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University of Guilan, PO. Box 1914, (DTM), namely the modified differential transform method (MDTM) expressed as a
Rasht, Iran combination of the differential transform method, Laplace transforms, and the Padé

approximant (LPDTM) is employed for the first time to ascertain exact solutions of
linear and nonlinear pantograph type of differential and Volterra integro-differential
equations (DEs and VIDEs) with proportional delays. The advantage of this method is
its simple and trusty procedure, it solves the equations straightforward and directly
without requiring large computational work, perturbations or linearization, and
enlarges the domain of convergence, and leads to the exact solution. Also, to validate
the reliability and efficiency of the method, some examples and numerical results are
provided.

MSC: 44A10; 41A21; 74H10; 83C15; 34A25; 33E30; 65L03; 65L05; 65L.10

Keywords: Modified differential transform method; Laplace transform; Padé
approximation; Pantograph equation; Exact solutions

1 Introduction

Mathematical modeling of various phenomena in science and engineering such as bio-
logical population management, chemistry, physics, physiological and pharmaceutical ki-
netics and chemical kinetics, medicine, infectious diseases, economy, nonlinear dynamical
system, communication networks, number theory, electrodynamics, the navigational con-
trol of ships and aircraft and control problems and electronic systems leads to one of the
most important kinds of delay differential equations (DDEs), namely pantograph equation
[1-7]. The term pantograph was first used by Ockendon and Tayler in [8] which modeled
and redesigned the collection system for an electric locomotive.

At this point, it is usually difficult to solve these kinds of DDEs analytically. Therefore,
in the literature, there are some valuable efforts that focus on finding the analytical and
numerical methods for solving the pantograph type of DEs and VIDEs with proportional
delays. (see, e.g., [9-21] and the references therein). The differential transform method
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(DTM) is an analytical-numerical technique introduced for the first time by Zhou [22]
to study the electrical circuits. Like any subject in mathematics, DTM has grown over
a period of time. In 1999, Chen and Ho [23] developed this method for partial differ-
ential equations with two independent variables. In 2004, Ayaz [24] extended the two-
dimensional DTM into the three-dimensional DTM and used it to solve linear and non-
linear partial differential equations. In 2005, Arikoglu and Ozkol [25] used the differential
transform method for integro-differential equations. With the advent of fractional calcu-
lus, the differential transform method was also modified to solve derivative and integral
problems of any order. In 2007, Arikoglu and Ozkol [26] proposed a numerical-analytical
method similar to the DTM, called the fractional differential transform method (FDTM),
which they used to solve fractional differential equations. In 2008, Odibat and Momani
[27] introduced the generalized differential transform method (GDTM) based on the dif-
ferential transform method and generalized Taylor’s formula and the Caputo fractional
derivative and used it to solve fractional partial differential equations. Also in the same
year, Momani and Erturk [28] learned to correct and improve the accuracy of the solu-
tion of convergent series obtained by the differential transform method, they introduced
the modified differential transform method (MDTM), and Chang [29] used the DTM for
one-dimensional nonlinear functions. In 2009, Keskin [30, 31] introduced the reduced
form of the DTM as the reduced differential transform method (RDTM), which Keskin
and Oturanc [32, 33] used to solve partial differential equations and fractional differential
equations. Many authors, during recent years, have used this method for solving various
types of equations. For example, differential-algebraic equations [34—36], Volterra inte-
gral equation [37-39], integro-differential equations [40—43] and fractional differential
equations [44—47] are solved using this method. This suggested technique is highly effi-
cient and powerful in obtaining the exact solutions and approximate solutions of math-
ematical modeling of many problems, gives the solution in the form of rapidly conver-
gent successive approximations, and is capable of handling linear and nonlinear equa-
tions in a similar manner. Moreover the comparison of our method with other analyt-
ical methods available in the literature show that although the results of these meth-
ods are the same, RDTM is a lot easier, more convenient, and reliable than them [48—
55].

In this paper, we present the application of the modified differential transform method
(MDTM) as a hybrid approach, for improving DTM’s truncated series solutions in con-
vergence rate combining DTM, Laplace transforms, and Padé approximant. The solutions
series obtained by the differential transform method, even if they contain a large num-
ber of terms, may converge in a limited area. Therefore, the domain of convergence of
the truncated power series expands by the Laplace—Padé differential transform method
(LPDTM) and often leads to the exact solution. To improve the solution of convergent
series obtained by the DTM, we apply Laplace transform to it, and then by forming its
Padé approximant, the transformed series convert into a meromorphic function. Finally,
to obtain the analytical solution, we take the inverse Laplace transform from the function
obtained of the Padé approximant. Therefore, in the light of the above-mentioned method,

we will study the exact solution of linear and nonlinear pantograph type of DEs and VIDEs
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with proportional delays

F(t, u(oot), o (a18), ..., u"™ (oznt)) =0, (1.1)

It
G<t’ u(O[Ot)) M/(Ollt), e u(n)(ant)r /0 I((t’ Sr u(ﬂOS)’ M/(,Blg); ey u(M)(,Bmg) d$>

-0, (1.2)

0<t<T, a;,B,l€(0,1), i=0,1,...,nmj=0,1,...,mm<n,

where u is the unknown function and the functions F, G, and K are analytic in the domain
of interest.

The rest of this study is presented in the following sections: In Sect. 2, The main idea
behind the Padé approximant is introduced. In Sect. 3, we simply introduce the modified
differential transform method (MDTM) as a combined form of the DTM with Laplace
transforms, and the Padé approximant. In Sect. 4, we prove several important Theorems.
In Sect. 5, we apply the MDTM to obtain the exact solutions for linear and nonlinear pan-
tograph type of DEs and VIDEs with proportional delays. Finally, we offer some summaries

and a conclusion in Sect. 6.

2 Padé approximant

The best approximation of a function with a rational function of a certain order is the Padé
approximant. Under this technique, the approximant’s power series agrees with the power
series of the function it is approximating.

Let u(t) be an analytical function that corresponds to the Maclaurin series:
oo
u) =y at’, 0<t<T. (2.1)
k=0

Then the Padé approximant to u(t) is a rational fraction which we denote as [*}] and is
defined by [56, 57]

m]  ag+ait+axt’+ -+ aut”
|: :|_ 0+a 2 mt” (2.2)

| bo+bit+bot? + -+ byt

there are m + 1 independent numerator coefficients and # independent denominator co-

efficients, making m + n + 1 unknown coefficients in all. We have

u(t) - [%}(t) = O, (2.3)

From Eq. (2.3), we have

u(®) Y bt =Y ait' = Ot (24)
j=0 i=0
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From Eq. (2.4), we get the following algebraic linear systems:

Cmbl L Cm—n+1bn = —Cm+1>»

Cm+1b1 L Cm—n+2bn = —Cm+2»

(2.5)
Cm+n—1b1 L Cmbn = —Cwm+ns
and
ap = Co,
ay = ¢y + bico,
aj) =Cy + b161 + l’)zCo,
asz =C3 + b1C2 + b2C1 + bgCo,
(2.6)

n
a, =Cy+ Zbkcn_k.
k=1

We determine first all the denominator coefficients b;, 1 <j < n, from Eq. (2.5). Then, we
calculate the numerator coefficients a;, 0 < i < m, from Eq. (2.6).

Remark 2.1 For a fixed value of m + n + 1, error Eq. (2.3) is the smallest when the nu-
merator has one degree higher than the denominator of (2.2) or when the numerator and
denominator have the same degree.

The advantage of Padé approximant is that it often gives a better approximation than
the truncated series solutions from the Taylor series. This is because sometimes the Taylor
series may not be convergent, and the Padé approximant has the potential to expand the
domain of convergence of solutions or includes finding exact solutions.

3 Summary of the method
We present some important definitions and mathematical preliminaries operations of the
modified differential transform method which can help to gain more understanding of the
method stated in this section.

Definition 3.1 The differential transform function of #(¢) can be written in the following
form:

1[d*
Uk) = —| ——ult , 3.1
ORE [ ol )} (3.1)
where u(¢) represents the main original analytic and differentiated continuously function
with regard to time ¢, in the domain of interest, and U/ (k) describes the transformed func-

tion.
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Definition 3.2 The differential inverse transform of U/ (k) is determined as
o0
u(®) =y UK - to). (3.2)
k=0

Then, consolidating Egs. (3.2) and (3.1) yields

u(t):ii[d—ku(t)} (£ - to)~ (3.3)
L '

By the help of the upper definitions, to illustrate the basic idea of the DTM, consider the
following form of nonlinear ordinary differential equations:

dié”: (u(t)1), t>0, (3.4)

with the following initial condition:
u(0) =¢, (3.5)

where f(u(¢), t) indicates a nonlinear smooth function.
After applying the DTM definition on both sides of Eq. (3.4), we can write the following
iteration formula:

(k+ DUk +1) = F(U(0),...,U(k),k), k=0, (3.6)

where F(U(0),...,U(k), k) is the differential transform functions of f(u(¢), £).
Implementing the aforesaid method to the initial condition (3.5), we have

U =c. (3.7)

To discover the remaining iteration, we plug Eq. (3.7) into Eq. (3.6) and by simple reiter-
ative calculation, we get the subsequent U/ (k) values. Then, by using the inverse transfor-

mation of the set of values {{/(k)}}_,, the approximation solution can be written as follows:

iin(t) = Y UKt~ to)*. (3.8)

k=0

Thus, the exact solution of the considered equation can be gained by
u(t) = lim i,(t). (3.9
n— o0

The solutions series derived from the DTM, even if they contain a large number of terms,
may converge in a limited area. To improve the solution obtained in convergent series
form using the DTM, and enlarge the domain of convergence of solutions we apply the
Laplace—Padé method by following steps.
« Step 1: Applying Laplace transformation with respect to ¢ for the obtained power
series (3.8).

Page 5 of 25
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Table 1 The fundamental operations of RDTM

Original form Transformed form

(o) Uk = L1 udmo

w(t) = Au(t) £ yv(t) WK = MAK) £y VK

Wi =t WO =8k-0,80={y o

w(t) = t'u(t) Wk =Uk-n

w(t) = u(Ov(e) WK =Y VOUk-1 =35 UOVKk-1
wi) = 20 u( WK = (k+ 1)+ (k+ DUk +1) = SLUK+n)
WD) = sin(A0) W) = A sin(Zk)

WD) = cos(AD) WK = *TZ cos(EX)

w(t) = M Wik =4

« Step 2: Substituting s by % in the resulting equation.
+ Step 3: Creating the Padé approximant of order [**] for the transformed series and

convert it into a meromorphic function.

Remark 3.3 m and n are arbitrarily chosen, but they should be of smaller values than the
order of the power series. In this step, to obtain better convergence and accuracy, the Padé

approximant enlarges the domain of the truncated series solution.

« Step 4: Substituting ¢ by 1.
« Step 5: Applying the inverse Laplace transformation with respect to s for obtaining the
exact or approximate solution.

Table 1 contains the basic mathematical operations carried out by DTM.

4 Main results

The principal main of this section is to study the fundamental Theorem of this paper.
Theorem 4.1 If w(t) = u(at), then W(k) = «XU (k) where a € (0, 1).

Proof From Eq. (3.1), we get

1[dk 1[dk

t=tg t=to

[ odo . I
=— —ul(t = —o kU(k),
k! |:a dtku( )i|2=to k!a ()

where f = at, then
W) = o« U (k). O

Theorem 4.2 If w(t) = u(a1t)v(aat), then, for ay,a; € (0,1), we have

k
W(K) =Y aies U V(k-1), k=0

r=0
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Proof From Eq. (3.1), we get

1T k
W(k) = E _—W(t):|t_t0

k! k-r
Or'(k )'OIIV'Z/{(V)OIZ (k=rW(k-r),

where 7 = a1t and 7 = ayt, then
Z rok UV - 7). .

Theorem 4.3 Ifw(t) = & u(at), then W(k) = o &2 1 (k + 7).

Proof From Eq. (3.1), we have

1 dk 1 dk+r dk+r .
k)= —| ——wl(t = —| ——ulat = —|akr t
W) k![dtkw( )Lm k!|:dtk+’u(a )Lto Kt [a i )]2=t0

1
Eak”(k + Uk + 1),

therefore

(k)

W(k) = " =Ll (k + ). O

Theorem 4.4 Ifw(t) = Z—anu(alt)%v(azt), then

k 1 — 1
W(k) = Za{”"aé_”” (r+ r;)(./ik_ r;+ n)'l/{(r +mV(k-r+n), k=>0.

r=0

Proof From Eq. (3.1), we have

d* (a" a"
Wik =+ | dik W(t)]c=t0 k! |:dtk (dt”‘ (alt) V(a2t)>:|t=to

1< dan dkr [ dn

“i Z( )d—t(W wt) s (G 2”)}
k

=0

am dk—r+n 5
2 r+m k-r+n
< ) dtr+m u(t o2 dtk-r+n V(t)

L 7

t=to

ti=to

k
1 k!
=5 E = r)la{””(r +m)U(r + m)oz'z“””(k —r+n)V(k—-r+n),
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where t = a1t and = aot, then

k

rom gkrin (r+m)i(k—r+n)!
Z k k=) Ur+mV(k—-r+n). 0

r=0

Theorem 4.5 If w(t) = f (&) d&, then W(k) = 11Uk - 1).

Proof
1[ dk 1 dk? 1
=—|— =—|l-—— = —[l(k = 1)) UK - 1)],
W(k) k!|: dtkW(t)]t=t0 0 [l dtk—lu(lat)]tzto k![l(k N(la) U (k )]
therefore
W(k) = zk gk - 1). O

Theorem 4.6 If w(t) = foh u(on&)v(aa€) dE, then

k-1

1
Wk = > Faja UV -r-1), k=1
r=0
Proof
-k
W(k) = w(t):|
d k t=tgy
1[, d!
=4 _ZW (u(lalt)v(lagt))]”o
1 B k-1 e dk-r-1
- = 12( ) Blas) ldtk,lvul
t,i=to
k-1

_ 1 (k 1) k—r—1 k r—1
‘Elzml U (r)! (k=r-D)WV(k-r-1),

where £ = oyt and f = lopt, then

W(k) =

i

Theorem 4.7 Ifw(t) = v(Bt) folt ui(a1E)uy(aré) d&, then

k-1 k-r-1
1
W)= Y B e VU sk —r =5 =1), k=1,

r=0 s=0

Proof Let y(t) = folt u1(a18)uy(az€) dé. From Theorem 4.6 we have

dk d/ k ar dk r
ax" = g ((By®) Z( ) pradCr=ill

r=0

k-1
> i UMV - - 1). -
r=0

Page 8 of 25
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where £ = Bt and from Theorem 4.5 we have

arkr dk-r-1
dtk ry(t) ld k—r—1 (ul(lalt)MZ(lOQt))
k-r-1
k—r— 4 . Akl
= l Z ( ) (lal)sgul (t)(lotz)k_"s‘l d"t'kfr—s—l I/lz(t),

where t = lo;t and 7 = last, then

1[ d*
W(k) k |:dt’< w(t):|H0
k  k-r-1
—r-1
_ Z Z (k) (k r )lk—rlgraia/g—r—s—l
r=0 s=0 r $
x r'V(@)siy(s)(k —r—s—1)Uy(k—r—s—-1),
therefore
k=1 k-r-1 1
Wik) = 20: > B e VO (s k — 7 =~ 1), -
Theorem 4.8 Ifw(t) = 01; Z—mmu( 15)%1/(0(25) dg, then for k > 1
k=
1 (V + Wl)‘(k —r+n-— 1)' k+m+n _ r+m  k—r+n-1
W(k) = %g I l o o Ur+mVk-r+n-1).
Proof
- gk
W(k) = — ¥z w(t):|t=t0
1T dk—l am ar
=—|1 lot oot
ki | a1 (dtm (o) 7l ))]HO
1 B k-1 drm dk—r+n—1 5
=5 zZ( )(z )”m — u(B)(lp) " 1d — v(t):|M
ti=ty
k-1
_ 1 (k ~ 1)‘ r+m I
= k’l;: r!(k—r—l)!(lal) (r + m)\U(r + m)
x (loy)s " YWk —r+n—1)W(k—r+n—-1),
where £ = lo;t and 7 = laot, then
(r+mik-r+n-1)! . rin—1
_ +M+n . r+m r+n k — -1).
W(k) = kZ Ak —r -1 [ a; Moy Ur+m)V(k—-r+n-1) 0
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Theorem 4.9 Ifw(t) = j%v(ﬁt) flt j:n ul(alé)dﬂ, uy (&) d§, then for k > 1

k-1 k-r-1
1 r+)(s+mlik-r—-s+n-1)!
k =
Wi ; — k—r risi(k —r—s—1)!

x Joremen grad g sem o Kr=sen=1y)(p L Uy (s + m)Ua(k =17 — s+ 1 —1).

Proof Let y(t) = Olt jzm uy (01 €) 4 & "ty (a2€) d€. From Theorem 4.8 we have

k

a* a* ar -
Ew(t) dtk( ;’E’f f) (t)) = Z( )ﬁ’“ e v(t) = ,y(t),

r=0

where f = 8¢ and from Theorem 4.5 we have

dk r dk r—1 am 4"
gy y(t) =1 e 1|:dt’” Ml(lalt) Mz(lazt)]

k-r-1
k—r— asm. .

dk—r—s+n—1

k—r—s+n-1
x (la2) dtk-r-s+n-1 U2

where £ = loyt and £ = loot, then

1[ d*
k)= —|—w(t
W =4 [dtk m )LO
k k-r-1
k\ [k
— Z Z lk—r+m+nﬁr+)» s+m  k—r—s+n—1
r=0 s=0 (7’) < $ )
X+ AM)Vr+A)s+mUi(s+m)k-r—s+n—-1)Uy(k—r—s+n-1)
therefore
k-1 k-r-1
B 1 r+W)s+mik-r—s+n-1)!
W(k)_ggk—r risi(k —r —s—1)!
X lk_”'"”’,B’”ai””a’z‘_’_””_IV(V + MU s+ mUy(k—r—s+n—-1). a

5 Applications

The principal aim of this section is to apply the modified differential transform method to a
class of linear and nonlinear pantograph type of DEs and VIDEs with proportional delays.
We present the following examples to illustrate the accuracy of the presented method and

compare the new method with the previous result.

Example 5.1 As the first example, we consider the following linear pantograph equation:

1 t 1 ¢
£) = —u(t) + — —e5, 0<t<l, 5.1
u'(t) u()+10u<5> 0 " <t< (5.1)
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subject to the initial condition
u(0) = 1. (5.2)

By using Table 1 and Theorem 4.1, Eq. (5.1) transforms to the following recurrence rela-

tions:
1 /1\* 1 ()
1 1) =-Uk) + —| = k) - —-—>", .
(k+ 1)Uk +1) =-U(k) + 10<5> U(k) 0« (5.3)
and from the initial condition (5.2), we write
Uuo) =1. (5.4)

Substituting Eq. (5.4) in Eq. (5.3) recursively we derive the following results:

-1
Un=-1, U=, UB)=—,
2! 3!

1 1 (5.5)

U = o U@) = Bk
Therefore, from (3.2) we have
= A A
_ k _ L 4.

u(t) = kZU(k)t sl-tr gt (5.6)

=0

To improve Eq. (5.1), we implement the (LPDTM) for the third-order approximation so-
lution

t2 3

3
Ztg(t):kX:L{(k)tk:I—t+ 5-% (5.7)
=0

Applying the Laplace transformation with respect to ¢ for u(z) yields

1 1 1

1
Lets= %, we have
Llu@®)]=t-*+£ -t~ (5.9)

Form>1,n>1,and m + n < 4, all of the [7'](¢)-Padé approximants of Eq. (5.9) yield

m t
|:;:|(t) - (5.10)

In this step, by writing % instead of ¢ in Eq. (5.10) we obtain

[T](t) b (5.11)
n s+1
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Finally, using the inverse Laplace transform on the Padé approximants (5.11), we arrive at
the improved solution that corresponds to the exact solution u(t) = e™.

Example 5.2 As the second example, we consider the following linear pantograph equa-
tion:

t t
u%ﬂ=4e€sm<§>u<§), 0<t<1, (5.12)

subject to the initial conditions
u0)=1  u'(0)=-L (5.13)

By using Table 1, Theorems 4.1 and 4.2, Eq. (5.12) transforms to the following recurrence
relations:

(k+1)(k+2)U(k +2)

k r 1\ /1 k—ry 1 . (7'2—71)7'[
:4ZZ(T> <§) ril(ra —ry)! sm( 2 )U(k—r2), (5.14)

and from the initial conditions (5.13), we write
U@ =1, U) =-1. (5.15)

Consequently, we find

UR) =0, u(g):%, u(4)=%, u<5)=%, (5.16)

Therefore, from (3.2) we have
B oA S

_ELE L (5.17)

ut)= Y UK =1-t+ o=+

k=0

To improve Eq. (5.12), we implement the (LPDTM) for the third-order approximation
solution

3
fia(t) = Y UK =1-1t+ g (5.18)
k=0

Applying the Laplace transformation with respect to ¢ for u(z) yields

Llu(t)] = % 1.2 (5.19)

2 st

Lets= %, we have

Llu(t)] =t -1+ 2" (5.20)
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Form>1,n>1,and m + n < 4, all of the [7](¢)-Padé approximants of Eq. (5.20) yield

[Z](t) AL (5.21)

n T 1e2e+282

In this step, by writing % instead of ¢ in Eq. (5.21) we obtain

m(t)_ s+1 B s+1 (5.22)
n T242s+2 (s+1)2+1° ’

Finally, using the inverse Laplace transform on the Padé approximants (5.22), we arrive at
an improved solution that corresponds to the exact solution u(¢) = e™* cos(¢).

Example 5.3 As the third example, we consider the following nonlinear pantograph equa-
tion:

u”(t) = u(t) - %u2(§> 0<t<l, (5.23)

subject to the initial conditions
u(0) =0, u'(0)=1. (5.24)

First, we rewrite the equation as follows:

£u'(8) = Caut) - 8 (%) (5.25)
By using Table 1 and Theorem 4.2, Eq. (5.15) transforms to the following recurrence rela-
tions:

k
D 8(r=2)(k—r+ 1) (k—r+ UKk —r+2)
r=0
k k 1 k
=Y 8(r-2Uk-r)-8) (—) UPUK 1), (5.26)
r=0 r=0 2

and from the initial conditions (5.24), we write
U) =0, u'o)y=1. (5.27)

Substituting Eq. (5.27) in Eq. (5.26) recursively we derive the following results:

Ui = -

31’

Uu2=-1, UB)= o

1 -1

Uue) = o ue) = Rk

(5.28)

Therefore, from (3.2) we have

u(t):ZU(k)tk:t—t2+t——t—+———+"'~ (5.29)
— ! ! !
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To improve Eq. (5.23), we implement the (LPDTM) for the third-order approximation
solution

3 3
() = S UK =t -2 + % (5.30)

k=0

Applying the Laplace transformation with respect to ¢ for u(t) yields

1 2 3
Llu(®)] = G ata (5.31)
Lets= %, we have
Lu()] = -2 + 3¢, (5.32)

Form>1,n>1,and m + n < 4, all of the [7](¢)-Padé approximants of Eq. (5.32) yield

[Z] @) v (5.33)

n 1+ 2t+ 82

In this step, by writing % instead of ¢ in Eq. (5.33) we obtain

[Z] ® 1 1 (5.34)

n T4 2s41 (s+1)2

Finally, using the inverse Laplace transform on the Padé approximants (5.34), we arrive at

an improved solution that corresponds to the exact solution u(t) = te™.

Example 5.4 As the fourth example, we consider the following nonlinear pantograph

equation:
t t t 1 1 t
(= )-2u"(= )= )+>u@)==cosh|{ =), 0<t<l, (5.35)
2 2 2 4 4 2
subject to the initial conditions
u(0) = 1, u'(0) =2, u"(0) = 0. (5.36)

By using Table 1, Theorems 4.3 and 4.4, Eq. (5.35) transforms to the following recurrence

relations:
1 k+3
(§> (k+ 1)(k +2)(k +3)U(k + 3)

k k+3
_22<%) F+2)r+Dk—r+DUFr+2)UK—-7+1) + EZ/{(k)
r=0

vk, (=1\k
:%((2) ‘;(‘(2) )’ (5'37)
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and from the initial conditions (5.36), we write
Uuo) =1, Uu) =2, UR)=0. (5.38)

Substituting Eq. (5.38) in Eq. (5.37) recursively we derive the following results:

u(3)=%, U4) =0, U(5)=6—10, U) =0, (5.39)

Therefore, from (3.2) we have

3 5

> 2ot
ul) =Y UK =2+ —+—+---. (5.40)
P 3 60

To improve Eq. (5.35), we implement the (LPDTM) for the third-order approximation

solution

3 3
is(6) = YU =20+ = (5.41)
k=0

Applying the Laplace transformation with respect to ¢ for u(t) yields

2 2
;C[M(t)] = S—2 + 5_4. (5.42)
Lets= %, we have
Llu(®)] =26 +2¢*. (5.43)

Form>1,n>1,and m + n < 6, all of the [7'](¢)-Padé approximants of Eq. (5.43) yield

[ﬂ](t) 26 (5.44)

1o

In this step, by writing % instead of ¢ in Eq. (5.44) we obtain

[@](t): R - (5.45)
n N

1 s-1 s+1

Finally, using the inverse Laplace transform on the Padé approximants (5.45), we arrive at
an improved solution that corresponds to the exact solution u(t) = e’ — e™*.

Example 5.5 As the fifth example, we consider the following linear VIDEs with propor-
tional delay:

. t 3 ¢
W0 + u<§> -2 - /0 Eule) de

11 t
= sin(¢) + tcos(t) + sin <§>, 0<t<l, (5.46)
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subject to the initial conditions
u(0) =0, ' (0)=1. (5.47)

By using Table 1, Theorems 4.1, 4.5 and 4.6, Eq. (5.46) transforms to the following recur-
rence relations:

1\ 3 13
(k+1)(k+2)Uk+2)+ <§> Uk - ZZ/{(k) % ;5(;"— DUk -7)

11 (k) <& 1 (k—r)m
=‘Zﬁsm<7>+,Z(;8(r"”<k—r>!c°s< 2 )

1yk
+ (52 sin(k—n>, (5.48)

k! 2

and from the initial conditions (5.47), we write

U©o)=0, U1 =1. (5.49)

Substituting Eq. (5.49) in Eq. (5.48) recursively we derive the following results:

-1 1
UR) =0, Uu@a) = 3 U4) =0, Uuep) = = (5.50)
Therefore, from (3.2) we have
ad ‘ £
u(,:)szu(k)t stogtg (5.51)
=0

To improve Eq. (5.46), we implement the (LPDTM) for the fourth-order approximation

solution

4 3

(e = S UG =t (5.52)

31
k=0

Applying the Laplace transformation with respect to ¢ for u(¢) yields

Llu(®)] = LR (5.53)

sz st
Lets= %, we have
Llu@®)]=t-t* (5.54)

Form>1,n>1,and m + n < 4, all of the [%](t)-Padé approximants of Eq. (5.54) yield

2
[%](t) - (5.55)

Page 16 of 25
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In this step, by writing % instead of ¢ in Eq. (5.55) we obtain

[Z](t) b (5.56)

Finally, using the inverse Laplace transform on the Padé approximants (5.56), we arrive at

an improved solution that corresponds to the exact solution u(t) = sin(z).

Example 5.6 As the sixth example, we consider the following nonlinear VIDEs with pro-
portional delay:

o ()ult) - u(%) _ ;;(%) /Otu(é)u(§> dE=0, O0<t<1, (5.57)

subject to the initial condition
u(0) = 1. (5.58)

By using Table 1 and Theorems 4.1, 4.2 and 4.7, Eq. (5.57) transforms to the following

recurrence relations:
k 1 k
D o+ DU+ DUK - 1) - <§> U(k)
r=0

3 k-1 k-r-1 1 1 k—s—1
‘QZ > E(‘) UNUUK —r—s-1) =0, (5.59)

2
r=0 s=0

and from the initial condition (5.58), we write
U©) =1. (5.60)

Substituting Eq. (5.60) in Eq. (5.59) recursively we derive the following results:

1 1
umny=1, U= ok UB) = v
. g ' (5.61)
U4) = o U®) = =
Therefore, from (3.2) we have
ad . A SR
u(t):ZL[(k)t=1+t+i+§+z!+§+---. (5.62)
k=0

To improve Eq. (5.57), we implement the (LPDTM) for the third-order approximation

solution

2 3

3
vt
By(0) =) UK =T+t+ 5+ 2. (5.63)
k=0 ’ ’
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Applying the Laplace transformation with respect to ¢ for u(t) yields

1 1 1 1
Lets= %, we have
Llu@®]=t++ +* (5.65)

Form>1,n>1,and m + n < 4, all of the [7](¢)-Padé approximants of Eq. (5.65) yield

[Zyﬂ:—i< (5.66)

In this step, by writing % instead of ¢ in Eq. (5.66) we obtain

[T](t) b (5.67)
n s—1

Finally, using the inverse Laplace transform on the Padé approximants (5.67), we arrive at

an improved solution that corresponds to the exact solution () = €.

Example 5.7 Lastly, we consider the following nonlinear VIDEs with proportional delay:
t

iu(%) ' %u(t)u(%) _ uG) /02 wE (E)dE =0, 0<t<1, (5.68)

subject to the initial condition
u(0)=1, u'(0) = -1. (5.69)

By using Table 1, Theorems 4.2, 4.3, 4.8 and 4.9 Eq. (5.68) transforms to the following

recurrence relations:

k

1 k+3 1 k—r+3
(§> (/<+1)U(k+1)+2(§) UrU K —r)

r=0

k-1 k-r-1
— 2

k+2
% <l) UG+ QUSUK -7 —35) =0, (5.70)
, i

r=0 s=

and from the initial conditions (5.69), we write
Uuwo) =1, Uu@a)=-1. (5.71)

Substituting Eq. (5.71) in Eq. (5.70) recursively we derive the following results:

UQ:%, u@z%, uwzé, uwzg, e (5.72)
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Therefore, from (3.2) we have

e ‘ 2 B B P
u(t):ZZ/l(k)t=1—t+§—§+a—a+---
k=0

(5.73)
To improve Eq. (5.68), we implement the (LPDTM) for the third-order approximation
solution

3
i) =S Uk =1 -t S - L (5.74)

k=0

Applying the Laplace transformation with respect to ¢ for u(t) yields
Llu@®)]==-5+5- . (5.75)
Lets= %, we have
Llu@®]=t-+ -t (5.76)

Form=>1,n>1,and m + n < 4, all of the [%](t)—Padé approximants of Eq. (5.76) yield

[ﬂ](t) __b (5.77)

[Z](t) __ L (5.78)
s+1

Finally, using the inverse Laplace transform on the Padé approximants (5.78), we arrive at
an improved solution that corresponds to the exact solution u(t) = e™*.

Comparing our result with the solutions obtained in [13, 14, 17, 58, 59], we can see that
the results are the same.

Results for Examples 5.1-5.7 are reported in Figs. 1-7 and Tables 2-8, respectively. In
these tables, the terms ug, u, r and e(u) stand for exact solution, #th order approximate
solution of DTM and their absolute error, respectively.

6 Conclusion

Most pantograph equations with proportional delays are usually difficult to solve analyt-
ically. In many cases, it is required to obtain approximate solutions. In this work, for this
purpose, the modified differential transform method, a combined form of the differen-
tial transform method with Laplace transforms, and the Padé approximant (LPDTM) is
effectively used to find the exact solution of linear and nonlinear pantograph type of dif-
ferential and Volterra integro-differential equations (DEs and VIDEs) with proportional
delays. In fact, the main advantage of this method is its capability of combining the two
strongest methods for finding a fast convergent series solution of pantograph equations.
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Figure 1 Comparison of the exact solution (blue)
and the approximate solutions (red) of Example 5.1
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Figure 2 Comparison of the exact solution (blue)
and the approximate solutions (red) of Example 5.2
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Figure 3 Comparison of the exact solution (blue)
and the approximate solutions (red) of Example 5.3

Furthermore, as seen from the examples, the results indicate the reliability and efficiency

of the method and show that it needs less effort to achieve the results, and is a promising
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Figure 4 Comparison of the exact solution (blue)
and the approximate solutions (red) of Example 5.4

Figure 5 Comparison of the exact solution (blue)
and the approximate solutions (red) of Example 5.5 1

0.84

0.6

0.4+

0.2

Figure 6 Comparison of the exact solution (blue)
and the approximate solutions (red) of Example 5.6 207

and powerful method over other methods for solving many linear and nonlinear panto-
graph type of DEs and VIDEs with proportional delays arising in mathematical physics.
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Figure 7 Comparison of the exact solution (blue)
and the approximate solutions (red) of Example 5.7
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Table 2 Numerical result of Example 5.1
t Ug UroR Un2R n=10, e() n=12 e()
0.1 0.9048374181 09048374181 0.9048374181 3.592657686 x 107! 3592657661 x 10712
03 0.7408182206 0.7408182206 0.7408182206 1923883628 x 107" 1.928210586 x 107"
05 06065306598 0.6065306598 0.6065306598 1.80099255 x 107 6.287137150 x 1072
0.7 0.4965853044 04965853039 04965853044 449700608 x 1070 1676531197 x 107!
09 04065696671 04065696598 0.4065696671 7.35104179 x 1072 7.90460030 x 107"

Table 3 Numerical result of Example 5.2

t Uf Usp U7r n=>5,e) n=7,e)

0 1 1 1 0 0

02 08024106473 08024106667 08024106464 1936597 x 1078 95149031 x 10710
04 0.6174056479 0.6174079999 06174053993 2.3520953 x 107© 248539620 x 1077
06 04529537891 04529920000 04529475657 3.8210890 x 10~ 6.22339571 x 107
08 0.3130505040 03133226667 03129897854 27216259 x 107 6.07186798 x 107
Table 4 Numerical result of Example 5.3

t UE UgRr unR n=8,e(u) n=11,e(u)

0.1 009048374180  0.09048374181  0.09048374181  3.568128916 x 10712 3.592657686 x 10712
03 0.2222454662 0.2222454658 0.2222454663 46785714 x 10710 4528351013 x 10712
05 03032653298 0.3032652840 0.3032653298 458254531 x 1078 585598678 x 107"
07 03476097127 0.3476087846 0.3476097130 92816132 x 107/ 2.78563346 x 10710
09 03659126937 0.3659039660 0.3659127002 872761061 x 107° 6.64594981 x 1072
Table 5 Numerical result of Example 5.4

t U Uz7R urp n=7elu) n=11,e()

0.1 0.2003335 0.2003335 0.2003335 3.964923968 x 107! 3.965475164 x 107"
03 0.6090405873 0.6090405868 0.6090405869 51527572 x 10710 4067048190 x 10710
05 1.042190611 1.042190600 1.042190611 1.0808188 x 1078 1.914523041 x 107"
0.7 1517167403 1517167180 1517167403 22275522 x 107/ 6429500776 x 10710
09 2.053033451 2053031300 2.053033451 2.1506409 x 107 33635213 x 10710

The method can be extended easily with some modifications to the fractional delay differ-

ential equations. It is our aim for future work.
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Table 6 Numerical result of Example 5.5

Page 23 of 25

t Ur Uz Ug,p n=7 el n=9,e)

0 0 0 0 0 0

0.2 0.1986693308 0.1986693309 0.1986693309 7.015540 x 10712 5.604605256 x 10712
04 0.3894183423 0.3894183415 0.3894183422 7.160351 x 10710 63634890 x 10712
06 0.5646424734 0.5646424457 0.5646424735 27695714 x 1078 7571457 x 1071

0.8 0.7173560909 0.7173557232 0.7173560931 36774173 x 107/ 21263475 x 107°
Table 7 Numerical result of Example 5.6

t U uzp U0 n=7,e() n=10,e(u)

0 1 1 1 0 0

0.2 1.221402758 1.221402759 1.221402759 9.5908440 x 107! 1608396569 x 10710
04 1491824698 1491824681 1491824698 173614159 x 1078 3.561531174 x 10710
0.6 1.822118800 1.822118354 1.822118801 445704276 x 107/ 3.04866784 x 10710
0.8 2225540928 2225536366 2225540927 456226537 x 107© 1.79197330 x 107°
Table 8 Numerical result of Example 5.7

t Ug uzp uioR n=7,e(u) n=10, e(u)

0.1 0.9048374180 0.9048374181 0.9048374181 3568128916 x 107" 3.592657686 x 107"
0.3 0.7408182207 0.7408182191 0.7408182206 1.59385714 x 107° 1.923883628 x 107"
0.5 0.6065306597 0.6065305680 0.6065306598 9.1750016 x 1078 1.80099255 x 107!
0.7 0.4965853038 0.4965839780 04965853044 132589299 x 107° 449700608 x 10719
0.9 0.4065696597 0.4065599623 04065696671 969737847 x 107° 735104179 x 107°
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