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Abstract
Consider the following stochastic differential equation (SDE):

t t
X[:x+/ b(s,XS)d5+/ o(s,X)dB, 0<t<TxeR,
0 0

where {B}o<s<7 is a 1-dimensional standard Brownian motion on [0, T]. Suppose that
ge(1,00],pe(1,00),b=b1+by, by €90, T;[P(R)) such that 1/p+2/g < 1 and b, is
bounded measurable, with o € L*°(0, T; C,(R)) there being a real number § > 0 such
that o2 > 8. Then there exists a weak solution to the above equation. Moreover, (i) if
o € C([0,T];C,(R)), all weak solutions have the same probability law on 1-dimensional
classical Wiener space on [0, T] and there is a density associated with the above SDE;
(iNifby=0,p € [2,00) and o € L?(0, T;CY*(R)), the pathwise uniqueness holds.
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1 Introduction and main results
Consider the following stochastic differential equation (SDE) in R

dX,=b(t,X,)dt +o(t,X;)dB;, 0<t<T,Xo=x€cR? (1.1)

where T > 0 is a given real number, b: [0, T] x R — R?, 5 : [0, T] x R — R%*K are
Borel measurable functions and {B;}o<;<r is a k-dimensional standard Brownian motion
defined on a given stochastic basis (2, F, {Ft}o<t<1, P).

The fundamental theory for (1.1) is developed mainly by It6 and furnishes a very im-
portant tool to construct diffusion process. Under the Lipschitz and linear growing con-
ditions, Itd6 showed the existence and uniqueness of strong solutions.

Later, the result was sharped by a series of authors on the case of bounded measurable
coefficients. In [1], Skorokhod proved that (1.1) had a solution under the condition that
b and o are only continuous (also see [2]), and then the problem of the uniqueness of
solutions becomes important. When b is bounded measurable, ¢ is bounded continuous
and oo | is strictly elliptic, Strook—Varadhan [3, 4] showed the uniqueness in the prob-
ability laws. This uniqueness result is then strengthened by Veretennikov [5] for strong
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uniqueness if b is only bounded measurable but o (¢, -) is Lipschitz continuous uniformly
intelo0,T).

When the coefficients are not bounded but only integrable, the existence and uniqueness
for solutions is more difficult. A breathtaking work in this direction has been established
by Krylov—Réckner [6] for o = 154 and

beL(0,T;L7(R%;RY))  withp,q € [2,00) and 2 + g <1. (1.2)
This result was then extended by Fedrizzi-Flandoli [7, 8]. Later, Zhang [9] generalized
their results to the non-constant diffusion coefficients: o (¢, -) is uniformly continuous uni-
formlyint € [0, T],00 " isuniformly ellipticand |V,o | € L1(0, T; L?(R?)) with p, q € (1, 00)
and 2/q + d/p < 1. For more details in this direction, we refer to [10—13]. For some exten-
sions and applications, we refer to [14—18] and the references cited therein.

T is needed.

Since b is only integrable in [6], the non-degenerate assumption on oo
When the diffusion coefficients are degenerate, we should assume b more regular. When

d =1, b and o are time independent, satisfying

1
1bx) — b)| < o(1x 1), fo s (13)
and
1
|o(x)—o(y)|2§p(|x—y|2), /mmds:oo, (1.4)

where g is a positive increasing concave function, p is positive and increasing, Yamada—
Watanabe [19] proved the pathwise uniqueness. Recently, Fang—Zhang [20] generalized
this result to d > 1. By assuming that there is a small enough constant ¢, such that when
I = y1 < co, 0l - ¥1) = |x = yIr(lx - y1) and p(x - y1) = Ix = ylr(lx - y]) (r € C'(R.)), they
derived the pathwise uniqueness.

Set the space L7(0, T; L7 (R%)),2/q + d/p < 1 by L. Then all above results for (1.1) can be
summed by the scheme in Table 1. From the table, we will ask: if b is in class of L and o is
non-degenerate, does there exist a unique weak/strong solution to (1.1) if o is continuous
or satisfies (1.4)?

To solve the above question, let us consider (1.1) on the straight line,
dXt = b(t,X;) dt + U(t,Xt) dBt, O0<t < T,XO =X € R, (1.5)

where T > 0 is a given real number, b: [0,7] x R — R, 6 : [0,T] x R — R are Borel

measurable functions. We will give a positive answer for the above question, and initially

Table 1 Strong and weak solutions for SDEs

b o strong solution weak solution
continuous continuous E|

bounded non-degenerate, continuous 3, unique
bounded non-degenerate, Lipschitz 3, unique

bel non-degenerate, |[Vo| e L 3, unique

(1.3) (1.4) 3, unique
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we use Cp(R) to denote the space consisted of functions which is bounded and continuous
on R, and use C,(R) to denote the space consisted of functions which is bounded and
uniformly continuous on R. Our first main result is presented now.

Theorem 1.1 Assume that q € (1,00] and p € (1,00). Let b = by + by such that b, €
L0, T; LP(R)) with 1/p + 2/q < 1 and b, is bounded measurable. Suppose o € L*°(0, T;
C.(R)) and there is a real number § > 0 such that o> > §.

(i) There is a filtered probability space (Q,F, {ft}oftST,]f”), two processes X, and B,
defined for t € [0, T] such that {Bt}OStST is a 1-dimensional {]:}}—Brownian motion and
{Xt}oggT isan {ﬁt}-adapted, continuous, 1-dimensional process for which

~ T ~
IP’(/ |b(¢, X,)| dt < oo) =1, (1.6)
0

and almost surely, for all t € [0, T,
Xt:x+/ b(s,XS)ds+/ o (s,X;)dBs. (1.7)
0 0

(i) If we suppose further that by = 0, p € [2,00) and o € L*(0, T; Cy (R)) with o > 1/2,
then the pathwise uniqueness holds.

Remark 1.1 (i) If o is time independent, then o € Cj(R) with o > 1/2 implies (1.4). But
if b is time independent, then b € L?(R) with p > 2 does not imply (1.3). Therefore, we
develop a new and different existence and uniqueness result to (1.5).

(ii) By using the Sobolev embedding theorem, if o is bounded and 9,0 € L9(0, T; L?(R)),
theno € L1(0, T; C;_I/p (R), thus if p > 2, it suggests that o € L*(0, T; Cgu(R). In this sense,
we extend Zhang’s result ([9]) for d = 1.

If o is not Holder continuous in spatial variable but only uniformly continuous, the
uniqueness for weak solutions holds true as well if we suppose further that it is contin-
uous in ¢. It is our second main result.

Theorem 1.2 Let p, q and by be described in Theorem 1.1. Suppose b, is bounded mea-
surable and b = by + by. Suppose furthermore that o € C([0, T1;C,(R)) and there is a real
number 8 > 0 such that o2 > 8. Then all weak solutions of (1.5) possess the same probabil-
ity law on 1-dimensional classical Wiener space (W ([0, T1), BIW ([0, T1))). If one uses P, to
denote the unique probability law on (W ([0, T1), B(W ([0, T1))) corresponding to the initial
value x € R. For every f € L*(R), we define

Pif(x):= EFf(w(t)), 0<t<T, (1.8)

where w(t) is the canonical realization of a weak solution {X;}o<;<r on Wiener space
(W([0,T1), BIW([0, T1))). Then {P;}o<t<t has the strong Feller property, i.e. each P, maps
a bounded measurable function to a bounded continuous function for every t > 0. More-
over, P, admits a density p(t,,y) for almost all t € [0, T). Besides, for every s > 0 and every
re[1,00),

T
/ /|p(t,x,y)|’dydt<oo. (1.9)
s R



Tian et al. Advances in Difference Equations (2020) 2020:637 Page 4 of 9

Remark 1.2 (i) For d > 1, Strook—Varadhan [3, 4] have established a general theory for
weak solutions to (1.1) by assuming that 0o T is uniformly positive definite, bounded and
continuous and b is bounded and Borel measurable. However, Strook—Varadhan’s result
does not cover Theorem 1.2, since we only suppose b € L1(0, T; LP(R)) + L>([0, T] x R).
(ii) Thanks to [21, Lemma p. 75], the uniqueness in probability law implies the path-
wise uniqueness for d = 1, therefore we obtain the existence and uniqueness for strong

solutions.

2 Proof of Theorem 1.1

Initially, we state two useful lemmas.

Lemma 2.1 ([6, Theorems 10.2, 10.3] and [8, Lemma 3.4]) Suppose that p,q € (1, 00) with
1/p+2/g<1,be L0, T; LP(R)), a € L*(0, T;C,(R)) and there is a real number § > 0 such
that a > 8. Let ) > 0 and consider the following Cauchy problem:

du(t,x) + sa(t,x)02u(t,x) + b(t, x)d,u(t, x)
= u(t,x) = b(t,x), (t,x)e(0,T) xR, (2.1)
u(T,x)=0, xeR.

(i) There is a unique solution in L1(0, T; W*?(R)) N WL4(0, T; L?(R)).
(i) For this solution, we also have u € C([0, T];C; (R)) and as » — oo,

sup |8xu(t,x)| — 0. (2.2)
(£%)€[0,T)xR

Remark 2.1 We call u(¢,x) a solution to the Cauchy problem (2.1) if it lies in L%(0, T;
WZ2L(R)) N W40, T; L} (R)) such that for every test function ¢ € C§°((0, T] x R), the
identity

T T
/0 Lu(t,x)Bm(t,x)dxdt—%/o /}Ru(t,x)aﬁu(t,x)w(t,x)dxdt
T T
:/ /b(t,x)axu(t,x)w(t,x)dxdt+/ /[b(t,x)—Au(t,x)]go(t,x)dxdt
o JR o JR

holds.

Let B; be a 1-dimensional standard Brownian motion, o € L>(0, T;C,(R)) and o-2(¢, x) >
5§>0,beL'(0,T;L} (R)), wedefine S, a class of F;-adapted continuous stochastic pro-

loc

cess X, on [0, T satisfying (1.6) and (1.7).
Lemma 2.2 ([9, Theorem 2.2]) Suppose X. € Sy, Let p,q € (1,00) such that 1/p + 2/q < 1

and b,f € L1(0, T; LP(R)). Then there is a constant C > 0, which depends on p, q, T, b and
o, such that

T
]E/ f(& Xy dt < Cllf a0, 100 w)- (2.3)
0
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We are now in a position to give the proof details of Theorem 1.1.

(i) When b is bounded measurable, the existence of weak solutions can be found in [22,
Theorem 1, p. 87]. According to (2.3), when b = by + by, by € L4(0, T; LP(R)) such that
1/p +2/g < 1 and b, is bounded measurable, we can follow the proof calculations of [22,
Theorem 1, p. 87] (or see [23, Theorem 4.1]) step by step, so we completed the proof.

(if) We show the pathwise uniqueness by using Itd-Tanaka’s trick (see [24]). Let o (¢, x)
be given in (1.5) and set a(t,x) = o2(t,x). Consider the Cauchy problem (2.1), by using
Lemma 2.1, there is a unique u € L1(0, T; W*?(R)) N W4(0, T; LP(R)) solving the Cauchy
problem (2.1). Moreover, with the help of 1/p+2/q < 1,u € C([0, T]; C;(]R)) and (2.2) is true.
Therefore, if A is sufficiently large, then || uttlle o, ycomy < 1/2- For this fixed A, we define
®(t,x) = x + u(t,x), then ® forms a non-singular diffeomorphism of class C! uniformly in
t€[0,T] and

1 3 2
5 <N0%:Pleqore ey <5 5 <10:Yleqore @y <2 (2.4)

where W(t,x) = ®71(t,%).
Let (X;, B)o<:<T be a weak solution of (1.5). By using Itd’s formula (see [6, Theorem 3.7]),

we have

1
dcb(t, Xt) = atbi(t,Xt) dt + b(t, Xt)axu(t,Xt) dt + Eﬂ(t, x)afu(t, Xt) dt
+ 8uu(t, X,)or (. X,) dB, + b(£, X,) dt + o (£, X,) dB,

= (d,u(t, X;) + 1)o (¢, X,) dB; + Au(t, X,) dt.
Denote Y; = ®(¢t, X;) = X; + u(t, X;), then

dY, = au(t, V(t, Y,)) dt + (1 + 0,u(t, W(t, Y,))o (£, V(¢ Y,)) dB,

= b(t,Y,) +6(Y,) dB,, (2.5)

with Yy = y = ®(0,x). To prove the pathwise uniqueness for (1.5), it is sufficient to show
the pathwise uniqueness for (2.5) and vice versa. Now, we show this fact and by a scaling
transformation, we only need to concentrate our attention on 7 = 1.

For any given 0 < ¢ < 1, let us introduce for s > 0 an approximating function

slog - + %, s € [2¢,00),
@e(s) = %—Slogg—% s € [g,2¢),
0, s€[0,¢).

41, s € [2¢,00),
@.(s)={2-logf-1 sele2e),
0, s€[0,¢),
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and
5 s € [2¢,00),
P 8)=11-1 sele20),
o, s€[0,¢).

Moreover, ¢,, ¢, are nonnegative, and
0.8)s<20:(s) +s,  @l(s)s<1. (2.6)

Then we extend ¢, (s) on (—00, 00) symmetrically, so @ (s) = @ (|s]).
Let (Yz, Bt)o<t<T and ()N/t,Bt)oStST be two weak solutions of (2.5) on the same probability
space (2, F, {Fr}o<t<1, P) with the common initial data such that B, = B,. For any positive

real number ¢ > 0, denoting by the stopping time

infl0<t<1;|Y, - Y,|>¢),
'[{ = - (2.7)
1, if|Y,-Y; < forallte(0,1).

Using Itd’s rule to ¢, for every t € (0, 1), it yields

]E(ps(Yt/\r[ - ?t/\r;)

=E /W{ oL (Y, = Y)[b(s, Y;) - b(s, Y;)] ds
0

1 t/\‘L’; » " 9
¢ 5E / (Y, = 1[5 (s, Y) = 5(s, T ds.
0

By Lemma 2.1, u € C([0, 1];CL(R)) and d,u € L9(0,1; W*(R)) C L%(0,1;C;*(R)) (since
p > 2). Combining the fact (2.4) and o € L*(0, l;C;/z(R)) N L*(0,1;C,(R)), we conclude
that b € C([0,1];CL(R)), & € L*(0, T;C}*(R)). Therefore,

]E%(th; - Yt/\t;)
tAr{ B B
< CE] lo(Y; = Y)| 1Y, - Y| ds
0

tm:; » 5
+CE / c(5)g! (Y, — TV, — T, ds, 2.8)
0

where k € L1(0,1).
In view of (2.6) and (2.7), from (2.8)

]E(ps(Yt/\r; - j}t/\r;)
AT,

tAT, B ~ 2874
§CE/ gog(Ys—Ys)ds+CE/ |YS—YS|ds+CE/ k(s)ds
0 0 0

124373 » t »
§CE/ %(YS—YS)dHC[E/ |YS—YS|ds+1:|. (2.9)
0 0
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On the other hand, Y; and Y, are weak solutions of (2.5), and b € C([0, 1];Cg (R)), & €
L*(0, l;C;/Z(R)), it can be checked that the last integral in the right hand side of (2.9) is
finite uniformly in ¢ on [0, 1]. Combining Doob’s optimal stopping time theorem and a

Gronwall type argument, one ends with
Ege(Yinr, = Yine) < C. (2.10)
Thanks to Chebyshev’s inequality, then
P(t; < 0)¢e(¢) < E@e(Yine, — Yinr,) < C.
Now, we keep ¢ >0 and ¢ > 0 fixed,
@e(¢) > +o0, ife =0,

so P(t; <) =0 for all £ € (0,1), which implies P(t; < 1) = 0. By letting ¢ tend to zero, we
obtain P(ty < 1) = 0, i.e. the pathwise uniqueness holds true.

3 Proof of Theorem 1.2

Let (X}, B:)o<¢<7 be a weak solution of (1.5) on a probability space (€2, F,P) with a refer-
ence family {F;}o<t<7, and let (Xt;lét)0§t§T be another weak solution of (1.5) on a proba-
bility space (2, F,P) with a reference family {F;}o<,<7. We denote the probability laws of
{X¢}o<t<r and {Xt}ogtsT on 1-dimensional classical Wiener space (W ([0, T1), B(W ([0, T1)))
by P, =PoX ! and P, =P o X!, respectively.

Lemma 3.1 ([2, Corollary, p. 206]) P, = P, is equivalent to

f F(w(0)y(dw) = [ F(w(©)Brldw), (3.1)
w([0,T1)

w([0,T])

forevery t € [0, T] and every f € Cp(R).

Let A > 0, we consider the following Cauchy problem:

du(t,x) + 2a(t,x)02u(t,x) + by (£, x)0.u(t,x)
= cu(t,x) = bi(t,x), (t,x)€(0,T) xR, (3.2)
u(T,x) =0, xeR,

where a(t, x) = o2(t,x). By virtue of Lemma 2.1, there is a unique solution # of (3.2). More-
over, if we define Y; = ®(t,X;) = X; + u(t, X;), ¥ = @71, then (2.4) is true. In view of Itd’s

rule and using the same notation as in (2.5), it yields

dy, = au(t, W(t, Yy)) dt + by (2, V(£ Y,))
+(1+0,u(t, W (K, Y2))o (6 ¥(5,Y,)) dB,

= b(t,Y,) +6(t,Y,) dB,. (3.3)

Page 7 of 9
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Therefore, if (X;, By)o<:<r is a weak solution of (1.5), then (Y}, By)o<:<r is a weak solution
of (3.3), and vice versa.

Now let (X;, B)o<t<T and (Xt,Bt)oftST be two weak solutions of (1.5) and the proba-
bility laws of X and X on (W([0, T]), B(W([0, T]))) be given by P, and P,, respectively.
Correspondingly, we denote by IP, and ]fpy the probability laws of ¥ and Y, respectively.
Since Y; = ®(¢,X;) and ® € C([0, T);C}(R)) is a diffeomorphism on R uniformly for every
t € [0, T'], the relationships of IP, and IP, ]}~”x and ]f]’y are givenby P, =P, o W, ]}~”y = I@x oW.In
(3.2), b is a bounded measure in (¢, %), & is bounded uniformly continuous in (¢, x), from [3,
Theorem 5.6] (also see [2, Theorem 3.3, p185] for time independent o), the conclusions
for Theorem 1.2 are true for SDE (3.3). On the other hand, X; = W (¢, Y;) and (2.4) is true,
and we check that, for every f € C,(R) and every ¢ € [0, T,

/ F(w(0) Bl = / F(% (6 w(0)) B, (dw),
w((0,77) w([0,T])
= / F(¥ (& w@))Py(dw)
w([o,T1])
= / F(w(®)Py(dw). (3.4)
w([o,T1])

With the help of Lemma 3.1 and by (3.4), the weak solution for SDE (1.5) is unique. More-
over, if we define P, by (1.8), for every bounded measurable function f, then

Pf(x) = f (w0 Bald) = / 7(% (6 w(0)) B, (dw).
w([0,T]) Wi

(lo,7])

with y = ®(0,x). So, {P;}o<:<7 possesses the strong Feller property. Besides, P; admits a
density p(¢, «, y) for almost all ¢ € [0, T'], and if one sets the density for SDE (3.3) by p(t, x, ),
then p(t,x,7) = p(¢, (0, %), P(¢,7))[VO(¢,y)|. Hence (1.9) is true and we finish the proof.
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