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1 Introduction

Subdivision schemes have received extensive attention recently due to their simplicity and
high efficiency. They are broadly classified into two main categories: linear and nonlinear
schemes, according to whether the new points are the linear combinations of old points
in the iterative process. Generally speaking, linear subdivision schemes are simple to be
implemented and easy to be analyzed, but possibly there are artifacts and undesired in-
flexions on the limit curves, while nonlinear subdivision schemes can eliminate artifacts
and preserve shape. So more and more attention has been paid to the nonlinear subdi-
vision schemes. The construction of the nonlinear scheme mainly includes the algebraic
method, which generally involves different nonlinear average (see [1-3]), and the geomet-
ric method (see [4-6]).

Recently Lipovetsky and Dyn [7, 8] proposed a nonlinear modified Lane—Riesenfeld al-
gorithm and a nonlinear modified 4-point scheme by the circle average. Li et al. [9] pre-
sented a nonlinear 4-point interpolatory scheme and a nonlinear 3-point approximating
scheme with a free parameter respectively, following the ideas presented by Lipovetsky
and Dyn in [7]. In this paper, we present a new family of nonlinear schemes with a tension
parameter that generalizes the nonlinear modified Lane—Riesenfeld algorithm presented
in [7] and the nonlinear 3-point approximating scheme with a parameter introduced in [9].
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In addition, the shape of the limit curve can be effectively controlled with the selection of
parameters and initial normal vectors.

The outline of this paper is organized as follows. Section 2 provides a short survey of re-
quired background, including a summary on the stationary linear generalized subdivision
scheme of arbitrary degree with a tension parameter introduced in [10] and a brief review
on the circle average. In Sect. 3, we modify the stationary linear generalized subdivision
scheme and provide a nonlinear subdivision scheme. The convergence and smoothness
are analyzed in Sect. 4. In Sect. 5, some examples are given to illustrate the performance
of the nonlinear scheme. Finally, we conclude the paper with a short summary and further
research work in Sect. 6.

2 Preliminaries
In this section, we recall the definition of the circle average and present the algorithm

of the stationary linear generalized scheme of arbitrary degree with a tension parameter
(LGP scheme) introduced in [10].

2.1 Thecircle average
Given a real weight ¢ € [0, 1] and in a 2D space two point-normal pairs (PNPs) Py = (py, o),
P; = (p1,m), each consisting of a point and a normal unit vector, the circle average pro-
duces a new pair P; = Py ®; P; = (ps, ny). The point p; is on an auxiliary arc Pop1, at arc
distance 0 from py, where 6 is the angle between ny and #;, and 0 <0 < . The selection
of the auxiliary arc depends upon whether the normal vectors 7y and #; are in different
half-planes (relative to pop:). The normal #, is the geodesic average of ny and #;, and the
length of the line segment [po, p1] is denoted by |pop1|.

For the selection criterion of the auxiliary arc pop; and for specific details on the circle
average, refer to [7].

2.2 The stationary linear generalized scheme of arbitrary degree with a tension
parameter
In this subsection, we recall the stationary linear generalized subdivision scheme of arbi-
trary degree with a tension parameter (LGP scheme) introduced in [10].
Let f = {p1,p2,...,p,} be the initial control polygon and « be the tension parameter. The
LGP scheme of degree 1 is as follows:

Py =Pi>

1wy 1,
Poiy1 = 1+upz + 1+uPz+1,

and the LGP scheme of degree m (m > 2) is defined by p/" = §(p/"~* + p}i1"). The algorithm
of the LGP scheme is presented in Algorithm 1, which can be seen as a generalization of
the Lane—Riesenfeld algorithm.

3 The nonlinear generalized subdivision scheme of arbitrary degree with a
tension parameter

In this section, we give the rule of the nonlinear generalized subdivision scheme of arbi-

trary degree with a tension parameter (NGP scheme). The NGP scheme refining 2D PNPs

is obtained from the LGP scheme. We substitute the weighted binary arithmetic average
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Algorithm 1 The refinement step of the LGP algorithm

Input: The tension parameter u(u € R, ) and the data to be refined f = {p;};cz. The degree
m(m € Ny) of the LGP scheme.
Output: The refinement data S(f).

L pg; < pi
2: Pgm ~Pi
3: for j e Ny do

4:

10:
11:
12:
13:
14:
15:

v ® N U

forieZ do

phi <o

/0 w J-1 1 j1
P/2i+1 <~ mpi + T lis1

end for(i)
fork=1,2,...,m—1do
forieZ do

ik jk— jk—
Pi’ ‘_%(P/z 't i+11)

end for(i)
end for(k)
forieZ do

v

end for(i)

16: end for(j)

Algorithm 2 The refinement step of the NGP algorithm

Input: The tension parameter u(u € R,) and the data to be refined P = {P; = (p;, n;)}icz.
The degree m(m € Ny) of the NGP subdivision scheme.
Output: The refinement data T'(P).

1. P9, < P

2 Py < Py

3: for j e Ny do

4 forieZdo

5. Py <P

o iy rlon B
7. end for(i)

8 fork=1,2,...,m-1do
9: forieZ do
10; AR ANV
11: end for(i) ’
12:  end for(k)
132 forieZ do
14; P <pm!
15:  end for(i)

16: end for(j)

in the LGP scheme by the circle average and obtain the NGP scheme, which is presented

in Algorithm 2.
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Remark1 When u = 1, the NGP scheme reduces to the modified Lane—Riesenfeld scheme
introduced in [7], which is C! for m > 2. In particular, the NGP scheme of degree 3 be-
comes the nonlinear 3-point approximating scheme with a tension parameter introduced
in [9], when u = ﬁ —1.

Remark 2 As the weighted circle averages of the two point-normal pairs are located on a
circle, the NGP scheme can reconstruct the circle when the initial data is sampled from a

circle (see Lemma 2.1 of [7]).

4 The convergence and smoothness analysis
In this section, we discuss the convergence and smoothness of the NGP scheme. If p is a
sequence of points, we use the symbol Ap for the sequence of differences: Ap; = p;,1 — pi.

Further we define d(p) = sup; [|pi+1 — pill and [|plloc = sup; [|p:].

4.1 Convergence analysis
In this subsection, we analyze the convergence of the proposed nonlinear scheme. The
convergence analysis is based on the proximity condition and the displacement-safe con-
dition, i.e., if a nonlinear scheme is displacement-safe for manifold data with a contractiv-
ity factor n € (0, 1), then the nonlinear scheme is convergent for any input manifold(see
Theorem 3.6 of [11]).

First, we introduce some notation related to the NGP algorithm. For k =0,1,...,m -1
and j € Ny, define Pik = (pé’k, rzé’k), ek = maxiez{|p/l:'kp;’f1|}, and /% = maxieZ{Q(né’k,r/l:fl)}.
Fork=0,1,...,m—-2,and j € Ny, define /¥ = —1 . We also define, for j € Ny,

T
ZCOS%
00 00d_
sin(“0t)) - sin( ) o
'u/m 1_ max '+M). (‘+M)' , e = e/,m—l,el — 91,m—1,M1 — M},m—l.
ieZ : 9(’/1'71”’/1) : 6('{‘71"/1‘)
sin 0 sin 5

Lemma 1 (Contractivity) There exists ] € Ny such that the NGP algorithm is contractive
in the refinement levels above ], equivalently &' < ne/ with n € (0,1) forj>].

Proof Consider the pairs {pjz’?ﬂ}iez inserted in the refinement step of the NGP algorithm
for k = 0. By the definition of the circle average, from Fig. 1(a), we get

ej+l,0 < ,bLjej, (1)

as

{p/u,o +1,0 P\ sine(%’l”//i) - elsm}fT

10, j+L0) _ Pil — <,
el | = N e Sl oM
sin —5—+ Sin
o S L ubl i)
, , ) ub (i, 1, ¢ sin =L o
{Plzﬁf 2;1'0{ = Pl sin i1, 1) = '2+2:/{') =ew.

.06l ) 2+42u T . 60l
SlI'l—2 — =l
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J+1,0 j+1,0

J K
Pi = D3 2i+1

j+1,0

J
Pit1 = P2it2

(a) k=0

Figure 1 Geometrical illustration for the proof of Lemma 1

In any smoothing step of the NGP algorithm for k = 1,2,...,m — 1, by the triangle inequal-
ity, from Fig. 1(b), we have

-1 k-1 4 ’
}P/ p/Hl = |P/ 17/; M Pﬁ+1| = Jeos gjkl + 5 AT = (2M”k’1)e"k’1,
4 4
Hence
&k < (2N, k=1,2,...,m-1, @)

which, together with (1), yields

ej+1 — ei+1,m—1 < (2Mj+l,m—2)e/+l,m—2 < (2/Lj+1'm_2) (2Mj+l,m—3)ej+1,m—3

m=2 m—2
M1+1k 10 < M/ H M}Jrl k)e] 3)
k:O k=0

So we get &*! < r]/+1e/ from (3) by setting 7;,1 = W T} 2 (2p/* ).

Let By = max{y}; }, we deduce that there exists j* such that @/ < B for j > j* with

% <B;<B<1,due ’t(l;Zhe fact lim;_, o, 1/ = By. Hence 7;,1 < BII{%) 91+11< for j > j*. By
the subdivision of the normals, we have o

OItI0 < Blgi,  gitIk < givIA-1, ()
Thus

o <@/t < B0, (5)

Furthermore, based on (4) and (5) we obtain ok < 90 < Bt < g1 for k =
0,1,...,m—1,and nj,1 = w l‘[f{‘: +1/< ) < B(—— )m 1 It follows from (5) that
Ccos

is
COS%

1 m— 1

91')

monotone decreasing with j. Let }** be the mlmmal j for ( <3 L andJ = max(j*, j**
then n; < ny < 1 for j > J. Define n = 1, we get &*! < ne/ with n € (0,1) for j > J, which

completes the proof. O

Lemma 2 (Safe displacement) The NGP scheme is displacement safe in refinement levels
above j* described in Lemma 1, namely satisfies |‘zo/2t1 —pl| < cé with c e R, forj>j*.
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Proof By the triangle inequality, along with pl; +1.0 p’ and p’ “ "1, we obtain
I/’ Z‘ +1k +1 k+1
It follows from (1) and (2) that, for k=0,1,...,m -2,
itk j+lk+l ek
}p/t p]l | S j+1,k —
2cos 2
4
o+10 e
. —— < —.
2cos 9141'0 K cos? 41' 2TT¢ ycos £ 41'

. i Lk j Lk j+1k+1 jol
Since 6/ < 0° < 7, we have < % <7< % and max;cz, Iplzt 2; Tl < W <
2ke for k=0,1,...,m—2.5S0

) ) m-2
m&x’p’;p’i’ <we 221‘ <B2" e, (6)
L
k=0

Set ¢ = B2"1, we easily get |p/;;1 —pﬁ| < ¢é(c > 0) from (6), which completes the proof. [J

By Lemma 1 and Lemma 2, we conclude the convergence of the points. It remains to
prove the convergence of the normals. The convergence of the normals is an immediate
consequence of [12], which is a special case of Corollary 3.3 in [12] with «; = # and oy =
Oy =-+-=0y =1.

With the above results, we can now obtain the following theorem.

Theorem 3 The NGP scheme of degree m (m > 1) is convergent.

4.2 Smoothness analysis
In this subsection, we study the smoothness of the NGP scheme. To conveniently study
the smoothness, we introduce some additional notation and rewrite Algorithm 2 as Algo-
rithm 3, which includes one nonlinear 3-point approximating refinement step and m — 3
smoothing steps.

Forje Ngandk =0,1,...,m—3,define &* = max,ez{|p/ p’ b Gk = max,ez{e(n’ n’Hl)}
And forje Ny and k=0, 1,...,m — 4, define u/k = 1k We also define, for j € Ny,

2co0s =7~

g-gms,  Fogm, P Cien).

For given two PNPs, P; = (p;, 1;), i = 0, 1, we denote by e the length of the segment [po, p1],
0 the angle between ny and #, and A, = |peq:|, where p, is the point of Py ©, P; and ¢,
denotes the linear average g, = (1 -t)po + tp1. And q‘;'k(i € Z) denote the points obtained by
the kth step of the jth iteration of the LGP scheme operating on /1. Set Aé’k = |pf’kq/l:’k|,
Ak = sup, A, and A = A3,

In the triangle p;poq:, we have the following result by applying the cosine theorem.

Lemma 4 With the above notation, A; < x.e0, where t = ( and Xt = |t| a- ”2
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Algorithm 3 The refinement step of the NGP algorithm

Input: The parameter u(u € R,) and the data to be refined P = {P; = (p;,

1;)}icz. The de-

gree m(m € Ny) of the NGP subdivision scheme.
Output: The refinement data T'(P).

1. PY, < P

2 Py < Py

3: for j e Ny do
4 forieZdo

5. Py <P ey Py

6: SL <« Pi+1 @ Z)i_l

7: Sk <_P;+l @ (1 ) Pi:;

8: Pgi+1<_SL@% Sr

9:  end for(i)
100 fork=1,2,...,m-3do
11: forieZ do
P Yy
13: end for(i)

14:  end for(k)

15. forieZdo
16: Pi <~ [)i’m_g
172 end for(i)

18: end for(j)

In the rest of this subsection, we prove several lemmas about the NGP scheme, which

show that an alternative proximity condition (16) holds.

Lemma 5 There exists j* € Ny such that 9*'0 < 10/ and &0 < 3% for j >

Proof Let Sp = (sz,n1), Sk = (sr, nr) be the intermediate pairs inserted in the refinement
step of the NGP scheme for k = 0 (see Fig. 2(a)). Since

- 1
9( 2,’1‘10, nR) 29(71L:nR)

0 (nr, n]H-l) + e(nlw-l’ ng)

2
(I’l] n1l+1) + 9(n1i+1’ I’li'+2) < 1 é}
4(1 + u) “2(1+u)
j+1,0 ué(r/ 1"/: 2) i+1,0  j+1,0 1
and 9(n’2l- ,HR) = S = 1+u 40/, we have 9(1{ n’ ) <50 /. Similarly,

+1,0  j+1,0 o
9(”’2&-2?'712?-1) = 59]~

1

Thus

9/+1 0 <

N =

(7)

Page 7 of 13
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ity
(a) k=0 (b) k=1,2,--- ,m—3
Figure 2 The setup of Lemma 5,6
It follows from (7) together with
éj+1,k < §j+l,k—l (8)
fork=1,2,...,m -3 (see Fig. 2(b)) that
S e P 1Y -,
G=pgm3<pgmit<...<o0<9grl<...<(=)6" 9)
- - - -2 - —\2
Hence 6(n,np) < 1+ué (% 15+ Also, since
+1,0 +1 0 +1,0 j+1,0 IsLsr] |P{+1 ;+2| . ue(”}m»”én)
: < SR| + |Py; = + in
}pl } | -1 R| ‘P/ R’ 2¢cos 9(”L4:”R) sin n/“ ”IHz) 4(1 + u)
and

000t i )
|P1Ll/z+1|sm 4(1+,;)1 |P41P)sa | sin 4211+u)+2

[ssr| < }SLpi'H} + ‘P/MSR‘ = + —
.06l ) 00l )
Sln l21,+ Sln l+2 1+t
1 9(’/1:”/141) 1 9(}’/1"+l”/t:+2)
- é/{sm a(1rw) S 41 }
B ] e(r/t:’r/t.'+l) 1 n}Hln,
sin —& sin
we obtain
D) 00 ) S ub(l )
}p/uo +10} <y {sm Wy SNy 1 & sin — 5"
i Vo | < S _ T
. n/r/ . 6 o/ . 6
sin z+l sin ( t+12 t+2) 2cos ) sin ( z+12 L+2)
( i ) MQ(V/H_ ’ni+
~ sim 4(1+u)1 1 4(1114) :
<@ |max T 7o, +Max T
i€z Sin o i’2 i+1) COS( (1+u)(§)]9 ) i€z Si a l+12 l+2
9:

]

Due to lim;_, . ¥; = % <1, there exists}* € No such that 9; < 9. = % <1forj 27*, which
implies that &0 < 3& for j > j*. O

Lemma 6 ForalljeNo, &/ < (3)0° and J < (%)m’3(%)jé7, where ] = max{j*,j**}.
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Proof From (9) in Lemma 5, we easily get, for all j € Ny,
. (1Y
¢ < (§> 0°. (10)

Since for k=0,1,...,m — 4 (see Fig. 2),

~ik ~ik
k+1_jk+1 K+l jok+1 e e ~jk~jk
}10/, p/z+1 = {10/ p/z+l| ‘P]Hl i+l | = gk T ok 207
2cos T 2cosT
it is clear that &**! < 2[/%&*. Thus
m-4 3 m—
g+l < 2ﬁj+1,m—4éj+l,m—4 <...< (2ﬁ/+lk F+10 < 1 H 2/ ]+1k (11)
k=0 k=0

From (8) we easily get

3t 3t 3/ 1 \"™?

2 ~]+1k < <

Itz —Algm_( ;) (12)
k=0

oo COS cos 3

Let j** be the minimal j for which (—- 91 )3 < é and J = max{j*, j**}, where j* is described
Ccos T

in Lemma 5, then 3( )’” 3<1forj> 7. We get e]” < nv e/“ ! from (11) and (12) by
4

setting 7 = 2 (—5 )’” 3. Thus
cos i
~ T
e/+} S 77]1/77]1,'_1 e n—]v+16l = H ]’”e] (13)
I=]+1

Clearly it follows from (7) that

T+ Ig; 3 1 m-3 3\/ J+j-1 1 m-3
=115 ) =G a)

l:7+1 l:7+1 4 =] 4
J+j-1

() <Gz -6 6

oL+ =0 2642

Combining this with (13) leads to the claim of the lemma. O

To study the convergence of the nonlinear scheme, we recall the following result (see
Lemma 3.3 in [8]).

Lemma 7 In the above notation, for k > 1, we have
A = MR @1 (14)

With the above lemmas, we obtain the following results.

Page9of 13
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Lemma 8 Let S be the linear scheme corresponding to the NGP scheme, and N = N3,
Then, for j > 7,

N =[P =SSP < [xe + (m=3)x, & 167" (15)

Lemma 9 Let S be the linear scheme corresponding to the NGP scheme. Then

= ~ 8 m=3 13\ >
[P =P < S [k + (m=3)xy ] (%) (g) o, (16)

Remark 3 Condition (16) in Lemma 9 is an alternative proximity condition.
With the above lemmas in this subsection, we can obtain the following theorem.
Theorem 10 The NGP scheme of degree m (m > 3) is Clwhen v2-1<u<+/2+1.

Proof The proof is analogous to the proofs of Theorem 3.8 and Theorem 3.13 in [8].

Throughout this proof, § denotes the difference operator. Let d; = ||5( BPJH )|| it is clear
that

o ()| b=

2- (/+1) 2- U+

Using the fact introduced in [10] that, for m > 3,

(SS j= 1 5 /-1 1
P P ) ) Blzmax{—,L}r (17)
2-G-1) 1+u 1+u
we have
Wﬂ 1
di<B 5( 2|5 (8(P1 - sPI
< o( )|+ 2l Nl
57)]+/ 1 ]+5 m=3 3 j 55
=5 ()| 5 (G) () e n-92y)5
3
=Bld1‘_1 + (E) K, (18)
where ¢ = 2(1+u and K = 2/+5( Y3 e + (m — 3))(1 ]e’@l Clearly, it follows from (18) that

3 3\ 3Y
d<Bld11+< ) K<B d12+Bl( ) 1<+(E)1<

; 13 (3 3
< -~§B’1d0+B’111K+B’12(1) K+~~~+<Z> K

; 3K 3K [/3V
=B/1(d()+ )— (_) ’ (19)
4B, -3/ 4B, -3\4

Page 10 0of 13
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which is essential for the proof of C' smoothness. When u € (v/2 — 1,4/2 + 1), it follows
that 2B? < 1, which is required in the proof of the theorem. Similar to the proof of Theorem
3.8 and Theorem 3.13 in [8], we complete the proof according to (17) and (19). a

Remark 4 The NGP scheme of arbitrary degree m reduces to the nonlinear one intro-
duced in [7] for u = 1, which is C! for m > 2.

5 Examples
In this section, we present some examples to illustrate the performance of the nonlinear
subdivision scheme presented in this paper.

Figure 3 and Fig. 4 illustrate limit curves generated by the LGP scheme of degree 3 and
the NGP scheme of degree 3 with different tension parameters, which have the same con-
trol polygon. The resulting curves generated by the LGP scheme of degree 3 progressively
tend to shrink towards the control polygon with the increasing of the tension parameter
u, but cannot reconstruct the circle in Fig. 3, while the limit curves generated by the NGP
scheme of degree 3 with different tension parameters can reproduce the circle in Fig. 4.

The limit curves generated by the LGP scheme of degree 3 and the NGP scheme of
degree 3 with the parameter u = % and four different initial normals at P are shown in
Fig. 5. It shows that the selection of the initial normals effectively controls the shape of the
limit curves generated by the NGP scheme. Figure 6 shows that some examples illustrating

Figure 4 Limit curves generated by the NGP scheme of degree 3 with u = %(w

respectively(from left to right)

$,1,2,10 after six iterations,

Figure 5 Limit curves generated by the LGP scheme of degree 3(dash-dot) and the NGP scheme of degree
3(solid) with u = % starting from the same polygon with four different initial normals at P
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Figure 6 Limit curves generated by the NGP scheme of degree 2, 3, 4, 5 with the parameter u = % (from left
to right), respectively

the shape of the resulting curve are produced by the same control polygon, but with the
tension parameter u = % and different degrees 2, 3, 4, 5 of the NGP scheme. It shows that
the resulting curve becomes more and more smooth with increase in the degree of the
NGP scheme.

6 Conclusion

In this paper, by suitably using the circle average, we have presented a nonlinear gener-
alized subdivision scheme of arbitrary degree m with a tension parameter based on the
stationary linear generalized subdivision scheme of arbitrary degree with a tension pa-
rameter. The scheme can be seen as the generalization of the nonlinear modified Lane—
Riesenfeld algorithm presented in [7] and the nonlinear 3-point approximating scheme
with a parameter introduced in [9], and can reach C! for m > 3. The nonlinear scheme
can reconstruct the circle by the circle average, and suitable choices of parameters and
initial normal vectors can effectively control the shape of the limit curve. It can be seen
that the limit curves become smoother with increase in the degree of the NGP scheme in
Fig. 6. So we may focus on proving higher order of smoothness of the NGP scheme in the
future.
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