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Abstract
We establish certain new fractional integral inequalities involving the Raina function
for monotonicity of functions that are used with some traditional and forthright
inequalities. Taking into consideration the generalized fractional integral with respect
to a monotone function, we derive the Grüss and certain other associated variants by
using well-known integral inequalities such as Young, Lah–Ribarič, and Jensen
integral inequalities. In the concluding section, we present several special cases of
fractional integral inequalities involving generalized Riemann–Liouville, k-fractional,
Hadamard fractional, Katugampola fractional, (k, s)-fractional, and
Riemann–Liouville-type fractional integral operators. Moreover, we also propose their
pertinence with other related known outcomes.
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1 Introduction and preliminaries
The fractional calculus has gained importance during recent years because of its applica-
tions in science and engineering. Fractional-order differential equations are widely used in
the model problems of nanoscale flow and heat transfer, diffusion, polymer physics, chem-
ical physics, biophysics, medical sciences, turbulence, electric networks, electrochemistry
of corrosion, and fluid flow through porous media [1–5]. Fractional integral inequalities
associating functions of two or more independent variables play a crucial role in the con-
tinuous growth of the theory, methods, and applications of differential and integral equa-
tions. In view of wider applications, integral inequalities have received considerable atten-
tion. Recently, several refinements of fractional integral inequalities have been proposed,
which are helpful in the study of distinct classes of differential and integral equations.
These variants act as ready tools to investigate the classes of differential and integral equa-
tions [6–9].
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It is well known that the Grüss-type inequalities in both continuous and discrete cases
play a significant role in investigating the qualitative conduct of differential and difference
equations, respectively, as well as several other fields of pure and applied analysis.

Getting this tendency, we present a novel version for the most aesthetic and useful
Grüss-type inequality [10] and some other associated inequalities with respect to another
function ϑ that could be progressively viable and, moreover, more appropriate than the
previous ones. The Grüss inequality can be stated as follows.

Theorem 1.1 ([10]) Let φ1,φ2,ψ1,ψ2 ∈ R with φ1 < φ2 and ψ1 < ψ2, and let Q1,Q2 :
[υ1,υ2] → R be two integrable functions such that φ1 < Q1(z) < φ2 and ψ1 < Q2(z) < ψ2

for all z ∈ [υ1,υ2]. Then we have the inequality

∣
∣
∣
∣

1
υ2 – υ1

∫ υ2

υ1

Q1(z)Q2(z) dz –
1

(υ2 – υ1)2

∫ υ2

υ1

Q1(z) dz
∫ υ2

υ1

Q2(z) dz
∣
∣
∣
∣

≤ 1
4

(φ2 – φ1)(ψ2 – ψ1) (1.1)

with the best possible constant 1/4.

Inequality (1.1) is a tremendous mechanism for investigating numerous scientific ar-
eas of research comprising engineering, fluid dynamics, biosciences, chaos, meteorology,
vibration analysis, biochemistry, aerodynamics, and many more. There was a constant de-
velopment of enthusiasm for such an area of research so as to address the issues of different
utilizations of these variants [11–15]. The conventional theory of inequality is unable to
clarify the true behavior of (1.1). A review of basic concepts of fractional integral inequali-
ties and an understanding about the Grüss was presented by Dahmani et al. [16]. Rashid et
al. [17, 18] formulated the governing inequality by using generalized k-fractional integral
and generalized proportional fractional integral. Based on a monotone function, Rashid
et al. [19] derived fractional integral inequalities by means of the generalized proportional
fractional integral operator in the sense of another function. Very recently, Butt et al. [20]
proposed novel fractional refinements of Čebyšev–Pólya–Szegö-type inequalities by using
the Raina function in the kernel.

Now we evoke some preliminaries ideas, which help the readers in clear understanding.

Definition 1.2 Let 1 < p < ∞ and r > 0. Then the mapping Q1(t) is said to be in Lp,r[υ1,υ2]
if

(∫ υ2

υ1

∣
∣Q1(t)

∣
∣
ptr dt

)1/p

< ∞.

Definition 1.3 ([21]) Let k > 0. Then the generalized gamma function �k is defined by

�k(z) = lim
n→∞

n!kn(nk)
z
k –1

(z)n,k
. (1.2)

The Mellin transform of the exponential function e– tk
k is the k-gamma function given by

�k(α) =
∫ ∞

0 e– tk
k tα–1 dt. Also, �k(z + k) = z�k(z), �(z) = limk→1 �k(z), and �k(z) = k

z
k –1�( z

k ).
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Definition 1.4 ([22]) The function Fσ ,k
ρ,λ is defined by

Fσ ,k
ρ,λ (z) = F (σ (0),σ (1),...),k

ρ,λ (z)

=
∞

∑

m′=0

σ (m′)
k�k(ρkm′ + λ)

zm′ (

ρ,λ > 0, z ∈C, |z| < R
)

, (1.3)

where R is a real positive constant, and σ = (σ (1), . . . ,σ (m′), . . .) is a bounded sequence of
positive real numbers.

Definition 1.5 ([23]) Let k > 0, λ > 0, ρ > 0, and ω ∈R, and let ϑ : [υ1,υ2] → (0,∞) be an
increasing function such that ϑ ′ is continuous on (υ1,υ2). Then the left and right gener-
alized k-fractional integrals of the function Q1 with respect to ϑ on [υ1,υ2] are defined
by

J σ ,k,ϑ
ρ,λ,υ+

1 ;ωQ1(z) =
∫ z

υ1

ϑ ′(t)

(ϑ(z) – ϑ(t))1– λ
k
Fσ ,k

ρ,λ
[

ω
(

ϑ(z) – ϑ(t)
)ρ]

Q1(t) dt (z > υ1) (1.4)

and

J σ ,k,ϑ
ρ,λ,υ+

2 ;ωQ1(z) =
∫ υ2

z

ϑ ′(t)

(ϑ(t) – ϑ(z))1– λ
k
Fσ ,k

ρ,λ
[

ω
(

ϑ(t) – ϑ(z)
)ρ]

Q1(t) dt (z < υ2), (1.5)

respectively.

Remark 1.6 (see [23]) Some noteworthy particular cases of (1.4) and (1.5) are given as
follows.

(a) If k = 1, then operator (1.4) reduces to the generalized fractional integral

J σ ,ϑ
ρ,λ,υ+

1 ;ωQ1(z) =
∫ z

υ1

ϑ ′(t)
(ϑ(z) – ϑ(t))1–λ

Fσ
ρ,λ

[

ω
(

ϑ(z) – ϑ(t)
)ρ]Q1(t) dt (z > υ1).

(b) Let ϑ(t) = t. Then operator (1.4) becomes the generalized k-fractional integral

J σ ,k
ρ,λ,υ+

1 ;ωQ1(z) =
∫ z

υ1

(z – t)1– λ
k Fσ ,k

ρ,λ
[

ω(z – t)ρ
]

Q1(t) dt (z > υ1).

(c) If ϑ(t) = ln t, then operator (1.4) reduces to the Hadamard k-fractional integral

J σ ,k
ρ,λ,υ+

1 ;ωQ1(z) =
∫ z

υ1

(

ln
z
t

)1– λ
k
Fσ ,k

ρ,λ

[

ω

(

ln
z
t

)ρ]Q1(t)
t

dt (z > υ1).

(d) Let ϑ(t) = ts+1

s+1 (s ∈ R \ {–1}). Then operator (1.4) becomes the generalized (k, s)-
fractional integral

sJ σ ,k
ρ,λ,υ+

1 ;ωQ1(z) =
∫ z

υ1

ts(xs+1 – ts+1)1– λ
k

(1 + s)
λ
k –1

Fσ ,k
ρ,λ

[

ω

(
zs+1 – ts+1

s + 1

)ρ]

Q1(t) dt (z > υ1).
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(e) Let ϑ(t) = t and k = 1. Then operator (1.4) reduces to

J σ
ρ,λ,υ+

1 ;ωQ1(z) =
∫ z

υ1

(z – t)1–λFσ
ρ,λ

[

ω(z – t)ρ
]

Q1(t) dt (z > υ1),

which was proposed by Raina et al. [22] and Agarwal [24].

Remark 1.7 Let ω = 0, λ = α, and σ (0) = 1 in Definition 1.5. Then we have the following
particular cases:

(1) Taking k = 1, we get the fractional integrals of [25];
(2) Taking ϑ(t) = t, we obtain the k-fractional integrals of [26];
(3) Taking ϑ(t) = ln t and k = 1, we get the Hadamard fractional integrals of [25];
(4) Taking ϑ(t) = ts+1

s+1 (s ∈R \ {–1}), we obtain the (k, s)-fractional integrals of [27];
(5) Taking ϑ(t) = ts+1

s+1 (s ∈R\{–1}) and k = 1, we get the Katugampola fractional integrals
of [28].

The principal purpose of this paper is deriving novel identities, integral inequalities in-
cluding a Grüss-type inequality, and numerous other associated inequalities via gener-
alized fractional integral inequalities with respect to other function ϑ by using Young’s,
weighted arithmetic and geometric mean inequalities, and so on. It is interesting that many
particular cases can be revealed by using Remarks 1.6 and 1.7. Therefore it is necessary to
propose the investigation of the generalized fractional integrals.

2 Fractional Grüss-type inequalities
To demonstrate the main consequences of this paper, we begin with certain integral in-
equalities and equalities for positive integrable functions with the generalized fractional
integral operator having the well-known Raina function in its kernel.

Throughout this investigation, we use the following suppositions:
(i) ϑ : [0,∞) → (0,∞) is an increasing function with continuous derivative ϑ ′ on the

interval (0,∞).
(ii) Aλ and Aδ are defined by

Aλ(z) =
(

ϑ(z)
) λ

k Fσ ,k
ρ,λ+1

(

ω
(

ϑ(z)
)ρ)

(2.1)

and

Aδ(z) =
(

ϑ(z)
) δ

k Fσ ,k
ρ,δ+1

(

ω
(

ϑ(z)
)ρ)

, (2.2)

respectively.

Theorem 2.1 Let ρ,λ, δ > 0, ω ∈ R, Q1 ∈ L1,r[υ1,υ2], and let φ1 and φ2 be two integrable
functions defined on [0,∞) such that

φ1(x) ≤Q1(x) ≤ φ2(x) (2.3)
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for all x ∈ [0,∞). The we have

J σ ,k,ϑ
ρ,λ,0+;ωφ2(x)J σ ,k,ϑ

ρ,δ,0+;ωQ1(x) + J σ ,k,ϑ
ρ,δ,0+;ωφ1(x)J σ ,k,ϑ

ρ,λ,0+;ωQ1(x)

≥ J σ ,k,ϑ
ρ,δ,0+;ωφ1(x)J σ ,k,ϑ

ρ,λ,0+;ωφ2(x) + J σ ,k,ϑ
ρ,δ,0+;ωQ1(x)J σ ,k,ϑ

ρ,λ,0+;ωQ1(x). (2.4)

Proof Let t,η ∈ [0,∞). Then from inequality (2.3) it follows that

(

φ2(t) – Q1(t)
)(

Q1(η) – φ1(η)
) ≥ 0, (2.5)

which implies that

φ2(t)Q1(η) + φ1(η)Q1(t) ≥ φ1(η)φ2(t) + Q1(η)Q1(t). (2.6)

Multiplying both sides of (2.6) by

ϑ ′(t)ϑ ′(η)

(ϑ(x) – ϑ(t))1– λ
k (ϑ(x) – ϑ(η))1– δ

k
Fσ ,k

ρ,λ
[

ω
(

ϑ(x) – ϑ(η)
)ρ]

Fσ ,k
ρ,δ

[

ω
(

ϑ(x) – ϑ(η)
)ρ]

and integrating the obtained inequality with respect to t and η over (0, x) give the desired
inequality (2.4). �

Lemma 2.2 If all the conditions of Theorem 2.1 are satisfied, then we have the equality

[

φ2Aλ(x) – J σ ,k,ϑ
ρ,λ,0+;ωQ1(x)

][

J σ ,k,ϑ
ρ,λ,0+;ωQ1(x) – φ1Aλ(x)

]

– J σ ,k,ϑ
ρ,λ,0+;ω

[(

φ2 – Q1(x)
)(

Q1(x) – φ1
)]

Aλ(x)

= J σ ,k,ϑ
ρ,λ,0+;ωQ2

1(x)Aλ(x) – J σ ,k,ϑ
ρ,λ,0+;ωQ1(x)J σ ,k,ϑ

ρ,λ,0+;ωQ1(x), (2.7)

where Aλ(x) is defined by (2.1).

Proof Let φ1,φ2 ∈ R, and let Q1 be a function defined on [0,∞). Then for any t > 0 and
η > 0, we have

(

φ2 – Q1(η)
)(

Q1(t) – φ1
)

+
(

φ2 – Q1(t)
)(

Q1(η) – φ1
)

–
(

φ2 – Q1(t)
)(

Q1(t) – φ1
)

–
(

φ2 – Q1(η)
)(

Q1(η) – φ1
)

= Q2
1(t) + Q2

1(η) – 2Q1(t)Q1(η). (2.8)

Multiplying both sides of (2.8) by

ϑ ′(t)

(ϑ(x) – ϑ(t))1– λ
k
Fσ ,k

ρ,λ
[

ω
(

ϑ(x) – ϑ(t)
)ρ]

and integrating the obtained result with respect to t over (0, x) lead to

(

φ2 – Q1(η)
)[

J σ ,k,ϑ
ρ,λ,0+;ωQ1(x) – φ1Aλ(x)

]

+
[

φ2Aλ(x) – J σ ,k,ϑ
ρ,λ,0+;ωQ1(x)

](

Q1(η) – φ1
)

– J σ ,k,ϑ
ρ,λ,0+;ω

[(

φ2 – Q1(x)
)(

Q1(x) – φ1
)]

–
(

φ2 – Q1(η)
)(

Q1(η) – φ1
)

Aλ(x)

= J σ ,k,ϑ
ρ,λ,0+;ωQ2

1(x) + Q2
1(η)Aλ(x) – 2Q1(η)J σ ,k,ϑ

ρ,λ,0+;ωQ1(x). (2.9)
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Again, multiplying both sides of (2.9) by

ϑ ′(η)

(ϑ(x) – ϑ(η))1– λ
k
Fσ ,k

ρ,λ
[

ω
(

ϑ(x) – ϑ(η)
)ρ]

and integrating the obtained result with respect to η over (0, x) give

[

φ2Aλ(x) – J σ ,k,ϑ
ρ,λ,0+;ωQ1(x)

][

J σ ,k,ϑ
ρ,λ,0+;ωQ1(x) – φ1Aλ(x)

]

+
[

φ2Aλ(x) – J σ ,k,ϑ
ρ,λ,0+;ωQ1(x)

][

J σ ,k,ϑ
ρ,λ,0+;ωQ1(x) – φ1Aλ(x)

]

– J σ ,k,ϑ
ρ,λ,0+;ω

[(

φ2 – Q1(x)
)(

Q1(x) – φ1
)]

Aλ(x)

– J σ ,k,ϑ
ρ,λ,0+;ω

[(

φ2 – Q1(η)
)(

Q1(η) – φ1
)]

Aλ(x)

= J σ ,k,ϑ
ρ,λ,0+;ωQ2

1(x)Aλ(x) + J σ ,k,ϑ
ρ,λ,0+;ωQ2

1(x)Aλ(x)

– 2J σ ,k,ϑ
ρ,λ,0+;ωQ1(x)J σ ,k,ϑ

ρ,λ,0+;ωQ1(x), (2.10)

which completes the proof of Lemma 2.2. �

Lemma 2.3 Under the assumptions of Theorem 2.1, we have

[

φ2Aλ2(x) – J σ ,k,ϑ
ρ,δ,0+;ωQ1(x)

][

J σ ,k,ϑ
ρ,λ,0+;ωQ1(x) – φ1Aλ(x)

]

+
[

φ2Aλ(x) – J σ ,k,ϑ
ρ,λ,0+;ωQ1(x)

][

J σ ,k,ϑ
ρ,δ,0+;ωQ1(x) – φ1Aλ2(x)

]

– J σ ,k,ϑ
ρ,λ,0+;ω

[(

φ2 – Q1(x)
)(

Q1(x) – φ1
)]

Aλ(x)

– J σ ,k,ϑ
ρ,δ,0+;ω

[(

φ2 – Q1(η)
)(

Q1(η) – φ1
)]

Aδ(x)

= J σ ,k,ϑ
ρ,λ,0+;ωQ2

1(x)Aδ(x) + J σ ,k,ϑ
ρ,δ,0+;ωQ2

1(x)Aλ(x)

– 2J σ ,k,ϑ
ρ,δ,0+;ωQ1(x)J σ ,k,ϑ

ρ,λ,0+;ωQ1(x), (2.11)

where Aλ(x) and Aδ(x) are defined by (2.1) and (2.2), respectively.

Proof Multiplying both sides of (2.9) by

ϑ ′(η)

(ϑ(x) – ϑ(η))1– δ
k
Fσ ,k

ρ,δ
[

ω
(

ϑ(x) – ϑ(η)
)ρ]

and integrating the obtained results with respect to t over (0, x) lead to

[

φ2Aλ2(x) – J σ ,k,ϑ
ρ,δ,0+;ωQ1(x)

][

J σ ,k,ϑ
ρ,λ,0+;ωQ1(x) – φ1Aλ(x)

]

+
[

φ2Aλ(x) – J σ ,k,ϑ
ρ,λ,0+;ωQ1(x)

][

J σ ,k,ϑ
ρ,δ,0+;ωQ1(x) – φ1Aλ2(x)

]

– J σ ,k,ϑ
ρ,λ,0+;ω

[(

φ2 – Q1(x)
)(

Q1(x) – φ1
)]

Aλ(x)

– J σ ,k,ϑ
ρ,δ,0+;ω

[(

φ2 – Q1(η)
)(

Q1(η) – φ1
)]

Aδ(x)

= J σ ,k,ϑ
ρ,λ,0+;ωQ2

1(x)Aδ(x) + J σ ,k,ϑ
ρ,δ,0+;ωQ2

1(x)Aλ(x)

– 2J σ ,k,ϑ
ρ,δ,0+;ωQ1(x)J σ ,k,ϑ

ρ,λ,0+;ωQ1(x), (2.12)

which completes the proof of Lemma 2.3. �
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Theorem 2.4 Under the assumptions of Theorem 2.1, we have

J σ ,k,ϑ
ρ,λ,0+;ωφ2(x)J σ ,k,ϑ

ρ,δ,0+;ωQ1(x) + J σ ,k,ϑ
ρ,δ,0+;ωφ1(x)J σ ,k,ϑ

ρ,λ,0+;ωQ1(x)

≥ J σ ,k,ϑ
ρ,δ,0+;ωφ1(x)J σ ,k,ϑ

ρ,λ,0+;ωφ2(x) + J σ ,k,ϑ
ρ,δ,0+;ωQ1(x)J σ ,k,ϑ

ρ,λ,0+;ωQ1(x). (2.13)

Proof Let t,η ∈ [0,∞). Then from inequality (2.6) it follows that

φ2(t)Q1(η) + φ1(η)Q1(t) ≥ φ1(η)φ2(t) + Q1(η)Q1(t). (2.14)

Multiplying both sides of (2.14) by

ϑ ′(t)ϑ ′(η)

(ϑ(x) – ϑ(t))1– λ
k (ϑ(x) – ϑ(η))1– δ

k
Fσ ,k

ρ,λ
[

ω
(

ϑ(x) – ϑ(η)
)ρ]

Fσ ,k
ρ,δ

[

ω
(

ϑ(x) – ϑ(η)
)ρ]

and integrating the obtained result with respect to t and η over (0, x) give the desired
inequality (2.13). �

Corollary 2.5 Let ρ,λ > 0 and ω ∈ R, and let Q1 ∈ L1,r[υ1,υ2] be such that

m ≤Q1(x) ≤M (2.15)

for all x ∈ [0,∞). Then we have the inequality

MAλ(x)J σ ,k,ϑ
ρ,δ,0+;ωQ1(x) + mAδ(x)J σ ,k,ϑ

ρ,λ,0+;ωQ1(x)

≥MmAλ(x)Aδ(x) + J σ ,k,ϑ
ρ,λ,0+;ωQ1(x)J σ ,k,ϑ

ρ,δ,0+;ωQ1(x), (2.16)

where Aλ and Aδ are given by (2.1) and (2.2), respectively.

Proof Let t,η ∈ [0,∞). Then from inequality (2.15) we clearly see that

(

M – Q1(t)
)(

Q1(η) – m
) ≥ 0,

which implies that

MQ1(η) + mQ1(t) ≥Mm + Q1(η)Q1(t). (2.17)

Multiplying both sides of (2.17) by

ϑ ′(t)ϑ ′(η)

(ϑ(x) – ϑ(t))1– λ
k (ϑ(x) – ϑ(η))1– δ

k
Fσ ,k

ρ,λ
[

ω
(

ϑ(x) – ϑ(η)
)ρ]

Fσ ,k
ρ,δ

[

ω
(

ϑ(x) – ϑ(η)
)ρ]

and integrating the obtained result with respect to t and η over (0, x) lead to the desired
inequality (2.16). �

Theorem 2.6 Let ρ,λ, δ > 0, ω ∈R, Q1,Q2 ∈ L1,r[υ1,υ2], and let φ1, φ2, ψ1, and ψ2 be four
integrable functions defined on [0,∞) such that

φ1(x) ≤Q1(x) ≤ φ1(x), ψ1(x) ≤Q2(x) ≤ ψ1(x) (2.18)
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for all x ∈ [0,∞). Then we have

∣
∣J σ ,k,ϑ

ρ,λ,0+;ωQ1Q2(x)Aδ(x) + J σ ,k,ϑ
ρ,δ,0+;ωQ1Q2(x)Aλ(x)

– J σ ,k,ϑ
ρ,λ,0+;ωQ1(x)J σ ,k,ϑ

ρ,δ,0+;ωQ2(x) – J σ ,k,ϑ
ρ,δ,0+;ωQ1(x)J σ ,k,ϑ

ρ,λ,0+;ωQ2(x)
∣
∣

≤
(Aλ(x)Aδ(x)

2

)2

(φ2 – φ1)(ψ1 – ψ2), (2.19)

where Aλ and Aδ are given in (2.1) and (2.2), respectively.

Proof Let Q1 and Q2 be two functions defined on [0,∞) satisfying assumption (2.18), and
let H(t,η) be defined by

H(t,η) =
(

Q1(t) – Q1(η)
)(

Q2(t) – Q2(η)
)

(t,η > 0, x > 0). (2.20)

Multiplying both sides of (2.20) by

ϑ ′(t)ϑ ′(η)

(ϑ(x) – ϑ(t))1– λ
k (ϑ(x) – ϑ(η))1– δ

k
Fσ ,k

ρ,λ
[

ω
(

ϑ(x) – ϑ(η)
)ρ]

Fσ ,k
ρ,δ

[

ω
(

ϑ(x) – ϑ(η)
)ρ]

and integrating the obtained result with respect to t and η over (0, x) give

∫ x

0

∫ x

0

ϑ ′(t)ϑ ′(η)

(ϑ(x) – ϑ(t))1– λ
k (ϑ(x) – ϑ(η))1– δ

k

×Fσ ,k
ρ,λ

[

ω
(

ϑ(x) – ϑ(η)
)ρ]Fσ ,k

ρ,δ
[

ω
(

ϑ(x) – ϑ(η)
)ρ]

H(t,η) dt dη

= J σ ,k,ϑ
ρ,λ,0+;ωQ1Q2(x)Aδ(x) + J σ ,k,ϑ

ρ,δ,0+;ωQ1Q2(x)Aλ(x)

– J σ ,k,ϑ
ρ,λ,0+;ωQ1(x)J σ ,k,ϑ

ρ,δ,0+;ωQ2(x) – J σ ,k,ϑ
ρ,δ,0+;ωQ1(x)J σ ,k,ϑ

ρ,λ,0+;ωQ2(x). (2.21)

Applying the Cauchy–Schwarz inequality, we get

(∫ x

0

∫ x

0

ϑ ′(t)ϑ ′(η)

(ϑ(x) – ϑ(t))1– λ
k (ϑ(x) – ϑ(η))1– δ

k

×Fσ ,k
ρ,λ

[

ω
(

ϑ(x) – ϑ(η)
)ρ]Fσ ,k

ρ,δ
[

ω
(

ϑ(x) – ϑ(η)
)ρ]

H(t,η) dt dη

)2

≤
∫ x

0

∫ x

0

ϑ ′(t)ϑ ′(η)

(ϑ(x) – ϑ(t))1– λ
k (ϑ(x) – ϑ(η))1– δ

k

×Fσ ,k
ρ,λ

[

ω
(

ϑ(x) – ϑ(η)
)ρ]Fσ ,k

ρ,δ
[

ω
(

ϑ(x) – ϑ(η)
)ρ][

Q1(t) – Q1(η)
]2 dt dη

+
∫ x

0

∫ x

0

ϑ ′(t)ϑ ′(η)

(ϑ(x) – ϑ(t))1– λ
k (ϑ(x) – ϑ(η))1– δ

k

×Fσ ,k
ρ,λ

[

ω
(

ϑ(x) – ϑ(η)
)ρ]Fσ ,k

ρ,δ
[

ω
(

ϑ(x) – ϑ(η)
)ρ][

Q2(t) – Q2(η)
]2 dt dη.

From

[

Q1(t) – Q1(η)
]2 = Q2

1(t) + Q2
1(η) – 2Q1(t)Q1(η) (2.22)
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it follows that

∫ x

0

∫ x

0

ϑ ′(t)ϑ ′(η)

(ϑ(x) – ϑ(t))1– λ
k (ϑ(x) – ϑ(η))1– δ

k

×Fσ ,k
ρ,λ

[

ω
(

ϑ(x) – ϑ(η)
)ρ]Fσ ,k

ρ,δ
[

ω
(

ϑ(x) – ϑ(η)
)ρ][

Q1(t) – Q1(η)
]2 dt dη (2.23)

= J σ ,k,ϑ
ρ,λ,0+;ωQ2

1(x)Aδ(x) + J σ ,k,ϑ
ρ,δ,0+;ωQ2

1(x)Aλ(x) – 2J σ ,k,ϑ
ρ,λ,0+;ωQ1(x)J σ ,k,ϑ

ρ,δ,0+;ωQ1(x).

Analogously,

∫ x

0

∫ x

0

ϑ ′(t)ϑ ′(η)

(ϑ(x) – ϑ(t))1– λ
k (ϑ(x) – ϑ(η))1– δ

k

×Fσ ,k
ρ,λ

[

ω
(

ϑ(x) – ϑ(η)
)ρ]Fσ ,k

ρ,δ
[

ω
(

ϑ(x) – ϑ(η)
)ρ][

Q2(t) – Q2(η)
]2 dt dη

= J σ ,k,ϑ
ρ,λ,0+;ωQ2

2(x)Aδ(x) + J σ ,k,ϑ
ρ,δ,0+;ωQ2

2(x)Aλ(x) – 2J σ ,k,ϑ
ρ,λ,0+;ωQ2(x)J σ ,k,ϑ

ρ,δ,0+;ωQ2(x). (2.24)

Using (2.23) and (2.24) in (2.22), we obtain

(∫ x

0

∫ x

0

ϑ ′(t)ϑ ′(η)

(ϑ(x) – ϑ(t))1– λ
k (ϑ(x) – ϑ(η))1– δ

k

×Fσ ,k
ρ,λ

[

ω
(

ϑ(x) – ϑ(η)
)ρ]Fσ ,k

ρ,δ
[

ω
(

ϑ(x) – ϑ(η)
)ρ][

Q2(t) – Q2(η)
]2 dt dη

)2

≤ (

J σ ,k,ϑ
ρ,λ,0+;ωQ2

1(x)Aδ(x) + J σ ,k,ϑ
ρ,δ,0+;ωQ2

1(x)Aλ(x) – 2J σ ,k,ϑ
ρ,λ,0+;ωQ1(x)J σ ,k,ϑ

ρ,δ,0+;ωQ1(x)
)

× (

J σ ,k,ϑ
ρ,λ,0+;ωQ2

2(x)Aδ(x) + J σ ,k,ϑ
ρ,δ,0+;ωQ2

2(x)Aλ(x)

– 2J σ ,k,ϑ
ρ,λ,0+;ωQ2(x)J σ ,k,ϑ

ρ,δ,0+;ωQ2(x)
)

. (2.25)

From inequalities (2.21) and (2.25) we obtain

(

J σ ,k,ϑ
ρ,λ,0+;ωQ1Q2(x)Aδ(x) + J σ ,k,ϑ

ρ,δ,0+;ωQ1Q2(x)Aλ(x)

– J σ ,k,ϑ
ρ,λ,0+;ωQ1(x)J σ ,k,ϑ

ρ,δ,0+;ωQ2(x) – J σ ,k,ϑ
ρ,δ,0+;ωQ1(x)J σ ,k,ϑ

ρ,λ,0+;ωQ2(x)
)2

≤ (

J σ ,k,ϑ
ρ,λ,0+;ωQ2

1(x)Aδ(x) + J σ ,k,ϑ
ρ,δ,0+;ωQ2

1(x)Aλ(x) – 2J σ ,k,ϑ
ρ,λ,0+;ωQ1(x)J σ ,k,ϑ

ρ,δ,0+;ωQ1(x)
)

× (

J σ ,k,ϑ
ρ,λ,0+;ωQ2

2(x)Aδ(x) + J σ ,k,ϑ
ρ,δ,0+;ωQ2

2(x)Aλ(x)

– 2J σ ,k,ϑ
ρ,λ,0+;ωQ2(x)J σ ,k,ϑ

ρ,δ,0+;ωQ2(x)
)

. (2.26)

From (φ2 – Q1(x))(Q1(x) – φ1) ≥ 0 and (ψ2 – Q2(x))(Q2(x) – ψ1) ≥ 0 it follows that

Aδ(x)J σ ,k,ϑ
ρ,λ,0+;ω

(

φ2 – Q1(x)
)(

Q1(x) – φ1
) ≥ 0

and

Aλ(x)J σ ,k,ϑ
ρ,δ,0+;ω

(

ψ2 – Q2(x)
)(

Q2(x) – ψ1
) ≥ 0.
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Therefore

(

J σ ,k,ϑ
ρ,λ,0+;ωQ2

1(x)Aδ(x) + J σ ,k,ϑ
ρ,δ,0+;ωQ2

1(x)Aλ(x) – 2J σ ,k,ϑ
ρ,λ,0+;ωQ1(x)J σ ,k,ϑ

ρ,δ,0+;ωQ1(x)
)

≤ (

φ2Aδ(x) – J σ ,k,ϑ
ρ,λ,0+;ωQ1(x)

)(

J σ ,k,ϑ
ρ,λ,0+;ωQ1(x) – φ1Aδ(x)

)

(2.27)

and

(

J σ ,k,ϑ
ρ,λ,0+;ωQ2

2(x)Aδ(x) + J σ ,k,ϑ
ρ,δ,0+;ωQ2

2(x)Aλ(x) – 2J σ ,k,ϑ
ρ,λ,0+;ωQ2(x)J σ ,k,ϑ

ρ,δ,0+;ωQ2(x)
)

≤ (

ψ2Aλ(x) – J σ ,k,ϑ
ρ,δ,0+;ωQ2(x)

)(

J σ ,k,ϑ
ρ,δ,0+;ωQ2(x) – ψ1Aλ(x)

)

. (2.28)

Combining (2.26), (2.27), and (2.28) and using of Lemma 2.2, we conclude that

(

J σ ,k,ϑ
ρ,λ,0+;ωQ1Q2(x)Aδ(x) + J σ ,k,ϑ

ρ,δ,0+;ωQ1Q2(x)Aλ(x)

– J σ ,k,ϑ
ρ,λ,0+;ωQ1(x)J σ ,k,ϑ

ρ,δ,0+;ωQ2(x) – J σ ,k,ϑ
ρ,δ,0+;ωQ1(x)J σ ,k,ϑ

ρ,λ,0+;ωQ2(x)
)2

≤ (

φ2Aδ(x) – J σ ,k,ϑ
ρ,λ,0+;ωQ1(x)

)(

J σ ,k,ϑ
ρ,λ,0+;ωQ1(x) – φ1Aδ(x)

)

× (

ψ2Aλ(x) – J σ ,k,ϑ
ρ,δ,0+;ωQ2(x)

)(

J σ ,k,ϑ
ρ,δ,0+;ωQ2(x) – ψ1Aλ(x)

)

. (2.29)

By the inequality 4μν ≤ (μ + ν)2 we get

4
(

φ2Aδ(x) – J σ ,k,ϑ
ρ,λ,0+;ωQ1(x)

)(

J σ ,k,ϑ
ρ,λ,0+;ωQ1(x) – φ1Aδ(x)

)

≤ (

Aδ(x)(φ2 – φ1)
)2,

4
(

ψ2Aλ(x) – J σ ,k,ϑ
ρ,δ,0+;ωQ2(x)

)(

J σ ,k,ϑ
ρ,δ,0+;ωQ2(x) – ψ1Aλ(x)

)

≤ (

Aλ(x)(ψ2 – ψ1)
)2. (2.30)

Therefore the desired inequality (2.19) can be obtained from (2.29) and (2.30). �

Theorem 2.7 If all the conditions of Theorem 2.6 are satisfied, then we have the following
inequalities:

(i) J σ ,k,ϑ
ρ,λ,0+;ωφ2(x)J σ ,k,ϑ

ρ,δ,0+;ωQ2(x) + J σ ,k,ϑ
ρ,δ,0+;ωψ1(x)J σ ,k,ϑ

ρ,λ,0+;ωQ1(x)

≥ J σ ,k,ϑ
ρ,δ,0+;ωψ1(x)J σ ,k,ϑ

ρ,λ,0+;ωφ2(x) + J σ ,k,ϑ
ρ,δ,0+;ωQ2(x)J σ ,k,ϑ

ρ,λ,0+;ωQ1(x),

(ii) J σ ,k,ϑ
ρ,λ,0+;ωψ1(x)J σ ,k,ϑ

ρ,δ,0+;ωQ1(x) + J σ ,k,ϑ
ρ,λ,0+;ωQ2(x)J σ ,k,ϑ

ρ,δ,0+;ωφ1(x)

≥ J σ ,k,ϑ
ρ,λ,0+;ωQ2(x)J σ ,k,ϑ

ρ,δ,0+;ωQ1(x) + J σ ,k,ϑ
ρ,λ,0+;ωψ1(x)J σ ,k,ϑ

ρ,δ,0+;ωφ1(x),

(iii) J σ ,k,ϑ
ρ,λ,0+;ωφ2(x)J σ ,k,ϑ

ρ,δ,0+;ωQ2(x) + J σ ,k,ϑ
ρ,δ,0+;ωQ1(x)J σ ,k,ϑ

ρ,δ,0+;ωψ1(x)

≥ J σ ,k,ϑ
ρ,λ,0+;ωQ1(x)J σ ,k,ϑ

ρ,δ,0+;ωQ2(x) + J σ ,k,ϑ
ρ,δ,0+;ωψ1(x)J σ ,k,ϑ

ρ,λ,0+;ωφ2(x),

(iv) J σ ,k,ϑ
ρ,λ,0+;ωφ1(x)J σ ,k,ϑ

ρ,δ,0+;ωQ2(x) + J σ ,k,ϑ
ρ,λ,0+;ωQ1(x)J σ ,k,ϑ

ρ,λ,0+;ωψ1(x)

≥ J σ ,k,ϑ
ρ,λ,0+;ωQ1(x)J σ ,k,ϑ

ρ,δ,0+;ωQ2(x) + J σ ,k,ϑ
ρ,λ,0+;ωφ1(x)J σ ,k,ϑ

ρ,δ,0+;ωψ1(x).
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Proof We first prove part (i). For x ∈ [0,∞), from (2.18) it follows that

(

φ2(t) – Q1(t)
)(

Q2(η) – ψ1(η)
) ≥ 0,

φ2(t)Q2(η) + ψ1(η)Q1(t) ≥ ψ1(η)φ2(t) + Q2(η)Q1(t). (2.31)

Multiplying both sides of (2.31) by

ϑ ′(t)ϑ ′(η)

(ϑ(x) – ϑ(t))1– λ
k (ϑ(x) – ϑ(η))1– δ

k
Fσ ,k

ρ,λ
[

ω
(

ϑ(x) – ϑ(η)
)ρ]

Fσ ,k
ρ,δ

[

ω
(

ϑ(x) – ϑ(η)
)ρ]

and integrating the obtained result with respect to t and η over (0, x) lead to the desired
inequality in part (i).

To prove parts (ii)–(iv), we only need to use the inequalities

(

ψ1(t) – Q2(t)
)(

Q1(η) – φ1(η)
) ≥ 0,

(

φ2(t) – Q1(t)
)(

Q2(η) – ψ1(η)
) ≤ 0,

and

(

φ1(t) – Q1(t)
)(

Q2(η) – ψ1(η)
) ≤ 0. �

By adopting a similar procedure as we did in the theorem we can easily derive the fol-
lowing lemma.

Lemma 2.8 Letm,M,n,N ∈ [0,∞), ρ,λ, δ > 0, ω ∈R, and letQ1,Q2 ∈ L1,r[υ1,υ2] be such
that

m ≤Q1(x) ≤M, n ≤Q2(x) ≤N

for all x ∈ [0,∞). Then

(i) MAλ(x)J σ ,k,ϑ
ρ,δ,0+;ωQ2(x) + nAδ(x)J σ ,k,ϑ

ρ,λ,0+;ωQ1(x)

≥ nMAλ(x)Aδ(x) + J σ ,k,ϑ
ρ,δ,0+;ωQ2(x)J σ ,k,ϑ

ρ,λ,0+;ωQ1(x),

(ii) MAλ(x)J σ ,k,ϑ
ρ,δ,0+;ωQ2(x) + nAδ(x)J σ ,k,ϑ

ρ,λ,0+;ωQ1(x)

≥ J σ ,k,ϑ
ρ,λ,0+;ωQ1(x)J σ ,k,ϑ

ρ,δ,0+;ωQ2(x) + nMAλ(x)Aδ(x),

(iii) J σ ,k,ϑ
ρ,λ,0+;ωQ1(x)J σ ,k,ϑ

ρ,δ,0+;ωQ2(x) + nMAλ(x)Aδ(x)

≥MAλ(x)J σ ,k,ϑ
ρ,δ,0+;ωQ2(x) + nAδJ σ ,k,ϑ

ρ,λ,0+;ωQ1(x),

(iv) mnAλ(x)Aδ(x) + J σ ,k,ϑ
ρ,λ,0+;ωQ1(x)J σ ,k,ϑ

ρ,δ,0+;ωQ2(x)

≥ mJ σ ,k,ϑ
ρ,δ,0+;ωQ2(x) + nJ σ ,k,ϑ

ρ,λ,0+;ωQ1(x), (2.32)

where Aλ and Aδ are given in (2.1) and (2.2), respectively.
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3 Certain other associated fractional integral inequalities
Theorem 3.1 Let α,β > 1 with α–1 + β–1 = 1, and let Q1,Q2 ∈ L1,r[υ1,υ2]. Then we have
the inequalities

(a) α–1Aδ(x)J σ ,k,ϑ
ρ,λ,0+;ωQα

1 (x) + β–1Aλ(x)J σ ,k,ϑ
ρ,δ,0+;ωQ

β
2 (x)

≥J σ ,k,ϑ
ρ,λ,0+;ωQ1(x)J σ ,k,ϑ

ρ,δ,0+;ωQ2(x),

(b) α–1J σ ,k,ϑ
ρ,λ,0+;ωQα

1 (x)J σ ,k,ϑ
ρ,δ,0+;ωQα

2 (x) + β–1J σ ,k,ϑ
ρ,λ,0+;ωQ

β
2 (x)J σ ,k,ϑ

ρ,δ,0+;ωQ
β
1 (x)

≥J σ ,k,ϑ
ρ,λ,0+;ωQ1Q2(x)J σ ,k,ϑ

ρ,δ,0+;ωQ1Q2(x),

(c) α–1J σ ,k,ϑ
ρ,λ,0+;ωQα

1 (x)J σ ,k,ϑ
ρ,δ,0+;ωQ

β
2 (x) + β–1J σ ,k,ϑ

ρ,δ,0+;ωQ
β
1 (x)J σ ,k,ϑ

ρ,λ,0+;ωQα
2 (x)

≥J σ ,k,ϑ
ρ,λ,0+;ωQ1Qα–1

2 (x)J σ ,k,ϑ
ρ,δ,0+;ωQ1Qβ–1

2 (x),

(d) α–1J σ ,k,ϑ
ρ,δ,0+;ωQα

1 (x)J σ ,k,ϑ
ρ,λ,0+;ωQ

β
2 (x) + β–1J σ ,k,ϑ

ρ,δ,0+;ωQ
β
2 (x)J σ ,k,ϑ

ρ,λ,0+;ωQα
1 (x)

≥J σ ,k,ϑ
ρ,λ,0+;ωQα–1

1 Qβ–1
2 (x)J σ ,k,ϑ

ρ,δ,0+;ωQ1Q2(x),

(e) α–1J σ ,k,ϑ
ρ,λ,0+;ωQα

1 (x)J σ ,k,ϑ
ρ,δ,0+;ωQ2

2(x) + β–1J σ ,k,ϑ
ρ,λ,0+;ωQ

β
2 (x)J σ ,k,ϑ

ρ,δ,0+;ωQ1(x)

≥J σ ,k,ϑ
ρ,λ,0+;ωQ1Q2(x)J σ ,k,ϑ

ρ,δ,0+;ωQ
2/β
1 Q2/α

2 (x),

(f ) α–1J σ ,k,ϑ
ρ,λ,0+;ωQ2

1(x)J σ ,k,ϑ
ρ,δ,0+;ωQ

β
2 (x) + β–1J σ ,k,ϑ

ρ,δ,0+;ωQα
1 (x)J σ ,k,ϑ

ρ,λ,0+;ωQ2
2(x)

≥J σ ,k,ϑ
ρ,λ,0+;ωQ2/α

1 Q2/β
2 (x)J σ ,k,ϑ

ρ,δ,0+;ωQα–1
1 Qβ–1

2 |(x),

(g) α–1Aδ(x)J σ ,k,ϑ
ρ,λ,0+;ωQ2

1Q
β
2 (x) + Aλ(x)J σ ,k,ϑ

ρ,δ,0+;ωQα
2Q2

1(x)

≥J σ ,k,ϑ
ρ,λ,0+;ωQ2/α

1 Qβ–1
2 (x)J σ ,k,ϑ

ρ,δ,0+;ωQ
2/β
1 Qα–1

2 (x).

Proof By the well-known Young inequality

α–1μα + β–1νβ ≥ μν
(

μ,ν ≥ 0,α,β > 1,α–1 + β–1 = 1
)

,

substituting μ = Q1(t) and ν = Q2(η) for η, t ≥ 0, we have

α–1Q1(t)α + β–1Q2(η)β ≥Q1(t)Q2(η). (3.1)

Multiplying both sides of (2.32) by

ϑ ′(t)ϑ ′(η)

(ϑ(x) – ϑ(t))1– λ
k (ϑ(x) – ϑ(η))1– δ

k
Fσ ,k

ρ,λ
[

ω
(

ϑ(x) – ϑ(η)
)ρ]

Fσ ,k
ρ,δ

[

ω
(

ϑ(x) – ϑ(η)
)ρ]

leads to the inequality

α–1 ϑ ′(t)ϑ ′(η)

(ϑ(x) – ϑ(t))1– λ
k (ϑ(x) – ϑ(η))1– δ

k

×Fσ ,k
ρ,λ

[

ω
(

ϑ(x) – ϑ(η)
)ρ]Fσ ,k

ρ,δ
[

ω
(

ϑ(x) – ϑ(η)
)ρ]

Qα
1 (t)

+ β–1 ϑ ′(t)ϑ ′(η)

(ϑ(x) – ϑ(t))1– λ
k (ϑ(x) – ϑ(η))1– δ

k

×Fσ ,k
ρ,λ

[

ω
(

ϑ(x) – ϑ(η)
)ρ]Fσ ,k

ρ,δ
[

ω
(

ϑ(x) – ϑ(η)
)ρ]

Qβ
2 (η)
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≥ ϑ ′(t)ϑ ′(η)

(ϑ(x) – ϑ(t))1– λ
k (ϑ(x) – ϑ(η))1– δ

k

×Fσ ,k
ρ,λ

[

ω
(

ϑ(x) – ϑ(η)
)ρ]Fσ ,k

ρ,δ
[

ω
(

ϑ(x) – ϑ(η)
)ρ]

Q1(t)Q2(η).

Integrating this inequality with respect to t and η over (0, x) gives

α–1Aδ(x)J σ ,k,ϑ
ρ,λ,0+;ωQα

1 (x) + β–1Aλ(x)J σ ,k,ϑ
ρ,δ,0+;ωQ

β
2 (x)

≥ J σ ,k,ϑ
ρ,λ,0+;ωQ1(x)J σ ,k,ϑ

ρ,δ,0+;ωQ2(x),

which implies part (a).
The remaining inequalities (b)–(g) can be proved by using similar arguments and choos-

ing different parameters μ and ν in the Young inequality as follows:

(b) μ = Q1(t)Q2(η), ν = Q1(η)Q2(t),

(c) μ = Q1(t)/Q2(t), ν = Q1(η)/Q2(η)
(

Q2(t)Q2(η) �= 0
)

,

(d) μ = Q1(η)/Q1(t), ν = Q2(η)/Q2(t)
(

Q1(t)Q2(η) �= 0
)

,

(e) μ = Q1(t)Q2/α
2 (η), ν = Q2/β

1 (η)Q2(t),

(f ) μ = Q2/α
1 (t)/Q1(η), ν = Q2/β

2 (t)/Q2(η)
(

Q1(η)Q2(η) �= 0
)

,

(g) μ = Q2/α
1 (t)/Q2(η), ν = Q2/β

1 (η)/Q2(t)
(

Q2(t)Q2(η) �= 0
)

. (3.2)
�

Theorem 3.2 Let Q1 and Q2 be two positive functions defined on [0,∞) such that

m = min
0≤t≤x

Q1(t)
Q2(t)

, M = max
0≤t≤x

Q1(t)
Q2(t)

. (3.3)

Then we have

(a) 0 ≤ J σ ,k,ϑ
ρ,λ,0+;ωQ2

1(x)J σ ,k,ϑ
ρ,λ,0+;ωQ2

2(x) ≤ (m + M)2

4mM
(

J σ ,k,ϑ
ρ,λ,0+;ωQ1Q2(x)

)2,

(b) 0 ≤
√

J σ ,k,ϑ
ρ,λ,0+;ωQ2

1(x)J σ ,k,ϑ
ρ,λ,0+;ωQ2

2(x) – J σ ,k,ϑ
ρ,λ,0+;ωQ1Q2(x)

≤ (
√
M –

√
m)2

2
√
mM

(

J σ ,k,ϑ
ρ,λ,0+;ωQ1Q2(x)

)

,

(c) 0 ≤ J σ ,k,ϑ
ρ,λ,0+;ωQ2

1(x)J σ ,k,ϑ
ρ,λ,0+;ωQ2

2(x) –
(

J σ ,k,ϑ
ρ,λ,0+;ωQ1Q2(x)

)2

≤ (M – m)2

4mM
(

J σ ,k,ϑ
ρ,λ,0+;ωQ1Q2(x)

)2.

Proof It follows from (3.3) that

(Q1(t)
Q2(t)

– m

)(

M –
Q1(t)
Q2(t)

)

Q2
2(t) ≥ 0 (0 ≤ t ≤ x). (3.4)

Multiplying both sides of (3.4) by

ϑ ′(t)

(ϑ(x) – ϑ(t))1– λ
k
Fσ ,k

ρ,λ
[

ω
(

ϑ(x) – ϑ(η)
)ρ]
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and integrating the obtained result with respect to t over (0, x) lead to the inequlity

J σ ,k,ϑ
ρ,λ,0+;ωQ2

1(x) + mMJ σ ,k,ϑ
ρ,λ,0+;ωQ2

2(x) ≤ (m + M)J σ ,k,ϑ
ρ,λ,0+;ωQ1Q2(x). (3.5)

It follows from mM > 0 and (
√

J σ ,k,ϑ
ρ,λ,0+;ωQ2

1(x) –
√

mMJ σ ,k,ϑ
ρ,λ,0+;ωQ2

2(x))2 ≥ 0 that

2
√

J σ ,k,ϑ
ρ,λ,0+;ωQ2

1(x)
√

mMJ σ ,k,ϑ
ρ,λ,0+;ωQ2

2(x) ≤ J σ ,k,ϑ
ρ,λ,0+;ωQ2

1(x) + mMJ σ ,k,ϑ
ρ,λ,0+;ωQ2

2(x). (3.6)

From (3.5)and (3.6) we clearly see that

4mMJ σ ,k,ϑ
ρ,λ,0+;ωQ2

1(x)J σ ,k,ϑ
ρ,λ,0+;ωQ2

2(x) ≤ (m + M)2(J σ ,k,ϑ
ρ,λ,0+;ωQ1Q2(x)

)2,

which completes the proof of part (a). Parts (b) and (c) can be proved by using similar
arguments as in part (a). �

Theorem 3.3 Let ρ,λ > 0, ω ∈ R, Q1,Q2 ∈ L1,r[υ1,υ2], and let γ , ϒ , θ , and � be four
integrable functions defined on [0,∞) such that

0 < γ (x) ≤Q1(x) ≤ ϒ(x), 0 < θ (x) ≤Q2(x) ≤ �(x) (3.7)

for all x ∈ [0,∞). Then we have

(a) 0 ≤ J σ ,k,ϑ
ρ,λ,0+;ωQ2

1(x)J σ ,k,ϑ
ρ,λ,0+;ωQ2

2(x) ≤ (γ θ + ϒ�)2

4γ θϒ�

(

J σ ,k,ϑ
ρ,λ,0+;ωQ1Q2(x)

)2,

(b) 0 ≤
√

J σ ,k,ϑ
ρ,λ,0+;ωQ2

1(x)J σ ,k,ϑ
ρ,λ,0+;ωQ2

2(x) –
(

J σ ,k,ϑ
ρ,λ,0+;ωQ1Q2(x)

)

≤ (
√

ϒ� –
√

γ θ )2

2
√

γ θϒ�

(

J σ ,k,ϑ
ρ,λ,0+;ωQ1Q2(x)

)

,

(c) 0 ≤ J σ ,k,ϑ
ρ,λ,0+;ωQ2

1(x)J σ ,k,ϑ
ρ,λ,0+;ωQ2

2(x) –
(

J σ ,k,ϑ
ρ,λ,0+;ωQ1Q2(x)

)2

≤ (ϒ� – γ θ )2

4γ θϒ�

(

J σ ,k,ϑ
ρ,λ,0+;ωQ1Q2(x)

)2.

Proof It follows from inequality (3.7) that

γ

�
≤ Q1(t)

Q2(t)
≤ ϒ

θ
. (3.8)

Applying Theorem 3.3, we obtain part (a), and parts (b) and (c) can be derived from part
(a). �

Theorem 3.4 Let s,m,M ∈ R with s �= 0, ρ,λ > 0, and ω ∈ R, and let Q1,Q2 ∈ L1,r[υ1,υ2]
be such that

0 < m <
Q2(x)
Q1(x)

≤M < ∞. (3.9)
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Then we have the inequality

J σ ,k,ϑ
ρ,λ,0+;ωQ2–s

1 Qs
2(x) +

mM(Ms–1 – ms–1)
M – m

J σ ,k,ϑ
ρ,λ,0+;ωQs

1(x)

≤ Ms – ms

M – m
J σ ,k,ϑ

ρ,λ,0+;ωQ1Q2(x) (3.10)

for s /∈ (0, 1). If s ∈ (0, 1), then inequality (3.10) is reversed. Especially, if s = 2, then we get
(3.5).

Proof The theorem can be easily proved by using the Lah–Ribarič inequality [29, 30]. �

Theorem 3.5 Let Q1,Q2 ∈ L1,r[υ1,υ2], and let s �= 0 be a real number. Then we have the
inequality

(

J σ ,k,ϑ
ρ,λ,0+;ωQ1Q2(x)

)s ≤ (

J σ ,k,ϑ
ρ,λ,0+;ωQ2

1(x)
)s–1J σ ,k,ϑ

ρ,λ,0+;ωQ2–s
1 Qs

2(x) (3.11)

for s ∈ (0, 1), and inequality (3.11) is reversed if s ∈ (0, 1).

Proof The theorem can be proved by using the Jensen inequality for convex functions. �

Theorem 3.6 Let 0 < α ≤ β < 1 with α + β = 1, ρ,λ > 0, and ω ∈ R, and let G,Q1,Q2 ∈
L1,r[υ1,υ2] be such that (3.7) is true. Then

(

J σ ,k,ϑ
ρ,λ,0+;ωQ1G(x)

)β

(

J σ ,k,ϑ
ρ,λ,0+;ω

G(x)
Q1(x)

)α

≤ αγ + βϒ

(γϒ)α
(

J σ ,k,ϑ
ρ,λ,0+;ωG(x)

)

(3.12)

and

(

J σ ,k,ϑ
ρ,λ,0+;ωQ1G(x)

)β(

J σ ,k,ϑ
ρ,λ,0+;ωGQ2(x)

)α ≤ αγ θ + βϒ�

(γϒ)α(θ�)β
(

GQ1Q2(x)
)

. (3.13)

Proof It follows from (βQ1(t) – αγ )(Q1(t) – ϒ) ≤ that

βQ2
1(t) – (αγ + βϒ) + αγϒ ≤ 0. (3.14)

Multiplying both sides of (3.14) by G(t)/Q1(t) leads to

βG(t)Q1(t) + αγϒ
G(t)
Q1(t)

≤ G(t)(αγ + βϒ). (3.15)

From (3.15) and the arithmetic–geometric mean inequality we obtain

(∫ t

0

ϑ ′(t)

(ϑ(x) – ϑ(t))1– λ
k
Fσ ,k

ρ,λ
[

ω
(

ϑ(x) – ϑ(t)
)ρ]Q1(t)G(t) dt

)β

×
(∫ t

0

ϑ ′(t)

(ϑ(x) – ϑ(t))1– λ
k
Fσ ,k

ρ,λ
[

ω
(

ϑ(x) – ϑ(t)
)ρ] G(t)

Q1(t)
dt

)α

=
1

(γϒ)α

(∫ t

0

ϑ ′(t)

(ϑ(x) – ϑ(t))1– λ
k
Fσ ,k

ρ,λ
[

ω
(

ϑ(x) – ϑ(t)
)ρ]Q1(t)G(t) dt

)β
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×
(

γϒ

∫ t

0

ϑ ′(t)

(ϑ(x) – ϑ(t))1– λ
k
Fσ ,k

ρ,λ
[

ω
(

ϑ(x) – ϑ(t)
)ρ] G(t)

Q1(t)
dt

)α

≤ 1
(γϒ)α

(

β

∫ t

0

ϑ ′(t)

(ϑ(x) – ϑ(t))1– λ
k
Fσ ,k

ρ,λ
[

ω
(

ϑ(x) – ϑ(t)
)ρ]Q1(t)G(t) dt

+ αγϒ

∫ t

0

ϑ ′(t)

(ϑ(x) – ϑ(t))1– λ
k
Fσ ,k

ρ,λ
[

ω
(

ϑ(x) – ϑ(t)
)ρ] G(t)

Q1(t)
dt

)

=
αγ + βϒ

(γϒ)α

(∫ t

0

ϑ ′(t)

(ϑ(x) – ϑ(t))1– λ
k
Fσ ,k

ρ,λ
[

ω
(

ϑ(x) – ϑ(t)
)ρ]

G(t) dt
)

, (3.16)

which gives the required inequality (3.12).
Replacing G and Q1 by GQ1Q2 and Q1/Q2 in (3.16) and using the inequality γ /� ≤

Q1(t)/Q2(t) ≤ ϒ/θ , we obtain

(∫ t

0

ϑ ′(t)

(ϑ(x) – ϑ(t))1– λ
k
Fσ ,k

ρ,λ
[

ω
(

ϑ(x) – ϑ(t)
)ρ]Q1(t)G(t) dt

)β

×
(∫ t

0

ϑ ′(t)

(ϑ(x) – ϑ(t))1– λ
k
Fσ ,k

ρ,λ
[

ω
(

ϑ(x) – ϑ(t)
)ρ]G(t)Q2(t) dt

)α

≤ αγ θ + βϒ�

(γϒ)α(θ�)β

(∫ t

0

ϑ ′(t)

(ϑ(x) – ϑ(t))1– λ
k
Fσ ,k

ρ,λ
[

ω
(

ϑ(x) – ϑ(t)
)ρ]

G(t)Q1(t)Q2(t) dt
)

,

which implies inequality (3.13). �

Theorem 3.7 Let ρ,λ > 0 and ω ∈ R, and let G,Q1,Q2 ∈ L1,r[υ1,υ2] with G(t) ≥ 0. Then
the following statements are true:

(a) If there exist constants γ ,ϒ , θ ,� ∈R such that (ϒQ2(t)–θQ1(t))(�Q1(t)–γQ2(t)) ≥
0 for t > 0, then

γϒJ σ ,k,ϑ
ρ,λ,0+;ωGQ2

2(x) + θ�J σ ,k,ϑ
ρ,λ,0+;ωGQ2

1(x) ≤ (γ θ + ϒ�)J σ ,k,ϑ
ρ,λ,0+;ωGQ1Q2(x)

≤ (γ θ + ϒ�)
(

J σ ,k,ϑ
ρ,λ,0+;ωGQ2

2(x) + J σ ,k,ϑ
ρ,λ,0+;ωGQ2

1(x)
)

. (3.17)

Also, if γϒθ� > 0, then

√

γϒ

θ�
J σ ,k,ϑ

ρ,λ,0+;ωGQ2
2(x) +

√

θ�

γϒ
J σ ,k,ϑ

ρ,λ,0+;ωGQ2
1(x)

≤
(

√

�ϒ

θγ
+

√

γ θ

ϒ�

)

J σ ,k,ϑ
ρ,λ,0+;ωGQ1Q2(x),

J σ ,k,ϑ
ρ,λ,0+;ωGQ2

2(x)J σ ,k,ϑ
ρ,λ,0+;ωGQ2

1(x) ≤
(

θγ + �ϒ

2θγϒ�

)2

J σ ,k,ϑ
ρ,λ,0+;ωGQ1Q2(x). (3.18)

(b) If there exist constants γ ,ϒ , θ ,� ∈ R such that (ϒQ2(t) – θQ1(η))(�Q1(η) –
γQ2(t)) ≥ 0 for η, t > 0, then

γϒJ σ ,k,ϑ
ρ,λ,0+;ωGQ2

2(x)J σ ,k,ϑ
ρ,δ,0+;ωG(x) + θ�J σ ,k,ϑ

ρ,λ,0+;ωG(x)J σ ,k,ϑ
ρ,δ,0+;ωGQ2

1(x)

≤ (γ θ + ϒ�)J σ ,k,ϑ
ρ,λ,0+;ωGQ2(x)J σ ,k,ϑ

ρ,δ,0+;ωGQ1(x). (3.19)
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(c) If γ ,ϒ > 0 and θ ,� > 0, then

γϒ
(

J σ ,k,ϑ
ρ,λ,0+;ωGQ2(x)

)2 + θ�
(

J σ ,k,ϑ
ρ,λ,0+;ωGQ1(x)

)2

≤ (γ θ + ϒ�)J σ ,k,ϑ
ρ,λ,0+;ωG(x)J σ ,k,ϑ

ρ,λ,0+;ωGQ2Q1(x). (3.20)

(d) If γ ,ϒ > 0 and θ ,� > 0, then

γϒ
(

J σ ,k,ϑ
ρ,λ,0+;ωGQ2(x)

)2 + θ�
(

J σ ,k,ϑ
ρ,λ,0+;ωGQ1(x)

)2

≤ (γ θ + ϒ�)J σ ,k,ϑ
ρ,λ,0+;ωGQ1(x)J σ ,k,ϑ

ρ,λ,0+;ωGQ2(x). (3.21)

Proof We first prove part (a). It follows from the assumption that

G(t)
(

ϒQ2(t) – θQ1(t)
)(

�Q1(t) – γQ2(t)
) ≥ 0 (3.22)

for all t ≥ 0, which implies that

γϒG(t)Q2
2(t) + θ�G(t)Q2

1(t) ≤ (γ θ + ϒ�)G(t)Q1(t)Q2(t). (3.23)

Multiplying both sides of (3.23) by

ϑ ′(t)

(ϑ(x) – ϑ(t))1– λ
k
Fσ ,k

ρ,λ
[

ω
(

ϑ(x) – ϑ(η)
)ρ]

and integrating the obtained result with respect to t over (0, x) give the left-hand side of
(3.17).

Moreover, by Cauchy’s inequality we obtain the right-side of (3.17). Multiplying both
sides of the inequality

γϒJ σ ,k,ϑ
ρ,λ,0+;ωGQ2

2(x) + θ�J σ ,k,ϑ
ρ,λ,0+;ωGQ2

1(x)

≤ (γ θ + ϒ�)J σ ,k,ϑ
ρ,λ,0+;ωGQ1Q2(x)

≤ (γ θ + ϒ�)
(

J σ ,k,ϑ
ρ,λ,0+;ωGQ2

2(x) + J σ ,k,ϑ
ρ,λ,0+;ωGQ2

1(x)
)

(3.24)

by 1/
√

γ θϒ�, we get (3.18).
On the other hand, it follows from γ θϒ� > 0 and

(√

γϒJ σ ,k,ϑ
ρ,λ,0+;ωGQ2

2(x) –
√

θ�J σ ,k,ϑ
ρ,λ,0+;ωGQ2

1(x)
)2 ≥ 0

that

2
√

γϒJ σ ,k,ϑ
ρ,λ,0+;ωGQ2

2(x)
√

θ�J σ ,k,ϑ
ρ,λ,0+;ωGQ2

1(x)

≤ γϒJ σ ,k,ϑ
ρ,λ,0+;ωGQ2

2(x) + θ�J σ ,k,ϑ
ρ,λ,0+;ωGQ2

1(x). (3.25)

According (3.24) and (3.25), we have

4γϒθ�J σ ,k,ϑ
ρ,λ,0+;ωGQ2

2(x)J σ ,k,ϑ
ρ,λ,0+;ωGQ2

1(x) ≤ (γ θ + ϒ�)2(J σ ,k,ϑ
ρ,λ,0+;ωGQ2Q1(x)

)2, (3.26)

which implies the second inequality of (3.18).
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Part (b) follows from the assumption that

G(t)G(η)
(

ϒQ2(t) – θQ1(η)
)(

�Q1(η) – γQ2(t)
) ≥ 0 for all t,η > 0, (3.27)

which implies that

γϒG(t)G(η)Q2
2(t) + θ�G(t)G(η)Q2

1(η)

≤ γ θG(t)G(η)Q2(t)Q1(η) + ϒ�G(t)G(η)Q2(t)Q1(η). (3.28)

Multiplying both sides of (3.28) by

ϑ ′(t)ϑ ′(η)

(ϑ(x) – ϑ(t))1– λ
k (ϑ(x) – ϑ(η))1– δ

k
Fσ ,k

ρ,λ
[

ω
(

ϑ(x) – ϑ(η)
)ρ]

Fσ ,k
ρ,δ

[

ω
(

ϑ(x) – ϑ(η)
)ρ]

and then integrating the obtained inequality with respect to t and η over (0, x) give the
desired inequality (3.20).

For parts (c) and (d), it follows from the Cauchy inequality that

(

J σ ,k,ϑ
ρ,λ,0+;ωGQ1(x)

)2 ≤ J σ ,k,ϑ
ρ,λ,0+;ωG(x)J σ ,k,ϑ

ρ,λ,0+;ωGQ2
1(x),

(

J σ ,k,ϑ
ρ,λ,0+;ωGQ2(x)

)2 ≤ J σ ,k,ϑ
ρ,λ,0+;ωG(x)J σ ,k,ϑ

ρ,λ,0+;ωGQ2
2(x).

From parts (a) and (b), together with the preceding two inequalities, we get

γϒ
(

J σ ,k,ϑ
ρ,λ,0+;ωGQ2(x)

)2 + θ�
(

J σ ,k,ϑ
ρ,λ,0+;ωGQ1(x)

)2

≤ γϒJ σ ,k,ϑ
ρ,λ,0+;ωG(x)J σ ,k,ϑ

ρ,λ,0+;ωGQ2
1(x) + θ�J σ ,k,ϑ

ρ,λ,0+;ωG(x)J σ ,k,ϑ
ρ,λ,0+;ωGQ2

2(x)

≤ (γ θ + ϒ�)J σ ,k,ϑ
ρ,λ,0+;ωG(x)J σ ,k,ϑ

ρ,λ,0+;ωGQ2Q1(x),

which implies (3.20). Furthermore, we have

γϒ
(

J σ ,k,ϑ
ρ,λ,0+;ωGQ2(x)

)2 + θ�
(

J σ ,k,ϑ
ρ,λ,0+;ωGQ1(x)

)2

≤ γϒJ σ ,k,ϑ
ρ,λ,0+;ωG(x)J σ ,k,ϑ

ρ,λ,0+;ωGQ2
1(x) + θ�J σ ,k,ϑ

ρ,λ,0+;ωG(x)J σ ,k,ϑ
ρ,λ,0+;ωGQ2

2(x)

≤ (γ θ + ϒ�)J σ ,k,ϑ
ρ,λ,0+;ωGQ1(x)J σ ,k,ϑ

ρ,λ,0+;ωGQ2(x),

which implies (3.21). �

4 Concluding remarks
This section is dedicated to several particular cases of the main consequences derived in
Sects. 2 and 3.

I. If we choose ω = 0, λ = α, and σ (0) = 1, then under the assumptions of Theorem 2.4,
we get the result for one-sided generalized k-fractional integral proposed by Rashid et al.
[17].

II. If we choose ω = 0, λ = α, σ (0) = 1, and k = 1, then under the assumptions of Theo-
rem 2.4, we get the result for one-sided generalized Riemann–Liouville fractional integral
proposed by Kacar et al. [31].
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III. If we choose ω = 0, λ = α, σ (0) = 1, and ϑ(t) = ts+1

s+1 (s ∈ R \ {–1}), then under the
assumptions of Theorem 2.4, we get the result for one-sided generalized (k, s)-fractional
integral proposed by Mubeen and Iqbal [32].

IV. If we choose ω = 0, λ = α, σ (0) = 1, ϑ(t) = ts+1

s+1 (s ∈ R \ {–1}), and k = 1, then under
the assumptions of Theorem 2.4, we get the result for one-sided Katugampola fractional
integral proposed by Dubey and Goswami [33].

V. If we choose ω = 0, λ = α, σ (0) = 1, ϑ(t) = t, and k = 1, then under the assumptions of
Theorem 2.4, we get the result for one-sided Riemann–Liouville fractional integral pro-
posed by Tariboon et al. [34].

More related results can be derived by using similar methods in Sects. 2 and 3, and we
leave the details to the interested readers.

5 Conclusion
In the paper, we established new Grüss-type fractional integral inequalities and several
other associated variants by employing the generalized fractional integral functions hav-
ing the Raina function in its kernel. Furthermore, we derived numerous novel variants for
the monotonicity of functions. Numerous particular cases can be discussed with consid-
eration of Remarks 1.6 and 1.7, which we can supposed as a significant modification of
the earlier consequences. For an appropriate choice of ω, λ, and σ (0) = 1, we can acquire
several novelties, which need further investigations. We hope that novelties concerned
with our generalizations can bring revolutionary development and also be implemented
in differential and difference equations.
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29. Mitrinović, D.S., Pečarić, J.E., Fink, A.M.: Classical and New Inequalities in Analysis. Kluwer Academic, Dordrecht (1993)
30. Dragomir, S.S.: A survey on Cauchy–Bunyakovsky–Schwarz type discrete inequalities. J. Inequal. Pure Appl. Math. 4(3),

Article ID 63 (2003)
31. Kacar, E., Kacar, Z., Yildirim, H.: Integral inequalities for Riemann–Liouville fractional integrals of a function with

respect to another function. Iran. J. Math. Sci. Inform. 13(1), 1–13 (2018)
32. Mubeen, S., Iqbal, S.: Grüss type integral inequalities for generalized Riemann–Liouville k-fractional integrals. J.

Inequal. Appl. 2016, 109 (2016)
33. Dubey, R.S., Goswami, P.: Some fractional integral inequalities for the Katugampola integral operator. AIMS Math. 4(2),

193–198 (2019). https://doi.org/10.3934/math.2019.2.193
34. Tariboon, J., Ntouyas, S.K., Sudsutad, W.: Some new Riemann–Liouville fractional integral inequalities. Int. J. Math.

Math. Sci. 2014, Article ID 869434 (2014)

https://doi.org/10.1186/s13660-019-2045-3
https://doi.org/10.3390/sym12061034
https://doi.org/10.15517/rmta.v26i1.35515
https://doi.org/10.1007/s13398-020-00823-5
https://doi.org/10.3390/math7121225
https://doi.org/10.3934/math.2019.2.193

	Integral inequalities via Raina's fractional integrals operator with respect to a monotone function
	Abstract
	MSC
	Keywords

	Introduction and preliminaries
	Fractional Grüss-type inequalities
	Certain other associated fractional integral inequalities
	Concluding remarks
	Conclusion
	Acknowledgements
	Funding
	Availability of data and materials
	Competing interests
	Authors' contributions
	Author details
	Publisher's Note
	References


