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Abstract

One of best ways for increasing our abilities in exact modeling of natural phenomena
is working with a singular version of different fractional differential equations. As is
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well known, multi-singular equations are a modern version of singular equations. In
this paper, we investigate the existence of solutions for a multi-singular fractional
differential system. We consider some particular boundary value conditions on the
system. By using the a-ir-contractions and locating some control conditions, we
prove that the system via infinite singular points has solutions. Finally, we provide an
example to illustrate our main result.
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1 Introduction

The fractional derivatives have an long history. It is natural that many phenomena could be
modeled by using singular fractional integro-differential equations. Due to the emergence
of fractional differential equations in some mathematical models of distinct phenomena
in the world, fractional calculus is perfectly appealing ([1-12]) for some real modelings
([13-15]). On the other side, much work is conducted in the field of fractional differential
equations among which some have a singular point to control these sorts of points ([16—
19]) and we have nonlinear delay-fractional differential equations ([20-23]).

In 2011, Feng et al. studied the existence of a solution for the singular system

D*u(t) + f(t,v(t)) = 0,
DPv(t) + g(t, u(t)) =0,

with boundary conditions #(0) = u(1) = #'(0) = v(0) = »(1) = v/(0) = 0, where 2 <, 8 < 3,
f,g:(0,00) x R — Rare continuous, lim;_, o+ f (£, -) = +oo and lim;_, o+ (¢, ) = +00 ([24]). In
2014 Jleli et al. proved the existence of a positive solution for the singular fractional bound-
ary value problem D¥u(t) + f(¢, u(t)) = 0 with #(0) = /(0) = 0 and /(1) = Zﬁf Biu' (&),
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where 0<£t<1,2<a<3,0<§ <& <+ <§,02<1,f:(0,1] x R— R is a continuous
function, f (¢, x) is singular at £ = 0 and D* is the Caputo derivative ([25]). Later, some more
systems of fractional differential equations and inclusions were studied ([26—28]). In 2017
Shabibi et al. reviewed the singular fractional integro-differential system

D*%uy + it w1, ..oy by, DM uy, ..., DMy,

+@(tuy, ... Uy, DMy, ..., DPmy,, ) = 0,

D"y + (11, ..o Uy, D1y, ..., DMy,

+gn(t,ur, .. Uy, DMy, ..., DPmy,,) = 0,

@ [u(t))i=0 = 0 for 1 <i <mand 2 <

k<n-1,where o; > 2, [@;] =n -1, 0 < pu; <1, D is the Caputo fractional derivative,

with boundary conditions #;(0) = 0, #;(1) = 0 and

fi is a Caratheodory function, g; satisfies the Lipschitz condition and f;(¢,x1,..., %) is
singular at ¢ = 0 of for all 1 <i < m ([29]). One of our aims is to generalize this system in
a certain sense. In 2020, Talaee et al. studied the existence of solutions for the pointwise
defined differential equation D*x(¢) = f(¢,x(t),x'(£), DPx(t), fot g(&)x(&) d&) with boundary
conditions x(u) = fol h(z2)x(z) dz and x(0) = x¥(0) = 0, for 2 <j <n—1, where & > 2, n =
[@] +1, u, B €(0,1), g,h:[0,1] — R are mappings such that g, € L}[0,1] and f € L' is
singular at some points of [0, 1] ([30]).

By using main idea of the literature, we investigate the existence of solutions for the
nonlinear fractional differential pointwise defined system

Dy () = f1(t, %1 (2), %, (), DPrxy (2), P11 (2),
e X (), %, (£), DP 2y, (£), IP7 5,,(2)),
te0,1], (1)
D, (£) = fru(t, %1 (2), %, (£), DPrxy (£), IPL 1 (2),
e X (), %, (£), DP 2,y (£), 1P7 5, (2)),

with boundary value conditions x,(f)(O) =0for2<j<m—landk=1,...,m,

no

X0 = > Xk DF ke (vi)
i=1

and % (0) = wx(nx) for all k = 1,2,...,m, where X;x > 0, Bx, Vik Miks O Mk € (0,1), px > 0,
mny €N, k=1,2,...,m,i=1,2,...,n9, D% is the Caputo fractional derivative of or-
der ax > 2, ng = [o] + 1, fi : [0,1] x X*" — R, is singular at some points [0, 1], where
X = C!0,1]. Note that in system (1), we investigate the problem with multi-singular
points, while in the mentioned other systems, the problems have no singular points or
have almost one singular point (in ¢ = 0). In fact, the novelty of this work is that the multi-
singular points can be controlled and investigated. Note that system (1) is a generalization
for the mentioned systems. Recall that D“x(¢) = f(¢) is a pointwise defined equation on
[0,1] if there exists a set E C [0, 1] such that the measure of E¢ is zero and the equation
holds on E ([30]). Recall that the Riemann—-Liouville integral of order p with the lower limit
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a > 0 for a function f : (a,00) — R is defined by I, f(¢) = F(lp ft(t —s)P"1f(s) ds, provided
that the right-hand side is pointwise defined on (@, o). We denote I? of (£) by IP£(¢) ([31]).
The Caputo fractional derivative of order o > 0 is defined by °D*f (¢) = = (nlfa) Ot (ciyw ds,
where n = [a] + 1 and f : (4,00) — R is a function ([31]). Let ¥ be the family of nonde-
creasing functions v : [0,00) — [0,00) such that > >, ¥"(¢) < oo for all £ > 0. One can
check that y(¢) < ¢ forall £>0 ([32]). Let T: X - X and @ : X x X — [0, 00) be two maps.
Then T is called an a-admissible map whenever a(x,y) > 1 implies a(Tx, Ty) > 1 ([32]).
Let (X, d) be a metric space, ¥ € ¥ and @ : X x X — [0,00) a map. A self-map 7: X — X
is called an a-vr-contraction whenever «(x, y)d(Tx, Ty) < ¥ (d(x,y)) for all x,y € X ([32]).
We need the following results.

Lemma 1.1 ([32]) Let (X,d) be a complete metric space, v € ¥, o : X x X — [0,00) a map
and T : X — X an a-admissible a-\-contraction. If T is continuous and there exists xo € X
such that a(xg, Txo) > 1, then T has a fixed point.

Lemma 1.2 ([33]) Letn -1 <« <nand x € C(0,1). Then I*D*x(t) = x(¢) + Zf’:ol cit' for

some real constants cg,...,Cp_1.

2 Main results

Now, we present our main results.

Lemma 2.1 Leta>2,[a]=n-1,1;>0, u;,y,n€(0,1) foralli=1,...,ny,0 € (0,1) and
f € L'[0,1]. Then the solution of the problem D*x(t) = f(t) with the boundary conditions
A0)=0for2<j<n-1,x0) = >0 AiDMix(y;) and x'(0) = x(n) is given by

_L ! _ -1
x(t) = F(oz)fo (t-9)"f(s)ds

1-n+t 0 w1
+(Ay—9—1+n)r‘(a)/0 6 -5)"f(s)ds

- 1-n+t T el
(Ay—9—1+n)r(a)/0 (n = )*"f (s) ds

no

1-n+t
_(Ay—9—1+n)z

_ Q)Y M~
r(a ) / (yi—s) 'f(s)ds,

where A, =Y AI,((VZ‘ Land1-A, #n-0.

Proof By using a similar method to [30], we conclude that Lemma 1.2 holds on L[0,1].

Let x be a solution for the problem. By using Lemma 1.2, we have

x(t) = / (t—s)"f(s)ds+co+cit+---+cit" L
I(a)

Since x¥(0) = 0 for 2 <j<n-1, we conclude that

x(t) = Mo )/ (t—s5)*" 1f(s)ds+co+clt (2)

Page 3 of 26
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andsox(n) = fo (n—=s5)*"Lf(s)ds+co+cinand x'(¢) = fo (t—5)*"%f(s)ds +c,. Thus,
x'(0) = ¢; and by using the boundary condition x'(0) = x(n) we get

1 " a-1 _
m‘/(; (n=95)""f(s)ds+co+c1n=cy.
Hence,
B 1 n a1 1
O e /0 (=9 6) s+ o 3

On the other hand by using (2), for each i = 1,...,ny we have

L i
i a“’ _—
DAt = maz m)/ J@dsr ez s

which implies A;D#ix(y;) = r(ak—lu,) Oyi(y,' —5)* M (s)ds + ¢ kr((yz’)u 5 Hence,

no

1-p;
X}DWM%E: L”/(%ﬂWMV@ﬁ+Qth“;

Since x(9) = ﬁ foe (0 —9)*7f(s)ds + co + €10 and x(0) = D% A D ix(y;), we obtain

0
ﬁ ./0 (0 —s)*"f(s)ds + co + c10

no

Z / (Vl _S)a = lf(S) ds + ¢ 20: )\.i(yi)l—ﬂi

Na i) = T(2- )

and so by using (3), we have

/ 0 —s)*"f(s)ds +co + / (n—s)*"Yf(s)ds

I'() (1-
9 no )"i /Vi .
+——co= _ (y; =) M f(s)ds
1—770 ;F(a_ﬂi) 0 f
no Aily) M Ayt
Zi:() )"l(yll : n Z?O Aily) ™M
+ L T2-u) f (n _S)at—lf(s)ds_l_ I T(2-u) Co.
(1-nmT(a) Jo 1-7n

N0 Ayt
IfA, =370 F o , then

Ay-0-1+n\ 1 0 w1
%< 1-7n >_FM)A(9_Q fls)ds

0 ! a-1
o e /0 (1 - 9 f(s)ds

no by Vi it
‘;7r(a—ui>/o (= 5" f () ds
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a-1
m/(n 8)* ' f(s)ds

SO

-7
(A, -6 -1+ ()

1-9 "o A Vi ‘ S
_(Ay_e—l"'n);F( / (yi—s)* " f(s)ds

a— i) Jo

Co =

/(9 ) f (s) ds

6-A,
T, —0-1+ (@)

n
/ (- 111 (5) ds.
Thus, by using (2) and (3) we get

1 =

- @ a-1
(e / (-9 fs)ds

a-1
T, —9—1+n)r( )/(9 $)"S(s)ds

o-A,
T, —0-Tan(I-ml()

1 i by Yi
— i - a—pi-1 d
(Ay—9—1+n);]"( )/0 (vi —8)* 7 f (s) ds

o — [

/ (n - 5)°1f(5) ds

and

x(t) = Fa )/ (t—s)*"'f(s)ds

1—77 _ -l
+(Ay—9—1+n)F(a)/0 =5 f(s)ds

0-A, ] o
+(A _9_1+71)F0l)/0 (n—s)*"f(s)ds

Ot i—1
(A —9—1+n)21"(a ) / (yi—8)" " f(s)ds

/(n $)*Lf (s) ds

W
t

a-1
+(Ay—9—1+n)Fa)/(9_s) fls)ds

(9 A a—1
(A _9_1+77)(1—77)F(a)/ (n=9)*"f(s)ds

t 0

_(Ay—9—1+n)ZF((x i) / (yi—9)* 7 f (s) ds.

i=1

Hence,

—L ' _ a-1
x(¢) = T /O (t—5)*"'f(s)ds

Page 5 of 26
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1-n+t 0 -l
+(Ay—9—1+n)r‘(a)/(;(9 $)*"f(s)ds

—1-n)*+@-A)t+t(A, -0 -1+n) " B
_q)¥ d
(1-n)(A, -0-1+nl(a) /0 (n—=s)""f(s)ds

no

1-n+t A Vi e
_(Ay—9—1+n)zr(a_m)/0 (yi —8)* " f(s)ds

i=1

and so

_L ! _ a-1
50 = 1 fo (£ - 5 \f(s) ds

1-n+t /9 1
+ @ =s)“"f(s)ds
(A, =0 -1+nT () Jo f
1-n+t /” 4
- -8)* " f(s)ds
(A, =0 -1+nT(a) Jo (n =9 f(6)
l-n+t & Ai /%‘ 1
- (yi —8)* M= f(s)ds.
(Ay—9—1+n);r(tx—m) 0 /
This completes the proof. O

Consider the space X = C*[0,1] with the norm || - ||, and the space X" with the norm
[l 14, where [[ (1, .. ., %) [lsx = max{llxt [ls, .., %[}, %]l = max{[lx[l, [l«']|} and ||. | is the
supremum norm on C[0, 1]. Let f; be a map [0, 1] x X*” that is singular at some points of
[0,1], for k =1,...,m. Define F : X" — X" as

D1(%15. s Xm)(8)
F(x1,...,%,)(t) = )
(z)m(xl’ e %) (E)

where

¢k(xlr e ,xm)(t)

1 t
= WL (t—S)Otk—l k(s’xl(s)’x/l(s)7Dﬂlx1(s),
1P 21(5), ., 20 (5), %, (5), DV, (5), P75, (5)) el
n 1-me+t
(Ay _ek—1+7'])r

Ok
o /0 (O - 9 i (5,21(5), %, (5), D 1 9),

IP2%1(8), - s % (8), 2, (), D0 (), IP7 2, () ) dls

1-ne+t
(Ayk—ek—1+nk

Nk
T () /o (=) e (s21(5),2) (5), D1 (5),

IP2%1(8), - s 2 (8), 2, (), D (), P72, () ) dls

1-me+¢ "o Aik /‘Vi,k _
- - A — g k‘l‘«t,k_l s, x1(s ,x/ s),
(Ayk_ek_]‘-"nk);F(ak—ﬂiyk) 0 (Vl’k ) -fk( 1( ) 1( )
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DPly(s), P11 (), - . ., X (5), %, (8), DP7 %, (), 1P 5, (s)) ds,

o i) Tk
for 1 <k <m, where A, :=3"" oy Then we have
¢i(x1: e ;xm)(t)
F/(x11~~')xm)(t) = )
@, (X150 %) ()

where for each 1 < k < m we have

¢]/<(xl¢ oo ,xm)(t)

- | €m0, 56.0% 09
IP2%1(8), s % (8), 20, (), D0 (), P 21 () ) dls

1 Ok

_ k-1 4 A1
Y, oL pr@ Jy G 522959, D)

IP1%1(8), -« » % (8), 21, (), D70 (), P72, () ) dls
L " = 9 i (5,1 (9,2, (5), DLy )
e v MU LECLE)

I72%1(8), s 2 (8), 20, (), D 0 (), P 21 () ) dls

1 ap—hik—1
(Ayk—ek—unk)zr(ak—ulk)/ (= ilo 219519,

DP1x1(8), 7' %1(); - ., % (8), ), (8), D7, (), IP7 2, () ) dls

It is obvious that the singular pointwise defined equation (1) has a solution « if and only

if u is a fixed point of the map F.

Theorem 2.2 Let m, n and ny be natural numbers, oy > 2, (o] = nmg — 1, Lix > 0,
Vido Mijo Ok € (0,1), px >0 fori=1,...,npand k =1,2,...,m, fi : [0,1] x X — R some
singular mappings on some points of [0, 1] such that

Vk(t:xb--'rxllm) _ﬁ((tvylyo~'1y4m)| E (Dk(t)Mk(|xl —J’1|,~-; |x4m _y4m|)

forall x1,..., %Y1, -»Yam € X and almost all t € [0, 1]. Assume that

4m
m(t,xl,« . ~:x4m)i =< Z Tk,](t) |xk|)’

j=1

where My : X" — R* is non-decreasing mapping respect to all components such that
lim,_, o+ Mk(z """ 2 . gk € [0,00) and Ty;: [0,1] x X — R* is a map with Ty(-,z) is
nondecreasmg respect to z and lim,_, o+ Tk’(tz = byj(t) for almost all t € [0,1] and for
some by; :€ R*[0,1] — R* such that (1 - L‘)"‘k’zbk,,»(t) € L'0,1] for 1 <j < 4m and

Page 7 of 26
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1 <k<m Let A = max{l, F(2£/31)""’ r(z—lﬁm)’ F(p1+1)""’ r(p,1,,+1)} and bi,k,ék e L'0,1],

rik (i I-pj e ~ L
Ay =300 % and 1 - Ay, # i — 6k, where ¢ (s) = (1 — s)%2a;(s). If

1 2(2 — )
max +
1k=m| Do = 1) |Ay =0k = 1+ mi|T (o)

(2-m) o~ ik A . 1
+ : max brjll, qcPr ¢ € [0, — |,
[Ay — O =1+ 1] Zr(ak—ﬂi,k) Z /-4 A

i=1 j=1

then the pointwise defined system

D, (8) = fi(t, %1 (2), %, (£), DPox (2), 1712, (1),
e X (), %, (£), DPx,, (£), IP7 5,,(2)),
DO () + fru(t, x1(2), %, (£), DPracy (£), IPL1 (2),
ce s X (), 5, (), DP o,y (£), 1P75,,(2)),

with boundary conditions x,((/)(O) =0, %k (6k) = D0 AigD ik (yig) and x,(0) = xx(ni) for
2<j<ng—1andl <k <m,has a solution.

Proof First, we prove F is continuous on X™. Let € > 0and || (x1,...,%) = (V15 -+« Vi) |l s < €.
Then maxy<i<u [|%x — x|l < € and so ||xx — y«|l« < € forall 1 <k < m. Thus,

|¢k(x1) .. wxn)(t) - ¢k(ylr' .. 7yn)(t)|

1
I" (o)

Iplxl (S), e ,xm(s),x’m(s),Dﬂmxm(s), Ipmxm(s)) _ﬁ< (S’yl (S):J/l (S)!

DLy (8), P2 1(5)s ., Y (8), Y (8), DP9, (8), 1P 9, ()) | dis

=<

/0 ( = )" fie(s,21(5), % (), Dy (s),

1 Nk +t
+
[Ay, =0 =1+ m|T () Jo

Iplxl (S), e ,xm(s),x’m(s),Dﬂmxm(s), Ipmxm(s)) _ﬁ< (S’yl (S):J/l (S)!

DP1y (), 171 91(S), .., Y (8), ¥, (8), DP9, (8), 1Py, (5)) | s

7]
(0 - syt Ific(s,1(5), 27 (), DP1x: (5),

+ ! /nk(’?k = 9 fie(s,%1(5), %, (5), D' x4 (s),
|Ay, =0k =1+ ni|T (o) Jo

I 1 (S), o (), %, (8), D756, (8), P % (5)) — fic (55 91.(5), ¥4 (5)
DP1y1 (), 17 91(5), .., Y (8), ¥, (8), DP9 (8), Py, (5)) | s

L—me+t - i ik
+ Tk Z i / (Vig —s) ikt
|Ay = Ok = L+ il <= T e = k) Jo

X [fi(s,%1(5), 1 (5), DPL a1 (8), P 21 (), .. . % (8), 1, (5), D7 1, (5),
175,(5)) = fic(5,71(5), ¥,(5), Dy (5), Iy (),

s Im(8), Y, (8), DP9, (), 17y, (5)) | s
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< o /O (£ — 51 ()M

|Dﬂ1 (% —

1 =516 -s

65 (5) = 7/ —y)($)1) ds

_ 9
1 N+t / k(Qk _ S)ak_lde(S)Mk( ’ (S) _y/1

+
[Ay, =0 =1+ m|T () Jo

|DP (1 — y1)(

(1 =y -s

P (% _ym)(s)l) ds

B Dﬁm(x _

[, (5) = /. (

1—ne+t /’7" a1
+ (k — )" Dr(s) My
[Ay, =0 =1+ m|T () Jo (

1P (% —yl)(S)|»~~-,

|Dﬂ1 (% —

5,9 =7, ) ds

no

T—m+t Ai Yk
+ i Z i / (Vig —s) k=t
|Ay = O = L+ il <= T (e = k) Jo

x ()M (|x1(s) = y1(5) |, |#1 () = ¥, ()],

-, (5)|r |Dﬂm(xm -

(%1 = y1)(5)1,
—Ym)(s)|) ds

L —

foralll1 <k <mandt € [0,1]. Now for 8 € (0,1) and ¢ € [0, 1], we have

Di(x-y)0) =

1 ! B-2(. /
F(l—ﬂ)/o(t_s) (x —y)(s)ds

and so [D?(x —y)(t)| < F = ,3 fo (t—s)P2ds = nx yﬂlltﬂ 1. Hence, | D (x — y)(t)| < %yﬂl)l and
17 (x = (0] < 55 fo —s)Plds = ”x Lgl S8 Thus, [72(x - y) ()] < #?pﬂl) and

|¢k(xlr v ’xn)(t) - ¢>/<(J/1~ . "yn)(t)|

(I|x1 -

llx1 =l
re-pg)’

ller = 1l

’ / ”x/ —y/ || IIxm —ym”
— s % = Yl _ Jm —Im d
F(p1 + 1) ”x v Xm = Vm F(2 _ ﬁm) F(pm " 1)
1—m+t /9k o / /
* (O — 8)** D ()M N1 — X - ,
|AV1<_9/<_1+’71<|F(041<) 0 1 1 y1”

ey =y 1l ller =yl -
F@-p) T+ 7m0
1-ng+t
+
[Ay, =6 =1+ T (o)

v 1 = 2l 1% = Yl
Xm = Vm d

"T2-Bm) Tom+1)

/ (k= )%~ 1<I>k(S)Mk( loc —

J’1

llxy =10l Nl =yl I
TQ=B) T(pr+1) " m = mll

1196 = Yl IIxm—ymll>
~ Yol

T2 Tpm+1)

-+t = Ai Yik
+ i Z ok / (yik —s) % Hax!
|Ay = Ok = L+ el <= T (e = k) Jo
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y”H%—%HHM—ﬁH
"Wre-g) rei+1)

165 = Yol 1% = Yo
F(z - ,Bm) ’ 1_‘(pm + 1)

X O (s) My (||x1

”xm —Ymll _ym

t

< / (t — ) ()M (Arllxr =yl .» Arllxy = 1l
I'(ax) Jo

Am||xm—J/mll*,---,Amem—J’m||*,)d5

Ok

1- Nk +t B
Ok — ) D ()M (A1 llx1 = y1 1

+
[Ay, — 60— 1+ mi|T (o)

-7A1||x1 _yIH*’“wAm”xm _ym”*:“'rAm”xm _ym”*) dS

Nk

1—m+t _
(i = 9)* Dr($)Mi (A1 llx1 = y1 1

+
[Ay, — 60— 1+ mi|T (o)

- Arlle _y1||*r~~vAm||xm _ym”*»"-rAmem _ym”*) ds

1-ng+t X

Yik
+ (Vig = s) ikt
|Ay, = Ok =1+ il r(ak—ﬂzk)./ b

X Dp()Mi(Arllxr = yilles s Arllxr = y1

nAm”xm _ym”*:rAm”xm _ym”*) dS,

where for 1 <j < m Aj=max{1, z55;, ﬁ} and [|x; -yl = max{[lx;— [, [|%] - ]}. Let
A = maxj<j<, Aj and [[(xg, ..., %,) — (yl, oY)l = maxy<j<m{ll%; — y;ll+}. Then, for each

t €[0,1] and 1 <j < m, we have

|¢k(xlr v ’xn)(t) - ¢>/<(J/1~ . "yn)(t)|

< Mk(A”(xl)“wxn) - (yl:-uryn)”**)“wA”(xl’n-vxn) - (yl:-uy_yn)”**)
- ING7)

1

< [a-grtas

+ (1= + OMi(A] Gty o) = 01509 |0

AH(xl,...,x,,)—(yl,...,y,,)H**)/(myk—Gk—l+nk|F(ak))
! ap—1

< [Ca-grtas

F (U= + OM(A| G 0) = 019 |

Al @1esn) = Oy | L) (1A = 0= 1+ mi| T (o)
!

x/o (1-9)*"Di(s)ds

+ (l—ﬂk*’t)Mk(A”(xl, ;xn)_(ylr <3 Vn ||

A”(xlwu)xn) _(ylr-”’yn)”**)/('AVk _9/(_ 1+ ﬂk|)

no

Olk ik—1
XZF(ak—Mzk)/(l e s @
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Since lim,_, o+ k(AAZ;"'AZ = gy, for each € > 0 there exists §(¢) > 0 such that 0 < z < §(¢)
implies M’((AAZ’Z',"’ 2 ¢ qi + € for all 1 < k < m. Thus,
Mi(Az,...,Az) < (g + €)Az (5)

for 0 < z < 8(¢). Put 83;(¢) = min{§(¢), €}. Then, for each 0 < z < §3(¢), we have
Mi(Az,...,Az) < (qx + €)Ae

forall 1 <k <m. Let ||(x1,...,%,) — V1, --+» ¥n) |4+ < Spr(€). Then we have
Mk(AH(xl,...,xy, — e Vn H - ..,A”(xl,...,x,,)—(yl,...,y,,)”**) <(qr +€)Ae

forall 1 <k <m and so

|11, %) () = (Y1, -, 7) (8)|

s% f (1 - %1y (5) ds

1

(1= +8)(gx + €)Ae (1—5)% 1 di(s)ds

[Ay, =6 — 1+ mi|T (o)

1

(1 =i +1)(qr + €)Ae (1-5)"'Di(s)ds

(A, =6 =1+ me|T (o)

, (L=m+ )i+ )Ae "20

/ (1= )it~y () ds

1Ay = Ok =1+ml = Fak_/’le)
(qr + €)Ae - (1 —nx +t)(gx + €)Ae
< —=— %kl + | Px 0,1

I" (o)

(1 —nk +t)(gx + €)Ae
[Ay, =0k — 1+ ni|T(ax)

[Ay, =0k =1+ ne|T(ax)

1Dkl o]

(1 - +t)(gx + €)Ae
||d>k||[01127
[Ay =60 =1+ T (ox — i)

Hence,

||¢k(xl’ .. '»xn) - ¢)k(y1r cee ’yn) ||

(1 s 2(2 —me)
Cla) 1Ay =0 =1+l (ax)

ny

2= m) Z M) g+ ) AIBelone.
|Ay =0k = 1+ mi] <= T ok — i)

If |15 e s %m) = W1y Ym) s < € forall £ € [0,1] and k = 1,...,m, then we get

’¢],((x1’ cee :xn)(t) - ¢//<()/1,. . ~1yn)(t)|

=2 B1
F(ak -1) / (£ =) lfk(s x1(5), %71 (5), D" x1 (),

Page 11 of 26
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I 501 (S), s X (), %, (8), D 2 (), I %10 ()) = fic(,01(), 5/, (9),

DPry1(8), 7' 91(8), -, Yim(8), 9, (), DP9 (8), Iy, (s)) | s

1 Ok
1Ay, — O — 1+ T (ex) /o O = )" [fie(s,01(), % (5), D" 41 s),
I %1(8), s % (), %, (8), DP s (8), I 2,0 () ) — fic (5, 71(5), /1 (5),
D yy(8), 7 y1(5), - Y (9), ¥y (8), DP Y (5), 1Py, (5)) | s

! * a1 ') b
T ——— /o (71 = ) |fic (s, 2015), %, (), DML (s),

Iplxl (S) 7777 Xm (S)’ x:,” (S), Dﬂlxm (S)’ Ipmxm (5)) _fk (Sr N (5)7 y/l (S),
DP1y1 (), 17 91(S), .., Yn(8), ¥, (8), DPV 1 (8), P yi(5) ) | s
1 0 hik

+
[Ay, — 60— 1+ Zl otk = pik)

i=

Yik
X f (i = )55 (5,21 (5,2, (), DPL e (),
0

I72%1(5),s - s % (8), 26, (), DPL 26, (8), I 2, (5)) = fic (8, 1(8), 91 (5),

Dﬂlyl (S): Iplyl (S) ''''' ym (S), )’:n (5)r Dﬂlym (S)r Ipmym (S)) ’ dS

5 |%1(8) = y1(5) |,

1 ! og—2
<t [ 9" M (19 - 109

|DP1 (1 — y1)(s)

1[p1(x1 —J/l)(S)|»~~-,

DPm (%m _ym)(s)

% (8) = Ym(9)),

;Ipm (xm _ym)(s)l) ds

[%,,(5) = Y 5)),

1
+
(A, =6 =1+ me|T (o)

|DP' (1 = y1)(9)], P2 (%1 = y1)(S)] ...

|x;n(s) —J’m(S)L ’Dﬂm (xm _ym)(s)|:1pm (xm —)’m)(S)l) ds

) x/l(s) _yl(s) )

Ok
/ (6 - 9 DM |21(5) = 31
0

%m(8) = Ym(9)),

1 Nk
M —— /0 (= 8)* " Dr(8)Mi (|1 (5) = y1.()], [41(5) = y1(9)],
| DL (1 = y1)(S)], 17 (61 = Y1) (S [ (S) = Yim(S)],

DP7 (s = 9,)(8) |, 27 (s — 1) (5)]) dis

1 S Aik /”’"
: P (i — 5y a !
|Ay = Ok =1+ ml 4 [ ok = pik) Jo l

i=

|%,,(8) = ym ()|,

x ()M (|x1(s) — y1(s)

x,(5) = y1(8)|, | D (1 = y1)(5) |, I (21 — 91)(9)]

%,(8) = Y (9) |, | D (@ = 3 ) ) |, P (1 = ¥ )(9)]) dls

< Mi(All(x1,. .., %) = 01+ Y lliss « s All(x1. .., Xn) — V150 Vi) llss)
- F(Olk - 1)

’ ’

,---,|xm(5)—ym(5) ’ )

1
X/o (1 = 5)*2Dy(s) ds
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Mk(A ”(xl: cee rxn) -

(2020) 2020:646

()’h---»}’n)”**;--uA”(xl:-u

yxn) - ()’1,---
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,yn)ll**)

[Ay — O — 1+ il T (o)

1
X/o (1-s)**Ldi(s)ds

Mi(A](x1,...,%,)

(yl: <3 Vn ”**; A”(xl:---rxn)_

1.

:yn)H**)

[Ay — O =1+ il T (ex)

1
X./o (1-9)*""Di(s)ds

Mi(A](x1,...,%,)

()’1, 3 Yn ”**: A”(xl’u'rxn)_

1.

s Ym) )

[Ay =0k =1+ ¢l

no
x / (1 — )% Hik= lq;.k( )ds
ak_/'sz

(qx +6)Ae
T T -1

(qr + €)Ae

) [ Pillo +

(qx +€)Ae
[Ay, — 6 — 1+ ni|T (k)

| Px 0,1

|Ay, = Ok =1+ il (o )

(qx +€)Ae

Orllo

no

Ay, =0k —1+n;

This implies that

||¢]/((x1’ ceey

xn) —¢2(y1,...

R Aik
| Pllfo,1 _—
1l ]ZE o

ok — Iik)

)|
2

- 1
“\TF@-1n"

1

[Ay, =6k — 1+ T (a)

ik
+
[Ay, =0 =1+ ¢ lZ:

and so

||¢k(x1, e
ax{ ||¢>k(x1,

:xn) _¢)k(ylr~

(g + AN Drllo€
1 F(ak_//«i,k)) o1

"y”) ”*
;xn) _¢k(y1’-“

/(xl,...

)|

2(2 - k)

- 1
“\T@-1n"

(2 —m)

[Ay = O = 1+ il T (o)

)\'l,k
+
[Ay = Ok =1+ 0l ; I ok — pik)

)W+ON@mmm

Thus, we get
”F(xlnu’xn) _F(yl:unyn)”**
= 13&)&,,||¢k(x1"“’x”) - ¢k(y1"--)yn)||*

’xn) - ¢]/<(yl: o

|}
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1 2(2 - k)
< max +
i<kzm | \T(ax —1)  |A, — 6 — 1+ ni| T (o)

q € A I k11[0,1 €
|Ayk - 9]( 1 ,’kl i=1 I (ak l‘l’i,k)

This implies F(xy,...,%x,) = F(y1,...,¥,) in X" when (xy,...,x,) = (¥1,...,¥,). Hence, F is

T,

k’ (.82) =by(t) for 1 <k <mand 1 <j < 4m, for every

Tk‘j(t,AZ)
Az

continuous on X", Since lim,_, o+

€ >0 we can choose §(¢) such that z € (0,5( )] implies
t €[0,1]. Thus,

< byj(t) + € for almost all

Tyt Az) < (bij(t) + €) Az (6)

for z € (0,8(¢)] and almost all £ € [0, 1]. On the other hand, by using the assumptions we
have

1 2(2 =)
max +
1<k<m F((Xk - 1) |A1’k -0k —1+ nk|F(Olk)

2 - no)Ar o
+ ||b/< A < 1.
|Ay, =6 =1+l z:rmk—m E: /

Choose ¢ > 0 such that

max 1 + 2(2 nk)
1<k<m\ | T'(ax — 1) Ay, =0 =1+ il T (k)
2-mar (<
+ 161
|Ayk_9k_1+77k| Zr(ak_ﬂz Z /

[ 1 202 - )
+ mey +

Mo —1) Ay, =6 — 1+ nel T2 (o)

2- A 0 A
s 2omdar P r— A<l
1Ay, = Ok = 1+ il \ <= T2 (o — 1ik)

Since

1 2(2 - nx)
max +
1<ksm | \ T =1) * |Ay, =0 =1 + el T (o)

(2—m) i Aik & 1
¥ . Kl Pilloayp € [0 — )
|Ay, =6 =1+l ; o — i) ) o A

so we can choose €; > 0 such that

1 2(2 = nx)
max
1<k<m | \ T'(otx — 1) [Ay, — 60 — 1+ | T (o)

no

(2_77k) Aik N 1
+ . (qr + €)1 Prllo ¢ €0, — |
[Ay, — O =1+ il ;F(ak—m,k) 1 (o1 A
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Let 8y = 8(€o) and put 7 := min{8y, €, BMéel)

}. By using (6), z € (0, 7] implies
Tij(t, Az) < (bij(2) + €0) Ar
and specially for z = r we have

Tij(t, Ar) < (by(t) + €0) Ar (7)

for almost all ¢ € [0,1]. Let C = {(x1,...,%,) € X" : ||(*1,...,%m) ||+« < r}. Define the map-

ping o : X2 — R by a((x1, ..., %m), (¥1,.-.,¥m)) = 1 when (x1,...,%,,) and (y1,...,¥,) both
are in C and a((x1,..., %), W1,...,¥m)) = 0 otherwise. If

a((xly 1xm ()/1, ;ym ) ol 11

then [[(x1,..., %) lex <7 and |[y1,...,Ym) s« < r and so ||xx|l« < 7 and ||yx|l« < r for all

1 < k < m. Thus, for each ¢ € [0, 1], we have

|¢k(x1: voe ’xn)(t)|

= (e ./ (£ = )% [fi (s, %1 (), 21 (5), D2 2xa (s),

IP2%1(8), - s % (8), 2, (), DP7 %, (), IP7 %, () ) | s

1—nr+t
+
[Ay, =6 =1+ | (o)

7
(O - 5 [fic(5,%1(5), & (5), D1 (s),

IP2%1(8),s - s % (8), 2, (), DP7 5,0 (), P72, () ) | s

1-—ni+t /’”‘ . ,
+ 1k = )" fic(s,%1(5), %) (5), DP1 1 (s),
1Ay, —O—L+mlT(e) Jo il !

IP1%1(5), - s % (8), 2, (), DP7 5,0 (), IP7 %, () ) | s

T—np+t = Ai Vik
+ k Z i / (Vig —s) ikt
|Ay = O = L+ el <= T (e = k) Jo

X [fi(5,%1(5), 1 (5), DPL 1 (8), TP 21 (), . X (5), %, (8), DP 2, (5), 1P %, (5)) | s

<ty [t

+ Tra(s, |77 %1(5)]) + -+ + Tioam-3(5, [%m(9)]) + Tram—2(s,

DP7%,(9)]) + Tiam (s, [ % (s)|) ] ds

Ok

(60— ) [ Tia (s,

x1(5)]) + Tea(s,

x,(5)|) + Tis(s, [P xr(s)])

x,.(s) |)

+ Tream-1(s,

11—+t
+
[Ay, — 60k — 1+ ni|T (o)

21(s)[) + Tra(s,

x1(s) !)

+ Tk (s,

Dﬂlxl(s)|) + Tha (s,

P1x1(s)|) + -+ + Tram-3(s,

x/m(s)D + Tk,4m—1(S,
1—ne+t Tk
+
(A, =6 =1+ me|T (o)

xm(s)|)

Dﬂmxm(s)|) + Tham (s, \I”’”xm(s)|)] ds

+ Tk,4m—2 (S,

x1(s)]) + Tia(s,

(= 9“7 [ Tra (s, x1(s)])
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<

=

< F(ak)/o (t—S)ak—l[Tk'l(S, 1) + Tea(s,

+ Tky3 (S,

Dﬂlxl(s)|) + Tial(s,

P1%1(5)|) + -+ + Tram3 (s, [%m(s)])

+ Tram— (s, | %, (s)!) + Tram-1(s, Dﬁ’”xm(s)|) + Tham (s, \I””‘xm(s)|)] ds

L—me+t - i Tk
+ Tk Z Bk f (Vig — 5)kHik=t
| Ay, =6 =1+ mil S Tlew = pik) Jo

X (s)}) + Tis(s,

X [Tra (s, DP1xy(s)|)

21(s)[) + Tra(s,

+ TkA(s, |Ip1x1(s)|) ++ Thoams (s,

xm(5)|) + Tk,4m—2( ,

%,(5)))

+ Tiam-1(8 [DP7%(5)|) + Tiam (s,

I”"’xm(s)|)] ds

%) + Tea (s, S 1))

EM))

1

+ Tial s Lol teet Tk4m—3(sr ”xm”) + Tk4m—2(s;
’ I'(p; +1) ’ ’

[l (1%
T m— ) N~ 5 N\ T< m ) d
Tk 1<S r(z—ﬂm))+ o (S F(pml)ﬂ *

l-ne+t /9" _1|:
+ Ok =) Tra (s, 121 ll) + Tra(s,
|Ay, =6k =1+ ni|T (k) Jo 1 al) o

[loe |l [loee |l
T ) T ) T m—. ’ m
. k,3<5 1“(2—51)) + k,4<5 F(p1+1)> + o+ Tiam=s(s, |%mll)

, B ll6 I
% ||) + Tam- <s, T ﬁm)> + Thoam (s, o 1)>:| ds

1—ne+t T
+
[Ay, =0 =1+ m|T () Jo

+ Tis (s, ﬂ) e <s, I ) bt Tiamos(s Il
re-a) I'p1+1)
, 1y 1yl
T m— Y N~ A N T< m ) d
Holl) + Tia 1<S r(z—ﬂm))+ s (3 F(pml)ﬂ ’

1—mp+t i A vik
+ i P — / (Vik —s) "tk
| Ay, = Ok = 1+ mil <= o = i) Jo

#])

+ Tk,4m—2 (S,

(i —5)* 7 [Tk,l(s, a1 ll) + T (s, %7 ])

+ Tram—2(s,

- [T“(& Il + Tea(s, 1) + Tia (S’ r(gx_llxlal))

+ Tha <S, I > + ot Tam—s (8 1%mll) + Tram—2 (s, || %,])

F(pl + 1)

o (o MmN (el N
k,4m-1 » 1_,(2 _ ,Bm) k,4m ) F(pm + 1)

1
I (o)

t
/ (6= 9% [Tea (5, Al 1) + - + Tea(s, Allxa )
0

+ee+ Tk,4m—3 (Sr ”xm”*) +eet Tk,4m (57 ”xm”*)] dS

Ok

1- t
e Ok — " [ Tea (s, Allxa l)

+
[Ay, =60 — 1+ m|T () Jo

+ooo 4 Tra(s Allxalls) + - + Trams (s 18mll) + - + Tiam(s, 1% ll) | ds
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11—+t
+
[Ay, =6 — 1+ mi|T (o)

+o ot Ta(s Al ) + -+ + Trams (S 1%mlli) + -+ + Tiam(s, 1% l) ] ds

1—me+t = A vik
+ Tk Z ik / (Vig — 5) 4tk
| Ay, =6 =1+ mil < Tlew = pik) Jo

Nk
/ (= 9° [ Tea (5, Al 1)
0

X [Tra(s, Allxelle) + -+ + Tals, Allxalls)

+ost Tk,4m—3 (S) ”xm”*) +eet Tk,4m (S, “xm”*)] dS

t
< t— )% T (s, AF) + -+ + Theam(s, Ar)]d
< F(ak)/o( )% Taa(s, Ar) + -+ + Tiam(s, Ar)] ds
1—m+t Ok _1
+ Ok — )| T 1 (s, A7) + - - + Tram(s, Ar)| ds
| Ay = 6= 1+ T (exe) (e . ]
1—me+t Mk
+ L (i = )" [ Ti1 (8, A7) + -+« + Tram(s, Ar)] ds

[Ay, — 60— 1+ | (o)

1-ng+t 20 Vik
+ L Z / (Vig = s) ik
1Ay, = Ok =1 +m| < F(Olk—lhk)

X [Tk,l(s, AF) + -+ Tram(s, Ar)] ds.

Now by using (5), we obtain

|¢k(x11 .. ;xn)(t)|

1 1 i m
(o) ‘/0 (1-s)% ;(bk,j(s) + Eo)Ar ds

1-—nr+t 1 1 “
+ —8)%" bk (S)+60 Ar |ds
Ay = O = L+ i D) Jo ,Z ’

o ) 1
N 1- Nk +t Z )\'l,/( / (1 _ S)ak—ﬂi,k_l
Ay, — O =1+l P} [ ok — pik) Jo

X |:Z(bk,,-(s) + €0) Ar:| ds

j=1

m

A 1 .
< F(o;() ;[/0 (1 5)™ 2Dy j(s) ds + 60/0 (1= sy ds:|

(1—nx + D) Ar ’”[/ o 1 ]
(1-98)%*"bri(s)ds + € / (1-9)%*""ds
B0t T el @) 2 = “ ’

(I-nk+t)Ar 3 .
1A, _Qk’zk1+77k|r(05k) |:/ (1 -9)% 2bkl(s)dHEo/ (1—s5)% 1ds:|
k

(11— +t)Ar
* Z
|AVk_9k_1+nk|F(ak) F(ak—u,k)
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. (,il[ [ (199 ds + o [ (1 syt dsD
= Tan Z(”bk’” T ))

Tia, - o ik1++tnf|rr(oek) Z("bk’” e ))

1Ay, - o r—lk1++t)nf|rr(ak) é(”bk’” Tl ))

' |A(V1k_—gii?f2k| ﬁ;[r(ak—u k)z(”bk"“ m)}

Z||bk,||+ F2( )

Oék)

2(1 —ng +t)Ar Z bl + 2(1 — g + H)meg
k,j
|A,, — 6k — 1+ el () 4 TU Ay = O =1+ el T2 (o)

(1—m +2)Ar 0
' b
|A7k_9k—1+nk|(z F(“k—ul ZH ko

(1 =i + E)meg nZO Aik
| Ay = Ok = L+ el <= T2tk — i)

1 21—+ 1)
= +
Clax) 1Ay — 0 — 1+ ni|T(ax)
(A —nx +t)Ar -
+ (128
[Ay =6k =1+ 0l Zr(ak_:u'lk) Z b

e 1 . 2l —ng +t)
0
T2 o) Ay =0k — 1+ ni|T2(ok)

1-me+0A 2 A
+ ( Nk +t)Ar Z - ik Ar
|Ay, = Ok = 1+ il \ 4= T (e — pik)

Ar

and so

||¢k(x1’--'1xn)||

< LI 2(2 - mi)
=< (k) 1Ay, =0 =1+ el T (o)
(2 —m)Ar "0
’ b
| Ay = O =1+ i Zr(ak_m Z” 2l

+ me ! + 2(2 _ nk)
0
M2(ax) Ay =6 — 1+ | T2 (ax)
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. @-mdAr i: Aik Ar
[Ay, =0 =1+l 2(ox — pij) .

i=1

Hence,

||¢k(x1’~“rxn)||

([ 1 22— ny)
+
T\ Tl =1)  [Ay =60 =1+ ni|T (o)

(2 - n)Ar ik a
¥ > = > bl
|Ay = Ok = 1+ ] (ke — tik) 3

i=1

+ me + 2(2 _ 771()
I T2ax—1) " 1Ay, — 6 — 1+ ml T2 (o)

2-m)A 20 A
.\ (2-n)Ar Z . & Ar
|Ay, — 6= 1+l 2otk — k)

i=1

<r.
Lett€[0,1],1 <k <mand (x1,...,%,) € C. Then we have

[ACTENI]
< F(Olk—l)/(; (£ —s)% [fk(s,xl(s),xl(s),D x1(),

I71%1(5)s -« » % (8), 21, (), DV 2, (8), I 2, (5)) | s

1
+
|AJ/1< -0 =1+

Ok
(@) /O Ok — ) fe (5,21 (5), %, (), DP1 1 (5),
LESONNE MOEMONEEMON LEMO)EE

1 i
+ (1 = 8)* 72 fee (s, %1.(5), &, (5), DPLx1 (s),
|Ayk_9k_1+ﬂk|r(ak)/o ‘ flsrma(s) 2 '

I71%1(8)s s % (8), 2, (), DP7 10 (), IP7 %, (5) ) | s

1 a hijk /yi"‘
+ ) (V‘,k _ S)ak—m,k—l
|Ayk—9k—1+nk|;r(ak—ﬂi,k) 0 l

X [fi(5,%1(5), 1 (5), DP1 1 (8), P 21(5), . X (8), X, (8), DP7 2,0 (5), 1P %, () ) | s

(24l

1 t
< — t—8)% 2| Tii(s, Trols,
= Tl o 1)/0 (t-5) [ k1 (s e ) + Tz (s

floc1 /
T, S coot Thoamsl(s, T am—2(8,
+ k,4<s Tt D) + o+ Trams (8, 1%mll) + Tram—2 (s, [ %), ])
l1%. [l I
+ Tiam1| 6 =———— | + T, ] |4
k,4m 1(5 F(2— ﬁm) kdm| S F(pm + 1) S
1 Ok

+ (Ok —5)ak1|:Tk,1 S, [leell) + Trals,
[Ay =6k =1+ el T(o) Jo ( ) (

x’l ”) + Tk,g (S, 1_(2—_,‘m

[ 1)
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e Tia(s P ) (s I Y s Tl
k3\ 2 F(2 _ /31) ka4 S F(pl + 1) k,4m—3\5» m

' (1% (1%
Xy ||) + Tram-1 (s, r2- ﬁm)) + Tram (s, (o + 1)>:| ds

1
+
[Ay, — 60 — 1+ mi|T (o)

[loe |l [loee |l
T; S T y oot Tram=3(S, [%m
. k,3<5 F(2—ﬁ1)>+ k,4<5 lﬂ(plﬂ)>+ + Tream=3(8, [1%mll)

+ Tram—2(s,

" e — 5y [Tk,1<s, ) + Tea(s, [,

+ Tk,4m—2 (S)

< M——I/ (£ —s)* Z[Tkl(s,Ar)+ o+ T am(s, Ar)]

1
+
[Ay, =0k — 1+ ni|T(ax)
1
+
|AVI< —91(— 1+ nk|F

1 "0 ik /’Vi,k
+ ’ (Vik — )ik
|Ayk_9k_1+nk|;r(ak—ﬂi,k) 0 l
X [Ti1(s, Ar) + -+ + Tram(s, Ar)] ds
< k=2 b i Ar|d
= F(ak—l)/ - [} (br6) + o) r} ’

m

1
2 (1-s)*" [Z(bk j(8) + eo)Ar:| ds
0

+
[Ay, =6 =1+ | (o) e

1 0 hik 1 I
4 1- Ofe—[j ke
2 )/0 1=9)

+
|Ay, — 6k — 1+ gl — Tk — pik
m
X |:Z(hk,/(s) + eo)Arj| ds
j=1

A il 1 L
= Wr_z) }21:[/0 (1= )" by j(s) ds + eo/(; (1—s)%2 ds]

; 2 i[ [a-9vnmaste [ |
—S i\S)as + € ) S
Ay = 0= L+ el De) Lo “ °Jo

Ar 0 A
* I
|AVI< — O =1+ T)/<|F(Olk) i1 F(O(k — //«i,k)

X (Z |:/o (1 —5)* 2y j(s) ds + 60/0 (1 — s)Hik=1 ds])
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Ar "o megy
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Plae=1) 77 Do - 1)

) T (5 52 ) T (5 s ) s
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0

Nk
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2Ar o 2megy
+ > bl + ———Ar
[Ay, =6 =1+ | (o) = (A, — O — 1+ ni| T2 (o)

Ar 0
b
+ |Ayk — 60— 1+ 0] (Z F(ak_,u'lk)> <Z Il k/”)

me 0 A
0 Z ik
+ , Ar.
| Ay, = O =1+ mil <5 T2k = i)

Thus, we get

”(ﬁ,/((xl, .. .,x,,) ||

- 1 s 2(2 - nx)
T\ Tl —1)  |A), =6 =1+ m|T (o)
(2 - ni)Ar <
+ 1B
|Ay = Ok = 1+ ] L=21 (Olk—/Ll Z “

+ me ! + 2(2 _ nk)
0
M(ar—1)  [Ay =6 =1+ T2 ()

. C-moar 53 hik Ay
[Ay, — 0k — 1+l = 2(ox — pij)

and so [|¢x(x1,...,%,) ||« < rforall 1 <k < m. Hence,
”F(xl,...,x,,)”** = 12}(&2&}4”(1)/((961,...,96,,)”* <r

and so F(xy,...,x,) € C. For similar reasons, we find F(y,...,y,) € C and so
o (F@1se s %), FO1, .. m)) = 1

Since C # ¢, for each (x1,...,x,) € C, F(xy,...,x,) € C and so
a1, %), F(%1, .., 0)) = 1.

Let

1 2(2 - k)
A= max +
1<k<m | \ T(otg — 1) Ay, =0 =1+ x| T (k)

(2-m) - A

— Nk ik 2

+ : el Pl ¢ A
|Ayk_9/<_1+’7k|;F(ak_,ui,k)) o

<1
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and (x1,...,%4), W1,...,¥n) € C, Then a((x1,...,%,), ¥1,...,¥4)) = 1. On the other hand by
using (4), for each (x1,...,%,), 1,...,y4) € X", £ €[0,1] and 1 < k < m we have

|¢k(x1’ e :xn)(t) - ¢/<(y1r’ . ~1yn)(t)|

< Mk(A”(xlv'wxn) - (}’1:-~~:J’n)||**,~-,A||(x1,~--,xn) - (yl:“wyn)”**)
- I (o)

+ (1= e+ OMi (A Gt 0) = Gs o0 ||

Al rxn) = Gy | ) (1A =6k = 1+ nil T(ew)) ) Dl
+ (L= mk + OMe(A] @ 20) = G0 90)
A||(x1,...,xn)—(yl,...,yn)u**)/(myk—ek—1+nk|r(ak>))||<13k||
+ (1= + OMr(A |1, %) = (15 Yn)

A”(xl,...,xn) —(yl,...,yn)||**)/(|Ayk —6Ok—1+ nk|)

no
hik R
x Zﬁncbkn.

= Tl — pwik)

[l Pl

Since (%1,...,%4), W1,-- > 9n) € C, (%15« o, %) |l <7 and ||(y1,- .-, ¥n) |4« < r. Thus,

||(x1,...,x,,) —(yl,...,yn)”**

1) )
<Gl # 10nl, < rer= e 5 =tu
By using (5), for each 1 < k < m we get
Mi(Af G [ = [0y Al = 010 9]L)

<(qr+ )]G x)],, - H(yleH**

and so

’d’k X15. '~!xn)(t) - ¢k(ylr' . 7yn)(t)|

1Dl
< @k + €)A @1 ®0) = G190,

I (o)
(l—nk+t) ~

* [ Drll(q + €A | @1seer0) = (15w Y

[Ay, =0k =1+ ne|T(ax) DA G R
(1 —-ng +1) N

+ 1Dkl (qx + €A (X1svosX0) = Ve Vi)

2, =6~ L nelTa | D@ 0 A (a 01,

(1—nk+1t)

[Ay, =0k =1+l

g (Z I‘(()li—](ﬂ)) “q)k”(qk +€1)A H (X150 %) — (yl’ o "y”’)H**'
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It implies that

||¢k(x1’~~:xn) _d)k(ylwn;yn) ||

1 2(2 - 1—ng+t 0 Ai
- . (2—-m) .\ (I—ni+1) Z ik
Clax) 1Ay =6 =1+ mell(ea) Ay = O = 1+ mi| \ 4 Tlok = i)

x (g +61)AH(x1,...,x,,) - (yl,...,y,,)H**

=< )\”(xlwu;xn) _()/Ir-n,yn)”**

and so

”¢k(x17“"xn)_(»bk(yl"“:yn)“ S)\”(xl’ rxn)_(yli 3 Yn ”

Similarly, we can find
lrers .. ®n) = sy || < 4| 1 0) = (yl,...,y,,)”**
and SO ”d’k(xlr“wxn) - ¢k(y17---:yn)”* =< )‘”(xlr'--vxn) - (J’1,~~,yn)||**~ Hence,

= max ||ge(@r, .., %0) = G 01,09 |,
1<k<m

|E G, %0) —F(yl,...,y,,)”**

5)»H(xl,...,xn)—(yl,...,y,,)n**. (8)

Now, consider the map ¥ : [0,00) — [0,00) defined by v (¢) = At. If (x1,...,%,) € C or
15+, 9n) € C, then a((x1,...,%,), ¥1,-..,¥1)) =0 and so

a((xlﬁ'“,xn): (ylwn;yn)) d(F(xlr ,xn) F(Yb 3 Yn )
S W((xl: rxn) ()’1» xyn )

If (x1,...,%4), 1,...,9n) € C, then a((x1,...,%,), ¥1,...,¥4)) = 1 and so by using (8), we
obtain

0[((961, :xn 0’1: 3 Yn ) (F(xlr :xn F(yl: 3 Yn )

=< 1p((xl: yxn) (ylr ryn )

Now by using Lemma 1.1, we conclude that F has a fixed point in X" which is a solution

for the problem. O
Here, we present an example to illustrate our main result.

Example 2.3 Consider the pointwise defined problem

Dix(t) = f(t,x(t), % (£), D2x(t), I3x(t), y(£), ¥ (£), D3 y(2), 123(2)),

7 1 1 1 1 )
D3y(t) = fo(t,x(2), 8 (£), D2x(2), I3x(2), y(2), ¥ (¢), D3 y(£), 12 y()),



Mansouri et al. Advances in Difference Equations (2020) 2020:646

with boundary conditions x”(0) = y”(0) = 0, x(%) y(l) D%x(l) x'(0) = x(l) and y'(0) =
y(%), where fi(¢,x1,...,%8) = Zle %Ile,fz(t,xh ., Xg) = C(t ZI L%l c(®) =1and p(£) =0
whenever ¢ € [0,1]NQ, ¢(¢) = 0 and p(¢) = 1 whenever ¢ € [0 11N Q¢ anday,...,05 € (0, 2).
Note that

8

1
m(trxlrnnx8) _ﬁ(tryl;v"yy8)| E Z 5019 | Xk — yk'

k=1

le(t»xlw .. 'x8) __fZ(tryly .. ~’y8)| =

ot) <
ok = yil,
40p(t) ; >
lfl(trxlr-n,x8) _fl(t,ylr'-wy8)| =< qDl(t)Ml(Lxl _yllwu’ |x8 _y8|)

and Vot 21, %am) = il Y155 Yam)| < Po(@)Mo(|%1 — y1l,..., |¥s — ys]), where ®4(t) =

. 8
50t‘7 ’ q>2(t) = 4,(6);:()t)) o= mln{alr- -~,08} Ml(xl"w)xS) = MZ(xl"H;xS) = Zk:l |xk|' AlSO,

8
lﬁ((t:xly .. ~)x8)| = Z Tk,](t) |xk|)

j=1

for k = 1,2, where T (t, |xx|) = —= ;| and T(Z, |x¢|) = | forj=1,...,8. Then M:

50 G 40p

X8 — R* is nondecreasing with respect to all components, lim,_, o+ M =8:=gqgx €
[0,00) for k = 1,2, Ty(-,z) is nondecreasing with respect to z, lim,_,¢+ Tl"(t’z) = 501t"1' =
bl,](s))
Tyt z c(t
i 202 )
S0z 40p(0)
forj=1,...,8 and almost all ¢ € [0, 1], 1]l = grizy. 21l = & oyl < gy byl =
1
%;
O
Ay =By =
—~ T(2-pik)

Cmm (H)ir@d) 2

CT@-m1) T@-m) 37

and 1- A, #n — 6k Put

{ 1 1 1 1 }
A =maxi1

‘T(2-p1)TQ-B) T(p1+1) T(pm+1)

—max{l 1 1 1 1 }—i
B TA' TG TG’ TG VA

Then we have

1 2(2 - mi)
max +
1<k<m| T(ax — 1) |A7/k —Or—1+ T]k|F(Otk)
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e-n) Z ik max Z 1bxs1l, b
|Ay, = Ok = 1+ mil \ < Tlok = i) !

7 7
PG & -6-1+3MG) 14 -3 -1+ o

[1 2(3) 3 <1>] 2}5[0 1)
+ + X 0= )
PG & -5-1+3rQ) 1A -3-1+1\r® /] T 15] "7 a

Now by using Theorem 2.2, problem (9) has a solution.

3 Conclusion

Some phenomena could be modeled by singular fractional differential equations. By study-
ing multi-singular fractional differential equations we like to increase our abilities in mod-
eling complicated phenomena in the world. In this work by using -1 -contractions and
locating some control conditions, we investigate the existence of solutions for a multi-
singular fractional differential system. Also, we present an example to illustrate our main
result.
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