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Abstract

In the paper, we extend some previous results dealing with the Hermite-Hadamard
inequalities with fractal sets and several auxiliary results that vary with local fractional
derivatives introduced in the recent literature. We provide new generalizations for the
third-order differentiability by employing the local fractional technique for functions
whose local fractional derivatives in the absolute values are generalized convex and
obtain several bounds and new results applicable to convex functions by using the
generalized Holder and power-mean inequalities.

As an application, numerous novel cases can be obtained from our outcomes. To
ensure the feasibility of the proposed method, we present two examples to verify the
method. It should be pointed out that the investigation of our findings in fractal
analysis and inequality theory is vital to our perception of the real world since they are
more realistic models of natural and man-made phenomena.
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1 Introduction

Fractals are mathematical developments that present self-similarity over a scope of scales
and noninteger (fractal) measurements. Attributable to these properties, Yang [1] contem-
plated a new investigation to tackle some nondifferentiable problems that can be utilized
to productively assess the geometrical multifaceted nature, and the anomaly of shapes and
examples seen in human disease through the utilization of customary Euclidean geome-
try in such figurings is all the more challenging [2, 3]. The use of fractal analysis in image
processing, machine learning, cryptography, electrochemical processes, physics, diagnos-
tic imagining, neuroscience, image analysis, acoustic, physiology, and Riemann zeta zeros
has shown considerable guarantee for estimating forms that have changed as ordinary-
partial differential equations [4—8]. Regardless of the benefits of fractal mathematics and
various examinations exhibiting its pertinence to porous media, aquifer, turbulence, and
more other media commonly displaying fractal properties, numerous specialists and re-
searchers stay uninformed of its latent capacity involving local fractional articulations.
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Moreover, local fractional derivatives and integrals are viably applied numerous condi-
tions, for instance, the Fokker—Planck equation, the diffusion and relaxation equation
in fractal space, the fractal heat conduction equation, and the local fractional diffusion
equation [9]. Moreover, fractional calculus (integrals and derivatives) has gained signifi-
cant interest throughout the past three decades due chiefly to its incontestable utilities in
numerous areas of science and technology [10, 11]. The fractional operator does indeed
provide many potentially helpful tools for numerous problems involving special functions
of mathematical science and their extensions and generalizations in one and several vari-
ables. Fractional integrals are utilized for depiction of various hereditary and memory
effects of different processes and constituents in physical processes like seepage flow in
fluid dynamic traffic model and nonlinear oscillations of earthquake [12, 13].

Fractional integrals have been analyzed for integral inequalities and solution of frac-
tional differential and difference equations. The Hermite—Hadamard inequality [14] is one
of such type inequalities, extensively used in the literature and providing a necessary and
sufficient condition for a function to be convex.

Now we recall the Hermite—Hadamard inequality. Let G : 2 € R — R be a convex func-

tion. Then we have the double inequality

N1+ 12 1 7 G(n) +G(n2)
o("5 ") =+ [ gwas = L (L)

for all 1,y € Q with 1y # ny.

Recently, generalizations, extensions, improvements, and variants of the Hermite—
Hadamard inequality have attracted the attention of many researchers due to its wide ap-
plications in pure and applied mathematics. The main purpose of the paper is presenting
the fundamental basis of fractals and illustrating analysis of fractal sets and related esti-
mations, in particular, establishing the integral inequalities for the functions whose local
fractional differentiation in the absolute values are generalized convex.

Local fractional inequalities and their fertile applications in pure and applied mathemat-
ics have attracted the attention of many researchers [15, 16]. For example, Mo et al. [17]
derived the generalized Hermite—Hadamard inequality for generalized convex functions.
Chen et al. [18] explored it extensively by using the Holder inequality and some other
related variants in a fractal domain. The concept of a generalized harmonically convex
function was introduced by Sun [19].

In this paper, we investigate new concepts of differentiation and integration taking into
account the fractal sets and generalized convex functions. We present other important
auxiliary results, handled by this new approach for higher-order local differentiability,
which enable us to give certain estimates of the difference between the left and middle
parts of the Hermite—Hadamard inequality. On fractal sets, we carry out two examples
illustrating the applicability of the proposed methodology. As an application, we derived
some novel cases in local fractional trapezoid form. Generalized new special cases show
an impressive performance of the local fractional integration. Some special cases are cor-

related with existing results on classical convexity.
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2 Preliminaries
In this section, we present a different concept of differentiation, which consolidates the
ideas of fractional differentiation and fractal derivative. We denote the sets of natural num-
bers, positive integers, rational numbers, and real numbers by N, Z, Q, and R, respectively.

Whenever we consider the &-type set RY of real line numbers, we implicitly suppose
that 0 < & < 1. Two binary operations, the addition “+” and the multiplication “-” (which
is conventionally omitted), on the &-type set RY of real line numbers are characterized
as follows. Let ;15‘ , {25‘ € R¥. Then the addition “+” and multiplication “.”
oo = (G + L)% and £f - ¢ = (41 - £)%, respectively.

We have the following statements:

o If (R%, +) is an Abelian group and ;{5‘, {25‘, C?f‘ € R¢. then

() & + ¢ €R%

@) & + &5 =& + ¢

(i) &f + (65 +85) = (6f +¢5) + 6555

(iv) 0% + ¢ = &7 + 0% = ¢{ (where 0% is the additive identity of (R*, +));

) {15‘ + (—{f‘) = (—{f‘) + ;15‘ = 0% (where —¢9 is the inverse element of ¢%);

ee If (R%\ {09},-) is an Abelian group and {15‘, ;25‘, {uf‘ € RY, then

vi) ¢ - ¢ff € RY

(vil) & - &5 = &5’ - &

(viid) ¢ - (¢ - ¢5) = (&f - &) &5

(ix) 19 - ¢ = ¢ - 1% = ¢f (where 1¢ is the multiplicative identity of (RY, ));

() ¢ - (ﬁ)‘;‘ = (;il)& & = 1% (where (%)5‘ is the inverse element of ¢%).

eee The distributive law: ¢f' - (¢5 + ¢5) = ¢ - ¢5 + ¢ - ¢ forall ¢, ¢5 e RY.

are defined by

Proposition 2.1 We have:
(i) (R%, +,) is a field;
(ii) Both the additive identity 0% and the multiplication identity 1 are unique;
(iii) Both the additive inverse element and the multiplicative inverse element are unique;

iv) For each t% € RY \ {0%), its inverse element (L)% can be written as L oras L; for
1 a <3 o
1

1
each {{ € RY, its inverse element (—1)* can be written as —(y';

(v) The order “<” in (R%, +) is defined as follows: {15‘ < {25‘ € RY ifand only if ¢, < &, € R.
In particular, (R‘i, +,+, <) is an ordered field like (R, +, -, <).

Now let us demonstrate the idea of the local fractional continuity.

Definition 2.2 Let G : R — R? be a nondifferentiable mapping. Then p — G(e) is said to
be locally fractional continuous at €, if for any € > 0, there exists ¥ > 0 such that

<e”

|G(e) - Gleo)

whenever |€ — €| < k. If G(€) is locally continuous on (11,72), then we write G(¢) €
Cs(n1,m2).

Definition 2.3 The local fractional derivative of G(¢) of order & at € = ¢, is defined by

G (e,) = DG(e) = LI _ iy A1 20
de® . €—¢€o (6 _ eo)oz

=€5
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where A%(G(€) - G(e,)) = T(& + 1)(G(€) - G(e,)). We also write G@(¢) = Dg‘g(e). If there

(k+1) times
e |

exists Gk (¢) = Df .- -’Df‘ G(e) for all € € Q@ C R, then we write G € D,1)5(2), where
k=0,1,2,....

Definition 2.4 Let G(€) € Cy[n1,12], and let A ={0¢,01,-..,0on}(N € N) be a partition of
[71,7m2] such that n; = 09 < 01 < -+ < on = 12. Then the local fractional integral of G on
[71,m2] of order & is defined by

1 .1
) /m G(o)(do)* = m 5 Zg(Qz (Agy),

mZG(e) =

where 80 = max{Ap1, Ao, ... AQN_I} and Agj =01 -0 (j=0,...,N —1). It follows that
I9G(e) = 0if gy = ny and ,,, ZOG(e) = =, I G(e) if 1 < my. If for all € € [y, 1], there
exists ,,II,(]‘?Q(G), then we write G(¢) € Ig‘ [n1,m2].

Lemma 2.5 (See [1]) We have:
(1) If G(u) = G (u) € Cy[n1, ), then

nZDG(u) = G(n2) - G(n);

(2) Ifg(bt), H(M) € D& [7711 772] and g(&)(u)’ H(d)(u) S C&[nlr UZ]: then

nZOGuH® () = GuyH )72 -, &GO () H (w).
Lemma 2.6 (See [1]) We have the formulas
a, ka x
d“u “ (1 + ka) =y
du® ra+k-1a)
(1 + kar) ()d (ks )d
r(1 13 / T+ (k+ Da) (2 =) (k> 0).

The following analogue of the classical Holder inequality for a fractal set RY was estab-
lished in [18].

Lemma 2.7 (See [18]) Let w,p > 1 withw™ + p~' =1, and let G, H € Cg[n1,12]. Then
1 m” ”
m /m | M)H ‘( u

1 n2 ® & % 1 n2 0 & %
= (v o) (g | ool )

Definition 2.8 (See [17]) A function G: Q C R — R is said to be a generalized convex
function on  if

G(pd1 + (1= p)8) < pG(81) + (1 - p)G*(85) (2.1)

forall 81,8, € Q2 and p € [0,1].
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We provide two examples for generalized convex functions:

(1) G(8) = 8% for § > 0 and p > 1.

(2) G(8) = E5(8%) for § € R, where E;(8%) = > F((iilzoz is the Mittag-Leffler function.

Recently, the fractal theory has achieved a considerable interest. Mo et al. [17] found
the following analogue of the Hermite—Hadamard inequality (1.1) for generalized convex

functions:

g(m + 772) - (1 +a)y, ,;;”Q( u) Q(Th) +G(12)
2 - (n2 —m)? - 28 '

3 Identity via first-order local differentiable mappings
To establish our main results, we need the following lemma.

Lemma3.1 LetG: Q2 — R¥ (0 <& < 1) be such that G € Dy () and G99 € Cy[n1,n2]. Then
we have

(v —m)4G(m) + (n2 —y)‘ig(nz) rl+a)

(2 — n1)5‘ T —m)E" ;72 DG (u)
_-m)* -
S (-m)r(1+a )/ (0= D*GD(py + (1 = p)m)(dp)*
(12 — )%

@ (@)
(1 —n)F T(L+ a)/(l P)*G ¥ (oy + (1 = p)n2)(dp)*, (3.1)

where T'(x) = [~ t*"Ye™" dt is the Euler gamma function [20-22].

Proof By using local fractional integration by parts and change of variable we have

(y-m)™

(12 —m)¥

_-m)* [(p - 1)4G(py+ (1 - p)m) |
(n2 - 771)5‘ ()’ - 7)1)6‘

1 TI'(l+a) [*

S o-nET+a) Jo

1 1 L 3
i /0 (= 1G9 oy + (1 - p)m ) (dp)?

0

G(py + (1—p)m)(dp)&]

_(Y—m)m[ G(m) _( 1 )25‘1“(14,55) y ., &]
“tmmniLo-ar \bmm) Tava ), T
- 771 _(17-“1) 7@
= Gy a9 (3.2)
and
(m-»* 1 1 . ]
5 1- *g\e 1- d o
(m2—m)* F(1+&)/o (L-p)*G (py + (1 = p)n2)(dp)
_ (2 —y)* [(l = p)*Glpy + (1= p)na) |
(72 = m)* oy —m)* o

1 T(+a) ! .
CEERE r(1+&)/0 G(py + (1= p)ma)(dp) }

Page 5 of 24
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(y—m)zfv[ s G0n) ( 1 )”r(u&) " &]
=——|(-1 - d
o L ooy T Tave ), 9@
(12 — )" T(1+a)
_ i L) 3.3
(e O Gy e i 9 63
By adding identities (3.2) and (3.3) we get the desired identity (3.1). O

4 Hermite-Hadamard-type inequalities for first-order differentiable functions
Using Lemma 3.1, we now give some novel generalizations of the Hermite—Hadamard-

type inequality for functions with generalized convex local derivatives.

Theorem 4.1 Let G : Q — RY (0 < & < 1) be such that G € Dy(RQ), G9 € Cy[n1,n2], and

|GY)| is a generalized convex function on Q2. Then

- Z9G ()

‘(3’—’71)&9(771)+(nz—y)&g(ﬂz) _Pd+a)
(12— m)® (n2 —=m)*

oy -m)* Frl+a) TI'(Q+2a (1 +24)

= (772—YI1)6‘|:|:F(1+2&) I'(1+3a ):||g (y)| W| 1)|]
(-p¥[[T1+a) TO+28)7 .6 (1+28) | )
+(772—771)‘3‘[[F(1+2&)_F(1+3&):||g )| + WW (nz)l] (4.1)

forall y € [n1,n2].

Proof 1t follows from Lemma 3.1 and the modulus property that

O=m)*Glm) + (2 =y)*Gna) - TA+8) 5750,
(2 = m)® (2= ™

)2 ] o V
: ((')7/2 —n717)1)5‘ F(11+ ) /0 (1= p)*|G9 (o3 + (1 = p)m)|(dp)*

2d

(m2 -y
(m2 —m)% T'(

1 1 o y
—— fo (1= )G9 (py + (1 = o)) (o).

Since |g<&) | is generalized convex, we get

‘(y—nl)&G(nl)+(nzv—y)‘iG(nz) U+ Zag,
(2 = m)* (112 =)™ T
= ((37/2_—’7;;12; [F(11+ &) /1(1‘P)&[P&|9(&)@)| +(1—P)&|g(&)(ﬂl)|](dp)&i|
fZi - ?71)“|:F(1+a) / A=) [o*1G9 )] + (1—0)&Ig“>(nz)l](dp)&]
=EZ;_":,SZ[[&T::;)—£g+§a;}|g o+ K022 g
Ezjiziz Hl“r((ll:ziv)) ) ;(1:50‘)}|Q(& )] + F(1;?‘7;@‘“‘)(772) ]
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where we have used the equalities

1 ' i T+a&) T(+2a)
F(1+5{)/0 PHL=P)AP) = T8 T T+ 3a)

1 ! . . T(1+2x)

_— 1-0)*(dp)* = ———~.

r(u&)/o( PR = 533
This completes the proof. g

Some particular remarkable cases of Theorem 4.1 are as follows.

Corollary 4.2 Under the assumptions of Theorem 4.1, if we take y = 1312, then we have

Gm)+G(m) TA+a) ; ‘
- - = I
‘ 2% (no —my)a " Gtw)

_ (m=m)* [F(1+2&)
-4 (1 +3a)

JTA+a) _F(1+25t) (&)<n1+n2>”
2 [F(1+2&) F(1+3&)]‘g 2 ‘

Remark 4.3 Using the convexity of |G@| in Corollary 4.2, we get

[1G9 ()] + |G ()]

G(m) +G(n2) r'(1l+a) (@)
v - — T
l 2% (na—mp)e ™™ o)
- (n2—m)* T(1+a&)
=T & T(1+23)

(1G9 )| +[G9 (ma)]-

Remark 4.4 1f we choose & = 1, then Theorem 4.1, Corollary 4.2, and Remark 4.3 reduce
to the results for classical convex functions given in [23, 24].

Theorem 4.5 Let p,w > 1 with p~' + w™!

=1,let0<a& <1, and let a mapping G : @ — R¥
be such that G € Dg(R2), G € Cyln1, 02, and |GV is a generalized convex function on

Q. Then

‘ 0= Gln) + (2 =9)*Glm) _ TA+d) I@g(u)'
(n2 —m)* (2 —m)* ™ ™

- < I'(1+od) >”w[ (1 +a) T/”[(y—m)m [1G9)|° + 6@ m)|°]"

M1+ (0+1)a) F(1+28) | Lpp-m)
(n2 _)’)2& @) an|P @) o l/p:|
el LAl CA AT (4.2)

for all y € [n1, 2]

Proof 1t follows from Lemma 3.1 and the generalized Holder integral inequality that

O=m)*Glm) + (2 =y)*Gna) - TA+8) 5750,
(2 = m)* (112 =)™
- o =m)*

1 1 L ]
= 2 -m)e r(1+&)/0 (1= p)*|G (py + (1= p)m)|(dp)*
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)% . o V
' Ezj—z:)& F(11+5[)f0 (L= p)*|G9 (py + (1 - p)ns) |(dp)*
(- m)™ 1 1 A
S(772—711)5‘(1"(1+5{)_/(.)(1_’0) (dp))

1 ' o@ 0 A\ Ve
) (m / (G (oy + (1= p)m))| (dp)a)
(772 _y)z& ( 1 1 . &>1/w
- _ [ d
’ (N2 —m)* F(1+&)_/0 (1-p)*(dp)

1 . , N\ Ve
X (1‘(1+a)/0 1G9 (oy + (1~ p)ma)| (dp)“> . (4.3)

Since |G@|” is a generalized convex function, we have

‘ Y =m)*G(m) + m-»*Glr)  T(L+&)
(12 —m)% (12 —m)®
_-m)® ( I +wd) )”‘”
T -m)A \T(1+ (0 + 1)

TS G(u)

1 1 B[P 5@ , . 1/p
X[ /0[p IGS9O+ 1 -p)*|GO )] ](dp)}

ra+aw)
. (nz—y)w( I'(1+ o) )”“’
(M —nm)* \I'(A + (0 + 1)&)

1 o o e
x [m /0 [P*1G90|" + (1—p)“\g<“><n2)yp](dp)“]
_(y—m)zﬂ‘( (1 + wd) )”“’[F(u&)
(2 —=n)¥ \T (1 + (0 + 1)) r'(1+2q)
+(n2—y)2&< I'(1+ o) )”‘“
(2 =m)¥ \I' (1 + (0 + 1)a)
X[F(lﬂi)

(1690 + |g<&>(m>|p]“'°}

g lle@ol +1g@ml T | @)

where we have used the equality

1 ! . . I+ o)
- 1-0)%do) = —— " "777
r(u&)/o( AR = E e 08
This completes the proof. O

Some particular cases of Theorem 4.5 and corollaries are as follows.

Corollary 4.6 Under the assumptions of Theorem 4.5, if we take y = 1312, then we have

_ _ _T@
2% (112 =)™ 9

_(m-m o I'(1+ wa) Vo rr+a) \V°
_< 4 )(1"(1+(a)+1)&)) (F(1+2&))

’Q(m) +G(n) T(O+a)
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1/

s o]
1/

. Hg@(—”l;m) ", \g@(nz)l"} ,,}

-m\Y( Tl+od) \"(Ta+&) " s i
5<n22m> (m&“ﬁm) (ru:;&)) (169w +16%ma)]],

where in the second inequality, we used the inequality

p p p
Z(u’t + vi)K =< Z(Ml)’( + Z(vi)’( (0 <k< I’Mi, Vi > O)l = 1) .o ~:[9)~
i=1 i=1 i=1

Theorem 4.7 Let p,w > 1 with p~' + 0™t =1,let 0 < & < 1, and let a mapping G : @ — RY
be such that G € Dg(2), GY € Cyln1,n2], and |GD|P is a generalized convex function on
Q. Then
’ o -n)*Gnm) + (2 -»)%G(n)  T1+a)
(

- - o A }
n2—m)* (2 —mp) ™ o)

() [ (- oo
* %Wmu”)w
i (R e [
' %Ig@(rml")w] ws)

forall y € [n1,n2].

Proof 1t follows from Lemma 3.1 and the generalized power-mean inequality that

G -m)*Gm) + (1 -)*Gna)  TA+d)

& - VA
(n2 —m)* (12 — m)? n1+n, G(u)
N 1 o v
: ((7)7/2 —n:?i)‘}‘ r(l+a) /0 (1-p)*|G9 (py + (1 = p)m) |(dp)*
(2 — )™

;o ) o |
(n2=m)¥ (1 +@) /0 (1= p)*|G9 (oy + (1 = p)n2)|(dp)*

()’—771)25‘ 1 ! & & 1
= (12 —m)¥ (F(l +a) /0 (1-p)ar) )

1 1 L ) e
) (m f (1= p)*|G@ (py + (1= p)m)] (dp)a)

(172 —y)m < 1 ! & 5()1_%
- - d
' (2 —n)* \T'(1 +a) /0‘ (1-oF"(dp)

1 1 . . o 5 1/p
x (7““&)/0 (1-p)*|G¥(py + (1= p)n2)| (dp)"‘> . (4.6)

Page 9 of 24
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Since |G@|” is a generalized convex function, we obtain

1 ' & & .
m/ (1= p)*|G9 (py + (1= p)m) | (dp)*
F(1+a)/( P GO + (1= p) @GO )| ](dp)
=[£(§1++;;)_£§1:§a]|g ')+ F(%?;lg m)|”. (4.7)
Similarly,
ﬁ /01(1 = p)*|G (py + (1= p)m)|” (dp)*
: [FF((11++2&&)) - ;Ei:ig;pg@wﬂ ;8 +§a) 1G9 )" (4.8)

Combining (4.6)—(4.8) gives the desired inequality (4.5). This completes the proof. O

Corollary 4.8 Under the assumptions of Theorem 4.7, if we take y = 312, then we have

‘ G(m) +G(n2) _ I'(1+a) I(&)g(u)

(n2—mp)d "™

<<nz—m)5‘<r(1+&)>1—p
B 4 (1 +2a)
Fl+a) TQA+20) 17| @/ m+m PO +28) @ ) 1/p

X[([F(uz&)‘r(us&)”g ( 2 ) traesg g )l
+ ([ ra+d) F(1+20‘)] (Th;'lz) ", F(1+2&)|g(&)(n2)|p)1/0:|.

F'(1+2%) TI(1+3d) I'(1+3%)
5 Generalized inequalities for second-order differentiability

This section is devoted to certain generalizations for twice locally differentiable functions,
which are connected with the Hermite—Hadamard-type inequality. For this purpose, we

need the following lemma.

Lemma 5.1 Let & € (0,1], and let a mapping G : Q@ — R® be such that G € Dy(RQ) and
G e Cyln1,n2). Then

[7g(”1)fg(”2)]r(1+&)—( : )al"z(l &)y, I, G (u)

2% N2 —m

(772 - nl)za 1 /1 2% (2V) 1 — 7} 1 + 'l? v
1- 92%)Gges v
167 1+a) 0( )9 y Mt )|d)

N 1+ 1-v 5

Page 10 of 24
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Proof Using local fractional integration by parts and change of variable, we have

1 ! 24 of1+7 1-90 .
- _ 92 g2d) .
Fﬂ+&)£ (1-0*)g ( St m)uﬁ)

2 ‘ i~ [ 1+7 1-9 1
= I—N“gw( _— n)
(771—772) ( ) 5 N 5 2 .

4 \'rA+d) [l 1-9 )
_ < ) ( +(il) ﬁag(a)( + m+ 7)2)((119)“
m-m/) T'l+a) 2 D)

_ 2 @ (&)(n1+n2) < 8 )& 5
(ﬂz-’h) g 2 ’ (2 —m)? (1 +a)G(n)

8 TX1+q) (1 (1+9  1-9 .
_<(772—771)2) r1+a) Jo g( 5 Mt 772)(6119)

_ 2 @ (&)(771"'772) ( 8 )& 5
(772—771) g 2 * (12— )2 F(1+a)G(m)

nitn2

16 &F2(1+5[) ; ]
_ o
((772 - 771)3) ra+a) J, G(u)(du)

- 2 &(&)(771+772> < 8 )‘i 5
(772—771>g 2 * (12— 11)2 L1 +a)g(m)

16 a )
i (W) L+ & i, G0 52)

and, analogously,

1 ' 24 of1-7 1+9 y
—_— _ 924\ () &
r( +&)/0 (1-9%)G ( 5 Mt Uz)(dﬁ)

2 ) e f(1-0  1+0
== 1-9% g(a)( o+ T))
(772—771) ( ) 2 1 B 2 .

4 \TA+&) (X . of1-0 1+0 ;
1906 (c) dl? o
+<772—771) Iﬁ(1+5l)fo g ( 2 Mt 772)( )

__ 2 [:3 (&)(}71-'.7]2) ( 8 )& .
(772—771) g 2 * (12— m)? (1 +a)G(m)

8 \*r2(1+a) (' (1-0 1+ 5
_<(712—m)2) ra+a Jo g( 2 " ”2>(’”)

__ 2 o (&)(;71-'-7]2) ( 8 )& 5
(772—771) g 2 + (12 — )2 C(1+a)G(n2)

16 5‘[‘2(1+5[) m
(m-m)*/) T+a) Jum

(2 é (&)<U1+n2> ( 8 )5‘ 5
<’72—’71) g 2 * (12 — 11)2 F(1+a)G(n)

16 o ;
N\ %) mrny O . .
<(772 - 171)3) (L+ a)T m (1) (5.3)

1
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Adding (5.2) and (5.3) and then multiplying both sides by (%)5‘ give the desired iden-
tity. This completes the proof. d

Remark 5.2 1f we take & = 1, then Lemma 5.1 reduces to the result presented by Barani et
al. [25].

Theorem 5.3 Let a mapping G : @ — RY (0 < & < 1) be such that G € Dz(Q), G*¥ €
Cs[n1,m2), and |G| is a generalized convex function on Q. Then

‘[M]F(u&)—( : )a”(lw)mfé‘?g(”)
24 M2 —M

|

=& (5.4)

1 I'(l+2a)
l+a) I+ 3&)]'

Proof From Lemma 5.1 and the modulus property we have

‘[g(m) +g(nz)]r(1 vd) - <

> ) P2(1+a), I G(u)

N2—m
(112 = )™ 1 fl 2\ | ~ay (1= 1+ .
< ! 1- 92| g v
=7 168 | T(1+&) ( )9 g Mty ) |@v)

/ _ %) 149 1-9
1+a) g Mty

Since |G?¥)| is a generalized convex function on 2, we have

‘Q(Z&)(l_ﬁnﬁuﬁnz) S(—1_219)&|Q(2&)(n1)|+<1+ﬁ) G2 (pa)|

2 2
and
1+  1-9 1+ 1-9\%,
2¢) (2a) (2a)
lg ( S Mt Uz) S( 5 ){g (771)|+< 5 )|g (m2)|.
Therefore

‘[g(ﬂl);g(ﬁz)]r(l vE) - (

- (n2 —m)* 1
- 16% 'l +a)

1 a
<[ (1—1925‘){<1 ﬁ) 1G9 py)| + (%) |g<25'><nz)|}(am)‘i
0
1 1 NTZETAN 1-0\% s ;
-2 o (5 ]

(n2 —m)* i &
< Tl[\gz m)| + 6% ()]

20( & & &
|:F(1+oc)/ — [ -9) + (1 +9)*]}(d9) ]

)arzu + &) LG (u)

N2—m

Page 12 of 24
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where we have used the equality

1 1 3 . ) )
m/o {A=22)[@-9)"+ @+ 0)*]}(@)*

01 (1 +24)
=2 — — — |-
'l+a) T'(1+3ax)
This completes the proof. g

Theorem 5.4 Let p,w>1withp ' +w =1, andleta mapping G : Q — R (0<q <1)
be such that G € Dy(R), G € Cyln1, 12, and |GV P s a generalized convex function on

Q. Then
% m—-m 2
p-m)® (1 T+20\'7 ) 0 ) g0
e (F(1+&)_F(1+3&)) (w2169 )| + 3|6 )]

9180 )|” + w12 )] ), o
where
= zi&[r(1l+ &) FF<(11++252) ) ?8 . gz; i 58 zm
vy = zi&[r(11+ 5 A T T iz;] .

Proof 1Tt follows Lemma 5.1 and the generalized power-mean integral inequality that

|[Q(m) fg(m)]r(l v - <

) 21+ &), Z9G (u)

o 1-=7 1+9 .
g(z‘”( Mt nz)‘(dﬁ)"

]

2¢ n2—m

(772—771)2& 1 ! 2&
=T e [r(u&)fo (1=0%)
1 ! 2 | e (1479 1-9
v, 0o (e 5te)
(02 — )% 1 % & 5
(5 (1+a)/o (- )y
o140 1-0
X(F(1+a)/ g < n+ 772)

1-9 1+9
(2a)
X(F(1+a)/ G < N+ 772)
2 2

1920(

P A\ e
(dﬁ)“)

2 2
1-
20 o ’
' (r<1+a)/ - %)) >

92“ (5.7)

P A\ Ve
(dz?)"‘) ]

Page 13 of 24
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Since |G®¥) | is a generalized convex function on 2, we have

(1= 1+9 \|” [1-9\% .- 1+0
’g@a)( S ; 772) 5(7) |g(2")(m)|p+< - )|92a (n2)["

and

1+0 1-9
‘gza)( n+ 772)

2 2
Therefore
‘[—g(’“) fg(’”)]ru v i) - ( )arzu + @) Z9G ()
2¢ N2 —m
-1 T(+23) I-i[ 1
= 16% (F(1+&)_F(1+3&)) r(1+a)
1
«[a-el(5 1’) 16 |ﬂ+<“”) 6% ) a0
0
1
"T+a)

1 o
Lol (52 oorlun
0

%1 T2\ P 61 N
<(’72 721) ( _ 1+ ?‘)) ’0[[\pia)|g(2a)(nl)|)0+\D§a)|g(2a)(n2)|p]l/;0

- 16¢
+ [W7 12|+ 917G )| T,

'l+a) I'(1+3x)

where we have used the equalities

v .= iz )/(1 924)(1 - 9)%(dD)*

Frl+a) TA+2a) I'(1+3a)
[ Tl+&) T(l+2%) F(1+3&)+F(1+4&)}

(07), 24 o o

" = F(1+oz)_/(1 9*) (1 +9)%(d)
1 1 'l+a) T(@d+2x) T(1+3x)
__|:F(1+5t)+F(1+2&)_F(1+35¢)_F(1+4&):|'

This completes the proof.

6 Generalized integral inequalities for third-order local differentiable
functions

In this section, we present some novel variants of Hermite—Hadamard-type inequality for

the functions with generalized convex third local fractional derivatives. For this purpose,

we need the following identity.

P
S(1+19> |gza( )|p ( ) |gZa n)|p'

Page 14 of 24
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Lemma 6.1 Let & € (0,1], and let a mapping G : Q@ — R® be such that G € Dy(RQ) and
GB e Cyln,n2). Then

2 24
1\ )

- a1 +a), 7%
<'72 - 771) e

) ((nz—m>3>°‘[ 1
- 9 I'(1+aq)
1-9 1+

1
x / D91 -2 - ﬁ)&g“&)(—m +
0 2

2 +&>g(w) . (’72 - ’“)ar(l &GP () - D ny)]

'72)(6119)&

1 L. . o a1+ 1-v .
- a1 _ a(o _ & ~(3a) &
F(1+&)/0 (1 -0)"(2-9)*G ( 5 Mt — m)(dﬂ) ]

Proof Using the local fractional integration by parts and change of variable leads to

1-v 1+9

+
)

1 ! a a a ~(3a)
m/oﬂ(l—ﬁ) 2-v)*G <

2 \¢ _ 3 o (19 1+0
=( ) 19“(1—19)“(2—19)“9(2"‘)( N+ m)lé
N2—M 2 2

_( 2 )"‘F(u&)
m-m,) T'Q+a)

1
X / (3997 — (69)7 + 2&)g<2"‘)(
0

nz)(dﬂ)&

1-9 1+0
+
) m

_ . 4 \gw i o) (Mt
_F(1+a)((n2_m)2) [g (n2) +2%G ( 5 >:|

24 T+ ! dp@(1-7 1+9 5
_<(772—771)2) ri+a) J, 1799 ( Mt m)(dﬁ)

_ < 4 \Tow ao@ (Mt m
) o e (232
48 \* ., (m+m
+((TI2—TI1)3> F(“a)g( 2 )
48 \“T3(1+a&) lg 1-9 1+ (@0
_<(nz—m)3> F(1+5l)/0 (T”” 2 ”2>
_ < 4 @ @ (Mt
_F(“a)((nz—mV) [g (m2) + 2°G ( 2 >]

48 \* L, . (m+m
+((n2_m)3>r(1+a)g< 2 )

- <L) P+ &) nwm I G(w). (6.1)

nz) (d)*

(N2 —m)*
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Analogously, we have

1
— 195‘(1—19)“‘(2—0)5‘9“&)(@:7”1_19

rl+a 2 2

rva(g ) [ 2o (M5

48 5‘2 o Mt
_<(772—771)3)F(1+a)g< 2 )

9% \* o
o (e G0 62)

712)(6119)&

Subtracting the above identities side by side and then multiplying the obtained identity by
(%)5‘, we get the desired result. O

Theorem 6.2 Let p,w > 1 with p™' + 0™ = 1, and let a mapping G: Q@ — R¥ (0<& <1)
be such that G € Dg(2), G®Y € Cy[n1, 02, and |GBD|? is a generalized convex function on
Q. Then

r2(1+ (Fl)g(771 ; ”2) + <n22—4m> T(1+&)[G9 () - 69 ()]

1\ ;
- r’a+q), 7%
<'72 - 771) e

— )3\ ¢ ) .
< <(772 96771) ) (\Pf)l_l/p[[(‘lf;)|g(3a)(7h)|p + (‘1’;)|g(3a)(772)|p]1/p

+ [(w9)[G%9m)|” + (¥3)[659 ()], 6.3)

where

., T'(1+3a) (1 +2a) 1+ a)
\Ill = vy 30[ o T 20( o\ (6.4‘)
'(1+4a) 'l +3a) 'l +2a)

w1 ¢ Qi PU+d)  TA+26) T(1+36) T(1+49) 65)
27 (5) [ F+26) ~ T(1+3&)  T(+4q) F(1+561):|’ '
and
e (1o a[ D+&) T+3d)] T(1+4d) T(1+2d)
V3= (2) [2 [F(1+2&) F(1+4&)}+ (1 +5&) F(1+3&)} (66)

Proof From Lemma 6.1 and the generalized Holder integral inequality we get

a2 (222 1o g0 - 691

1\ ;
- r’a1+aq), 7%
<’72—771> e

- <(?72—?71)3)&[ 1
- 96 'l +a)

Page 16 of 24
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(dv)*

1 p—
X./o 91— )% (2 - 9)” G(sd)(lzﬂnﬁl;ﬁnz)
1 ' s il s (1+7 1-9
m/o (1 - 9)%(2 - 9)*|G® ( 5 nm + 3 772>
_ 3\ & 1-1/p
(25 (g [ o0 -ora-oraor)
1 b1 i adlaen (10 1+0
x(—r(“&)fo (1 - DY (2 - 9)|G ( e 772)

1 ' & a o e

+a
; 1/p
) ] (67)

1 L. . .
—— | 91 -9)¥@2-0)°
X(r(u&)/ (1-9)2-9)
Since |g(35‘) | is a generalized convex function on €2, we have

140  1-09 \/|
X 93‘”< Mt rm)
° 1+9
s( )W )]’ + (

]

P A\ Ve
(dﬁ)"‘>

—9\% ..
) 1G9 ()"

140  1-0
g3a>< Tt 772)

and

NG
) 1G5 ()]

P19\ s 1+
E(T) |g(3a)(771)|p+( 5

1-9 1+9
gsa)< 5 Mt 772)

It follows from (6.7) that

m+n2 1 @ v @)
- ra A
|g< 2 ) (m—m) (&,

- \Y 1 3 3
("52) w0 m -9

24

(772—771)3 “ 1 1 M s 3 M
5( % )[(r(n&)/o"“"ﬁ) 2=9) ‘”m’>

1 ' oa & &

@ 1/p
(1+19> |g3oz( )|P ( 21}) |g(3&)(n2)|0i|(d19)&)

1-1/p
<F1+a)/ 991 - 9)%(2 - 9) (dz?))

1-1/p

X

)/ 941 - )2 - 9)*

X(F
[( )g<3“>n>| (“’9) |93"‘(n)|p](dﬁ)°‘)l/p}

X
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)3\ ¢ . .
< <(772 96771) ) (@) P I[(w5) G5 ()|” + (w5) |G )| ]

+ [(w)[G%9m)|” + (¥3)[6%9 ()], (6.8)
where we have used the equalities

* ,_ 1 ! o o o o
v ._m/() 99(1 = (2 — 9)¥(d)
T(+3d) ,TO+2d) _, T1+)
TT(+4a) C TA+3%) - T(1+25)

L (11 ' oa 2% (7 o\d
wj = (5) g [ v e 0)ia)

:<1)&[&I‘(1+&) aT+20) T (1+30) r(1+4&)}

2 F1+25) ~ T(+3q)  T(+4x) T(+5)

L (1 1 ' & P & (g9
vi=(5) rave [ P00 ore-0)a)

<1)°‘[ &[ I(l+d) F(1+3&)] (1 +4¢) r(1+2&)]
=1z |2 = —~ |+ = — |-
2 r'ad+2a) TI'(1+4a) 'ad+5a) TI'(l+3a)

This completes the proof of Theorem 6.2. d

Corollary 6.3 If we choose p = 1, then under the assumptions of Theorem 6.2, we get

K214 &)g(’” : "2) . (”22;’”) L+ &[G () - G ()]

1 \¢ )
_ (772 - m) P31 +a), 7%

I ], (6.9)

2=\t oon 130 NEs)
< ——==) [(w)|G® )|+ (¥3)|G*(m2)
where V5 and W} are given in (6.5) and (6.6), respectively.
Remark 6.4 Letting & = 1, Theorem 6.2 reduces to Theorem 3.1 of [26].

Theorem 6.5 Let p,w > 1 with p~' + w™' = 1, and let a mapping G: Q@ — R (0<& <1)
be such that G € Dg(R2), G®9 € Cyn1, na), and |GBPD|* is a generalized convex function on
Q. Then

(1 + a)g(’” : ”2) R (’”2‘4’“) (1 +&)[GD0m) - 6D )]

1 &
s 5 .
_ <r)2 = 7)1) r’a +oz),,lI'<7‘;)

)3\ ¢ . y
< <(772 96771) ) (‘pf**)l_l/p[[(‘l‘;**)|g(3a)(’71)|p + (w;**)|g(3a)(n2)|p]1/p

+ [ G| + (w5) 6% 1) )], (6.10)
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where

" [ F(l+&) T+ 2&)] FL+a(*252) T +a(E52)
U 7 lr@+2a) T(+3a) (1+a(3/’ "2)) (L4 a(22)

sokk

Frl+a) TA+m+Da) I'(l+2q) F(1+(m+2)&)]
2 _[F(1+2&)+F(1+(m+2)&)_f’(1+3&)_1"(1+(m+3)&)

1\¢ rl+2a) T'Q+3a) T'A+m+2)a) 1"(1+(m+3)07)]
_(E) [r(1+3&)_r(1+4&)+r(1+(m+3)&)_r(1+(m+4)&) ’

W 1\ ri+2a) T'Q+3a) '+ (m+2)a) F(1+(m+3)&)] 6.11)
3 ‘(E) [r(1+3&)_r(1+4&)+r(1+(m+3)&)_r(1+(m+4)&)' '

Proof Using Lemma 6.1 and the generalized Holder integral inequality, we have

1—-2(1 +&)g(771 ; 772) + <7722_4771) r(1 +&)[g(&)(n2) _g(&)(m)]

1 o
3
_ (m ! m) 31 + ), 79

- <(712—m)3)&[ 1
- 96 r1+a)

1
&1 &y _ 91|
x/oﬁ(l )2 -0)|G

(dv)*

3&)(1;0m+ 1;19"2>

< ((n2 ;6n1)3)&[(r(11+ 3 /01 94(1 - 0)&(2_19)&“’1’)(611,)5,)1_”‘)

x (ﬁ/lﬁ&(l—ﬂ)&(z—w& g“@(¥m + 1;%2)
(F(l +a)/ 97(1-9)"(2 - 9)" 0T (dz?)&)l_up

1 ; ; il e (149 1= /|
——— [ »*(A-9)*2-0)"|G*Y
X (F(1+5¢)/0 ( )*( )™ \G gt

Since |G®¥|? is a generalized convex function on £2, we have

_ P
o (5t 50 (152 ot (52 oo

P AN\ Ve
(dﬁ)“)

1)

and

P _ a ;
< (1 2'9> 1G5 ()|” + <“”) 1G5 (ny)]”.

(1-9 1+9
g<3‘1>< Mt 772)
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It follows that

(1 + &)g(’“ : ’72) + ("22‘4'“ )ar(l +&)[GD () - GD ()]
_< ! >QF3(1+05),,II,()2)
(2 —m)*\* & & G(E) oG e

5( - )[( 1+a)/”‘1 92— 9) (dﬁ))
X(F(l )/ 19“(1 19)"‘(2 19)

_ } } 1/p
(“ﬁ) 1GE I my)” + (%) |g<3“>(n2>|”](da)“)

) y 1-1/p
/ 941 - 9)F (2 - 0)" —l(dﬂ)“)

N

* (F(1+a)
x (m/ 94(1 = 9)¥ (2 — 9)"é

(555 o (452 o aor)

— )3\ ¢ ; .
< <(772 96771) ) (\I/ik**)lfllp[[(lll;**)’g(s‘)‘)(nl)‘p + (\Ij;**)|g(3a)(n2)|p]1/0

(W) [GCD )" + (w3 |G (o)1),

where we have used the equalities

ok _ @ o 0_1) a
R )/ 9%(1 = 9)%(2 - 9)Y 71 (dw)

_ [ rL+d) I‘(l+25‘)] FA+a(22) T +a(222)
TLra+20) T+39)] T +a(LE2) r(1+a(4ﬂpﬁ'§3>)
@ 1
wzz(%> s | AR oyiany

~ Fl+a) TA+m+Da) T'Q+20) T'd+(m+2)a)
- [F(1+26:) "TA+m+2&) TO+3%) T +(m+3)&)]

I\NTT(1+2¢) T@+3%) TA+@m+2)&) T+ 0m+3)d)
_(_> [r(1+3&)_r(1+4&)+r(1+(m+3)&)_1“(1+(m+4)&) ’

sk _ 1 ¢ 1 ! @ o a ma @
s _(5) m/ﬂ P41 0)4(1 - 9)*(2 - 9)"(dD)

_(1)5’[r(1+2&) F(1+3&) T+ 0m+2)&) F(1+(’”+3)5‘)]
-(= ) )]

T(1+34) T(l+4d) T(1+m+3)&) T+ m+da
This completes the proof of Theorem 6.5.

We have some particular cases of Theorem 6.5.
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Corollary 6.6 Under the suppositions of Theorem 6.5, we have the following conclusions.

(1) Choosing m = 0, we get

2 24

1 &
3 v &
_ <n2 ~ 771> (1 +°‘)n11,(,2)

3\ ¢ . .
< <(772 96771) ) (Vf)l_up[[(V;)|g(3a)(’71)|p + (V§)|Q(3°’)(n2)|p]1/p

(V)]G )|’ + (3)6%) )],

(1 + &)g(’“ : "2) + ("2 — )ar(l +&)[GD () - GD ()]

where

. [TA+a) T@+20)] TA+aCs) Tra+as)
1o [m +24) T+ 3&)] "ra +a(22)  T(+a(eR)’
. T+ _,TO+2&) TI(1+3d)

27  TU+28) ° TU+3%) T+40)

. | T@+2a) TI'(1+3a)

- [r(1+3&) T +4&)}'

3=

(2) Choosing m = p, we obtain

P22 (222 1o (g0 - 641

1 \¢ )
_ <n2 — m) r3a+ oz)mZ,(f;’)

— 3 & v .
< <(772 96771) ) (vr*)l—l/ﬂ[[(vj*)|g(3a)(nl)|ﬂ + (Vg*)|g(3a)(n2)|ﬂ]l/ﬂ

(V)60 )" + (V)G9 o)1),

where

UH ol rl+a) T(1+2x)
- [r(1+2&)_r(1+3&)}

w [ TA+a) TQA+(p+Da) T'A+2a) T'A+(p+2)d)
2 _[F(1+2&)+r(1+(p+2)&)_r(1+3&)_F(1+(p+3)&)]

1\¢ Frl+2e) T'Q+3a) T'AQ+(pe+2)a) T'A+(p+3)x)
- <§> [F(l 134) T(l+4d) T+(p+3)%) TO+(p +4)&)]’

(1>&[r(1+2&) PA+38) T(+(p+2) F(1+(P+3)5‘)]

2) |T(1+3¢) T(+4d) T+ (p+3) T(1+(p +4)&)

@)
Vi = -
3 &)

Remark 6.7 Letting & = 1, Theorem 6.5 reduces to Theorem 3.3 of [26].
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7 Examples

Example 7.1 Leta = %, nm =1, =3,y€(0,4),and G(y) = y**. Then all the assumptions

of Theorem 4.1 are satisfied.

Clearly,
(Y =m)*G(m) + (2 ~»)*G(n2)  T(1+&)
‘ (12 —m)* (2 —n)*™ TG
_ ‘ (y_ 1)1/213/2 + (3 _y)1/233/2 ~ F(3/2) I(I/Z)MS/Z
V2 B2
1++54 /7w
| - e
~ 2.5711. (7.1)

On the other hand, from Theorem 4.1 we get

(y_m)zd[[ r(1+d) r(1+25¢)]| W) + F(1+2a)‘ 1)’]

(a—n)¥ | [T(1+2&) T(1+3a) I'(1+3d)
m-y*[[TU+a) TA+20)7 e T(1+24)
+(nz—m)5‘[[F(1+2&)_F(1+3 }]g ol + I'(1+3a ){g (n2)|]

(-1[[T@E/2) T2 I6G2) rR) reR)

NG H r'Q) _F(5/2)} r'(2) |y|+r(5/2) Q) ]

+(3—y)|:|:1"(3/2)_ r'Q2) }| I+ r'(2) F(5/2)2]
NG rQe) r(/2) r'(5/2) T'(2)

~ 3.1287. (7.2)

It is nice to see that the implication

2.5711 < 3.1287

holds in (7.1) and (7.2).

Example 7.2 Leta =1, 17 =0, 13 =3, y € (-1/2,00), and G(y) = In(2y + 1). Then all the
assumptions of Theorem 5.4 are satisfied.

We clearly see that

‘[M] (1 +&>—( : )a”(lw)mffé‘;”gw)
24 N2 —M

In7 1
= - gOIS) In(2u + 1)

~ 0.9684. (7.3)
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On the other hand, we have

@ 1 1 F1+& T@+28) TI(1+3)
\Ijla = v - < T v
20(T1+a) T(l+20) TA+3ax) I'(Ql+4a)

@) . 1 1 F(1+&) F(1+2&) F(1+35l)
_|:F(1 Y& " TO+2w) TO+3a) F(1+45:)i|

and

— )28 1 1 +2a 1-1 . ) . V
(772 162[1) <F(1 - &) _ Fgl : Sg;) [[\Ili )‘g(2a)(nl)|l’ + \Dé )}g(Za)(nz)‘p]l/p

+[07160 0| + w1 |G )|

9 [2(T80 176 1** [176 80 1Y?
[ — _t — +| — 4+ — %1.2439.
16V 3|24 57624 24 57624

Note that 0.9684 < 1.2439, which gives the desired result in Theorem 5.4.

8 Conclusion

In the paper, we investigated the local fractional differentiation and integration for the
generalized convex functions. Under this approach, we have derived three identities re-
lated to many well-known inequalities in the literature. For generalized convex functions,
we obtained several novel bounds for higher-order local differentiable functions in differ-
ent forms, which lead to the bounds of several known results in [23, 26]. With reference to
the definition of generalized convex functions, there is much to explore in the area of frac-
tal analysis and machine learning by introducing specific values of the fractal parameters.

Our ideas and approach may lead to a lot of follow-up research.
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