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1 Introduction
In this paper, we consider the following discrete linear Hamiltonian systems with one sin-

gular endpoint:
JAy(t) - PORY)(2) = AW (OR()(@), t€l, (1.1)

where I is the integer set {t},5,

J is the canonical symplectic matrix, that is,

-0 ),
I, 0

I, is the n x n unit matrix, A is the forward difference operator, that is, Ay(¢) = y(t +
1) — y(¢); the weight function W () = diag{ W1 (¢), W>(¢)}, where Wy (¢) and W>(t) are n x n

nonnegative Hermitian matrices, the matrix P(¢) can be written as

-C@t) A*(9)
P(t) = )

A@)  B@)
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where A(t), B(t), and C(t) are n x n complex-valued matrices, B(f) and C(¢) are Hermitian
matrices, A*(¢) is the complex conjugate transpose of A(t), the partial right shift operator
R(y)(t) = T (t+1),vT ()T with y(¢) = (T (¢),vI (£))T and u(t), v(t) € C", and A is a complex
spectral parameter.

To ensure the existence and uniqueness of the solution of any initial value problem for
(1.1;), we always assume that

(A1) I, —A(¢) is invertible in 1.

For any A € C, by (4;), (1.1,) can be rewritten as a discrete symplectic system

y(Et+1)=SEA)yE), tel, (1.2;)
in the sense of [1, 2], where E(¢) = (I, — A(¢))~!, and

S(,2) = E() E@)(B(2) + 2 Wa(1))
T \(CO-AWAEW) L~ A1) + (C(O) = AWL(O)E@R)(B(e) + A Wa(2))

satisfies
S*(&,M)JS(E, ) =], Vtel

Some interesting issues related to discrete symplectic system (1.2;), such as associated
maximal and minimal linear relations, Weyl-Titchmarsh theory, and nonhomogeneous
problems, were studied in [1-3].

Discrete Hamiltonian systems are of growing interest in recent years because of their
wide applications (see [3—12] and references therein). Although discrete Hamiltonian sys-
tems originate from the discretization of continuous Hamiltonian systems, there is an im-
portant difference between them. It is well known that under certain condition, the min-
imal and maximal operators generated by continuous Hamiltonian systems are densely
defined and single-valued, respectively [13, 14]. However, the minimal and maximal op-
erators generated by the general discrete Hamiltonian systems may be neither densely
defined nor single-valued in general even though the definiteness condition is satisfied
[5-7, 15, 16]. This fact was ignored in some existing literature including [3, 17]. This is an
essential difficulty that we would encounter in the study of the stability of deficiency in-
dices for discrete Hamiltonian systems under perturbations because the classical operator
theory is not applicable in this case.

To overcome this difficulty, we will apply the theory of linear relations to study system
(1.1;). In 1961, Arens [18] initiated the study of linear relations, and his work was followed
by many scholars [19-30]. In particular, perturbation theory of linear relations has re-
ceived lots of attention, and some excellent results have been obtained, including stability
of closedness, boundedness, self-adjointness, and spectra of linear relations (see [25, 27—
30]). Recently, we studied the stability of deficiency indices of Hermitian relations and
obtained several criteria of invariance of deficiency indices of Hermitian relations under
relatively bounded perturbations [31]. Then, using our perturbation results, we obtained
the invariance of deficiency indices of second-order symmetric linear difference equations
under perturbations [32], which can be seen as the simplest example of system (1.1;). In
this paper, we apply the results given in [31] to study the stability of deficiency indices for
(1.15).
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It is well known that the deficiency indices of symmetric operators or Hermitian rela-
tions play a decisive role in their self-adjoint extensions. By the generalized von Neumann
theory [19] and the GKN theory [26] a symmetric operator or Hermitian relation has a
self-adjoint extension if and only if its positive and negative deficiency indices are equal;
moreover, the numbers and types of boundary conditions of its self-adjoint extensions are
determined by its deficiency indices. So it is necessary to pay attention to the stability of
their deficiency indices under perturbations.

To the best of our knowledge, there seems to be a few results about stability of defi-
ciency indices for discrete Hamiltonian systems under perturbations. In 2013, by using
the generalized von Neumann theory Zheng [33] obtained the invariance of the minimal
and maximal deficiency indices for (1.1;) with P(¢) under bounded perturbations. In the
present paper, we apply the perturbation theory of Hermitian relations obtained in [31] to
establish several criteria of stability of deficiency indices for (1.1,) with both of P(¢) and
W (t) under bounded perturbations. Our technique is obviously different from that in [33].
By using it we could obtain the invariance of any deficiency index for (1.1,) with P(¢) un-
der bounded perturbations. These results not only cover the results obtained in [33], but
also some of them improve or weaken the conditions of the existing results. In addition,
we note that almost all criteria for limit types of (1.1,) were established only for the limit
point and limit circle cases. However, there are seldom criteria of the intermediate cases
for (1.1;). We remark that the results given in the present paper provide an alternate way
to determine the limit types of system (1.1,).

The rest of this paper is organized as follows. In Sect. 2, we introduce some notations,
basic concepts, and useful fundamental results about linear relations and recall some fun-
damental results about system (1.1;). In Sect. 3, we establish several criteria of stability
of deficiency indices for system (1.1,) under bounded perturbations by using the per-
turbation theory of Hermitian relations obtained in [31]. As a consequence, we obtain
the invariance of limit types for the systems under bounded perturbations. In particular,
we build several criteria of the invariance of the limit circle and limit point cases for the
systems. Finally, we present an example to illustrate the perturbation results obtained in
Sect. 4.

2 Preliminaries

This section is divided into two parts. In Sect. 2.1, we introduce some notations, basic
concepts, and fundamental results about linear relations. In Sect. 2.2, we first recall the
maximal, preminimal, and minimal relations corresponding to system (1.1;). Then we list

some useful results about (1.1,), which will be used in the sequent sections.

2.1 Some notations, concepts, and results about linear relations

By C and R we denote the sets of complex numbers and real numbers, respectively. Let X
be a complex Hilbert space with inner product (-,-), and let T be a linear relation in the
product space X? with the following induced inner product, still denoted by (-, -) without

any confusion:

((x’f)’ (y’g)> = (x,y) + (f’g)’ (x’f)7 (y’g) EXZ-
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The domain D(T) and range R(T) of T are respectively defined by

D(T) := {xeX:(x,f) € TforsomefeX},

R(T) := {feX:(x,f) e T for somexeX}.
Its adjoint is defined by

T = {(y,g) e X?: (g,x) = (y,f) forall (x,f) € T}.

Further, denote

T(x) := {feX:(x,f) € T}.

It is evident that 7'(0) = {0} if and only if T can uniquely determine a linear operator from
D(T) into X whose graphis T.

A linear relation T is called closed if it is a closed subspace in X2, Hermitian if T C T*,
and self-adjoint if T'= T™*.

Let T and S be two linear relations in X2, and let A € C. Define

AT = {(x,kf) ((x,f) € T},
T+S:= {(x,f+g):(x,f) eT,(xg) eS}.

The subspace R(T — AI)* and the number 4, (T) := dim(R(T — AI))* are called the de-
ficiency space and deficiency index of T and A, respectively [26, Definition 2.3], where
I:={(x,x): x € X}. It can be easily verified that the deficiency indices of T and T with
the same A are equal. Further, if T’ is Hermitian, then d, (T is constant in the upper and
lower half-planes according to [26, Theorem 2.3]. Denote di(T) := d;,(T). We say that
(d.(T),d_(T)) are the deficiency indices of T and that d (T) are the positive and negative
deficiency indices of T, respectively.

In the following, we recall concepts of the norm of a linear relation and relatively bound-
edness of two linear relations.

Let T be a linear relation in X?. The quotient space X/T(0) is a Hilbert space [34] with

the inner product

([X], [)’]):(xnyL)x [x]r [)’] GX/W’

where x = x + 2 and y = yo + y* with xo, o € T(0) and x*,y* € T(0)*.

Now define the natural quotient map
Qr:X— X/T0), x> [x].
Further, define

T, = G(Qr)T,
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where G(Qr) is the graph of Q7. Then T, is a linear operator with domain D(T') [25, Propo-
sition II.1.2]. The norm of T at x € D(T) and the norm of T are defined by, respectively
(see [25, I1.1]),

’

|7 = 7@

IT1 == 1751l = sup{ | Ts() | : x € D(T) with |lx]| < 1}.
If | T|| < o0, then T is said to be bounded [30].

Definition 2.1 ([25, Definition VIL.2.1]) Let S and T be two linear relations in X?2.
(1) Sis said to be T-bounded if D(T) C D(S) and there exists a constant ¢ > 0 such that

15| < c(llxl + | T

), xeD(T).

(2) If Sis T-bounded, then the infimum of all numbers b > 0 for which there exists
a constant a > 0 such that

IS@)|| < allxl + b T(x)

, xeD(T),
is called the T-bound of S.

Next, we recall a criterion of stability of defect indices of Hermitian relations under
relatively bounded perturbations, which will take a key role in the study of stability of
deficiency indices for (1.1;) under perturbations.

Lemma 2.1 ([31, Corollary 3.1]) Let T and S be Hermitian relations in X* with D(T) C
D(S) and S(0) C T(0). If S is T-bounded with T-bound less than 1, then d..(T +S) = d1.(T).

Lemma 2.2 ([30, Proposition 2.1]) Let T and S be two linear relations in X*. Then T =
(T -S)+Sifand only if D(T) C D(S) and S(0) C T(0).

2.2 Some fundamental results about system (1.1,)
In this subsection, we first introduce the concepts of maximal, preminimal, and minimal
relations and then list some useful results about system (1.1;).

We denote

L£2,(1I) = {y = [y}, CC": > RO (W ERE)(E) < +oo}

tel

with the semiscalar product

(2= ) R @O W(ERG)(®).

tel

Further, we define ||y|| := ((y,y))"? for y € £3,(I). Since the weight function W () may be

singularin I, || - || is a seminorm. We denote

Ly () = Ly (D/{y € L3I : Iyl = 0}
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Then L},(I) is a Hilbert space with the inner product (-, -) (see [3, Lemma 2.5]). For a func-
tion y € £3,(I), we denote by [y] the corresponding class in L3, (I). Set

ﬁ%w)(l ) = {y € E%V(I ) : there exist two integer s,k € [ with s <k

such that y(¢) =0 fort <sand ¢ > k + 1}.
The natural difference operator corresponding to system (1.1,) is

L)) :=JAy(t) — PE)R(Y)(2).
Set

H:={([y], [g]) € L}, (I) x L}, (I) : there exists y € [y] such that
L)) = W(OR(@(t), t €1},
Hoyo := {([y],[g]) € H : there exists y € [y] such that y € L3, ,(I)
and £(y)(¢) = W(t)R(g)(t), ¢ € 1},

where H is called the maximal relation, and Hyy is called the preminimal relation corre-
sponding to £ or system (1.1,); Hy := Hoo is called the minimal relation corresponding
to £ or to system (1.1,).

A classification of £ or (1.1,) at £ = +o0 is given in terms of d (Hp) in [3, Definition 5.1].
In particular, £ is said to be in the limit point case (L.p.c.) at ¢ = +oo if d, (Hy) = d_(Hp) = n,
and in the limit circle case (l.c.c.) at t = +o00 if d, (Hy) = d_(Hy) = 2n. We refer to the cases
n < d+(Hp) < 2mn as £ in the intermediate cases at ¢ = +00.

By n; (Hp) we denote the number of linearly independent solutions of (1.1,) in £3,(1).
By [5, Corollary 5.1] we know that n; (Hp) = dy(H)) if and only if the following condition
is satisfied:

(A2) There exists a finite subset Iy := [so, £p] C I such that for some A € C and any non-

trivial solution y(¢) of (1.1;),

> ROIOWORG)E) >0, 2.1)

tely

Remark?2.1 By [5, Theorem 3.1] Hy and Hyyp are both Hermitian relations in L2, (1) x L2, (I).
Condition (A,) is called the definiteness condition for (1.1;). It was shown in [5] that if (2.1)
holds for some A € C, then it holds for any A € C. As pointed out in Sect. 1, the definiteness
condition (A;) cannot guarantee Hy to be densely defined or H to be single-valued. In fact,
if there exists #y € I such that W(t,) # 0, then Hy is Hermitian and nondensely defined
in L2,(I) x L2,(I), and H is multivalued in L3, (1) x L%,(I) by [5, Theorem 3.1] and [7,
Theorems 3.1 and 3.2]. So the classical perturbation theory of symmetric operators is not
available in the study of stability of deficiency indices of Hy under perturbations. We will
apply the result about the perturbation of Hermitian relations, that is, Lemma 2.1, to study
this problem in the present paper.

Finally, we introduce a criterion of limit point case (see [5, Theorem 6.1]) and the largest
index theorem (see [3, Theorem 5.5]) for (1.1;).
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Lemma 2.3 (1.1;) isinl.p.c.att=+00 if (A1) and

+00

> Vwi(t - Dws(t) = 0o, (2.2)

t=1

where w;(t) is the minimal eigenvalue of Wi(t) forj=1,2.

Theorem 2.1 Assume that (A1) holds. If there exists Ay € C such that all the solutions of
(1.1,,) are in L3,(I), then this is true for all A € C.

Remark 2.2 Theorem 2.1 was significantly generalized in [35]. In the smallest deficiency
index case, that is, when (1.1;) is in L.p.c. at £ = +00, it follows from [5, Theorem 5.2] that
d;,(Hp) = n for all A € C if (A1) holds. In addition, if (A,) holds, then n, (Hy) = # for all
reC.

3 Main results
In this section, we study the stability of deficiency indices for system (1.1, ) with coefficient
matrices under bounded perturbations with respect to the weight functions. We establish
several criteria of stability of deficiency indices for (1.1;) under bounded perturbations by
using the perturbation theory of Hermitian relations obtained in [31]. As a consequence,
we obtain the invariance of limit types of (1.1;) under bounded perturbations. In partic-
ular, we build several criteria of the invariance of the limit circle and limit point cases for
the systems.

Consider the perturbed discrete Hamiltonian system with P(t) and W (¢) perturbed by
P(¢t) and W (2), respectively, that is,

L)) = 2y(8) - PORG)(@®) = AW (ORO)(@),  tel, (3.1)

where the weight function W (t) = diag{Wl(t), W, (2)} with # x 1 matrices ﬁV,(t) >0,j=
1,2; P(t) can be written as

B - -C(t) A*(®)
\A® B@ )’

where A(¢), B(¢), and C(¢) are n x n complex-valued matrices, B(t) and C(¢) are Hermitian
matrices, and A*(¢) is the complex conjugate transpose of A(f). Similarly, (A1), (Ay), E%ﬁ([ ),
ﬁém(]), L%{/([), I Nl )y H, Hoo, Ho, dy (), and n;, (Hp) are defined as in Sects. 1
and 2.2.

The rest of this section is divided into two parts based on whether the weight matrix is
perturbed.

3.1 Stability of deficient indices for (1.1;) in the case of W(t) = W(t)

In this subsection, we pay our attention on stability of deficiency indices for system (1.1;)
in the case of W (£) = W(z) for ¢ € I. By applying the perturbation theory of Hermitian
relations, we establish several criteria of stability of deficiency indices for (1.1;) under
bounded perturbations. As a consequence, we obtain the invariance of limit types of (1.1,)
under bounded perturbations.
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Theorem 3.1 Assume that (A,) holds. Let W (¢t) = W (¢) for t € 1. If there exist nonnegative

constants c; and real-valued functions c;(t) with |c;(t)| < ¢; for j = 1,2 such that
D) - P(t) = diag{c: () Wi (8), ()W (D)}, €1, (32)
then d(Ho) = d+ (Ho).

Proof 1t follows from (3.2) that A(t) = A(t) for ¢ € 1. So (A;) holds since (A;) holds. Since
the deficient indices of Hy and H, are equal to those of Hyy and Hoo, respectively, it suffices
to show that

d(Hoo) = d(Foo). (3.3)

By Remark 2.1 and the assumption that W(t) = W(¢) for ¢ € I it follows that Hyy and Ho
are both Hermitian relations in L%,(I) x L2, (I). Next, we will prove (3.3) by Lemma 2.1.
The proof is divided into three steps.

Step 1. We prove that D(Hyo) = D(Hyo).

It is evident that L'Z (I) = E%VO( ) since W (¢) = W(¢) for ¢t € I. For any [y] € D(Hoo),
there exist y € [y] and g € £3,(I) such that y € £3, o) and

L)@) =] Ay(t) - P(ORY)(E) = W(ORE)(2), tel. (3.4)
This, together with (3.2), yields that

L)(t) =T Ay(t) - PE)RG)(@)
=JAy(t) - POR(G)() + (P(£) - P(£)) R()(t)
= W(D)R(Q)(t) — diag{c1 () W1(2), c2() Wa () }R(Y)(t) £ €L (3.5)

Take g(2) = (g1 (£),g] (¢))T with g(t) e C",j=1,2, such that

G+ =gqt+1)-ca@®)y(t+1), 2) =@(t) —c®)y(t), tel

where y(t) = (¥ (¢),1(¢))T and g(¢) = (gl (¢ T with y;(¢), gi(t) € C", j = 1,2. Then it
follows from (3.5) that E(y)(t) = W(t)R(g)(t) for te 1 In addition, noting that y € £2 woll),
geLl? wl),and |cj(t)| < ¢;, we get that g € L2 w(),and so ([y],[g]) € Hoyo. Thus [yl e D(Hp).
Hence D(Hyo) C D(Ho). With a similar argument, we can show that D(Hoo) C D(Hoo).
Consequently, D(Hy) = D(Hy).

Step 2. We show that Hoo(0) = Hoo(0).

For any [g] € Hyo(0), there exist g € [g] and y € L3, ,(I) with [y] = 0 such that (3.4) and
(3.5) hold. Note that [y] 0 implies that W(t)R(y)(t) = 0 for ¢ € I. Hence it follows from
(3.5) that S(y )(£) = W(t)R(g)(¢) for t € I. This implies that [g] € Hyo(0). Thus Hyo(0) C
Hoo(0). Similarly, we can show that Hoo(0) C Hoo(0), and thus Hoo(0) = Hoo(0).

Step 3. We show that Hyo — Hy is Hyo-bounded with Hy-bound 0, that is, Hyg — Hog is
bounded.
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It is evident that Hoy — Hyo is a Hermitian relation in L3,(I) x L%,(I) since Hy and Hyo
are Hermitian relations in L3, (1) x L%,(I). In addition, since D(Hoo) = D(Hyo) and Hyo(0) =
I:IOO(O), Hoo = Hoo — Hoo + Hoo according to Lemma 2.2.

Based on the discussions in Step 1, for any [y] € D(Hy) = D(I:IOO) = D(1:100 — Hy), there
existg,g € £3,(I) and y € [y] with y € ﬁ%x/,o(l ) such that

R(Z - @)(t) = — diag{c1(t), c2(£)],, } R(Y)(2)
for t € I and ([y), [ — g]) € Hoo — Hoo, that is, [ — g] € (Hoo — Hoo)([y]). Therefore
|(Hoo — Hoo)(W]) | < [[(g - &]|| < max{leal, leal }I1y1l-

So Hyo — Hoo is bounded, that is, Hoo — Hoo is Hoo-bounded with Hyo-bound 0.

Based on these three statements, it follows that Hog and Hoo — Hoo satisfy the conditions
in Lemma 2.1. Therefore d_. (Hoo — Hoo + Hoo) = do(Hoo) = dx (Hoo) by Lemma 2.1. So (3.3)
holds. This completes the proof. d

Remark 3.1
(1) By using the generalized von Neumann theory, Zheng [33] showed the invariance of
the minimal and maximal deficiency indices of (1.1;) under assumptions (4;) and
(Ay), W () = W(¢) for t € I, and the condition that

D(t) - P(t) = diag{ Co W1 (£), ByWa (1)}, (3.6)

where By and Cj are constants. Theorem 3.1 extends the results in [33]. By applying
the perturbation theory of Hermitian relations we do not need that condition (A;)
holds in Theorem 3.1. Furthermore, we obtain the invariance for any deficient index
of (1.1,) under assumption (A4,), W (£) = W(¢) for ¢ € I, and condition (3.2) in
Theorem 3.1.

(2) Note that (3.2) implies that ¢1(£) and c;(¢) are both real-valued functions. In fact,
D(¢) - P(¢) is Hermitian since P(¢) and P(¢) are Hermitian matrices. This, together
with W(¢) > 0 and (3.2), yields that ¢;(¢) and c,(¢) are real-valued. With a similar
argument, By and Cp in (3.6) also must be real numbers. This fact was ignored in the
proof of Corollaries 3.1 and 3.2 in [33], where the author regarded the perturbation
as (A — xo)W(t) for any A, %o € C.

Let E and F be two Hermitian matrices. In this paper, we write E > Fif E—~ F > 0.
By comparing with Theorem 3.1 the following result imposes a weaker restriction on
D(t) — P(t) when W (t) = W(¢) > 0.

Theorem 3.2 Assume that (A1) and (A;) hold. Let W (t) = W(¢) > 0 for t € 1. If there exist
two constants ¢, and c, such that

aWi(t) <P@)-Pl) <c;W(t), tel, (3.7)

then d(Ho) = d (Ho).
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Proof The main idea of the proof is similar to that of Theorem 3.1. It suffices to show that
(3.3) holds by Lemma 2.1. The proof is divided into three steps.

Step 1. We prove that D(Hyo) = D(Hyo).

It is evident that E%V'O(I) = E%X/,()(I) since W (¢) = W(¢) > 0 for ¢ € I. For any [y] € D(Hoo),
there exist y € [y] and g € £3,(I) such that y € L3, () and (3.4) holds. Take g(¢) :=
@l (0), g7 (£))T with g;(¢) € C",j = 1,2, such that

@ e+ 0.8 ®)" = wlOaye -PORY)®)], tel
Then the corresponding class [g] € L}, (I) since y € L3, (1) and

L)) =T Ay(t) - P(E)R()(D)
= W(t)R(@)(t) - (P(t) - P(£))R(y)(t)
- WORR@)(E), tel (3.8)

Thus ([y], [g]) € Hoo. Hence, [y] € D(Hyo). Therefore, D(Hoo) C D(Hoo). With a similar ar-
gument, we can show that D(Hgo) C D(Hyo). Consequently, D(Hy) = D(Hy).

Step 2. We show that Hoo(0) = Hoo(0).

For any [g] € Hyo(0), there exist g € [g] and y € C%v,o(l ) with [y] = 0 such that (3.4) holds.
Then, based on the discussions in Step 1, there exists g € E%X,(I) such that (3.8) holds. It
follows from (3.7) that

R W (ORY)() < R)*(8)(P(t) - P(t))R()(t) < caRD)* ()W R()(E), tel,

which, together with [y] = 0, yields that (P(t) — P(t))R(y)(t) = O for t € I since W(£)R(y)(t) =
0 for t € I. Hence it follows from (3.8) that E(y)(t) = W(t)R(g)(¢) for ¢ € I. This implies that
lg] € Hoo(0). Thus Hoo(0) C Hoo(0). Similarly, we can show that Hoo(0) C Hoo(0), and thus
Ho(0) = Hoo(0).

Step 3. We show that Hyy — Hyg is Hyp-bounded with Hy-bound 0, that is, Hyy — Hyp is
bounded.

It is evident that Hyy — Hyo is a Hermitian relation in L3,(I) x L2,(I) and Hoo = Hoo —
Hyo + Hyp according to Lemma 2.2.

Based on the discussions in Step 1, for any [y] € D(Hoo) = D(Hoyo) = D(Hoo — Hyo), there
exist y € [y] withy € E%X,,O(I) and g,g € E%X,(I) such that (3.4) and (3.8) hold. This means
that ([y], [g]) € Hoo and ([y],[2]) € Hoo. Then ([y], (g — g]) € Hoo — Hoo, that is, [g — g] €
(Hoo — Hoo)([¥]). This, together with (3.8), yields that

(| (Foo — Hoo) ([]) ||2 <|g-g ”2 = ZR@—g)*(t)W(t)R(g—g)(t)

tel

= Y RE -9 (®)(P() - P(t) RO)(2)

tel

= Y R@E-g)"®)(P(t) - P() + ;W (1)) RO) ()

tel

- Y RE-9*OWORG)®). (3.9)

tel
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It follows from (3.7) that 0 < P(¢) — P(¢) + ca W (2) < (cy — c1) W (¢) for £ € I. So P(¢) — P(¢) +
¢, W(¢) is positive semidefinite. Thus by using Cauchy’s inequality from (3.9) it follows that

”(1:100 —Hoo)(b’])”2
<|iz-a’

1/2
< (ZR@ ~ 9" (O(P) - P(O) + & W(D)R@ —g)(t))

tel

1/2

x (Z RG)*(0)(P(t) - P(£) + ¢ W(t))R(y)(t))

tel

1/2

1/2
rel( S re-0 oWore-00) (LR OWORO)

tel tel
1/2

1/2
(- cl><2 RE-9" W ORE-9)0)) <ZR(y>*<t) WORO)O))

tel tel
+leal g = glHyl
<(e2=c)lg —glllyll + lealllg = gyl

which yields that | (Hoo — Hoo)([yDIl < (c2 — c1 + |e2])|Iyll. This implies that Hoo — Hoo is
Hoo-bounded with Hyy-bound 0, that is, Hyg — Hyo is bounded.

Based on these three statements, it follows that Hyy and Hoy — Hoo satisfy the conditions
in Lemma 2.1. Therefore d(Floo) = d+(Hoo) by Lemma 2.1. So (3.3) holds. This completes
the proof. g

In the particular case that W7 (£) > 0 and W5(¢) = 0, we obtain the following result.

Theorem 3.3 Assume that (A;) holds. Let W (t) = Wy(t) > 0 and Ws(t) = Wa(t) = 0 for
t € I. If there exist two constants ci and c; such that (3.7) holds, then d(Hp) = di(I:IO).

Proof The main idea of the proof is similar to that of Theorem 3.2 with only Step 1 being
replaced by the following:

Step 1. We prove that D(Hyo) = D(Hoo).

Itis evident that E%V 0(I ) = ﬁ%v,o (I) since W(¢) = W(¢) for ¢ € I. For any [y] € D(Ho), there
exist y € [y] and g € L3, (I) such that y € L3, (/) and (3.4) holds. Next, we will show that
ly] € D(Hop). To prove [y] € D(Hy), it suffices to prove that there exists g € L2,(I) such that
(3.8) holds. By (3.7) and the assumptions that W (t) = V~Vl(t) >0and W5(¢) = V~Vz(t) =0 for
t € I, we have that

- Clt)-C(t) -y Wi(t) A*(t) - A*(¢
Pl) - Pt) — e, W) = (t) = C(O) —ea W1 (1) ~() (t) S0,
A() - A(2) B(t) - B(t)
i i (3.10)
~ Wi(t) - C(t) + C(t) A*(t) —A*(¢t
W0 — (B ple) - (IO~ COEO A O-F0)
A(t) —A(r) B(t) — B(t)

According to [36, Observation 7.1.2.], we get that B(t) - B(t) > 0 and B(¢) — B(t) > 0 for
t € I. Thus B(t) = B(t) for t € I. This, together with (3.10), yields that A(¢) = A(t)fortel by

Page 11 0of 16
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[36, Observation 7.1.10.]. Consequently, (A;) holds, and P(¢) — P(¢) = diag{C(¢) - C(2),0}.
Inserting it into (3.8), we get that

G+ =g(t+1)- W @)(C@) - C@)y:(t + 1)

for ¢ € I, where y(2) = (5F (), yL )7, g(t) = (gL (t), gl (¢))T, and g(¢) = (& (¢), 7 (t))T with
¥i(t), gi(t), g(t) € C”, j = 1,2. In addition, noting that y € ‘C%X/,O(I) and g € ,C%V(I), we have
that >, R@)*(£) W(£)R(g)(¢) < +00. So the corresponding class [g] € L%X,(I). Thus [y] €
D(Hqyo). Hence D(Hyo) C D(Hoyo). With a similar argument, we can show that D(Hy) C
D(Hyp). Consequently, D(Hoo) = D(Hoo). The proof is complete. O

Remark 3.2 'We remark that (3.7) implies that ¢; and ¢, are real numbers since P(t), P(t),
and W(t) are Hermitian matrices.

The following result is a direct consequence of Theorems 3.1-3.3.

Corollary 3.1 If any of the conditions of Theorems 3.1, 3.2, and 3.3 hold, then £ is in the
limit (d,(Ho),d_(Hp)) case at +0o if and only lfﬁ is in the limit (d,(Hy),d_(Hy)) case at
+00. In particular, £ is in l.c.c. at +oc if and only if £ is in Lc.c. at +00; £ is in Lp.c. at +00
if and only if £ is in Lp.c. at +oc.

3.2 Stability of deficient indices for (1.1, ) in the case of w(t) Z W(t)

In this subsection, we study the stability of deficiency indices for system (1.1;) when
W () # W(z) for ¢ € I. Note that Hy and Hy are defined in (L}, (1))* and (L2 (I))?, re-
spectively, and it is difficult to study the stability of deficiency indices of Hy and Hj since
(L2,(I))* and (L%;(/(I))2 are different spaces. So we turn to study the invariance of the limit
circle and limit point cases.

Theorem 3.4 Assume that (A;) holds. Let P(t) = P(¢) for t € I. If there exist two positive
constants ¢ and ¢y such that

aW®) =W <aW®), tel, (3.11)
then £ is in Lc.c. at +00 if and only if £ is in l.c.c. at +0c.

Proof First, consider the necessity. Suppose that £ is in L.c.c. at +oco. Then d4.(Hp) = 2n. By
(2) of [5, Corollary 5.1] we get that n (Hy) = 2n. It follows from Theorem 2.1 that n; (Hy) =
2n for all & € C. Again by (2) of [5, Corollary 5.1], no(Ho) — do(Ho) = na(Ho) — d+(Hp), that
is, 2n — do(Hy) = 2n — 2n. Hence do(Hy) = 2n.

Next, we will show that do(l:lo) = dy(Hp). It suffices to prove that H, and H, with A =
0 have the same deficiency space, that is, R(Ho)" = R(H)". By [26, Lemma 2.4] and [5,
Theorem 3.1],

R(Ho)™* = {y] e L3, (D : (Iy],0) € Hy}
() €L, () (19),0) € H}
{[y] € L%V(I) : there exists y € [y] such that £(y)(t) =0,z € I}.
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With a similar argument, we can show that

R(Ho)" = {[y) € L%, (I) : there exists y € [y] such that £(y)(£) =0, € I}.

Since P(¢) = P(¢) for t €, f)(y)(t) = £(y)(¢) for t € I. In addition, it follows from (3.11) that
L2,(I) = L%).V(I). Thus R(Ho)* = R(Ho)™*. Consequently, do(Ho) = do(H,) = 2n. This, together
with [5, Theorem 5.2] and the fact that n < d, (Hy) < 2#, yields that d. (Hy) = 2n. Therefore
£isinlLc.c. at +00.

With a similar argument, the sufficiency can be shown by noting that (3.11) implies
é W(t) < W(t) < % W (¢) for ¢ € 1. This completes the proof. O

Introduce the following new system:
Jhy(®) - PORG)() = AW (R()®), tel. (3.12,)

If we regard (3.12,) as the perturbation of (1.1;) and (3.1;) as the perturbation of (3.12;),
then the following two results can be directly derived by Theorem 3.4 and Corollary 3.1.

Theorem 3.5 Assume that (A1) holds. If (3.2) and (3.11) hold, then £ is in l.c.c. at +o0 if

and only if £ is in l.c.c. at +oo.

Theorem 3.6 Assume that (A1) holds. If (3.7) and (3.11) with W1(t) > 0 and either W5(¢) >
0 or Wy (t) = 0 for t € I hold, then £ is in l.c.c. at +oc if and only if £ is in l.c.c. at +oo.

Theorem 3.7 Assume that (A1) and (3.11) hold. Then (2.2) holds if and only if

+00

D V(e = 1)in(t) = oo, (3.13)

t=1

where wj(t) is the minimal eigenvalue of VNVj(t)forj =1,2. Moreover, £ is in l.p.c. at +00 if
and only if £ is in Lp.c. at +0c in this case.

Proof It follows from (3.11) that
aw(t) <wi(t) <cow(t), j=1,2tel.

Therefore (2.2) holds if and only if (3.13) holds. Consequently, in this case, £ is in L.p.c. at
+oo if and only if LisinLp.c. at +00 according to Lemma 2.3. This completes the proof. [J

Remark 3.3 The results of Theorem 3.7 shows that if the weight functions of (1.1;) and
(3.1;) satisfy quite strong conditions, then the deficient indices of (1.1;) are invariant un-

der any perturbation of P(¢).

Remark 3.4 Note that the number of linearly independent square summable solutions of
(1.1,) is invariant if its coefficient matrices P(¢) and W (¢) vary at finite points. Therefore
we remark that the results obtained in the present paper still hold if there exists ¢, €  such

that the assumptions of our results are satisfied for ¢ > £,.
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4 Examples

In this section, we give an example illustrating the perturbation results obtained in this
paper. It is well known that there are a lot of limit circle and limit point criteria for sys-
tem (1.1;). The criteria of stability of deficiency indices of (1.1;) obtained in this paper
provide an alternate way to determine the extreme limit type. However, to the best of our
knowledge, there are seldom criteria of the intermediate cases for (1.1,). Therefore it is
very difficult to determine if (1.1,) is in the intermediate cases. So next, we give an exam-
ple in the intermediate case to illustrate the advantages of our conclusions obtained in this
paper.

Consider system (1.1,) with n =2,

0 1 . _t
A(t):<0 0), B(t) = diag{0,37/2}, @)

C(t) = diag{0,-3'}, W (t) = diag{1,0,0,0}

for ¢ € I. It is obvious that assumptions (A1) and (A45) hold. So, d, (Hy) = n, (Hp). Next, we
will show that (1.1;) with those matrix functions is in the limit-3 case at ¢ = +00.

In fact, by Lemma 2.1 in [37], n,(H)p) is equal to the number of linearly independent
solutions of the following fourth-order difference equation:

NP2 3 A%x(t - 2)] - A[-3'Ax(t - 1)] = x(t), tel, (4.2;)

in /2 for any A € C. The solutions of (4.2;) with A = 0 are of the form o with & satisfying

the equation
(60 —5a +1)(30* - 5 +2) = 0.

By a simple calculation there are four distinct roots of this equation:
o =1/2, oy =1/3, a3 =2/3, oy =1.

Then x;(¢) = ozjt for j = 1,2,3,4 are four linearly independent solutions of (4.2;) with A = 0.
It is evident that x; € [? for j = 1,2,3, but x4 ¢ /2. This implies that (1.1;) is neither in Lp.c.
nor in l.c.c. at £ = +00 by Theorem 2.1 and Remark 2.2. So (1.1,) is in the limit-3 case at
t = +o00.

Now we consider system (3.1;) with n = 2,

A(t):(o 1), B(t) = diag{0,37/2},
0 0 (4.3)

C() = diag{sinz +e™ - 2,-3'}, W (¢t) = diag{1,0,0,0}

for ¢ € I. It is evident that assumptions (A;) and (A,) still hold. But it is difficult to deter-
mine the limit type of this system as discussed before. As pointed out in the first paragraph
of this section, almost all criteria for limit types were established only for the limit point
and limit circle cases. However, there are seldom criteria of the intermediate cases. In ad-
dition, we note that the existing criteria for limit types are not applicable to (3.1,) with
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matrix functions satisfying (4.3). At this point, we find that we may regard (4.3) as the per-
turbations of (4.1). Moreover, it is easy to verify that the conditions of Theorem 3.1 are
satisfied with ¢;(¢) =2 — sint — e7%, ¢3(¢) = c3 = 0, and ¢; = 4. Therefore (3.1;) with (4.3) is
also in the limit-3 case at ¢t = +oo by Theorem 3.1.
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