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1 Introduction, preparation, and motivation
The classical Jacobi four theta functions 9;(z|7), i = 1,2, 3,4, with the notation of Tannery
and Molk, are defined as follows.

Definition 1.1 (see, e.g., [3, 12, 25]) For g =¢€"",Im(t) >0,z € C.

o0
191(Z|T) _ —lqé Z (_l)nqn(n+1)e(2n+l)iz’ (11)
n=—00
o0
192(Z|7—') _ q% Z qn(n+1)e(2n+1)iz, (1.2)
n=—00
o0
Dalelr) = Y 4", (L3)
n=-00
o0
Dalelr) = Y (-1)'q" e, (L4)
n=—00

From the Jacobi theta functions (1.1)—(1.4), via the direct calculation, we have the fol-

lowing properties, respectively.
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Proposition 1.2

hz+m|t)=-tt),  Hz+mt|t) =—q e **t(zl7),
Doz + 7w|T) = =0 (z]T), Doz + mT|T) = ¢ e X0 (2|T),
Y3z + |T) = ¥3(2|T), O3(z +mt|T) = ¢ te 22 05(2|T),
Pz + |T) = Valz|T), W(z+mT|T) = —q’le_2i2194(z|r).

Proposition 1.3
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= 93(z|7), 194<z + 71_21 r) = iq’%e’i"ﬁl(z|r).

From (1.5)—(1.8), by applying induction, we easily obtain the following.

Lemma 1.4 For n is a nonnegative integer, we have

H(z +nw|t) = (-1)"V1(2]7), M(z+nrt|T) = (—1)”q’”ze’2”izl91(z|r),
Vo(z + nm|t) = (=1)"0y(2|T), Yz +nmt|t) = q‘”2e_2"izz92(z|r),

V3(z + nr|t) = ¥3(2|7), U3(z+nmt|T) = q’”Ze’z"iZﬁ3(z|r),

Yz + nm|t) = Va(z|T), Mz +nmt|T) = (—1)”q‘”2e_2"izﬂ4(z|r).

From (1.9)—(1.16), we have the following lemmas.

Lemma 1.5 For n is any positive integer, we have

"% (z|T), n is even,

i"19y(z|T), misodd,

"% (z|T), n is even,

—i"19(z|t), misodd,

(3h)
(2h)-]

" ( HTHW i [mm, 1 is even,
(2h)-]

Y4(z|T), nisodd,

Ya(z|T), niseven,

H(z|t), misodd.

1.11)

(1.12)

(1.13)
(1.14)
(1.15)

(1.16)

(1.17)

(1.18)

(1.19)

(1.20)
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Lemma 1.6 For n is any positive integer, we have

n* .
nwT i"gTe " (z|T), niseven,
9 (z + —‘r) - L (1.21)
2 i"g~ T e " 4(z|T), nisodd,
n? niz ( )
nwt ~ 2 ey (z|T), mniseven,
ﬁz(z+ =t r) e | (1.22)
2 q Fe " Y5(z|t), nisodd,
> niz ( )
nrt ~ 7 e "™ Y3(z|T), miseven,
193<z+—‘r>= 70 | (1.23)
2 q Te "y (z|t), nisodd,
Yl2 .
nnt i"g~ T e " 4(z|T), miseven,
15‘4(2 + — r) = 2 (1.24)
2 i"gTe "0 (z]T), nisodd.

On page 54 in Ramanujan’s lost notebook (see [21, p. 54, Entry 9.1.1], [2, p. 337]), Ra-
manujan recorded the following claim (without proof), which is now well known as Ra-
manujan’s circular summation. The appellation circular summation was initiated by Son
(see [2, p. 338]).

Theorem 1.7 (Ramanujan’s circular summation) For each positive integer n and |ab| < 1,

00 n
> ( > ak<k+1>/<2n>bk<k-1>/<2">) =f(a, b)F,(ab), (1.25)
—n/2<r<n/2 k=—00
k=r(mod n)
where
Fu(q):=1+2ng"V?4..., n>3.

Ramanujan’s theta function f(a, b) is defined by
f(d, b) = Z an(n+1)/2bn(n—1)/2’ |6lb| <1.

Chan, Liu, and Ng [10] proved that Theorem 1.7 is equivalent to the following form.

Theorem 1.8 (Ramanujan’s circular summation) For each positive integer n,
n-1 )
> q 0z + kntint) = 032l T)F,(T), (1.26)

k=0

where for n > 3,
Fu(t)=1+2ng""+---.

Chan, Liu, and Ng [10] also showed that Theorem 1.8 is an equivalent of the theorem
below by applying the Jacobi imaginary transformation formulas [25, p. 475]. They also
proved that Theorem 1.9 is equivalent to Theorem 1.7.

Page 3 of 19
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Theorem 1.9 (Ramanujan’s circular summation) For any positive integer n, there exists a
quantity G,(t) such that

n-1
Z vy (z + l%‘r) = G,(1)V3(nz|nt), (1.27)
k=0
where
G(1) = /n(=it)4"2F, (-%) (1.28)

Ramanujan’s circular summation is an interesting subject in his notebook. On the sub-
ject of Ramanujan’s circular summation and related theta function identities and their
various extensions, a remarkably large number of investigations have appeared in the lit-
erature (see, for example, Andrews, Berndt, Rangachari, Ono, Ahlgren, Chua, Murayama,
Son, Chan, Liu, Ng, Chan, Shen, Cai, Zhu, and Xu et al. [1, 2,4-11, 13, 14, 16, 18-20, 22—
24, 26,27, 29, 30]).

Recently, Liuand Luo [15] obtained the alternating circular summation formulas of theta
function ¥3(z|7). Luo [17] further generalized the results of Chan and Liu on Ramanujan’s
circular summation formula for theta functions ¥3(z|t) and deduced some alternating
summation formulas of theta functions %1(z|t) and ¥,(z|t). Zhou and Luo [28] studied
a variation for Ramanujan’s circular summation of theta function ¥4(z|t), which here we
call the Ramanujan-type circular summation.

Motivated by [10, 11], and [15, 17, 28], by applying the theory of elliptic functions, we
further investigate other two Ramanujan-type circular summations for theta functions
t1(z|t) and ¥, (z|7), which are two variations of Ramanujan’s circular summations (noting
that is not alternating).

The paper is organized as follows: In the first section we display the definitions and prop-
erties of four theta functions. In the second section we show and prove two Ramanujan-
type circular summation formulas for theta functions % (z|t) and ¥,(z|r) based on the
theory and method of elliptic functions and properties of theta functions. In the third
section we derive the corresponding imaginary transformation formulas of circular sum-
mation formulas by using the imaginary transformation formulas of ¥;(z|t) and V,(z|7).
In the fourth section we give some further results and remarks.

2 Two Ramanujan-type circular summation formulas

In the present section, by applying the method for elliptic functions, we obtain two
Ramanujan-type circular summation formulas of theta functions 9 (z|7) and ¥,(z|1), re-
spectively, which are two variations for Ramanujan’s circular summation formulas. We
now state our main results as follows.

Theorem 2.1 Let n be even, m be any positive integer, and p be any integer. Also let
Y1, Y25 - - > Yu be any complex numbers. Then:
o Whenyi +ya+ -+ +y, =2, we have

m

mn-1 n

k

E 1_[191 (z +yj+ o ’r) = R(lli(yl,yz,...,yn;m, n,p; 0)03(mnzlm’nt),  (2.1)
mn ’

k=0 j=1
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where

) 00
R(ll,i()/hyz,...,yn;m,n,p;r) = mnq‘%e% Z q’%+"'+’%e‘zi(’1y1+“'+’”y"). (2.2)
F1seesln=—00
Flterp=4
o Whenyy+y2+---+y, = (Z’M) , we have
mn-1 n
Z 1_[191 (z +i+ —‘ ) :R(fi(yl,yz,...,y,,;m, n,p;t)z?4(mnz|m2nr), (2.3)
k=0 j=1
where
(2) . .
Ry 015 Y25+ Yus 11,1, p5 T)
_ man%e(zp;yz)ni Z q’%""'*’%e’Zi(’1y1+"'+’”yn). (2'4)
F1seees Fp=—00
ri+etrp=4
Proof Let f(z) be the left-hand side of (2.1) with z+— .2, T+ ——. We have
i km| t
f@=> 1"[191(—+y, \ 5 ) (2.5)
P mnlm?n
By (1.5), we easily obtain
ol Z+ 7 km| 1
zZ+m)= 0 Y — | —
A ) ;[}I 1( mn 0T m2n>
mn-1 n ki T n z T
- (2 + ‘ =) e —+-‘—. 2.6
Zl—[ 1( I m2n> =D H 1(mn % mzn) 26)
k=1 j=1 j=1
Comparing (2.5) and (2.6), when # is only even, we have
f@) =flz+m). 2.7)
By (1.13) and noting that # is even, we obtain
i Z+ 7T km| t
Z+7T) = s Y+ —|——
A ) kX:o:[ll 1( mn T n m2n>
mn-1 n
km T T
Znﬁl(—+y,+—+m7t 3 3 )
el mn mn m?nm?n
mn-1 n z kJT -
Zl_[( "q “ e~ Iyt ”’")191< Tyt 2 )
parlel mn mnlm?n

_ (_l)mnq—1e—2ize—2k7rie—2im(y1+y2+~-+yn)f(z)

_ q-le—Zzz —2im(y1+yg+- +}/nf(z)' (2.8)
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« When y; +y3 + -+ +y, = 2 in (2.8), we have

flz+mT) le=2%f (2). (2.9)

We construct the function f @) By (1.7), (2.7), and (2.9), we find that the function

¥3(z|7)*
f ((;)T) is an elliptic function with double periods 7 and w7, and has only a simple pole

at z = 7 + % in the period parallelogram. Hence the function 1,{ ((;)T) is a constant, say

Cl,l(yl:yz, ..»Yn; T), we have

f(Z) = Cill)(yl)y%-'-1yn;f)193(z|f)r

or, alternatively,

mn-1 n
k| T
Z l—[01<— +yi+ 5 ) = Cg(yl,yz,...,yn;t)ﬁ‘g(zh), (2.10)
mnlm
k=0 j=1
Letting

z+—> mnz and T+ m*nt
in (2.10), and then setting

1 1
RO 0192y, p; ) = C (31,92, ., Y mPnT),

we arrive at (2.1).
Setting

T
ZH>Z+ Y+ —
mn

in (1.1), by some simple calculation and noting that # is even, we obtain

n ]
1_[ | z +yi+ ks “L’ - l-nqgei(y1+y2+m+yn) Z (_l)rl+---+rnqr%+-~~+r%+r1+m+rn
X / mn
j=1 F1yeestp=—00
% e(2r1+---+2r,,+n)ize2i(r1y1+~~+ry,yn)e T (271+ +2r,,,+n) (211)

Setting
2

z+—> mnz and T+ m°ntT

in (1.3), we get

o0
U3 (mnz|m2nr) = Z q’"z"’zez”’"’”. (2.12)
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Substituting (2.11) and (2.12) into (2.1), we have

[e¢]

RO 01,92 ymmmpit) Y g €2

r=—00

mn-1 )

v~
= q4ez(yl+y2+ “+yn) § 2 : (_1)r1+ +r,,qr1+ +Fp ATy

k=0 ri,...ru=—€fty

. ., ki
x e(2r1+---+2r,,+n)zzeZz(r1y1+~~+rnyn)eﬁ(2r1+---+2rn+n)' (2'13)

Equating the constants of both sides of (2.13) and noting the condition y; + yo + -+ + y, =
B we get (2.2).
« Wheny; +yp +--+y, = (2’”1 in (2.8), we have

flz+7T) = —q e **f(2). (2.14)

We construct the function - f .By (1.8), (2.7), and (2.14), we find that the function f @)

94(z|7) Va(zl7)
is an elliptic function with double periods w and w7, and has only a 51mple poleatz = - in
the period parallelogram. Hence the function ﬁf ((Z?T) is a constant, say Cl,l()/l, Yoo Y3 T),
we have
J@ = CROLY2 -y Talal),
or, equivalently,
mn-1 n k
Z Hﬁl(— +9i+ 5 ) = Cﬁ)(yl,yg,...,yn;r)z?4(z|r). (2.15)
mnlm
k=0 j=1
Letting

z+—> mnz and T+ mint

in (2.15), and then setting

RO 01, Y2 ¥ 1,5 ) = C (91, Y2, o, Y3 20T,

we arrive at (2.3).

A similar proof as that of (2.2). By using (1.1) and (1.4) in (2.3), and noting that # is even
and the condition y; +y, + -+ +y, = (2”;1) , we can obtain (2.4). This proofis complete. []
Theorem 2.2 Let n be even, m be any positive integer, and p be any integer. Also let
Y1, Y2, - - -»Yu be any complex numbers. Then

o Whenyy +ys+---+y, =2, we have

mn-1 n

Z 1_[192 (z+y, + —’ ) =R(23(y1,y2,...,y,,;m, n,p; T)03(mnzlm’nt), (2.16)

k=0 j=1
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where

pri

o0
R(zl,%()q,yz, Y L P T) = qufgew Z qr%+---+r%e—Zi(r1y1+~-+rnyn). (2.17)

F1sestp=—00
rltetrp=4

2p+1)7

o Whenyi+ys+---+y, = T,W@h&ll/e
mn-1 n k7T
Z 1_[192 (z +Yi+ — ‘r) = R(Zz,%(yl,yg,...,y,,;m, n,p; t)ﬁ4(mnz|m2nr), (2.18)
k=0 j=1 mn
where

R(z%;(yl’yb ce s Y5 M, 1, p; T)

00
_n (@ptDmi 242 04
=mng ie § : qu+ g 2i(r1y1+ +r,,yn). (219)

Proof For n is even, hence 7" is a positive integer.
Setting
T
Z—z+ —
2

in equation (2.1) of Theorem 2.1 and applying properties (1.9) and (1.19), we arrive at
formula (2.16) of Theorem 2.2.
Setting

b1
Z—z+ —
2

in equation (2.3) of Theorem 2.1 and applying properties (1.9) and (1.20), we arrive at
formula (2.18) of Theorem 2.2.

Clearly, we consider that both R(H(yl,yz, .o Y, 1, p; T) and Rﬁ(yl,yz, oY L1, P5T)
are independent of z, therefore we have

R(zg(yl’yb <oy Y3 M, 1, P5 T) = R(l%;(yl’yb ey Yy M, 1, p; T)

and

R(f%(yl,yz,...,yn;m, np;T) = R(fi(yl,yz,...,yn;m, np;T).
The proof is complete. O

3 The imaginary transformation formulas for Ramanujan-type circular
summations

In the present section, we first derive the corresponding imaginary transformation formu-

las of Theorem 2.1 by applying the imaginary transformations for theta functions. Some

theta function identities are also shown.
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Theorem 3.1 Let n be even, m be any positive integer, and p be any integer. Also let
Y1,Y2, - --»Yu be any complex numbers. Then

o Whenyy +yy + -+ +y, = mnp, we have

mn—1 n
Z qkz"zkpez(k”’)” l_[ 1 (mz + YT + mkwT |m2nr)
k=0 j=1
= F 01,920« Vs 1, 1, 5 T)03(2]0), 3.1)
where

1
F{,l)(yl’yb ey Yy ML 1, P T)

2 2
(V=)' Paln A gy (BT paT g 1
= min R ..., smympy——— |, (3.2
(m/n)" 4 Y\ m2n’ m?n n L (32)

1
Fil)(yliy2r e s Y M, 1, p; T)

mn-1
mny2
_ Z g
k=0
00
x Z (_1)r1+~~+rnqm2n(r%+~~+rﬁ)—2(r1y1+~~+rnyn). (3.3)
¥ seeer I'p=—0Q0
2m(ry +-+-+rp)=mn+2(k+p)
2p+1
o Whenyy +ys+ - +y, = %,wehave
mn—1 n
2 y
Z qk +h(p+1) o2k+2p+1)iz l—[ H (mz +ymT + mkrt |m2nr)
k=0 j=1
2
= FR 01,920y 1, g T2 ), (3.4)
where

2
Fil)(ylier ey Y M, 1, P T)

(m/n)"

2
F},f(yl,yz, s Vs ML, P5T)

N 2 4ity2
(V=) Ao R(z’(ym Yol yum
1,1

mn—1
=" Z q_(l”%‘%)z
k=0
[
« 3 (=1 )1+ 4 g s 2y ) (3.6)

F1seeln=—00
2m(ry+--+ry)=mn+2(k+p)
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Proof In (2.1) making the transformations T — —ﬁ, and thenz— —£-and y; —> %
forj=1,2,...,n, then equation (2.1) becomes
mn-1 n
Z]—[ﬁ (mz+y,'7rr+mknr’ 1 )
1 2 )
pardieity m?nt m?nt
kg T 1 z| 1
:R(lli yl_,...’y" sm,n, p;———— | U3 —‘—— . (3.7)
A\ m?n m?n m2nt Tl T

Applying the imaginary transformations formulas (see, e.g., [3, 12, 25])

1 iz? 1 iz?
191<E ‘——) =—iv-item ¥1(z|]t) and 193(3‘——) =/ —item ¥3(z|T)
Tl 1

T

to the above equation (3.7), via the suitable substitutions of the variables z and t and noting
that y1 + y2 + - - + ¥, = mnp and simplifying, we thus obtain (3.1) and (3.2). Applying the
series expressions of ¥ (z|t) and ¥3(z|7) in (3.1), via direct calculation, we obtain (3.3).

In the same manner, using the imaginary transformations formulas
z| 1 e z| 1 — i
| — ’—— =—iv—item ¥1(z|]t) and V4| — ‘—— =+ —itert ¥y(z|T),
Tl 7

to (2.3) and noting that y; +y2 + - -+ + ¥, = M

(3.6), respectively. Therefore we complete the proof of Theorem 3.1. d

, we can prove formulas (3.4), (3.5), and

Similarly, by applying the imaginary transformations formulas
1 i 1 i2
Dy (E ’——) =+/—itert ¥y(z|t) and U3 (E ’——) =/ —itert ¥3(z| 1),
Tl T Tl 1
we can obtain the following imaginary transformation formulas of Theorem 2.2.
Theorem 3.2 Let n be even, m be any positive integer, and p be any integer. Also let

Y1, Y2, - - -»Yu be any complex numbers. Then

o Wheny, +ys+ -+, = mnp, we have

mn—1 n

Z qk2+2kp62(k+p)izl_[194(mz+yj7'[1' +mkﬂr|m2nr)
k=0 j=1
= é,lz)(yhyz,...,yn;m n, p; T)V3(z|T), (3.8)
where

Féylz)(,ylryZy-”,yn;myn:p;T)
NG TR S
(—it)2 —yl—y”R(l)(yNT V2T YuTl 1 >

=——~ g ml —_ SN, Py ————
) 1) ) ) ) )
(m2n)s 22\ m2n’ m2n m?n m?nt

(3.9)
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1
Fé,z)(yl,yz, s Vs P, P T)

mn—-1 oo
_ Z (_l)rl+-~+rnqmzn(r%+--»+r%)—2(r1y1+-~+rnyn)—k2' (310)
k=0  Tlytn=—00
m(ry+--+ry)=k+p
(2p+1)mn
o Whenyy +ys+---+y, = —5—, we have
mn—1 ) n
Z qk +k(2p+1)e(2k+2p+l)tz l_[ 04(”12 +YTT + ka[‘L’|I’}’12}’1‘E)
k=0 j=1
2
= B (1, Y2+ Vs 11, 1, 5 D)0 (2] ), (3.11)
where
(2) . .
F2'2(y17y2) ey Yns M, 1, p; T)
n 2
(mit) 2 A o) (1w yam YT 1
o RO g ——— ), 3.12
(m2n)? 1 22\ m2n’ m2n m2n p m2nt ( )
F(Z) . .
2,2()/1:3’2; ey Yns M, 1, p; T)
mn-1 e
— Z (_1)r1+M+rnqmzn(r%+m+r,%)—2(r1y1+~~~+rnyn)—(k—%)2' (3.13)
k=0 TFlern=—00
m(ry+--+rp)=k+p

Taking p = 0 in Theorem 3.1.

Corollary 3.3 Let n be even, m be any positive integer. Also let y1,y2, ...,y be any complex
numbers. Then

o Whenyy +y2+---+,=0, we have

mn—1 n
2 .
E g~ e ]_[ O (mz +ywt + mkrt|m*nt)
k=0 j=1

= Fill)(yhyb ceesYns M, 15 7)193(Z|7:);

(3.14)
where

1
F},l)(yl,yz, e Vs LM T)

_WE)E sy (i e e ]
S w47 Ru , (315)

) ey sm,
m’n m’n m2n

_Wl nt
1
F{yl)(yl’yb v ;yn;m; n; 7:)

mn—1

o
2 2 2 2
=" Z q*(k+m2ﬂ) Z (_1)r1+---+rnqm 102+ +r2)=2(r1 Y1+ -+ Yn)
k=0 FLymsln=—00

2m(ry+--+ry)=mn+2k

. (3.16)
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o Whenyy +ys+---+y, = 5", we have

mn—1 n
2 .
E g~ kel2kDiz 1_[ 51 (mz + YT + mkmwt |m2nr)
k=0 j=1

= F;,Zl)(yl’yz’ M '7yl’1;m1 n; T)l92(2|f),
where

2
F},l)(yl,yz, Y ML T)

_ (W) tn RA(NT B e 1
(m/n)" ’ ’

Fiyzl)(yljyb cos Yy ML 1 T)

b
m’n m’n

yeoe sm,

) y
m?n m?nt

mn—1
=i" Z q’(k’“%’%)z
k=0

o0
2 0(r2 4ee et r2)—
x 2 : (_1)r1+ +rnqm n(ry 4 477)=2(r Y1+ +7nYn)

Ty =—00
2m(ry+-+-+rp)=mn+2k

Corollary 3.4 Let n be even and m be any positive integer. Then

mn-1
Z q"zezkizﬁl” (mz +mkmt |m2nr) = Fill)(m, n;7)03(2|T),
k=0

mn—1

n
, mnT
E qk2+ke(2k+l)’z l—[ ot (mz + 5 + mknt|m2nr> = Fizl)(m, n; )% (z|7),
k=0 j=1

where

WV
(m/n)" L1 m?nt )’
mn—1 oo
2 2)

CHCTTID SPALL LI DI )
k=0

T]seeer rp=—00
2m(ry+--+ry)=mn+2k

“\1-3n 1-n
=i VT 1
Fﬁ)(m,n;r) = —( ) q’éRﬁ m, n; — ,
’ (m/n)" ' m2nt
mn—1 00
2 2

Ffl)(m,n;t) =" Z gk 5y’ Z (=1)ree o gl )
k=0

2m(ry+---+ry)=mn+2k

Fﬁ)(m, n;T)

Proof Putting y; =y, = -+ =y, in Corollary 3.3, we obtain Corollary 3.4.

Corollary 3.5 For n is even, we have

n-1
Z qkzeZkiZﬂl"(z +kmtint) = F&)(n; 7)93(z| ),
k=0

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)
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n-1 n
. T
qu2+ke(2k+l)zzl_[ oA <z + - + kJT‘L"Vl‘L’) = Ffl)(n;t)ﬁz(zlt),
k=0 j=1
where

F(l)( . _( /_i)l—Sn /Tl—nR(l) ) 1
L1 I’I,T)—(\/_—n 1,1 n,—1,

n) nt

n-1
1 C(k+ 12 24472
F;,l)(n; '[) _ Z(_l)kq (k+5) Z qn(rl+ +’”n),

k=0 FLyeeal y=—00
2(ry+---+ry)=n+2k

) (V=)' ) 1
Fll(n;r)z—q 4R11 n—— |,
, (Vn)" ' nt
n-1 Y 00 i 2
Flimo) =) (D) g ®dar YT g,
k=0 1yl =—00

2(ry+eetry)=n+2k
Proof Taking m =1 in Corollary 3.4, we obtain Corollary 3.5.

Corollary 3.6 Settingm=1,n=2in(3.1), y1 =y, = p, we have

e2pizl912(z +prT|27) + q2p+162(l’+1)l'21912(z +prT +7TT|27T)

= (-1P[02(2prrT4T) - g7 0 ((2p + D TldT ) 93(2l7) .

Corollary 3.7 Settingm=1,n=2in (3.4), y1 =y, = 21, we have

) T ; 3mt
e@p+izy? (z TPTT + - ‘21) + g2z <z TPTT +—— ‘21:)

= (-17q 4 [q 7 922prtl4n) - ¢ 05((2p + DrelaT) Daelr) .

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

Taking p = 0 in (3.32) and (3.33), respectively, we deduce the following theta function

identities:

1912(z|21:) + quiZﬁlz(z +77|27) = 15(0l41) — g (T |4T)V3(2|T),

, T ; 3
SN (z + % ‘21) +q* e} (z + % ‘2r>

=g [92(0147) — g5 (7w T[47) 2 (2]7)].

(3.34)

(3.35)

Taking p = 1 in (3.32) and (3.33), respectively, we deduce the following theta function

identities:

ﬂf(z|2r) - 1912(z|2r) = gy (27 T|47) — ¢* 9, (3 T|4T)D3(2|T),

9 T 9 T
L z+—‘21: -0 z+—‘21:
2 2

= gle [0, (2ntlaT) - ¢* 0y (BT |4T) D (2l T)].

(3.36)

(3.37)

Page 13 0of 19
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Taking p = -1 in (3.32) and (3.33), respectively, we deduce the following theta function

identities:
€229z — wT|27) + g 1 (2]27) = Da(-27T|4T) + g 9o (—m T]4T)D3(2]T), (3.38)
eizﬂf(z— %‘21) + eizﬂlz(z + % ’21)

= —q’i [qz?z(—2nr |41) — Oy(-mT |4-r)192(z|t)]. (3.39)

Remark 3.8 Corollary 3.5 is an analogue of Ramanujan’s circular summation formula The-
orem 1.8.

Remark 3.9 From Theorem 3.1 and Theorem 3.2 we may obtain more theta function iden-
tities.

4 Further results and remarks
In the present section, we give some special cases of Theorem 2.1 and derive some theta
function identities.

Setting p = 0 in Theorem 2.1, we have the following.

Corollary 4.1 Suppose that n is even, m is any positive integer; y1, 92, ..., Yu Gre any com-
plex numbers.
o Wheny, +y2+---+y,=0, we have
mn-1 n k7T
Z 1_[ 41 (Z +yj+ o ‘r) = R(ﬂ(yl,yz, ees Y ML, r)ﬁg(mnzlmznr), (4.1)

k=0 j=1

where

LS

0
2 2 o
R(ﬂi()/l,yz, e Y S 7) = mnq Z qu+~~-+rﬂe—2!(VU’1+~~-+mJ’n)' (4.2)

. Wheny1+y2+-~~+y,,:ﬁ,wehave

mn-1 n
km
Z 1_[1?1 (z +Yi+ — "L’) = R(fi(yl,yg,...,yn;m, n;r)m(mnzlmznr), (4.3)
k=0 j=1 mn
where
i ad 2 2
R(fi(yhyz,...,yn;m, n;T) =mngq ten Z gt g L AT (4.4)

F1 el p=—00
Fltetrp=1

Corollary 4.2 Suppose that n is even, m is any positive integer, then

mn—1

km

Z v/ <z +— ’r) = R(lli(m, n;7)03 (mnz|m2nt), (4.5)
mn ’

k=0
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mn—1
k
vy <z + T + E“L’) = R(lzi(m, n;r)z?4(mnz|m2nt), (4.6)
Py 2mn  mn ’
where
R(lll(m nT) = Rn(”” n;7) = mng Z q’l’r i (4.7)
,,,,, rp=—00
r1+ 4=
Proof Taking y; =y, =--- =y, in Corollary 4.1, we get Corollary 4.2. d

Corollary 4.3 For m is any positive integer, we have

2m-1

3 o2 (z+ /2% ‘r) = 2m,(0]27) 93 (2mz|2m’c), (4.8)
k=0
2m-1 T ki

07 <z+ — = z) = 2m0,(0|27)04 (2mz|2m’T). (4.9)
Py dm  2m

Proof Putting n = 2 in Theorem 4.2 and noting that R(ﬁ(m, nT)= R(f{(m, n;7) = 2md, (0|
27), we get Corollary 4.3. O

Remark 4.4 Corollary 4.3 is an analogue of Boon’s result [6, p. 3440, Eq. (10)].

Corollary 4.5 For m is any positive integer, we have

4m-1 ki
Z Ot <z + o “L’) =R(m; )03 (4mz|4mzr), (4.10)
k=0 m
4m-1 T k?T
O (z+ — — ‘L’) = R(m; T) 94 (4mzldm’t), (4.11)
8m 4m
k=0
where
R(m; 7) = 4mg™" Z q’l+ 13, (4.12)
F1seees’4=—00
r14ee+rg=2

Corollary 4.6 For n is even, we have

Zﬁ”(z+ —‘ ) R(x)95(nznt), (4.13)

Zz?”( +—+—) ) R(x)94(nzlnv), (4.14)
where

R(r)=ng 1 Z g (4.15)
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Proof Taking m =1 in Corollary 4.2, we get Corollary 4.6.

Setting m = 1 in Theorem 2.1, we have the following.

Corollary 4.7 Suppose that n is even, p is any integer; y1,¥2, ..., Y, are any complex num-

bers.
o Whenyy, +ys+ -+ +y, = pr, we have
el km
ZH hH (z+yj + 7‘1) = R(ﬂ(yl,y%...,yn;n,p; 7)03(nz|nt),

k=0 j=1

where

00
n 2 2 :
R(l%i (YI,er e i T} 7:) _ (_l)pnq—z Z qu+~~+r,,e—21(r1y1+~.4+r,,y,,)'

1yl =—00
Fltetrp=7

o Whenyi+ys+---+y, = @,wehave
n-1 n kT[
Z l_[ hH (z +Yi+ — ‘r) = Rﬁ(yl,yz, we s Y 1, p; T)04(nz|ntT),
k=0 j=1 n
where

o0
n 2 2 :
R(l%i()/l,yb VL D; )= (—l)pniq_z § : qrﬁ“'”n6—2’(”3’1*---”"3’"),

Lyl =—00
ri+etrp=4

Setting p = 0 in Corollary 4.7, we have the following.

Corollary 4.8 Suppose that n is even; y1,¥2,...,Y, are any complex numbers.

o Wheny, +y,+-+-+y, =0, we have

n-1 n

kr
Z ]_[ h (z +yj+ "y ‘r) = R(llyi(yl,yz,...,y,,;n; 7)03(nz|nt),

k=0 j=1

where

o0
o) _n 2,2 o
RUNOLY2 oy ) =ng t Yy e ),

F1 el p=—00
Pl =Y

o Whenyy +ys+---+y, =75, we have
n-1 n

km
Z l_[ th (z A/ A ‘r) = R(fi(yl,yz, e Y 15 T)Va(mz|nt),

k=0 j=1

(4.16)

(4.17)

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)
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where

oo
Rg%%()’hyz,...,yn;n;r)=m’q’% Z q’%""'”%e’Zi(’1y1+"'+’”yn). (4.23)

Corollary 4.9 Suppose that n is even, m is any positive integer, a, b are any nonnegative
integers and a + b = n, p is any integer; x, y are any complex numbers.
pr

o When ax + by = =-, we have

mn—1

u km b km
Z L&t (z+x+ —‘1)1?1 (z+y+ —"L’)
Py mn mn

= R (x, 33 m, 1, p; T) 03 (mnzlm®nt), (4.24)
where

1
R(l,i(x,y; m,n,p; )

o0
_nopri 2 peetr2as2 s 2i(ry 4o _
=mng ten nyi § qr1+ S Sy 2i(ry+--+74) (% y)' (4.25)

P Lol @S] 5eesSh=—00
Pl g +S1 - 4Sp= 5

o When ax + by = %, we have
mn—1
B km b km
Z Hlz+x+ —‘r lz+y+ —‘r
mn mn
k=0
= R(lzi (%, y;m, 1, p;T) V4 (mnz|m2nr), (4.26)
where
2
RY (6, 53m,m,p;7)
) [o¢]
- mnq*%e%*”ﬂ Z qr%+---+r2+s%+---+sie—2i(r1+---+ru)(x7y)’ (4‘27)
F1seees?@s81 seees Sp=—00
Pl g 48]+ 45p=1
Proof Setting y1 =y2 =--- =y, =xand Y41 = Yge2 = -+ =y, =y with a + b = n in Theo-
rem 2.1, we obtain Corollary 4.9 d

Corollary 4.10 Suppose that m is any positive integer.

2m-1

2

km km 2
. z+x+—’r o z—x+—‘r = 2m9(2x]27)05 (2mz|2mPT),  (4.28)
Py 2m 2m

< kn‘) ( (k+1)m )
lz+x+—|7)h z—x+7‘t
2m 2m

= 2mv, <2x - ‘2:) 94(2mz|2m7). (4.29)
m

2m-1

2

k=0

s
s
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Proof Taking p =0, a = b =1 in Corollary 4.9, we have

o0
R (;m;7) = 2mg i e Z g1 e T 2 o, (2x)27),

r1,81=—00
ri+s1=1

o0
1 ojx_Zi 2.2 ; ps T
R?) (6,53 7) = 2mq 2 €2 5 Y qie 5 = om, <2x -5 ‘2r>
Y - 2m
r1,81=—00
ri+s1=1

and noting that x + y = 0 and x + y = =—, we obtain Corollary 4.10. O

2m’

Taking m = 1 in Corollary 4.10, we have

% (z + x| 1) (2 — x|T) + D2z + x|T) P (z — x| T) = 2092 (2%|27)193(22|27), (4.30)

H(z +x|T)02(z — x|T) — Do (2 + x| 7)1 (2 — x| T) = 2091 (2%|27) 94 (22|27). (4.31)
Taking m = 2 in Corollary 4.10, we have

Hh(z +x|t)0(z —x|T) + Doz + x|T) P2 (2 — x| T)

T T T T
+ z+x+—‘r h z—x+—‘r + 1 z+x——‘r h z—x——‘t
4 4 4 4

= 419, (2x|27)03(42|87), (4.32)

T T
% (z + x|T)h (z—x+ Z’T> +1h <z+x+ Z‘t)ﬁz(z—xlt)
T T
—D(z +x|T)h (z—x— Z‘r) + 191(z+x— Z‘r)ﬁl(z—xh)
b4
- 49, (Zx— Z’2r>194(42|8z). (4.33)

Remark 4.11 We can obtain the corresponding results of ©¥,(z|t) from Theorem 2.2, we
here omit them.

Remark 4.12 No doubt more theta function identities may be formulated from Theo-
rem 2.2 and other theorems and corollaries.

5 Conclusion

Ramanujan’s circular summation is an interesting subject in his notebook. In this paper, we
obtain two Ramanujan-type circular summation formulas. We also give the corresponding
imaginary transformation formulas for Ramanujan-type circular summations and some

identities of the classical Jacobi theta functions ©(z|7) and ¥, (z|7).
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