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In this paper, we give two Ramanujan-type circular summation formulas by applying
the way of elliptic functions and the properties of theta functions. As applications, we
obtain the corresponding imaginary transformation formulas for Ramanujan-type
circular summations and some theta function identities.

MSC: Primary 11F27; secondary 11F20; 33E05

Keywords: Elliptic functions; Ramanujan-type circular summation; Theta functions;
Theta function identities

1 Introduction, preparation, and motivation
The classical Jacobi four theta functions ϑi(z|τ ), i = 1, 2, 3, 4, with the notation of Tannery
and Molk, are defined as follows.

Definition 1.1 (see, e.g., [3, 12, 25]) For q = eπ iτ , Im(τ ) > 0, z ∈C.

ϑ1(z|τ ) = –iq
1
4

∞∑

n=–∞
(–1)nqn(n+1)e(2n+1)iz, (1.1)

ϑ2(z|τ ) = q
1
4

∞∑

n=–∞
qn(n+1)e(2n+1)iz, (1.2)

ϑ3(z|τ ) =
∞∑

n=–∞
qn2

e2niz, (1.3)

ϑ4(z|τ ) =
∞∑

n=–∞
(–1)nqn2

e2niz. (1.4)

From the Jacobi theta functions (1.1)–(1.4), via the direct calculation, we have the fol-
lowing properties, respectively.
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Proposition 1.2

ϑ1(z + π |τ ) = –ϑ1(z|τ ), ϑ1(z + πτ |τ ) = –q–1e–2izϑ1(z|τ ), (1.5)

ϑ2(z + π |τ ) = –ϑ2(z|τ ), ϑ2(z + πτ |τ ) = q–1e–2izϑ2(z|τ ), (1.6)

ϑ3(z + π |τ ) = ϑ3(z|τ ), ϑ3(z + πτ |τ ) = q–1e–2izϑ3(z|τ ), (1.7)

ϑ4(z + π |τ ) = ϑ4(z|τ ), ϑ4(z + πτ |τ ) = –q–1e–2izϑ4(z|τ ). (1.8)

Proposition 1.3

ϑ1

(
z +

π

2

∣∣∣τ
)

= ϑ2(z|τ ), ϑ1

(
z +

πτ

2

∣∣∣τ
)

= iq– 1
4 e–izϑ4(z|τ ), (1.9)

ϑ2

(
z +

π

2

∣∣∣τ
)

= –ϑ1(z|τ ), ϑ2

(
z +

πτ

2

∣∣∣τ
)

= q– 1
4 e–izϑ3(z|τ ), (1.10)

ϑ3

(
z +

π

2

∣∣∣τ
)

= ϑ4(z|τ ), ϑ3

(
z +

πτ

2

∣∣∣τ
)

= q– 1
4 e–izϑ2(z|τ ), (1.11)

ϑ4

(
z +

π

2

∣∣∣τ
)

= ϑ3(z|τ ), ϑ4

(
z +

πτ

2

∣∣∣τ
)

= iq– 1
4 e–izϑ1(z|τ ). (1.12)

From (1.5)–(1.8), by applying induction, we easily obtain the following.

Lemma 1.4 For n is a nonnegative integer, we have

ϑ1(z + nπ |τ ) = (–1)nϑ1(z|τ ), ϑ1(z + nπτ |τ ) = (–1)nq–n2
e–2nizϑ1(z|τ ), (1.13)

ϑ2(z + nπ |τ ) = (–1)nϑ2(z|τ ), ϑ2(z + nπτ |τ ) = q–n2
e–2nizϑ2(z|τ ), (1.14)

ϑ3(z + nπ |τ ) = ϑ3(z|τ ), ϑ3(z + nπτ |τ ) = q–n2
e–2nizϑ3(z|τ ), (1.15)

ϑ4(z + nπ |τ ) = ϑ4(z|τ ), ϑ4(z + nπτ |τ ) = (–1)nq–n2
e–2nizϑ4(z|τ ). (1.16)

From (1.9)–(1.16), we have the following lemmas.

Lemma 1.5 For n is any positive integer, we have

ϑ1

(
z +

nπ

2

∣∣∣τ
)

=

⎧
⎨

⎩
inϑ1(z|τ ), n is even,

in–1ϑ2(z|τ ), n is odd,
(1.17)

ϑ2

(
z +

nπ

2

∣∣∣τ
)

=

⎧
⎨

⎩
inϑ2(z|τ ), n is even,

–in–1ϑ1(z|τ ), n is odd,
(1.18)

ϑ3

(
z +

nπ

2

∣∣∣τ
)

=

⎧
⎨

⎩
ϑ3(z|τ ), n is even,

ϑ4(z|τ ), n is odd,
(1.19)

ϑ4

(
z +

nπ

2

∣∣∣τ
)

=

⎧
⎨

⎩
ϑ4(z|τ ), n is even,

ϑ3(z|τ ), n is odd.
(1.20)
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Lemma 1.6 For n is any positive integer, we have

ϑ1

(
z +

nπτ

2

∣∣∣τ
)

=

⎧
⎨

⎩
inq– n2

4 e–nizϑ1(z|τ ), n is even,

inq– n2
4 e–nizϑ4(z|τ ), n is odd,

(1.21)

ϑ2

(
z +

nπτ

2

∣∣∣τ
)

=

⎧
⎨

⎩
q– n2

4 e–nizϑ2(z|τ ), n is even,

q– n2
4 e–nizϑ3(z|τ ), n is odd,

(1.22)

ϑ3

(
z +

nπτ

2

∣∣∣τ
)

=

⎧
⎨

⎩
q– n2

4 e–nizϑ3(z|τ ), n is even,

q– n2
4 e–nizϑ2(z|τ ), n is odd,

(1.23)

ϑ4

(
z +

nπτ

2

∣∣∣τ
)

=

⎧
⎨

⎩
inq– n2

4 e–nizϑ4(z|τ ), n is even,

inq– n2
4 e–nizϑ1(z|τ ), n is odd.

(1.24)

On page 54 in Ramanujan’s lost notebook (see [21, p. 54, Entry 9.1.1], [2, p. 337]), Ra-
manujan recorded the following claim (without proof ), which is now well known as Ra-
manujan’s circular summation. The appellation circular summation was initiated by Son
(see [2, p. 338]).

Theorem 1.7 (Ramanujan’s circular summation) For each positive integer n and |ab| < 1,

∑

–n/2<r≤n/2

( ∞∑

k=–∞
k≡r(mod n)

ak(k+1)/(2n)bk(k–1)/(2n)

)n

= f (a, b)Fn(ab), (1.25)

where

Fn(q) := 1 + 2nq(n–1)/2 + · · · , n ≥ 3.

Ramanujan’s theta function f (a, b) is defined by

f (a, b) =
∞∑

n=–∞
an(n+1)/2bn(n–1)/2, |ab| < 1.

Chan, Liu, and Ng [10] proved that Theorem 1.7 is equivalent to the following form.

Theorem 1.8 (Ramanujan’s circular summation) For each positive integer n,

n–1∑

k=0

qk2
e2kizϑn

3 (z + kπτ |nτ ) = ϑ3(z|τ )Fn(τ ), (1.26)

where for n ≥ 3,

Fn(τ ) = 1 + 2nqn–1 + · · · .

Chan, Liu, and Ng [10] also showed that Theorem 1.8 is an equivalent of the theorem
below by applying the Jacobi imaginary transformation formulas [25, p. 475]. They also
proved that Theorem 1.9 is equivalent to Theorem 1.7.
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Theorem 1.9 (Ramanujan’s circular summation) For any positive integer n, there exists a
quantity Gn(τ ) such that

n–1∑

k=0

ϑn
3

(
z +

kπ

n

∣∣∣τ
)

= Gn(τ )ϑ3(nz|nτ ), (1.27)

where

Gn(τ ) =
√

n(–iτ )(1–n)/2Fn

(
–

1
nτ

)
. (1.28)

Ramanujan’s circular summation is an interesting subject in his notebook. On the sub-
ject of Ramanujan’s circular summation and related theta function identities and their
various extensions, a remarkably large number of investigations have appeared in the lit-
erature (see, for example, Andrews, Berndt, Rangachari, Ono, Ahlgren, Chua, Murayama,
Son, Chan, Liu, Ng, Chan, Shen, Cai, Zhu, and Xu et al. [1, 2, 4–11, 13, 14, 16, 18–20, 22–
24, 26, 27, 29, 30]).

Recently, Liu and Luo [15] obtained the alternating circular summation formulas of theta
function ϑ3(z|τ ). Luo [17] further generalized the results of Chan and Liu on Ramanujan’s
circular summation formula for theta functions ϑ3(z|τ ) and deduced some alternating
summation formulas of theta functions ϑ1(z|τ ) and ϑ2(z|τ ). Zhou and Luo [28] studied
a variation for Ramanujan’s circular summation of theta function ϑ4(z|τ ), which here we
call the Ramanujan-type circular summation.

Motivated by [10, 11], and [15, 17, 28], by applying the theory of elliptic functions, we
further investigate other two Ramanujan-type circular summations for theta functions
ϑ1(z|τ ) and ϑ2(z|τ ), which are two variations of Ramanujan’s circular summations (noting
that is not alternating).

The paper is organized as follows: In the first section we display the definitions and prop-
erties of four theta functions. In the second section we show and prove two Ramanujan-
type circular summation formulas for theta functions ϑ1(z|τ ) and ϑ2(z|τ ) based on the
theory and method of elliptic functions and properties of theta functions. In the third
section we derive the corresponding imaginary transformation formulas of circular sum-
mation formulas by using the imaginary transformation formulas of ϑ1(z|τ ) and ϑ2(z|τ ).
In the fourth section we give some further results and remarks.

2 Two Ramanujan-type circular summation formulas
In the present section, by applying the method for elliptic functions, we obtain two
Ramanujan-type circular summation formulas of theta functions ϑ1(z|τ ) and ϑ2(z|τ ), re-
spectively, which are two variations for Ramanujan’s circular summation formulas. We
now state our main results as follows.

Theorem 2.1 Let n be even, m be any positive integer, and p be any integer. Also let
y1, y2, . . . , yn be any complex numbers. Then:

• When y1 + y2 + · · · + yn = pπ

m , we have

mn–1∑

k=0

n∏

j=1

ϑ1

(
z + yj +

kπ

mn

∣∣∣τ
)

= R(1)
1,1(y1, y2, . . . , yn; m, n, p; τ )ϑ3

(
mnz|m2nτ

)
, (2.1)
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where

R(1)
1,1(y1, y2, . . . , yn; m, n, p; τ ) = mnq– n

4 e
pπ i
m

∞∑

r1,...,rn=–∞
r1+···+rn= n

2

qr2
1+···+r2

n e–2i(r1y1+···+rnyn). (2.2)

• When y1 + y2 + · · · + yn = (2p+1)π
2m , we have

mn–1∑

k=0

n∏

j=1

ϑ1

(
z + yj +

kπ

mn

∣∣∣τ
)

= R(2)
1,1(y1, y2, . . . , yn; m, n, p; τ )ϑ4

(
mnz|m2nτ

)
, (2.3)

where

R(2)
1,1(y1, y2, . . . , yn; m, n, p; τ )

= mnq– n
4 e

(2p+1)π i
2m

∞∑

r1,...,rn=–∞
r1+···+rn= n

2

qr2
1+···+r2

n e–2i(r1y1+···+rnyn). (2.4)

Proof Let f (z) be the left-hand side of (2.1) with z �−→ z
mn , τ �−→ τ

m2n . We have

f (z) =
mn–1∑

k=0

n∏

j=1

ϑ1

(
z

mn
+ yj +

kπ

mn

∣∣∣
τ

m2n

)
. (2.5)

By (1.5), we easily obtain

f (z + π ) =
mn–1∑

k=0

n∏

j=1

ϑ1

(
z + π

mn
+ yj +

kπ

mn

∣∣∣
τ

m2n

)

=
mn–1∑

k=1

n∏

j=1

ϑ1

(
z

mn
+ yj +

kπ

mn

∣∣∣
τ

m2n

)
+ (–1)n

n∏

j=1

ϑ1

(
z

mn
+ yj

∣∣∣
τ

m2n

)
. (2.6)

Comparing (2.5) and (2.6), when n is only even, we have

f (z) = f (z + π ). (2.7)

By (1.13) and noting that n is even, we obtain

f (z + πτ ) =
mn–1∑

k=0

n∏

j=1

ϑ1

(
z + πτ

mn
+ yj +

kπ

mn

∣∣∣
τ

m2n

)

=
mn–1∑

k=0

n∏

j=1

ϑ1

(
z

mn
+ yj +

kπ

mn
+ mπ

τ

m2n

∣∣∣
τ

m2n

)

=
mn–1∑

k=0

n∏

j=1

(–1)mq– 1
n e–2im( z

mn +yj+ kπ
mn )ϑ1

(
z

mn
+ yj +

kπ

mn

∣∣∣
τ

m2n

)

= (–1)mnq–1e–2ize–2kπ ie–2im(y1+y2+···+yn)f (z)

= q–1e–2ize–2im(y1+y2+···+yn)f (z). (2.8)
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• When y1 + y2 + · · · + yn = pπ

m in (2.8), we have

f (z + πτ ) = q–1e–2izf (z). (2.9)

We construct the function f (z)
ϑ3(z|τ ) . By (1.7), (2.7), and (2.9), we find that the function

f (z)
ϑ3(z|τ ) is an elliptic function with double periods π and πτ , and has only a simple pole
at z = π

2 + πτ
2 in the period parallelogram. Hence the function f (z)

ϑ3(z|τ ) is a constant, say
C(1)

1,1(y1, y2, . . . , yn; τ ), we have

f (z) = C(1)
1,1(y1, y2, . . . , yn; τ )ϑ3(z|τ ),

or, alternatively,

mn–1∑

k=0

n∏

j=1

ϑ1

(
z

mn
+ yj +

kπ

mn

∣∣∣
τ

m2n

)
= C(1)

1,1(y1, y2, . . . , yn; τ )ϑ3(z|τ ). (2.10)

Letting

z �−→ mnz and τ �−→ m2nτ

in (2.10), and then setting

R(1)
1,1(y1, y2, . . . , yn; m, n, p; τ ) = C(1)

1,1
(
y1, y2, . . . , yn; m2nτ

)
,

we arrive at (2.1).
Setting

z �−→ z + yj +
kπ

mn

in (1.1), by some simple calculation and noting that n is even, we obtain

n∏

j=1

ϑ1

(
z + yj +

kπ

mn

∣∣∣τ
)

= inq
n
4 ei(y1+y2+···+yn)

∞∑

r1,...,rn=–∞
(–1)r1+···+rn qr2

1+···+r2
n+r1+···+rn

× e(2r1+···+2rn+n)ize2i(r1y1+···+rnyn)e
kπ i
mn (2r1+···+2rn+n). (2.11)

Setting

z �−→ mnz and τ �−→ m2nτ

in (1.3), we get

ϑ3
(
mnz|m2nτ

)
=

∞∑

r=–∞
qm2nr2

e2mnriz. (2.12)
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Substituting (2.11) and (2.12) into (2.1), we have

R(1)
1,1(y1, y2, . . . , yn; m, n, p; τ )

∞∑

r=–∞
qm2nr2

e2mnriz

= inq
n
4 ei(y1+y2+···+yn)

mn–1∑

k=0

∞∑

r1,...,rn=–∈fty

(–1)r1+···+rn qr2
1+···+r2

n+r1+···+rn

× e(2r1+···+2rn+n)ize2i(r1y1+···+rnyn)e
kπ i
mn (2r1+···+2rn+n). (2.13)

Equating the constants of both sides of (2.13) and noting the condition y1 + y2 + · · · + yn =
pπ

m , we get (2.2).
• When y1 + y2 + · · · + yn = (2p+1)π

2m in (2.8), we have

f (z + πτ ) = –q–1e–2izf (z). (2.14)

We construct the function f (z)
ϑ4(z|τ ) . By (1.8), (2.7), and (2.14), we find that the function f (z)

ϑ4(z|τ )
is an elliptic function with double periods π and πτ , and has only a simple pole at z = πτ

2 in
the period parallelogram. Hence the function f (z)

ϑ4(z|τ ) is a constant, say C(2)
1,1(y1, y2, . . . , yn; τ ),

we have

f (z) = C(2)
1,1(y1, y2, . . . , yn; τ )ϑ4(z|τ ),

or, equivalently,

mn–1∑

k=0

n∏

j=1

ϑ1

(
z

mn
+ yj +

kπ

mn

∣∣∣
τ

m2n

)
= C(1)

11 (y1, y2, . . . , yn; τ )ϑ4(z|τ ). (2.15)

Letting

z �−→ mnz and τ �−→ m2nτ

in (2.15), and then setting

R(2)
1,1(y1, y2, . . . , yn; m, n, p; τ ) = C(2)

11
(
y1, y2, . . . , yn; m2nτ

)
,

we arrive at (2.3).
A similar proof as that of (2.2). By using (1.1) and (1.4) in (2.3), and noting that n is even

and the condition y1 + y2 + · · · + yn = (2p+1)π
2m , we can obtain (2.4). This proof is complete. �

Theorem 2.2 Let n be even, m be any positive integer, and p be any integer. Also let
y1, y2, . . . , yn be any complex numbers. Then

• When y1 + y2 + · · · + yn = pπ

m , we have

mn–1∑

k=0

n∏

j=1

ϑ2

(
z + yj +

kπ

mn

∣∣∣τ
)

= R(1)
2,2(y1, y2, . . . , yn; m, n, p; τ )ϑ3

(
mnz|m2nτ

)
, (2.16)
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where

R(1)
2,2(y1, y2, . . . , yn; m, n, p; τ ) = mnq– n

4 e
pπ i
m

∞∑

r1,...,rn=–∞
r1+···+rn= n

2

qr2
1+···+r2

n e–2i(r1y1+···+rnyn). (2.17)

• When y1 + y2 + · · · + yn = (2p+1)π
2m , we have

mn–1∑

k=0

n∏

j=1

ϑ2

(
z + yj +

kπ

mn

∣∣∣τ
)

= R(2)
2,2(y1, y2, . . . , yn; m, n, p; τ )ϑ4

(
mnz|m2nτ

)
, (2.18)

where

R(2)
2,2(y1, y2, . . . , yn; m, n, p; τ )

= mnq– n
4 e

(2p+1)π i
2m

∞∑

r1,...,rn=–∞
r1+···+rn= n

2

qr2
1+···+r2

n e–2i(r1y1+···+rnyn). (2.19)

Proof For n is even, hence mn
2 is a positive integer.

Setting

z �−→ z +
π

2

in equation (2.1) of Theorem 2.1 and applying properties (1.9) and (1.19), we arrive at
formula (2.16) of Theorem 2.2.

Setting

z �−→ z +
π

2

in equation (2.3) of Theorem 2.1 and applying properties (1.9) and (1.20), we arrive at
formula (2.18) of Theorem 2.2.

Clearly, we consider that both R(1)
1,1(y1, y2, . . . , yn; m, n, p; τ ) and R(2)

1,1(y1, y2, . . . , yn; m, n, p; τ )
are independent of z, therefore we have

R(1)
2,2(y1, y2, . . . , yn; m, n, p; τ ) = R(1)

1,1(y1, y2, . . . , yn; m, n, p; τ )

and

R(2)
2,2(y1, y2, . . . , yn; m, n, p; τ ) = R(2)

1,1(y1, y2, . . . , yn; m, n, p; τ ).

The proof is complete. �

3 The imaginary transformation formulas for Ramanujan-type circular
summations

In the present section, we first derive the corresponding imaginary transformation formu-
las of Theorem 2.1 by applying the imaginary transformations for theta functions. Some
theta function identities are also shown.
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Theorem 3.1 Let n be even, m be any positive integer, and p be any integer. Also let
y1, y2, . . . , yn be any complex numbers. Then

• When y1 + y2 + · · · + yn = mnp, we have

mn–1∑

k=0

qk2+2kpe2(k+p)iz
n∏

j=1

ϑ1
(
mz + yjπτ + mkπτ |m2nτ

)

= F (1)
1,1(y1, y2, . . . , yn; m, n, p; τ )ϑ3(z|τ ), (3.1)

where

F (1)
1,1(y1, y2, . . . , yn; m, n, p; τ )

=
(
√

–i)1–3n
√

τ 1–n

(m
√

n)n q–
y2
1+···+y2n

m2n R(1)
1,1

(
y1π

m2n
,

y2π

m2n
, . . . ,

ynπ

m2n
; m, n, p; –

1
m2nτ

)
, (3.2)

F (1)
1,1(y1, y2, . . . , yn; m, n, p; τ )

= in
mn–1∑

k=0

q–(k+ mn
2 )2

×
∞∑

r1,...,rn=–∞
2m(r1+···+rn)=mn+2(k+p)

(–1)r1+···+rn qm2n(r2
1+···+r2

n)–2(r1y1+···+rnyn). (3.3)

• When y1 + y2 + · · · + yn = (2p+1)mn
2 , we have

mn–1∑

k=0

qk2+k(2p+1)e(2k+2p+1)iz
n∏

j=1

ϑ1
(
mz + yjπτ + mkπτ |m2nτ

)

= F (2)
1,1(y1, y2, . . . , yn; m, n, p; τ )ϑ2(z|τ ), (3.4)

where

F (2)
1,1(y1, y2, . . . , yn; m, n, p; τ )

=
(
√

–i)1–3n
√

τ 1–n

(m
√

n)n q–
y2
1+···+y2n

m2n R(2)
1,1

(
y1π

m2n
,

y2π

m2n
, . . . ,

ynπ

m2n
; m, n, p; –

1
m2nτ

)
, (3.5)

F (2)
1,1(y1, y2, . . . , yn; m, n, p; τ )

= in
mn–1∑

k=0

q–(k+ mn
2 – 1

2 )2

×
∞∑

r1,...,rn=–∞
2m(r1+···+rn)=mn+2(k+p)

(–1)r1+···+rn qm2n(r2
1+···+r2

n)–2(r1y1+···+rnyn). (3.6)
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Proof In (2.1) making the transformations τ �−→ – 1
m2nτ

, and then z �−→ z
mnτ

and yj �−→ yjπ

m2n
for j = 1, 2, . . . , n, then equation (2.1) becomes

mn–1∑

k=0

n∏

j=1

ϑ1

(
mz + yjπτ + mkπτ

m2nτ

∣∣∣–
1

m2nτ

)

= R(1)
1,1

(
y1π

m2n
, . . . ,

ynπ

m2n
; m, n, p; –

1
m2nτ

)
ϑ3

(
z
τ

∣∣∣–
1
τ

)
. (3.7)

Applying the imaginary transformations formulas (see, e.g., [3, 12, 25])

ϑ1

(
z
τ

∣∣∣–
1
τ

)
= –i

√
–iτe

iz2
πτ ϑ1(z|τ ) and ϑ3

(
z
τ

∣∣∣–
1
τ

)
=

√
–iτe

iz2
πτ ϑ3(z|τ )

to the above equation (3.7), via the suitable substitutions of the variables z and τ and noting
that y1 + y2 + · · · + yn = mnp and simplifying, we thus obtain (3.1) and (3.2). Applying the
series expressions of ϑ1(z|τ ) and ϑ3(z|τ ) in (3.1), via direct calculation, we obtain (3.3).

In the same manner, using the imaginary transformations formulas

ϑ1

(
z
τ

∣∣∣–
1
τ

)
= –i

√
–iτe

iz2
πτ ϑ1(z|τ ) and ϑ4

(
z
τ

∣∣∣–
1
τ

)
=

√
–iτe

iz2
πτ ϑ2(z|τ ),

to (2.3) and noting that y1 + y2 + · · · + yn = (2p+1)mn
2 , we can prove formulas (3.4), (3.5), and

(3.6), respectively. Therefore we complete the proof of Theorem 3.1. �

Similarly, by applying the imaginary transformations formulas

ϑ2

(
z
τ

∣∣∣–
1
τ

)
=

√
–iτe

iz2
πτ ϑ4(z|τ ) and ϑ3

(
z
τ

∣∣∣–
1
τ

)
=

√
–iτe

iz2
πτ ϑ3(z|τ ),

we can obtain the following imaginary transformation formulas of Theorem 2.2.

Theorem 3.2 Let n be even, m be any positive integer, and p be any integer. Also let
y1, y2, . . . , yn be any complex numbers. Then

• When y1 + y2 + · · · + yn = mnp, we have

mn–1∑

k=0

qk2+2kpe2(k+p)iz
n∏

j=1

ϑ4
(
mz + yjπτ + mkπτ |m2nτ

)

= F (1)
2,2(y1, y2, . . . , yn; m, n, p; τ )ϑ3(z|τ ), (3.8)

where

F (1)
2,2(y1, y2, . . . , yn; m, n, p; τ )

=
(–iτ ) 1–n

2

(m2n) n
2

q–
y2
1+···+y2n

m2n R(1)
2,2

(
y1π

m2n
,

y2π

m2n
, . . . ,

ynπ

m2n
; m, n, p; –

1
m2nτ

)
, (3.9)
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F (1)
2,2(y1, y2, . . . , yn; m, n, p; τ )

=
mn–1∑

k=0

∞∑

r1,...,rn=–∞
m(r1+···+rn)=k+p

(–1)r1+···+rn qm2n(r2
1+···+r2

n)–2(r1y1+···+rnyn)–k2 . (3.10)

• When y1 + y2 + · · · + yn = (2p+1)mn
2 , we have

mn–1∑

k=0

qk2+k(2p+1)e(2k+2p+1)iz
n∏

j=1

ϑ4
(
mz + yjπτ + mkπτ |m2nτ

)

= F (2)
2,2(y1, y2, . . . , yn; m, n, p; τ )ϑ2(z|τ ), (3.11)

where

F (2)
2,2(y1, y2, . . . , yn; m, n, p; τ )

=
(–iτ ) 1–n

2

(m2n) n
2

q–
y2
1+···+y2n

m2n R(2)
2,2

(
y1π

m2n
,

y2π

m2n
, . . . ,

ynπ

m2n
; m, n, p; –

1
m2nτ

)
, (3.12)

F (2)
2,2(y1, y2, . . . , yn; m, n, p; τ )

=
mn–1∑

k=0

∞∑

r1,...,rn=–∞
m(r1+···+rn)=k+p

(–1)r1+···+rn qm2n(r2
1+···+r2

n)–2(r1y1+···+rnyn)–(k– 1
2 )2

. (3.13)

Taking p = 0 in Theorem 3.1.

Corollary 3.3 Let n be even, m be any positive integer. Also let y1, y2, . . . , yn be any complex
numbers. Then

• When y1 + y2 + · · · + yn = 0, we have

mn–1∑

k=0

qk2
e2kiz

n∏

j=1

ϑ1
(
mz + yjπτ + mkπτ |m2nτ

)

= F (1)
1,1(y1, y2, . . . , yn; m, n; τ )ϑ3(z|τ ), (3.14)

where

F (1)
1,1(y1, y2, . . . , yn; m, n; τ )

=
(
√

–i)1–3n
√

τ 1–n

(m
√

n)n q–
y2
1+···+y2n

m2n R(1)
1,1

(
y1π

m2n
,

y2π

m2n
, . . . ,

ynπ

m2n
; m, n; –

1
m2nτ

)
, (3.15)

F (1)
1,1(y1, y2, . . . , yn; m, n; τ )

= in
mn–1∑

k=0

q–(k+ mn
2 )2

∞∑

r1,...,rn=–∞
2m(r1+···+rn)=mn+2k

(–1)r1+···+rn qm2n(r2
1+···+r2

n)–2(r1y1+···+rnyn). (3.16)
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• When y1 + y2 + · · · + yn = mn
2 , we have

mn–1∑

k=0

qk2+ke(2k+1)iz
n∏

j=1

ϑ1
(
mz + yjπτ + mkπτ |m2nτ

)

= F (2)
1,1(y1, y2, . . . , yn; m, n; τ )ϑ2(z|τ ), (3.17)

where

F (2)
1,1(y1, y2, . . . , yn; m, n; τ )

=
(
√

–i)1–3n
√

τ 1–n

(m
√

n)n q–
y2
1+···+y2n

m2n R(2)
1,1

(
y1π

m2n
,

y2π

m2n
, . . . ,

ynπ

m2n
; m, n; –

1
m2nτ

)
, (3.18)

F (2)
1,1(y1, y2, . . . , yn; m, n; τ )

= in
mn–1∑

k=0

q–(k+ mn
2 – 1

2 )2

×
∞∑

r1,...,rn=–∞
2m(r1+···+rn)=mn+2k

(–1)r1+···+rn qm2n(r2
1+···+r2

n)–2(r1y1+···+rnyn). (3.19)

Corollary 3.4 Let n be even and m be any positive integer. Then

mn–1∑

k=0

qk2
e2kizϑn

1
(
mz + mkπτ |m2nτ

)
= F (1)

1,1(m, n; τ )ϑ3(z|τ ), (3.20)

mn–1∑

k=0

qk2+ke(2k+1)iz
n∏

j=1

ϑ1

(
mz +

mπτ

2
+ mkπτ |m2nτ

)
= F (2)

1,1(m, n; τ )ϑ2(z|τ ), (3.21)

where

F (1)
1,1(m, n; τ ) =

(
√

–i)1–3n
√

τ 1–n

(m
√

n)n R(1)
1,1

(
m, n; –

1
m2nτ

)
, (3.22)

F (1)
1,1(m, n; τ ) = in

mn–1∑

k=0

q–(k+ mn
2 )2

∞∑

r1,...,rn=–∞
2m(r1+···+rn)=mn+2k

(–1)r1+···+rn qm2n(r2
1+···+r2

n), (3.23)

F (2)
1,1(m, n; τ ) =

(
√

–i)1–3n
√

τ 1–n

(m
√

n)n q– 1
4 R(2)

1,1

(
m, n; –

1
m2nτ

)
, (3.24)

F (2)
1,1(m, n; τ ) = in

mn–1∑

k=0

q–(k+ mn
2 + 1

2 )2
∞∑

r1,...,rn=–∞
2m(r1+···+rn)=mn+2k

(–1)r1+···+rn qm2n(r2
1+···+r2

n). (3.25)

Proof Putting y1 = y2 = · · · = yn in Corollary 3.3, we obtain Corollary 3.4. �

Corollary 3.5 For n is even, we have

n–1∑

k=0

qk2
e2kizϑn

1 (z + kπτ |nτ ) = F (1)
1,1(n; τ )ϑ3(z|τ ), (3.26)
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n–1∑

k=0

qk2+ke(2k+1)iz
n∏

j=1

ϑ1

(
z +

πτ

2
+ kπτ

∣∣∣nτ

)
= F (2)

1,1(n; τ )ϑ2(z|τ ), (3.27)

where

F (1)
1,1(n; τ ) =

(
√

–i)1–3n
√

τ 1–n

(
√

n)n R(1)
1,1

(
n; –

1
nτ

)
, (3.28)

F (1)
1,1(n; τ ) =

n–1∑

k=0

(–1)kq–(k+ n
2 )2

∞∑

r1,...,rn=–∞
2(r1+···+rn)=n+2k

qn(r2
1+···+r2

n), (3.29)

F (2)
1,1(n; τ ) =

(
√

–i)1–3n
√

τ 1–n

(
√

n)n q– 1
4 R(2)

1,1

(
n; –

1
nτ

)
, (3.30)

F (2)
1,1(n; τ ) =

n–1∑

k=0

(–1)kq–(k+ n
2 + 1

2 )2
∞∑

r1,...,rn=–∞
2(r1+···+rn)=n+2k

qn(r2
1+···+r2

n). (3.31)

Proof Taking m = 1 in Corollary 3.4, we obtain Corollary 3.5. �

Corollary 3.6 Setting m = 1, n = 2 in (3.1), y1 = y2 = p, we have

e2pizϑ2
1 (z + pπτ |2τ ) + q2p+1e2(p+1)izϑ2

1 (z + pπτ + πτ |2τ )

= (–1)p[ϑ2(2pπτ |4τ ) – q2p+1ϑ2
(
(2p + 1)πτ |4τ

)
ϑ3(z|τ )

]
. (3.32)

Corollary 3.7 Setting m = 1, n = 2 in (3.4), y1 = y2 = 2p+1
2 , we have

e(2p+1)izϑ2
1

(
z + pπτ +

πτ

2

∣∣∣2τ

)
+ q2p+2e(2p+3)izϑ2

1

(
z + pπτ +

3πτ

2

∣∣∣2τ

)

= (–1)pq– 1
4
[
q–pϑ2(2pπτ |4τ ) – qp+1ϑ2

(
(2p + 1)πτ |4τ

)
ϑ2(z|τ )

]
. (3.33)

Taking p = 0 in (3.32) and (3.33), respectively, we deduce the following theta function
identities:

ϑ2
1 (z|2τ ) + qe2izϑ2

1 (z + πτ |2τ ) = ϑ2(0|4τ ) – qϑ2(πτ |4τ )ϑ3(z|τ ), (3.34)

eizϑ2
1

(
z +

πτ

2

∣∣∣2τ

)
+ q2e3izϑ2

1

(
z +

3πτ

2

∣∣∣2τ

)

= q– 1
4
[
ϑ2(0|4τ ) – qϑ2(πτ |4τ )ϑ2(z|τ )

]
. (3.35)

Taking p = 1 in (3.32) and (3.33), respectively, we deduce the following theta function
identities:

ϑ2
4 (z|2τ ) – ϑ2

1 (z|2τ ) = qϑ2(2πτ |4τ ) – q4ϑ2(3πτ |4τ )ϑ3(z|τ ), (3.36)

ϑ2
4

(
z +

πτ

2

∣∣∣2τ

)
– ϑ2

1

(
z +

πτ

2

∣∣∣2τ

)

= q
3
4 e–iz[ϑ2(2πτ |4τ ) – q3ϑ2(3πτ |4τ )ϑ2(z|τ )

]
. (3.37)
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Taking p = –1 in (3.32) and (3.33), respectively, we deduce the following theta function
identities:

e–2izϑ2
1 (z – πτ |2τ ) + q–1ϑ2

1 (z|2τ ) = ϑ2(–2πτ |4τ ) + q–1ϑ2(–πτ |4τ )ϑ3(z|τ ), (3.38)

e–izϑ2
1

(
z –

πτ

2

∣∣∣2τ

)
+ eizϑ2

1

(
z +

πτ

2

∣∣∣2τ

)

= –q– 1
4
[
qϑ2(–2πτ |4τ ) – ϑ2(–πτ |4τ )ϑ2(z|τ )

]
. (3.39)

Remark 3.8 Corollary 3.5 is an analogue of Ramanujan’s circular summation formula The-
orem 1.8.

Remark 3.9 From Theorem 3.1 and Theorem 3.2 we may obtain more theta function iden-
tities.

4 Further results and remarks
In the present section, we give some special cases of Theorem 2.1 and derive some theta
function identities.

Setting p = 0 in Theorem 2.1, we have the following.

Corollary 4.1 Suppose that n is even, m is any positive integer; y1, y2, . . . , yn are any com-
plex numbers.

• When y1 + y2 + · · · + yn = 0, we have

mn–1∑

k=0

n∏

j=1

ϑ1

(
z + yj +

kπ

mn

∣∣∣τ
)

= R(1)
1,1(y1, y2, . . . , yn; m, n; τ )ϑ3

(
mnz|m2nτ

)
, (4.1)

where

R(1)
1,1(y1, y2, . . . , yn; m, n; τ ) = mnq– n

4

∞∑

r1,...,rn=–∞
r1+···+rn= n

2

qr2
1+···+r2

n e–2i(r1y1+···+rnyn). (4.2)

• When y1 + y2 + · · · + yn = π
2m , we have

mn–1∑

k=0

n∏

j=1

ϑ1

(
z + yj +

kπ

mn

∣∣∣τ
)

= R(2)
1,1(y1, y2, . . . , yn; m, n; τ )ϑ4

(
mnz|m2nτ

)
, (4.3)

where

R(2)
1,1(y1, y2, . . . , yn; m, n; τ ) = mnq– n

4 e
π i
2m

∞∑

r1,...,rn=–∞
r1+···+rn= n

2

qr2
1+···+r2

n e–2i(r1y1+···+rnyn). (4.4)

Corollary 4.2 Suppose that n is even, m is any positive integer, then

mn–1∑

k=0

ϑn
1

(
z +

kπ

mn

∣∣∣τ
)

= R(1)
1,1(m, n; τ )ϑ3

(
mnz|m2nτ

)
, (4.5)
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mn–1∑

k=0

ϑn
1

(
z +

π

2mn
+

kπ

mn

∣∣∣τ
)

= R(2)
1,1(m, n; τ )ϑ4

(
mnz|m2nτ

)
, (4.6)

where

R(1)
1,1(m, n; τ ) = R(2)

1,1(m, n; τ ) = mnq– n
4

∞∑

r1,...,rn=–∞
r1+···+rn= n

2

qr2
1+···+r2

n . (4.7)

Proof Taking y1 = y2 = · · · = yn in Corollary 4.1, we get Corollary 4.2. �

Corollary 4.3 For m is any positive integer, we have

2m–1∑

k=0

ϑ2
1

(
z +

kπ

2m

∣∣∣τ
)

= 2mϑ2(0|2τ )ϑ3
(
2mz|2m2τ

)
, (4.8)

2m–1∑

k=0

ϑ2
1

(
z +

π

4m
+

kπ

2m

∣∣∣τ
)

= 2mϑ2(0|2τ )ϑ4
(
2mz|2m2τ

)
. (4.9)

Proof Putting n = 2 in Theorem 4.2 and noting that R(1)
1,1(m, n; τ ) = R(2)

1,1(m, n; τ ) = 2mϑ2(0|
2τ ), we get Corollary 4.3. �

Remark 4.4 Corollary 4.3 is an analogue of Boon’s result [6, p. 3440, Eq. (10)].

Corollary 4.5 For m is any positive integer, we have

4m–1∑

k=0

ϑ4
1

(
z +

kπ

4m

∣∣∣τ
)

= R(m; τ )ϑ3
(
4mz|4m2τ

)
, (4.10)

4m–1∑

k=0

ϑ4
1

(
z +

π

8m
+

kπ

4m

∣∣∣τ
)

= R(m; τ )ϑ4
(
4mz|4m2τ

)
, (4.11)

where

R(m; τ ) = 4mq–1
∞∑

r1,...,r4=–∞
r1+···+r4=2

qr2
1+···+r2

4 . (4.12)

Corollary 4.6 For n is even, we have

n–1∑

k=0

ϑn
1

(
z +

kπ

n

∣∣∣τ
)

= R(τ )ϑ3(nz|nτ ), (4.13)

n–1∑

k=0

ϑn
1

(
z +

π

2n
+

kπ

n

∣∣∣τ
)

= R(τ )ϑ4(nz|nτ ), (4.14)

where

R(τ ) = nq– n
4

∞∑

r1,...,rn=–∞
r1+···+rn= n

2

qr2
1+···+r2

n . (4.15)
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Proof Taking m = 1 in Corollary 4.2, we get Corollary 4.6. �

Setting m = 1 in Theorem 2.1, we have the following.

Corollary 4.7 Suppose that n is even, p is any integer; y1, y2, . . . , yn are any complex num-
bers.

• When y1 + y2 + · · · + yn = pπ , we have

n–1∑

k=0

n∏

j=1

ϑ1

(
z + yj +

kπ

n

∣∣∣τ
)

= R(1)
1,1(y1, y2, . . . , yn; n, p; τ )ϑ3(nz|nτ ), (4.16)

where

R(1)
1,1(y1, y2, . . . , yn; n, p; τ ) = (–1)pnq– n

4

∞∑

r1,...,rn=–∞
r1+···+rn= n

2

qr2
1+···+r2

n e–2i(r1y1+···+rnyn). (4.17)

• When y1 + y2 + · · · + yn = (2p+1)π
2 , we have

n–1∑

k=0

n∏

j=1

ϑ1

(
z + yj +

kπ

n

∣∣∣τ
)

= R(2)
1,1(y1, y2, . . . , yn; n, p; τ )ϑ4(nz|nτ ), (4.18)

where

R(2)
1,1(y1, y2, . . . , yn; n, p; τ ) = (–1)pniq– n

4

∞∑

r1,...,rn=–∞
r1+···+rn= n

2

qr2
1+···+r2

n e–2i(r1y1+···+rnyn). (4.19)

Setting p = 0 in Corollary 4.7, we have the following.

Corollary 4.8 Suppose that n is even; y1, y2, . . . , yn are any complex numbers.
• When y1 + y2 + · · · + yn = 0, we have

n–1∑

k=0

n∏

j=1

ϑ1

(
z + yj +

kπ

n

∣∣∣τ
)

= R(1)
1,1(y1, y2, . . . , yn; n; τ )ϑ3(nz|nτ ), (4.20)

where

R(1)
1,1(y1, y2, . . . , yn; n; τ ) = nq– n

4

∞∑

r1,...,rn=–∞
r1+···+rn= n

2

qr2
1+···+r2

n e–2i(r1y1+···+rnyn). (4.21)

• When y1 + y2 + · · · + yn = π
2 , we have

n–1∑

k=0

n∏

j=1

ϑ1

(
z + yj +

kπ

n

∣∣∣τ
)

= R(2)
1,1(y1, y2, . . . , yn; n; τ )ϑ4(nz|nτ ), (4.22)
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where

R(2)
1,1(y1, y2, . . . , yn; n; τ ) = niq– n

4

∞∑

r1,...,rn=–∞
r1+···+rn= n

2

qr2
1+···+r2

n e–2i(r1y1+···+rnyn). (4.23)

Corollary 4.9 Suppose that n is even, m is any positive integer, a, b are any nonnegative
integers and a + b = n, p is any integer; x, y are any complex numbers.

• When ax + by = pπ

m , we have

mn–1∑

k=0

ϑa
1

(
z + x +

kπ

mn

∣∣∣τ
)

ϑb
1

(
z + y +

kπ

mn

∣∣∣τ
)

= R(1)
1,1(x, y; m, n, p; τ )ϑ3

(
mnz|m2nτ

)
, (4.24)

where

R(1)
1,1(x, y; m, n, p; τ )

= mnq– n
4 e

pπ i
m –nyi

∞∑

r1,...,ra ,s1,...,sb=–∞
r1+···+ra+s1+···+sb= n

2

qr2
1+···+r2

a+s2
1+···+s2

b e–2i(r1+···+ra)(x–y). (4.25)

• When ax + by = (2p+1)π
2m , we have

mn–1∑

k=0

ϑa
1

(
z + x +

kπ

mn

∣∣∣τ
)

ϑb
1

(
z + y +

kπ

mn

∣∣∣τ
)

= R(2)
1,1(x, y; m, n, p; τ )ϑ4

(
mnz|m2nτ

)
, (4.26)

where

R(2)
1,1(x, y; m, n, p; τ )

= mnq– n
4 e

(2p+1)π i
2m –nyi

∞∑

r1,...,ra ,s1,...,sb=–∞
r1+···+ra+s1+···+sb= n

2

qr2
1+···+r2

a+s2
1+···+s2

b e–2i(r1+···+ra)(x–y). (4.27)

Proof Setting y1 = y2 = · · · = ya = x and ya+1 = ya+2 = · · · = yn = y with a + b = n in Theo-
rem 2.1, we obtain Corollary 4.9 �

Corollary 4.10 Suppose that m is any positive integer.

2m–1∑

k=0

ϑ1

(
z + x +

kπ

2m

∣∣∣τ
)

ϑ1

(
z – x +

kπ

2m

∣∣∣τ
)

= 2mϑ2(2x|2τ )ϑ3
(
2mz|2m2τ

)
, (4.28)

2m–1∑

k=0

ϑ1

(
z + x +

kπ

2m

∣∣∣τ
)

ϑ1

(
z – x +

(k + 1)π
2m

∣∣∣τ
)

= 2mϑ2

(
2x –

π

2m

∣∣∣2τ

)
ϑ4

(
2mz|2m2τ

)
. (4.29)
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Proof Taking p = 0, a = b = 1 in Corollary 4.9, we have

R(1)
1,1(x; m; τ ) = 2mq– 1

2 e2xi
∞∑

r1,s1=–∞
r1+s1=1

qr2
1+s2

1 e–4ir1x = 2mϑ2(2x|2τ ),

R(2)
1,1(x, y; m; τ ) = 2mq– 1

2 e2ix– π i
2m

∞∑

r1,s1=–∞
r1+s1=1

qr2
1+s2

1 e–2ir1(2x– π
2m ) = 2mϑ2

(
2x –

π

2m

∣∣∣2τ

)

and noting that x + y = 0 and x + y = π
2m , we obtain Corollary 4.10. �

Taking m = 1 in Corollary 4.10, we have

ϑ1(z + x|τ )ϑ1(z – x|τ ) + ϑ2(z + x|τ )ϑ2(z – x|τ ) = 2ϑ2(2x|2τ )ϑ3(2z|2τ ), (4.30)

ϑ1(z + x|τ )ϑ2(z – x|τ ) – ϑ2(z + x|τ )ϑ1(z – x|τ ) = 2ϑ1(2x|2τ )ϑ4(2z|2τ ). (4.31)

Taking m = 2 in Corollary 4.10, we have

ϑ1(z + x|τ )ϑ1(z – x|τ ) + ϑ2(z + x|τ )ϑ2(z – x|τ )

+ ϑ1

(
z + x +

π

4

∣∣∣τ
)

ϑ1

(
z – x +

π

4

∣∣∣τ
)

+ ϑ1

(
z + x –

π

4

∣∣∣τ
)

ϑ1

(
z – x –

π

4

∣∣∣τ
)

= 4ϑ2(2x|2τ )ϑ3(4z|8τ ), (4.32)

ϑ1(z + x|τ )ϑ1

(
z – x +

π

4

∣∣∣τ
)

+ ϑ1

(
z + x +

π

4

∣∣∣τ
)

ϑ2(z – x|τ )

– ϑ2(z + x|τ )ϑ1

(
z – x –

π

4

∣∣∣τ
)

+ ϑ1

(
z + x –

π

4

∣∣∣τ
)

ϑ1(z – x|τ )

= 4ϑ2

(
2x –

π

4

∣∣∣2τ

)
ϑ4(4z|8τ ). (4.33)

Remark 4.11 We can obtain the corresponding results of ϑ2(z|τ ) from Theorem 2.2, we
here omit them.

Remark 4.12 No doubt more theta function identities may be formulated from Theo-
rem 2.2 and other theorems and corollaries.

5 Conclusion
Ramanujan’s circular summation is an interesting subject in his notebook. In this paper, we
obtain two Ramanujan-type circular summation formulas. We also give the corresponding
imaginary transformation formulas for Ramanujan-type circular summations and some
identities of the classical Jacobi theta functions ϑ1(z|τ ) and ϑ2(z|τ ).
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