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1 Introduction

The Weierstrass approximation theorem is the basis of approximation theory introduced
by Weierstrass [15], which states that each continuous function defined on [4, 5] can be
approximated uniformly by some polynomial. In 1912, Bernstein [3] established a con-
structive proof of the Weierstrass theorem by using Korovkin’s theorem [9].

On the other hand, Cérdenas et al. [4] defined the Bernstein-type operators by
B,,(gop~1)op and also presented a better degree of approximation depending on p. This
type of approximation operators generalizes the Korovkin set from {eo, e1, 3} to {eo, p, p%}.
In 2014, Aral et al. [1] also proposed a new modification of Szdsz—Mirakyan type opera-
tors to investigate approximation properties of the announced operators acting on func-
tions defined on unbounded intervals [0, 00). For various other generalizations of Szdsz—
Mirakyan type operators, one can go through these papers [12—14] of Srivastava et al.

Very recently, for m > 1, z > 0, and suitable functions g defined on [0, c0), Hatice et al.
[8] introduced a new modification of Lupas operators [11] using a suitable function p as

follows:
o (mp(2)); j
L o mele s 1.1
(&i2) = ]ZO o or” )(m) (L1

where p satisfies following properties:
(p1) p is a continuously differentiable function on [0, c0),
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(p2) p(0) = 0andinfeo,00) p'(2) = 1,and (mp(2)); is the rising factorial defined as follows:

(mp(2)), =1,
= (mp(2)) (mp(2) + 1) (mp(2) +2) - - (mp(z) +j - 1), j=0.
If we put p(z) = z in (1.1), then it reduces to the classical Lupas operators defined in [11].

Very recently, a new construction of Szdsz—Mirakjan operators was given by Aral et al.

[2] by using p and two sequences of functions «,,, 8,, defined on a subinterval of [0, c0):

:qf,,(g, 2) = e~m(@ Z (ﬁm](,z))] (gop—l) (L) (1.2)

m
j=0

Inspired by the idea used by Aral et al. in [2], in this paper we define a new construction
of Lupas operator (1.1) which depends on «,,(z) and B,,(z), where «,,(z) and B,,(z) are
sequences of functions defined on E C [0,00).

The paper is organized as follows. In Sect. 2, the construction of the announced op-
erator is presented and its moments and central moments are calculated. In Sect. 3, we
study convergence properties by using weighted space. In Sect. 4, we obtain the rate of
convergence of new constructed operators associated with the weighted modulus of con-
tinuity. In Sect. 5, we prove Voronovskaya-type asymptotic formula. Finally, in Sect. 6, we
give some approximation results related to C-functional, also we define a Lipschitz-type

functions.

2 The construction of Lupas-type operators
Let g be a continuous functions on [0, c0) and E C [0, 00). For given mg € N, define N; =
{meN:m=>mgy}.

Let o0y, Bin : E — R such that

Bn(z) —am(z) >0 foranyze E and m € Ny, (2.1)

where «,,, B,, are positive functions defined on E.

Then we consider the new operators in the following form:

e (g 2)= o-am(@) Z (IBM(Z )] gop~ )<L)’ (2.2)

m

where p is a function which satisfies the conditions (1) and (0,).
We will impose some assumptions on these operators, to show the sequence of operators
(2.2) is an approximation process.

We suppose that, for z € E,

L5 (152) =1+ um(2),
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where u,, : E — R. From (2.2), we obtain

Lf (1;2) = 279 Z (B4(2));

= 2jt
= 2Pm(@)-am(2)
Thus, we get
2bm@-am@) _ 1 4y (7). (2.3)

Secondly, we assume that

LS (0;2) = p(2) + viu(2), (2.4)

where v,,, : E — R. From (2.2), we infer

LP (p;2) = 27 (2) Z ('Bm(z))} ]

P 2%jl m

_ B p0r-amie)
m

(2.5)

From (2.4) and (2.5), we obtain

Bm(2) om(2)-
m

@ = p(2) + Vyu(2). (2.6)
Now combining (2.3) and (2.6), we get

_p@) +vm(2)
Bm(2) = mm» (2.7)

and from relation (2.3), we can write

Bm(2) — ou(2) = 1112(1 + um(z))

and

(2) + vin(2)
am(z) = m% —Iny (1 + um(2)), (2.8)

where u,,(z) > -1 forany z € Eand m e N;.
Therefore, as a consequence, operators (2.2) become

00 (31 L@ +HVm( )) ,
L (g;z)=2"" REe (1+ um(2) Z 1“”” ® (gop™ )( J ) (2.9)
m

j=0

for m € N; and for any z € E.
We can recover some linear positive operators which are already in the literature. From
operators (2.9) and for the particular choices of the functions u,,, v,,;, and p:
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(i) If we take u,,(z) = viu(2) = 0, operators (2.9) turn out to be operators (1.1).
(i) If we take u,,(2) = viu(2) = 0, p(z) = 2z, operators (2.9) turn out to be the classical
Lupas operators given in [11] by

bt =273 ().
j=0

Now, in order to obtain weighted approximation processes, we assume that the following
inequalities hold:

|um(z)| <u, and |vm(z)| <V, z€E (2.10)
such that

lim u,, = lim v, =0. (2.11)

m— 00 m— 00

From (2.10) and (2.11) it is clear that (L};(g;2))m=m, is an approximation process on Ec
[0, 00).
Now, we give some lemmas which are required to prove our main results.

Lemma 2.1 For the operators L},(g; z) and for all z € E, we have:
1. L0,(1;2) = 1 + uy(2),

2. Ln(p;2) = p(2) +vm(§),
3. Lh(p%2) = l_m(<)>> 2 (p(2) + Vm(2)),
6
4. Lj(p%z) = Ltm@) iﬁill*;mg;; £(p(2) + vn(2)),
o (p@+vm@)* | 1200@+vm@)® | 36(p@+vm(2)* | 26
5 Lin(0%2) = (s * e i@+ o P+ V(@)

Lemma 2.2 By using Lemma 2.1 and by the linearity of operators L, we can acquire the
central moments as follows:

L Li(p(¢) = p(2);2) = vim(2) - P (@it (2),

2. Lin(p(¢) = p(u))? u) = L2 | Ao @AED 4 (14 u,,(2))p(2),

3. Li((p(6) = p(u))*;u) =

3 2 2.2
(/zﬁ);:zz(;)z) + 3(p(Z)+V(r;iZ£ﬂ((§)—)np(Z)) + (p(2)+Vm(z ))(6—Zt;p(2)+3m p(2) _ 1+ um(z))ps(z),
m(2): m(2)3(12-4
4' (( (;) p(”))4 M) - pﬁr;v ()))3) + ( (Z)H/ (ii)zlni( ))ZHP(Z))
2 2 2 3,3(;
(o(z )+Vm(2))m(23(61+2:y:énz()2))+6m p°(2) + (0(@)+vm(2)) (26— 247!/7(W2;r12m p~(2)—4m> p°( + 1+ um(z))p4(z)

Remark 2.3 1f we put u,,(z) = v,,(z) = 0 in Lemma 2.1 and Lemma 2.2, we have the same
result proved in Lemma 2 and Lemma 3 of [8].

3 Direct result in weighted space
In this section, by using weighted space, we discuss some convergence properties for the
operators L.

Let ®(z) = 1 + p2(z) be a weight function and Be [0, 00) be the weighted spaces defined
as follows:

Bo[0,00) = {g:[0,00) — R||g(2)| < KrP(2),z >0},

Page 4 of 14
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where K, is a constant and B¢ [0, 00) is a normed linear space equipped with the norm

lg(2)]
lglle = su .
gle ze[ogo) d(z2)

Also, the subspaces Cg [0, 00), U [0, 00) and Ug [0, 00) of B [0, 00) are defined as

Co[0,00) = {g € By [0,0) : g is continuous on [0, oo)},

C310,00) = {g € Cy[0,00) :Zl_iglO % =Kg = Constant},
g(2)
®(z)

Us[0,00) = {g € Cy[0,00): is uniformly continuous on [0, oo)}.

It is obvious that C,[0,00) C U [0,00) C C[0,00) C Be[0, 00).
In [6], Gadjiev proved the following results for the weighted Korovkin-type theorems.

Lemma 3.1 ([6]) For m > 1, G, : Bs[0,00) — Bg |0, 00) satisfying
|Gn(®;2)| < K®(2), 2=0,

holds, where IC,, > 0 is a constant depending on m.

Theorem 3.2 ([6]) Form>1,G,, : Be[0,00) — Bs[0,00) satisfies
lim [[Gp' - p', =0, i=0,1,2.

Then, for any function g € C3 [0, 00), we obtain

Tim [[Gu(@) -], = 0.
Therefore, our result follows.

Theorem 3.3 For each g € C3[0,00), the following relation

ILin(:2) ()] _

®(z) 0

lim sup
m— 00 =,
zeE

holds, provided that conditions (2.10) and (2.11) are fulfilled.

Proof Let g € C4[0,00). Then |g(z)| < H,P(2), z > 0. L}, being linear and positive, it is
monotone. Thus

(p(2) + Vin(2))?

LV (®;2) =1 + uy(z) + T+,

2
+ Z(p(Z) +Vn(2))

implies that the operator L;, maps the space Cs[0, 00) into Bg [0, 00).
By (2.10) and Lemma 2.1, we have

I Lin(p") = '
im sup ———— =

m—00 % (I)(z)

0, r=0,1,2. (3.1)

Page 5 of 14
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As we know each L},(g; z) is defined on E. Now, by considering the following sequence of

operators, we extend it on [0, 00):

Li(g;z), ifzek,

Am = ~
g(2), ifze€ [0,00) \ E.

Obviously,

Ly(g;2) - g(2) .

() (3.2)

| An(@) — g4 = sup

zeE

By applying 3.2 to the operators G,, = A,, the claim will be proved.
Hence, we have to prove that

||Am(p’)—p’||¢—>() asm — 00,r=0,1,2.

Since

ILm(0")(2) - p"(2)]
D(2)

[ Am(0") =", = sup

zeE

’

by using (3.1), we have

lim [ A,,(¢) g, =0.
By using (3.2), we get the desired result. d

4 Rate of convergence
In this section, by using weighted modulus of continuity w,(g; §), we determine the rate of
convergence for L}, which was recently considered by Holhos [7] as follows:

wp(g;6) = sup 1g6) - g1

, 6>0, (4.1)
z¢el0,00)lp0)-p@)<s P(E) + P(2)

where g € Co[0, 00), with the following properties:
(i) wp (g; 0)=0,
(ii) w,(g;6)>0,8>0 for g e Cy[0,00),
(ili) lims_ow,(g;6) = 0 for each g € U [0, 00).

Theorem 4.1 ([7]) Let us consider a sequence of positive linear operators G,, : C4[0,00) —
B [0, 00) with
[Gin (0°) = £°[ 40 = @m: (4.2)
1Gm(0) = | o) =bm (4.3)
|G (p?) = |l = cms (4.4)

(p
[Gn(0%) = 0*[ 3 = (4.5)

Page 6 of 14
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where the sequences a,,, by, ¢,,, and d,,, converge to zero as m — oo. Then
[Gm(@) ~2ll 3 = 7 +4am + 2em)p (g 8m) + gl 0tm (4.6)

forall g € Co[0,00), where

8 = 2\/(am +2b,, + ) + ay) + ay + 3b,, + 3¢, + dy.

Theorem 4.2 Let us have, for each g € C4[0, 00),

2 2y
|22 () —g||¢% < <7 +4u,, + Z(Vﬁq + 20, + — ﬁ))a)p(g;ém)

5"

+1Igllotm,
where
2 2
Sm :2\/(um+4vm+vfﬂ+ — + ﬂ)(1+um)
m  m
6v2, 18, LOvm 126

+ V2 4612+ 120, + —2 + A —
2
m m m m m

Proof If we calculate the sequences (a,,), (b,,), (cw), and (d,,), then by using Lemma 2.1,

clearly we have

”Lfn('oo) _p0H<1>0 = SuP”m(Z) < Uy = Amy

zeE
ARV sup \/v% < Vi = by
and
IE6,(0%) =l <2 s =+ 2 <
Finally,
IL8,6%) - £l g < V3 + 302+ 3+ % S 8,5y,

Thus conditions (4.1)—(4.5) are satisfied. Now, by Theorem 4.1, we obtain the desired re-
sult. O

Remark 4.3 From property (iii) of w,(g; §) and Theorem 4.2, we have

Jim [L7.(¢)-¢g| 3 =0 forg € Us[0,00).
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5 Voronovskaya-type theorem

In this section, we establish Voronovskaya-type result for L},.

Theorem 5.1 Let g € Cy[0,00), z € [0,00) and suppose that (gop~') and (gop™")" exist at
0(2). If (gop1)" is bounded on [0, 00) and

lim mz,,(z) = 41, lim mv,,(z) = £,,

m—> 00 m— 00

then we have
lim m(L},(6:2) - g(@)] = p(2)e1 + €2 = p(2)e1 (g0 ™) p(2) + p(2)(gor™") " p(2).

Proof By using the Taylor expansion of (gop ') at p(z) € [0, 00), there exists a point ¢ lying

between z and z, we have

2(¢) = (gop™") (0())

= (20p™")(p(@)) + (g00™") (0(2)) (0() - p(2)) (5.1)
-1y _ 2
) (p(Z))z(p(i) p(2) 2O () - p@)’
where
J(e) = (gop™)"(p(5)) ~ (gop™")"(p(2)) (5.2)

2

Therefore, the assumption on g and (5.2) ensure that
’AZ(Q')’ <K forall¢ € [0,00)
and lim;_,; A,(¢) = 0. By applying operators (2.9) to (5.1), we obtain

[L0(g:2) - £(2)] = (g007") (0())LE((p(¢) - p(2));2)
, @or )" (p@)Ln((p(¢) - P()*2)

5 (5.3)
+L5,(02@0) ((0(0) - p(2)) s 2)).
From Lemmas 2.1 and 2.2, we obtain
Jim mL ((p(2) - p(2));2) = €2 — p(2) (5.4)

and

Tim mLf,((0(¢) - p(2))52) = 20(2). (5.5)
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Since from (5.2), for every € > 0, lim;_,, A,({) = 0. Let § > 0 such that |1,(¢)| < € for every

¢ > 0. From the Cauchy—Schwarz inequality, we get immediately
Tim mLf,(12:(0)|(p(¢) - p(2))52) < € lim mLf,((p(¢) - p(2))52)

L
+ <3 lim L ((p(0) = p(@)) 2).

Since

Tim mL, ((p(6) - p(2))52) =0, (5.6)
we obtain

Tim mLf,(2:(0)[(0(¢) - p(2))’52) = 0. (57)

Thus, taking into account equations (5.4), (5.5), and (5.7) to equation (5.3), this proves the
theorem. O

6 Local and global approximation
In order to prove local approximation theorems for the operators, let Cz[0, 00) be the space

of real-valued continuous and bounded functions g with the norm || - || given by
lgll = sup |g(z)].
0<z<o0

We begin by considering the C-functional

K2(g,8) = inf {llg-rll +8]g”
rew?

b

where § >0 and W? = {s € Cz[0,00) : 7,7 € Cg[0,00)}. Then, in view of the known result

[5], there exists an absolute constant D > 0 such that
L(g,8) < Dan(g, v/9). (6.1)
For g € Cg[0, 00), the second order modulus of smoothness is defined as

’

wy(g,V/8) = sup sup |g(z+2h) - 2g(z +h) +g(2)
0<h<+/8 2€[0,00)

and the usual modulus of continuity is defined as

(g,8) = sup sup ‘g(z+h)—g(z)’.

0<h<6 ze[0,00)

Theorem 6.1 There exists an absolute constant D > 0 such that

L0 (g;2) — g(2)| < DK (g, 8m(2)),
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where g € Cg[0,00) and

(0(2) +vin(2))*  2(p(2) + vin(2))(1 — mp(2))
1+ u,(2) m

Sm(z) = { +(1+ um(z)),o2(z)}.

Proof Letr € W2 and z,¢ € [0, 00). By using Taylor’s formula we have

p(¢)
r(¢) =r(@) + (rop™) (p(2) (p(¢) - (2)) + / . (0(6)=v)(rop™)" (v) dv. (6.2)
o(z
By using the equality
v @ @)
(or™) (@) = GaE =" O (62)
putting v = p(z) in the last term in equality (6.2), we get
P& N ¢ r"(2)p'(z) - V/(Z)p”(v)}
— 1 dv = - d
/p (0@ =)o) @ / (@) p(z))[ o 2
o) (07! (v)
= o dy 6.
/ o PO Gt ©4
/p r "(p~ 1(V)) ”(p‘l(v))dv
Pl o' (p71(v))? '
By applying S*’,ﬁ;ﬁ) to (6.2) and also by using Lemma 2.1 and (6.4), we deduce
& P (7))
P () — 0 _ .
Lh(r;2) =r(z) + L, (/p(z) (,0({) v) (p/(p—l(v))zdv’z)
Pl (o' )" (071 (V) )
-L? - dv;z ).
m(/p(z) (e©)-) (0'(p~1(v))? i
By using conditions (p;) and (p,), we get
L5, (r;2) = r(2)| < M}, @)([|r "1,
where
MS,,(2) = Lo((0(0) - (@))% 2).
For all g € C5[0, 00), we have
125052) = Jgop™ |1+ 1)
< lglLy,(1;2) = ligll. (6.5)

Hence we have

|L0(g:2) — g(2)| < |LL(g —152)| + |LL(r32) — r(@)| + |r(2) — g(2)]
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=2|g-rl

{ (p(2) +vin(2))*  2(p(2) + vin(2))(1 — mp(2))
1+u,(z) m

(14 um(Z>)P2(Z)}(||r”H e[

If we choose D = max{2, || 0”||}, then

(0(2) + Vin(2))?

L2, (g;2) - g(2)| < D<2llg— il + { T
. 2(p(2) + vim(2))(1 — mp(z))

m

+(1+ um(z))pz(z)} I W2>'
Taking infimum over all r € W2, we obtain

25,(@:2) - ¢(@)| = DK (g8, (2))- .

Let 0 <@ < 1, p be a function with conditions (p1), (02) and Lip v, (p(); &), H > O satis-
fying

lg¢) —g@)| <H|pE) - p@)|", »E&>0.

Moreover, Y C [0,00) is a bounded subset and the function g € Lip y4(o(2);), 0 < <11
on ) if

o
’

lg(¢) - g(2)| < Haglp(€) - p(2)|", z€Yand¢ =0,
where H, ¢ is a constant.

Theorem 6.2 Let p be a function satisfying conditions (p1), (p2). Then, for any g €
Lipy, (p(2); @), 0 < a < 1 and for every z € (0,00), m € N, we have

|L2,(g:2) - 2(2)| < H(5,(2) %, (6.6)
where
5 (2) = { (p(lz) (@) 2p(@) +vm(@)1A - mp(@) (14 20(2)) 0 (z)}.
+ 2 (2) m

Proof Assume that o = 1. Then, for g € Lip ,,(«; 1) and z € (0, 00), we have

|L2.(g;2) - g(2)| < L2,(|2(2) - g(2)|;2)
<HL,(|0(C) - g(2)|;2).

By applying the Cauchy-Schwarz inequality, we get

122,(@2) —2(2)| = HLE () - p(2))%52)]?

< Hbm(2).
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Let us assume that « € (0,1). Then, for g € Lip,,(«;1) and z € (0, 00), we have

|L2,(g;2) - g(2)| < L2, (|€(0) - g(2)|:2)
<HL. (|p(0) - 4(2)|%2).

By taking p = é and g = ﬁ, g € Lipy,(p(2); ), and applying Holder’s inequality, we have

|L4,(g2) - g@)| < H[LL(|(0(0) - p(2)];2)]".

Finally, by applying the Cauchy—Schwarz inequality, we get

IL2,(g;2) - g(2)] < H(8,(2))?. O

Theorem 6.3 Let p be a function satisfying conditions (p1), (p2) and Y be a bounded subset
of [0,00). Then, for any g € Lip,,(p(2); @), 0<a < 1,0n Y a € (0,1], we have

IL6,(8:2) - 8(2)| < Hag| (3n(2) ¥ +2[0' @] d*(2Y)}, ze€[0,00),meN,

where d(z,)) = inf{||z — x| : w € Y} and Hoq is a constant depending on a and g, and

(2) +

2m—1 1
Sm(2) = { (m + 1)2'0(2) " 3(m + 1)2 }

1 2
(m + 1)2'0

Proof Let Y be the closure of )V in [0,00). Then there exists a point zy € Y such that

d(z,)) = |z - zol.
Using the monotonicity of L}, and the hypothesis of g, we obtain

;2)

%2) +2|p(2) - p(z0)|*}.

|- (g:2) - g(2)| < L£,(|g(¢) - g(=0)|s2) + LL,(|g(2) - g(z0)

= Ha,g{Lanp({) - IO(Z)

By using Holder’s inequality for p = 2 and g = 7%, as well as the fact |p(z) - p(zo)| =
p'(2)|p(z) — p(z0)] in the last inequality, we get

L (g:2) - g(2)| < Hag{[L0((0(2) - p(Z))Z;Z)]% +2[0'(@)]p(2) - p(20)[]"}-
Hence, by Lemma 2.2 we get the proof. 0

Now, we recall the local approximation given in [10] for g € Cz[0, o0) as follows:

FGD = sup 2(6) —¢(2)|

, z€[0,00)and « € (0,1]. (6.7)
¢ #2,£€(0,00) |§ - Z|a

Then we get the next result.

Theorem 6.4 Let g € Cg[0,00) and o € (0,1]. Then, for all z € [0, 00), we have

IL0,(652) - ¢(2)] < (@) (5n(2) %,
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where
5. (2) = { (p(2) + Vu(2))? . 2(p(2) + vin(2))(1 — mp(z)) L1 +zm(z))p2(z)}.
1+2z,(2) m
Proof We know that

|L2,(g:2) - g(2)| < L2,(|g(¢) - g(2)

2).

From equation (6.7), we have
|L0(g:2) - g(2)| < @L(g:2)LL,(|p(¢) - p(2)| % 2).

By applying Holder’s inequality with p = % and g = ﬁ, we have

124,(¢:2) - g2)| < @@ 2[L5,,((0(0) - p(2)52)]*
= @)(5.(2) 7,
which proves the desired result. O

Conclusion. Here, a new construction of the generalized Lupas operators is constructed.
We have investigated convergence properties, order of approximation, Voronovskaja-type
results, and quantitative estimates for the local approximation. The constructed operators
have better flexibility and rate of convergence which depend on the selection of the func-
tion p and the sequences u,,, Vy,.
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