K\ (l+n-m-1 l+n—mn
w2 e

Stated differently, we get

P t \F
k_k! 1+¢

k n
= <% (ﬁ) ‘ ZO <:’l> :anl,)»(x)nm,)u>)L (43)

:Bn,k (x)>
A

Page 8 of 16
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" /n 1 t \X " In o
"2 <m>’3m*< als) \(")"-mx "2 <m)'3m'k(—” Ln—m, ).

=0 m=0

Therefore, from (42) and (43) we have the identity (38). O

Theorem 3 For n € NU {0}, we have
Bﬁ’k (%)

1 n n r n-l (I’l) (:) o ) ® (44')
= . N )T D LG K)L(n = L, m) | by (x| u).
(1 -u) Z(!k j=0 m=0 ! ’ o

k=0

As the inversion formula of (44), we have

h) (xlu)
l
Z( Z Z ( )( ) ( + I:l _7:; 1> (_1)1+I’l—m(n — m)!hiz)'l(u)) Bi")\(x) (45)
k=0 kt 1=0 m=0
= Z (Z (:’1) (_l)n—m—kL(n -m, /()1/15,2)L (M)) ].?’i)L (x),
k=0 \m=0

where hg))\ (x|u) are the degenerate Frobenius—Euler polynomials of order r.

Proof From (9), (24) and (26), we consider the following two degenerate Sheffer sequences:

t , H-u\"
R (T 1 R

By using (2), (5), (25) and (46), we have

B, (%) = Z i), (x| ), (47)

k=0

Here

o= () (255) o)
(GG ) o)
i 2 () (5) ) o],
a2 (e () (5 e,

(x) n—1,\ >
(48)

Page9of 16
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1 " In "y . m
= (l_u)r p (l) ( ) — Q) M) /Z(])mk< ( ) ‘(.?C)n_l’)‘>)t

n—1

- ﬁ 3 (’1’>L(l, 0y (’,)(—ur-f > maLln =, m).
I=k 0 v m=0

~.
I

Therefore, from (47) and (48), we get the identity (44).
To find the inversion formula of (44), by (29), we have

n
hf:,\ (x|u) = Z ZBy, (x)

In the same way as (42) and (43), we have

(o
a5 (752 o),
Kk !
S Y (8

=0 A

1< I l+v-1 n

Sl R ()
=0 v m=

1< ! l+v-1 n

EZZ( ) 1) ZO( ) (Wl) u) t" |(x)n mA)A
=0 v

~l -

R (S (it

In another way, we can get

Lt N\ — (1, n-mk
Z - E<<1_+t) hm(xlu)>x _ mzo <m)hmlk(u)(—1) Ln—m,K). (50)
Therefore, from (49) and (50), we have the identity (45). O

When u = -1 in Theorem 3, we have the following corollary.

Corollary 4 Forn € NU {0} and r € N, we have

Bf,(x) = — Z (Z > Z ( ) C) Dma LKL - 1, m))E;f;(x). (51)

I=k j=0 m=0

By the inversion formula of (51), we have

& Z( ?5%( (o) 1)<—l>“"""<n—m»E,sz;)Bﬁ,A(x),
0 m=

where E' A(x) are the degenerate Euler polynomials of order r.

Page 10 of 16
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Theorem 5 For n € NU {0} and r € N, we have

Bﬁ,@—Z(ZZZ( )( )’*“su(l k)L (m, )L (1 - m,n)D“() (52)

k=0 \ I=k m=0 j=0

As the inversion formula of (52), we have

Z(ZZ( ) )ik (= m, )L (n—m,k)Dm,x>B£,k(x), (53)

k=0 \m=0 j=0

where D, ; (x) are the degenerate Daehee polynomials.

Proof From (10) and (24), we consider the following two degenerate Sheffer sequences:

BL, (x) ~ (1%) and D, (x) ~ (6*('2_1,@@)-1) . (54)
A A

From (2), (16), (25) and (54), we have

B}, (%) = > tukDis (), (55)

k=0

where

1 ek(ﬁ)—l t
H’n,k—/‘< ﬁ <e;\<1_t>_1)
PRl )
= t € 1—¢ - X e 1 — x”’)‘A
- 1-¢ t 1 t l
= ;;SZ,)\(Z;I()<T<@)\<1 _ t> - 1) ‘ (ﬁ(l——t> ))L(JC),,,,)\>)L

- 252/\(1 vy (Z)L(”“ 1><1 - €A<1it) - 1)\(x)nm,x>
A
" 00 1/ ¢ V! (56)
2ot 2 (a3 20005 (75 i)
" (n > 1 t Y
252,\(1 03 (7)o z)<§<1),’+u (15 (@)
" (n — (1);‘+1,)\<1( t )1 >
Saa(l, k) L(m,l -\ — n-m
; il ;)(m) 0 LT (5 ) s
" (n = (D)1
;Su(lk O(m)L(m,l);; e L(n—m,))

Therefore, from (55) and (56), we get the identity (52).
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To find the inversion formula of (52), from (29), we have

n
Dy (%) = Y ZuBg, ().
k=0

By using (1 +£)* = Z;“;O(x)n% and the first equation of (15), we have

m=0 j=0
n n n-m
= ( Do Y Suln = m, ) (=1 "KL (n — m, k).
m -
m=0 j=0

Therefore, from (57) and (58), we have the identity (53).

Theorem 6 For n € NU {0}, we have

B, (x)=) (Z Si,(LK)L(n, k)) Bl (%).

k=0 \ [=k

As the inversion formula of (59), we have

Bel, ()= ) (Z(—l)l-ksu(n, DL, k)) By, (%),

k=0 \ [=0

where Bel,,; (x) are the degenerate Bell polynomials.

(57)

(58)

(59)

(60)

Proof From (12), (24) and (26), we consider two degenerate Sheffer sequences as follows:

t
B., (x) ~ (1, 1—+t> and  Bel,.(x) ~ (1,1log, (1 +1)),.
A

By using (2), (15), (25) and (61), we have

B}, (%) =) tuiBelis(),
k=0

(61)

(62)

Page 12 of 16
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where

(o o) o],

ZSU(Z k)< zv< )((x > =Y S1, LKL, D).
1=k

Therefore from (62) and (63), we get the identity (59).
To find inversion formula of (59), from (29), we have

Bel,; (%) = Y ZiBf, ().
k=0

From (5) and (16), we observe that

n=0 1=0

ZBeIM(x)— =e (e)\(t) Z(Z Son(n, l)(x)u>

Thus, by using Bel,,x (x) = >_j. S2,,. (1, 1) (%), and (6), we have

Z - k1,<< )’Beln/\(x)>k

- <l (L)k\ isu(n, zxxm>
K\1+¢ Py A

n ) , .
= ; Sz,k(l’l, l)<ﬁ (m) ’(x)m>k

= Xn:Su(rz, D(-1)FL(1, k).
=0

Therefore, from (64) and (65), we have the identity (60).

Theorem 7 For n € NU {0}, we have

BL, () = Z(Z Sox (LKL (n, 1)) () (n20).

k=0 \ [=k

Proof Since €] (log(1 +12))=(1+1¢)* = Zflio(x)n%, we have (x),, ~ (1,e(¢) — 1);.
Therefore, we consider the two degenerate Sheffer sequences as follows:

B! (x) ~ (1, ﬁ) and  (x), ~ (1,e.(t) - 1),.
2

Thus, from (2), (16) and (67), we have

BL, ()= wux®) (n>0),

Page 13 0of 16
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(66)

(67)
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where

1 k
Mnk = E<<ek(1 i t) - 1) ‘(x)n,k>)\

n 1 n
=Y 50, k)<% (1%,:) |(x),,,x> =3 S0, (L LG, D).

I=k A=k

(69)

Therefore, from (68) and (69), we have the identity (66). O

Theorem 8 For n € NU {0} and s € N, we have

EN@=Y" (Z <'Z) (1)L, k)gf_),,k> BL, (v), (70)

k=0 \ i=k
where Ey(fz\ (x) are type 2 degenerate poly-Euler polynomials.

Proof From (18), (24) and (26), we consider the following two degenerate Sheffer se-
quences as follows:

Loy (1 L 6 o [ Hea®) +1)
B, ,(x) (1, I t>A and £, () <—Eis(log(1 " 2t))’t)x' (71)
By using (2) and (25), we have
EX @) =Y wniBl (), (72)
k=0
where
1 /Ei(log(1+28)) [ ¢t \* @
Honk = F( te,(t) + 1) (1 T t) ’ * ’“>A
_ [Eis(log(1 +2t))’(1 ( t )") @
‘< te+1) N\k\1+e) )" ’“>A
p . (73)
_ n Ik Eis(log(1 + 2t))
-2 ( z)“” L(l’k)<7t(ek 0D \(x),,_m>k
n " : ’
- le: (l)(—l)l L OEY, .
Therefore, from (72) and (73), we get the identity (70). O

3 Conclusion

The author represented the degenerate Lah—Bell polynomials in terms of quite a few well-
known special polynomials and at the same time derived the inversion formulas of those
identities by using the degenerate Sheffer sequences. We addressed the special polyno-
mials and numbers: the degenerate falling factorial, the Lah numbers and the degenerate
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Bernoulli polynomials; the Lah numbers and the degenerate Frobenius—Euler polynomi-
als of order r; the Lah numbers and the degenerate Deahee polynomials; the Lah numbers
and the degenerate Bell polynomials; the Lah numbers and the type 2 degenerate poly
Euler polynomials. Therefore, the paper demonstrates that degenerate versions are not
only applicable for number theory and combinatorics but also to symmetric identities,
differential equations and probability theory. Building upon this, the author would like to
further study into degenerate versions of certain special polynomials and numbers and

their applications to physics, economics and engineering as well as mathematics.
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