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1 Introduction

By CN, ¢, £, £,, and ¢y, we denote the spaces of all, convergent, bounded, r-absolutely
summable, and convergent to zero sequences of complex numbers, and N is the set of
nonnegative integers. Tripathy et al. [14] introduced and studied the forward and back-
ward generalized difference sequence spaces U (Ai,m)) = {(w) e CN (Aﬁ,m) wr) € U} and
U(A”) = {(wg) € CN: (A"wy) € U}, where myn € N, U = £y, c or ¢y, with ALm)wk =
> o (=1 Cl'Wipn, and Awy = Y 0 (=1)" Cwy_,p, respectively. When 7 = 1, the gen-
eralized difference sequence spaces reduced to L/(A") were defined and investigated
by Et and Colak [3]. For m = 1, the generalized difference sequence spaces reduced to
U(A,) were defined and investigated by Tripathy and Esi [13]. For n =1 and m = 1, the
generalized difference sequence spaces reduced to U(A) were defined and studied by
Kizmaz [6]. Summability is very important in mathematical models and has numerous
implementations, such as normal series theory, approximation theory, ideal transforma-
tions, fixed point theory, and so forth. Let r = () € R*N, where R*" is the space of se-
quences with positive reals. We define the Nakano backward generalized difference se-
quence space as follows: (£(r, A},)); = {w=(w)) € CN : 30 > 0 with t(ow) < 00}, where
t(w) = 25 1A W17, wy = 0 for j < 0, AT lwj| = A wy| = A7 wio| and A%w; = w;
for all j,n,m € N. It is a Banach space with norm |w/|| = inf{o > 0: 7(2) < 1}. If (r)) € o,
then £(r, A,) = {w = (w)) € CN .y % 1am [wjl|7 < oo}. Several geometric and topo-

j n+l
logical characteristics of £(r, A” ;) have been studied (see [5, 16]). By B(W,Z) we de-
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note the set of all linear bounded operators between Banach spaces W and Z, and if
W = Z, then we write ‘B(W). The multiplication operators and operator ideals have a
wide field of mathematics in functional analysis, for instance, in eigenvalue distributions
theorem, geometric structure of Banach spaces, theory of fixed point, and so forth. An
s-number function [12] is a map defined on B(W,Z) that associates with each opera-
tor T € B(W, Z) a nonnegative scaler sequence (s,(T))52, satisfying the following condi-
tions:
@) T =s0(T) = 51(T) = s52(T) = --- = 0for T € B(W, 2),
(b) Span-1(T1 + T3) < 8,,(T1) +8,(To) for all Ty, T, € B(W,Z) and m, n € N,
(c) ideal property: s,(RVT) < |R||s,(V)||T|l for all T € B(Wp, W), V € B(W, Z), and
R eB(Z,Zy), where Wy and Z are arbitrary Banach spaces,
(d) if GeB(W,Z) and A € C, then s,(AG) = |A]s,(G).
(e) rank property: If rank(T) < n, then s,(T) = 0 for each T € B(W, 2),
(f) norming property: s;5,(l,;) = 0 or sy.x(I,) = 1, where I, is the unit operator on the
n-dimensional Hilbert space £7.
The s-numbers have many examples such as the rth approximation number

o (V) = inf{||V —BJ| : Be B(W,Z) and rank(B) < r}
and the rth Kolmogorov number

d,(V)= inf sup inf [Vw-v|.

dimW<r lwll<1 veW

The following notations will be further used:

X% :={X5(W,2)}, where X°(W,2):={V eB(W,2): ((s,(V)):’O eX};

oo

XPP .= {X***(W,Z)}, where X**(W,Z):={V e B(W,Z): ((oz,»(v))j=0 eX};
X*l= [X*U(w,2)}, where X*\(W,Z2):={V eB(W,2): ((d,»(v));’j0 eX};
X":={X"(W,Z)}, where

X'(W,2):={V e BW,2): ((4(V)) 5, € X and |V = (V)| = 0 for allj € N}.

The s-type Nakano generalized difference sequence space under 7 : £(r, A).;)) — [0, 00)

is defined as

setype (€ A7),
= {(sj(V));:O eCN: vV eB(W,Z)and t(k(sj(V)));):O < oo for some A > O}.

If (rj) € £oo, then

s-type (€£(r, AJ,)), = (s/(V));jo eCV:Ve®B(W,Z)and Z|A;”+1S/(V)|ri <00 f.
j=0
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Some examples of s-type Nakano generalized difference sequence spaces are

o ({5},

= {(sj(V));)OO eCN: VvV eB(W,Z) and Z|A3S}'(V)|’% < oo}

j=0

and

s-type (E,(A))r = {(sj(V));oo eCN: vV eB(W,Z) and <Z|Asj(V)|r> ’ < oo}.

Jj=0

A few operator ideals in the class of Hilbert or Banach spaces are defined by distinct
scalar sequence spaces such as the ideal of compact operators 8, formed by (d,(V)) and
¢o. Pietsch [12] studied the smallness of the quasi-ideals (¢,)PP for r € (0, 00), the ideals
of Hilbert-Schmidt operators between Hilbert spaces constructed by ¢, and the ide-
als of nuclear operators generated by £,. He explained that § = (£,)%® for r € [1,00),
where § is the closed class of all finite rank operators, and the class (£,)?? became
simple Banach [11]. The strict inclusions (¢,)*P(W,Z) & (€,)*PP(W, 2) g B(W,Z) for
j>r >0, where W and Z are infinite-dimensional Banach spaces, were investigated
by Makarov and Faried [7]. Faried and Bakery [4] gave a generalization of the class of
quasi-operator ideal, which is the prequasi-operator ideal and examined several geo-
metric and topological structures of (Lx)S and (ces(r))®. On sequence spaces, Mur-
saleen and Noman [10] investigated the compact operators on some difference se-
quence spaces. Kilicman and Raj [5] studied the matrix transformations of Norlund—
Orlicz difference sequence spaces of nonabsolute type. Yaying et al. [15] examined the
operator ideal of type sequence space whose g-Cesaro matrix in £, for all g € (0,1]
and 1 < p < co. The point of this paper is explaining some results of (¢£(p, AV.,)).
equipped with a prequasi-norm t. Firstly, we give necessary conditions on any s-type
sequence space to give an operator ideal. Secondly, we study some geometric and
topological structures of (£(p, A™,)) such as closed, small, and simple Banach and
(L(p, A™ ))° = (£(p, A™))". We determine a strict inclusion relation of (£(p, A™,))S

for different p and A”.,. Finally, we investigate the multiplication operator defined on
(lp, Ai)e

2 Preliminaries and definitions
Definition 2.1 ([12]) An operator V € B(W) is called approximable if there are D, €
$(W) for every r € N and lim,_, ||V — D,| = 0.

By T(W, Z) we denote the space of all approximable operators from W to Z.

Lemma 2.2 ([12]) Let V € B(W,Z2). If V ¢ Y (W, Z), then there are G € B(W) and B €
B(Z) such that BVGe, = e, for all r € N.

Definition 2.3 ([12]) A Banach space W is called simple if B(W) includes a unique non-
trivial closed ideal.
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Theorem 2.4 ([12]) If W is Banach space with dim(W) = oo, then
FW) & Y(W) & B(W) & B(W).

Definition 2.5 ([9]) An operator V € B(W) is called Fredholm if dim(R(V))¢ < oo,
dim(ker V) < 0o, and R(V) is closed, where (R(V))¢ denotes the complement of range V.

We will further use the sequence ¢; = (0,0,...,1,0,0,...) with 1 in the jth coordinate for
alljeN.

Definition 2.6 ([4]) The space of linear sequence spaces Y is called a special space of
sequences (sss) if
(1) e, e YwithreN,
(2) ifu=(u,) e CN,v=(v,)eY,and |u| < |v| for every r € N, then u € Y. This means
that Y is “solid’,

(3) if (u,)7%, € Y, then (u[%])fjo €Y, where [5] means the integral part of 5.

Definition 2.7 ([2]) A subspace of the (sss) Y, is called a premodular (sss) if there is a
function 7 : Y — [0, 0o) satisfying the following conditions:
(i) t(y)>0foreachye Y and t(y) =0 < y =0, where 6 is the zero element of Y,
(ii) there exists @ > 1 such that t(ny) < a|n|t(y) forally e Yand n € C,
(iii) forsomeb>1,t(y+2) <b(r(y) +t(2)) forally,z€ Y,
(iv) |yl <lz,| with r € N, implies t((y,)) < 7((2,)),
(v) for some by = 1, T((yr)) = 7((y15))) < bot (),
(i) ify= ()72, € Y and d > 0, then there is ro € N with 7((y,);2,)) <4,
(vii) thereis ¢ >0 with t(v,0,0,0,...) > t|v|7(1,0,0,0,...) forallv e C.

The (sss) Y, is called prequasi-normed (sss) if t satisfies parts (i)—(iii) of Definition 2.7,

and when the space Y is complete under 7, then Y, is called a prequasi-Banach (sss).
Theorem 2.8 ([2]) A prequasi-norm (sss) Y., whenever it is premodular (sss).

By 95 we denote the class of all bounded linear operators between any pair of Banach
spaces.

Definition 2.9 ([2]) A class & C ‘B is called an operator ideal if every component
(W, Z) =6BNB(W,Z), where W and Z are Banach spaces, satisfies the following condi-
tions:
(i) ® 235, thatis, the class & contains the class of all finite-rank Banach space
operators 5.
(i) The space &(W,Z) is linear over C.
(iii) IfV € B(Wy, W), G € (W, Z), and Q € B(Z, Z), then QGV € &(W,, Zy), where
Wy and Z, are Banach spaces.

Definition 2.10 ([2]) A prequasi-norm on the ideal B is a function ¢ : B — [0,00) that
satisfies the following conditions:
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(1) Forall Ve B(W,Z),¢(V)>0and ¢(V)=0ifand only if V =0,

(2) thereis H > 1 such that ¢(nV) < H|n|¢(V) forall V e B(W,Z) and n € C,

(3) thereis b > 1 such that (V7 + V3) < b[¢ (V1) + £ (V3)] for all Vi, V, € B(W, Z),

(4) thereis D> 1 such thatif I € B(Wy, W), T € B(W,Z),and V € B(Z, Z,), then
¢(VTu) < DIV (DU

Theorem 2.11 ([4]) The function ¢ (V) = t(s(V))?, forms a prequasi-norm on Xf when-

ever X, is a premodular (sss).

We will further use the inequality |a; + b;|% < H(|a;|% + |b;|%), where g; > O forall i € N,
H =max{1,2"1}, and & = sup, g; (see [1]).

3 Main results

Pietsch [12] investigated the quasi-ideals (¢,)*PP for r € (0, 00). Faried and Bakery [4] in-
troduced sufficient conditions on any linear sequence space X such that the class X of all
bounded linear operators between arbitrary Banach spaces with its sequence of s-numbers
belongs to X generates an operator ideal. In this section, we give necessary conditions on
s-type X under 7 : X — [0, 00) such that X° forms an operator ideal. Consequently, any
none solid s-type sequence space does not form an operator ideal. We explain sufficient
conditions on Nakano backward generalized difference sequence space to be premodular

Banach (sss).

Theorem 3.1 Fors-type X, := {x = (s,(V)) € CN: V € B(W, Z) and t(x) < 00}, ifo isan
operator ideal, then the following conditions are satisfied:
1. The set X, contains F, the space of all sequences with finite nonzero numbers.
2. If (sy(V1))2S, € Xt and (s, (V)22 € Xy, then (s,(V1 + V)25, € X-.
3. Forall » € Cand (s.(V))2, € X;, we have |A|(s, (V)% € X
4. The sequence space X is solid. This means that if (s,(V))>2, € CN, (s,(T) 0% € Xy and
$:(V) <s,(T) foreveryr e Nand T,V € B(W, Z), then (s.(V))2, € X;.

Proof Let X° be an operator ideal.
(i) We have §(W,Z) C X;S(W, Z). Hence for all T € §(W, Z), we have (s,(V))°, € F.
This gives (s.(V))%, € X;. Hence F C X;.
(ii) The space Xf(W, Z) is linear over C. Hence for all A € C and V1, V; € Xf(W, Z),
we have Vi + V, € X;S(W,Z) and AV} GX;S(W,Z). This implies

(V)5 €Xe and (s:(V2)) s €Xe = (s(Vi+ Vo)), €X:
and
AeC and (V1)) €Xe = |Al(s:(V1) o, € Xe.
(ili) IfA € B(Wo, W), Be X5 (W, Z),and D € B(Z, Zo), then DBA € X5 (Wy, Zo), where
Wy and Z are arbitrary Banach spaces. Therefore, if A € B(W,, W),
(sr(B)X, € X¢, and D € B(Z, Zy), then (s,(DBA)), € X, since

s.(DBA) < | D|ls,(B)|IA|l. By using condition 3, if (| D[ ||Alls-(B)), € Xz, then we
have (s,(DBA)), € X;. This means that X; is solid. |
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Corollary 3.2 The s-type q-Cesdro sequence space of nonabsolute type x, is solid for all
q€(0,1] and 1 < p < co.

Proof From Theorem 5.6 in [15], since the class of all bounded linear operators between
any two Banach spaces such that its s-numbers belong to g-Cesaro sequence space of
nonabsolute type forms an operator ideal if g € (0,1] and 1 < p < co. Then by Theorem
3.1 the s-type g-Ceséro sequence space of nonabsolute type is solid for all g € (0,1] and
l<p<oo. O

Theorem 3.3 The space (£(p, A™.))) is not operator ideal, where (p;) satisfies 0 < p; < 00
forallie Nand t(w)=Y) |An+1|wl [P for all w € £(p, AV.,).

Proof We choose m =2, n=1, wi =1, vi = wy for k = 3s and, otherwise, vx = 0 for all
s,k € N. We have |vi| < |wy| for all k € N, w € (£(p, A3))., and v ¢ (£(p, A2)),. Hence the
space (¢(p, A1) is not solid. This finishes the proof. O

According to Theorem 3.3, we correct Theorem 4.2 in [8], that is, the class of all bounded
linear operators constructed by Musielak—Lorentz forward difference sequence spaces
equipped with the Luxemburg norm and s-numbers fails to form a quasi-operator ideal,

since it is not solid.

Definition 3.4 The backward generalized difference A, is called absolutely nonde-
creasing if from |x;| < |y;| for all i € N it follows that |A7T. | |x;|| < [AT |y;ll.

Theorem 3.5 If (»;) € R*" N €y, is an increasing and A", is absolutely nondecreasing,

then the space (L(p, A™ ). is a premodular Banach (sss), where

n+l

Z’An+1lwi| ’pi forallw e g(p, AT ).

Proof
(1-i) Suppose v,w € £(p, Al'}). Since (p;) € £o and A7 | is absolutely nondecreasing,

we have

o0
T(v+w) = Z|A;"+l|vi +wil [

i=0

<Z|An+l|vl||pl +Z n+1|Wl

= H(‘E(V) + T(W)) <00,

)

where H = max{1,2*P#i-1}. Then v + w € £(p, A™,).
(1-ii) Let x € Cand v € £(p, AT,). Since (p;) is bounded, we have

(o] [e¢]
T(Av) = Z|An+1|)\v,| P < sup [A[Pr Z|An+1|"r
r=0 " r=0

=sup [AP T (v) < 0.
r
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Then Av € £(p, Al ;). Hence from parts (1-i) and (1-ii) the space £(p, AT;) is
linear. Since e, € £(p) C £(p, A,) for all ¥ € N, we have e, € £(p, A,) for all
reN.

(2) Suppose |x;| < |y;| foralli e Nand y € £(p, AT.,). Since A

m | is absolutely

nondecreasing. Hence we have

T(x) = Z|An+1|xl |pl = Z|An+1|yl

—r(y)<oo,

so that x € £(p, A"
(3) Let (v,) € £(p, AJ,,). Since (p,) is an increasing and A", is linear, we have

n+l

(V[ ]) Z|An+1|v[
Z|An+1|vr
= 2Z|An+1

and then (v3)) € £(p, A} ).
(i) Obviously, t(w)>0and t(w)=0< w=6.
(i) a =max{1,sup, |n|’"~'} > 1, where t(nw) < a|n|t(w) for all w € £(p, A™.,)
and n € C.
(iii) The inequality t(v+w) <H(t(v) + t(w)) for all v,w € £(p, A}}",,) is satisfied.
(iv) Clearly from (2).
(v) From (3) we have that by =2 > 1.
(vi) It is obvious that F = £(p, A ).
(vii) Thereis ¢ with 0 < ¢ < [n[Po~! such that 7(5,0,0,0,...) > ¢|n|7(1,0,0,0,...)
foralln #0and ¢ >0if n =0.
Hence the space (£(p, An+1))r is premodular (sss). To explain that (¢(p, A ,)); is a pre-

Par+1

P2
T Z|Am| ]

27(v),

modular Banach (sss). Let x* = (xk)k o be a Cauchy sequence in (¢(p, A}, ,));. Then for each
e €(0,1), there is iy € N such that for all i,j > ij, we have

o0
t(x' -o) = Z‘AZ‘H | —x’,'(‘ P < SupkPE,
k=0

Hence, for i,j > iy and k € N, we conclude

| ATl =7 | < e.

Therefore (A7, |x’)< |) is a Cauchy sequence in C for fixed k € N, so limj_, « Awlxj AP xS
for fixed k € N. Hence 7 (x' — x°) < &3"Pi?i for all i > iy. Finally, to show that x° € £(p, A" ),

we have
T(x%) =t (x® —a" +x") < H(t(x" —°) + T(x")) < 0.

Therefore x° € £(p, A™,,). This gives that (¢(p, A”.,)), is a premodular Banach (sss). [

Page 7 of 17
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In view of Theorem 2.8, we get the following theorem.

Theorem 3.6 If (p;) € R*N N 4y, is increasing and AV is absolutely nondecreasing, then
the space (L(p, A.,)); is prequasi-Banach (sss), where

o0
7(x) = Z|An+1|xll |pi forallx € £(p, AJL,,).
i=0

Corollary 3.7 If 0 < p < 00 and A, is absolutely nondecreasing, then (£,(A),)); is a
premodular Banach (sss), where T(x) = > o | Al x| [P for all x € £,(AL).

4 Prequasi-Banach closed ideal

Pietsch [12] examined the Banach quasi-ideals (£,)?PP for r € (0, c0) and the Banach quasi-
ideals of Hilbert—Schmidt and nuclear operators between Hilbert spaces formed by ¢,
and ¢;, respectively. Yaying et al. [15] made current the Banach quasi-operator ideal of
type sequence space whose g-Cesaro matrix is in £, for all g € (0,1] and 1 < p < 0co. Bakery
and Mohammed [2] introduced the concept of prequasi-ideal, which is more general than
the class of quasi-ideals. In this section, we introduce sufficient conditions on £(p, AY. ;)
such that the class (£(p, A™,)) is a prequasi-Banach and closed ideal.

Theorem 4.1 If (p,) € R*N N €y, is increasing and A, is absolutely nondecreasing, then
((e(p, An+1) ,¢) is a prequasi-Banach operator ideal with T(w) = Y oy |AZ | |w;||Pi for all
we t(p, Am) and £ (V) = t((s.(V))320)-

Proof By Theorems 3.5 and 2.11 the functlon ¢ is a prequasi-norm on (¢(p, A,Hl))s Let
(V}) be a Cauchy sequence in (£(p, A} )3(W, Z). Since B(W,Z) 2 (L(p, A” )3 (W, Z),
we have

n+l n+l

Z|Ammvi — VP = A v - v,

Therefore (V})jen is a Cauchy sequence in B(W, Z). Since B(W,Z) is a Banach space,
T € B(W, Z) withlim;_, . [|V; - V| = 0and (s,(V7));2, € (€(p, AJ,1)). for each i € N. From
parts (ii), (iii), and (iv) of Definition 2.7 we have

t(V) =) |Ar s (V= Vi+ V[
r=0

00 o0
< H(Z|AT+1S[£](V- VI + Z|Anm+15l£1(vl)’pr)

r=0 r=0

o0
< HZ|A,H1 1V = VI[P + Hbo Y | Az s, (V)" <.
r=0

Therefore (s,(V))%%, € (¢(p, A™ ). Hence V & (¢(p, A™. ))S (W, Z). O

Theorem 4. 2 If (p,) € R*™N N Ly, is increasing and A, is absolutely nondecreasing, then
((e(p, A )3, ¢) is a prequasi-closed operator ideal with T(w) =Y oo |A™ |wi||Pi for all
we l(p, AM) and £(V) = t((sa(V))520)-
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Proof By Theorems 3.5 and 2.11 the function ¢ is a prequasi-norm on (£(p, A™))S. As-
sume that V; € (£(p, A}, 1))S(W Z)forallj e Nandlim;_, o, £(V;— V) = 0. Since B(W, Z) D
Lp, AT, )S(W,Z), we have

(V- v)—ZMnﬂsk(v-vf)l” ATV = Vil

Hence (V))jen is a convergent sequence in B(W, Z). Since (s,(V}));2, € (€(p, Al ;): for
eachj € N, from parts (ii), (iii), and (iv) of Definition 2.7 we get

o(V) = Z\Amsr (V-Vvi+ V)"

o0 o0
—H(ZIAZL gV =W+ | AT s (V) p')
r=0 r=0

o]

< HZ|AM||V— VIl + Hbo Y | A7 s, (V) <.
r=0
Therefore (s, (V)2 € (£(p, AL, ;);. This gives V € (£(p, AT,) )S(W,Z). O

Corollary4.3 ((¢, (An+1)) ,{) is prequasi-closed and Banach with t(w) = Y oo |A | |wy] [P
Jorall we £,(AT,) and £ (V) = t((s,(V))52) if 0 < p < 00 and A, is absolutely nonde-
creasing.

5 Small and simple of (£(p, AT .))S

Makarov and Faried [7] explained the strict inclusion (£,)**?(W,Z) & (¢;)*P(W,Z) g
B(W,Z) for j > r > 0. Pietsch [11] proved that the class (£,)*"P became simple and small
Banach space for r € [1,00) and r € (0, 00), respectively. In this section, we explain suffi-
)$ for different

))?PP is small. We also

cient conditions on £(p, A7, ;) for the strict inclusion relation of (£(p, A}
p and A7 ,. We study the conditions such that the class (£(p, A}
investigate sufficient conditions on £(p, A, ) such that (¢£(p, Al ;) )S equals (¢(p, A7
Finally, we give an answer of the following question: For which £(p, A" ,), (¢(p, Aml))s

n+l
n+1

n+1
simple?

Theorem 5.1 Let W and Z be infinite-dimensional Banach spaces, 0 < p; < g, foralli e N,

and let A" be absolutely nondecreasing for all n,m € N. Then
(£, A7) W, D) G (e(g AJ))° (W, 2) S B(W, 2).

Proof If V € (£(p, An+2))5(W Z), then we have (s;(V)) € £(p, A}'.,). We can see that
Z|A;”++11 |7 < Z|An+2s,(V)’pj < 00.
j=0

n+1

1) "1 for n,m € N, then we can find V € B(W, Z) with Z o |AT s (V)P = Z;X’OJ T

Therefore V e (£(g, A1) (W, Z). Next, if we choose (s,(V))]‘fO such that A, ,s;(V) = (j +
1

=00
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and
00 0o 1 ;IT(
]
Y (1875 ())" = Z(ﬁ) <00,
=0 o M
Since (g, A™,) C (g, AT, V ¢ (Lp, A" ,)5(W,Z) and V € (E(g, AT 1))S(W, 2).
Clearly, (¢£(g, A™1)S(W,Z) C B(W,Z). By choosing (s;( V)%, such that A74ls;(V) =
_1
(i+1) % for n,m € N, we have V € B(W, Z) such that V ¢ (¢(q, A} )S (W, 2). O

Corollary 5.2 For any infinite-dimensional Banach spaces W and Z, j > r > 0, and abso-
lutely nondecreasing A} for all n,m € N, we have

(e(A72)° (W, 2) G (A7) ° (W, 2) S B(W, 2).

Theorem 5.3 For any Banach spaces W and Z with dim(W) = dim(Z) = oo, let (p,) €
R*™N N Lo be increasing, and let A

m 1 be absolutely nondecreasing. Then the class
(L(p, AT 1))?PP is small.

Proof ((L(p, AT ,))PP g“ ) is a prequasi-Banach operator ideal, where ¢(V) =
(O |An+1ozk(\/)|1’k)h Let (€(p, A )*PP(W,Z) = B(W,Z). Then there is § > 0 with
(V) <§||V| for all V € B(W,Z). By Dvoretzky’s theorem [12] for j € N, there are sub-
spaces M; and quotient spaces W/N; of Z. By isomorphisms, A; and H; will be mapped Z
onto £, with IHIIH; M < 2and [|4;]|1A; ]| < 2. LetJ; be the natural embedding map from
M; into Z, and let Q; be the quotient map from W onto W/N;. Denoting the Bernstein
numbers [12] by u;, we have

—_
1]

u(ly) = ux(A; .A,-IIH-H,-I)

| A

1Al 24 11H)||H- l

(4;
= Ajllux (A LH) | H |
< 14 lldx A ;) | H |

= | Ajlldx (A H; Q) | H; |

< l1Ajllow (A LH; Q) | H7|
for 0 < k < i. Therefore
1< A7l AT e (A Q) | | H7|

=+ < (1405 ZIAMakL Q)™

Hence

1

h
i+ Db < alaniH] [meak A1) ﬂ

k=0

= i+ DF <alAl|H Y gUAT Q)
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= (z+1)h <ad|l Al ||H d ||], LH Q|
= (i+1)i< ad || A IIH,»‘1 [ IIJ;A;1|| I Qill = LS| A; IIH;1 [ ||A,~‘1|| L1111 H; |

= (i+1)F <4as

for some a > 1. Since i is arbitrary, we have a contradiction. So, W and Z cannot be infinite-
dimensional while (¢(p, AT, ))*P?(W, Z) = B(W, Z).

In the same manner we can prove that the class (£(p, A7 |))¥°!

e is small. O

Theorem 5.4 Let W and Z be any Banach spaces with dim(W) = dim(Z) = oco. Let
(pr) € RN N ey, be increasing, and let A"

m . be absolutely nondecreasing. Then the class
(L(p, AT )X is small.

Theorem 5.5 Pick any Banach spaces W and Z with dim(W) = dim(Z) = oo. If (p,), (gr) €

Lo are increasing with 1 < p; < q; for all i € N and A" is absolutely nondecreasing, then

B((¢lg A7) (6o A72))°) = T((E(a 27)) % (€. 87)) ).

Proof Assume that there is V € B((£(q, A7 1)), (¢(p, AT, )®) that is not approximable.

n+l

By Lemma 2.2 we have G € B((¢(g, A741))®) and B € B((£(p, A™,))°) with BVGIy = I.

n+l

Therefore for all k € N, we get

o0 o0
Ml egam s = | A osui) [ < IBVGIIl g amaiys < D | Auitsn(li)|™.
n=0 n=0

From Theorem 5.1 we obtain a contradiction. Hence V e Y((t(g, A7),

n+l

(Z(p A}’H—Z )S) O

Corollary 5.6 Let W and Z be any Banach spaces with dim(W) = dim(Z) = oco. If
(pr), (qr) € L are increasing with 1 < p; < q; for all i € N and A" is absolutely nonde-

creasing, then

B((¢(g, A1) (€ A12))°) = Be((E(a, A7) (02, A7) ).

Proof Since each approximable operator is compact, the result follows. d

Theorem 5.7 Let W and Z be any Banach spaces with dim(W) = dim(Z) = co. If (p,) € £
is increasing with po > 1 for all i € N and A} is absolutely nondecreasing, then the class
(L(p, A3 is simple.

Proof Suppose that there is V € B.((£(p, Aml))‘s) such that V ¢ T((¢(p, AT.1)) S). There-
fore by Lemma 2.2 one find A,B € B(({(p, Al )5) with BVAI, = I;. This means that
Ie(pAm s €D [(e(p, A™ ))S). Consequently, B((£(p, A™))°) = B.((L(p, A7 ))?).
Therefore %( E(p A 1))5) includes one and only one nontrivial closed ideal

T((Ep, ALL)S 0



Bakery and Elmatty Advances in Difference Equations (2020) 2020:620 Page 12 of 17

5.1 Eigenvalues of s-type £(p, A" ;)
Theorem 5.8 Let W and Z be Banach spaces with dim(W) = dim(Z) = oco. If (p,) € R*N N
Lo is increasing and A, | is absolutely nondecreasing, then

(£, A7) (W, 2) = (e(p, A7) (W, 2).

Proof Suppose V € (L(p, An+1))S(W Z). Then (s/(V))X, € £(p,Al,), and we have
oS (UAT s, (V)])Pr < 0. Since A, is continuous, lim,_, « 5,(V) = 0. Let |V —s,(V)I|| be
invertible for all » € N. Then ||V —s,(V)I||~! exists and is bounded for each r € N. There-
fore lim,_, o |V = s,(V)I||7! = | V||! with V™! € B(Z, W). From the prequasi-operator
ideal of ((£(p, A" 1))5 ¢) we have

I=VV7e(tp,ar,)° @) = ()%, etpag,) = lims()=0.
Since lim,_,« s,(I) = 1, we have a contradiction. Then ||V - s,(V)I| is not invertible
for all r € N. Hence (s,(V))2, represents the eigenvalues of V. Conversely, if V €
Lp, A7)V (W, 2), then (v, (V)2 € L(p, AlZ;) and ||V = v.(V)I]| = 0 for all n € N. This
gives V = v,(V)I for all r € N. Then s,(V) = s,(v,(V)I) = |v.(V)] for all r € N. Therefore
(s, (V)35 € £(p, AT1), and so V € (E(p, A1) ))S (W, Z). This completes the proof. (|

6 Multiplication operatoron {(p, AT ,)

Mursaleen and Noman [10] examined compact operators on some difference sequence
spaces. Kilicman and Raj [5] introduced the matrix transformations of Norlund—Orlicz
difference sequence spaces of nonabsolute type. Yaying et al. [15] investigated the matrix
transformations on g-Cesdro sequence spaces of nonabsolute type. In this section, we in-
troduce some topological and geometric structures of the multiplication operator acting
on £(p, A" ,) such as bounded, invertible, approximable, closed range, and Fredholm op-

erator.

Definition 6.1 Let k € CNN ¢, and let W, be a prequasi-normed (sss). An operator V, :
W, — W, is called a multiplication operator if V,w = «w = (k,w,)5, € W forallw e W.
If V,, € ®B(W), then we call it a multiplication operator generated by «.

Theorem 6.2 Let k € CV, (p,) € R*™N N £, be increasing, and let A, be absolutely non-
decreasing. Then k € Uo, if and only if, Vi, € B(L(p, A™.)).), where T(x) =Y oo [A™ | [x,] [P
forallx € L(p, AV.,,).

Proof Let k € £s. Then there is ¢ > 0 with |«,| < ¢ for every r € N. For x € (£(p, Al 1)+,
since AJ,; is absolutely nondecreasing and (p,) is bounded from above with p, > 0 for all

r € N, we have
t(Viex) = t(kx) = T((err);?:o)

= Z|An+1 kv |xr
)

= Z|quﬂ+1(8|xr|) 3
r=0
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0

2 : 12

= Supgpr |An+1|xr|| '
r r=0

= Dt(x).

This gives V. € B(£(p, Al'.1):). Conversely, let V. € B(€(p, AT,,):). Suppose k ¢ £. Then
for each j € N, there is i; € N such that ;; > j. Since A}, is absolutely nondecreasing, we

have
t(Veey) = T(cey) = 7((r(ei)r) )

- Z|An+l |Kr||(ei/‘)’|) "

> | A

= | AT+1 |Kl/
= [Anll |”ffr<el-,).
This shows that V,. ¢ B(£(p, A".;);). Therefore k € £o. O

Theorem 6.3 Let k € CN, and let (L(p, A™.,)). be a prequasi-normed (sss) with t(x) =
Yoo 1AM x| |Pr for all x € £(p, A,,). Then |k,| =1 for all r € N if and only if V. is an

isometry.

Proof Suppose |«,| =1 for all r € N. Then
T(Viex) = T(kx) = 7((k%,)7%)

o o0
= D lama (i) = Do AT bl = @)
r=0

r=0

for all x € (£(p, A}, }))-. Therefore V, is an isometry. Conversely, assume that |«;| < 1 for
some i = iy. Since A, is absolutely nondecreasing, we obtain

I(Vkeio) = T(Keio) = t((Kr(eio)r)(::O)

=3 |am (k| ) ) P

r=0

ZiAn+l|(elO) ||19 elo)

When |«;,| > 1, we can prove that t(Vie;,) > t(e;,). Therefore, in both cases, we have a
contradiction. So |«,| = 1 for every r € N.
By card(A) we denote the cardinality of a set A. d

Theorem 6.4 If k € CN and (£(p, AV ). is a prequasi—normed (sss), where t(x) =
Yoo | A ||Pr forall x € £(p, AI.). Then V. € Y ((L(p, A1)):) if and only if (k,)22, € co.

Proof Let V. € T((£(p, A).1)):). Therefore V, € B ((£(p, A)):). To prove that the se-
quence (k)25 belongs to cy, suppose (k,)o, ¢ co. Then there is § > 0 such that the
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set As = {r € N : |«k,| > 6} has card(4s) = co. Assume that a; € As for all i € N. Hence
{es; : a; € A5} is an infinite bounded set in (£(p, AY, ;). Let

T(Vieq, — V,(eal.) = T(key, —Keaj)

r((lc,((eul), (ea/ Z!Am\m (€a;)r — (ea/)r)‘

r=0

z Z|An+1|(S e“z r e“} r)|

o= 7(8e,, — Seaj)

forall a;,a; € As. This shows that {e,, : a; € Bs} € £, which cannot have a convergent sub-
sequence under V.. This proves that V. ¢ B.((¢(p, AV,))-). Then V. & Y((£(p, A, 1))-),

a contradiction. So, lim;_, k; = 0. Conversely, let lim;_, x; = 0. Then for each § > 0, the

n+l

set As = {i € N: |k;| > 8} has card(A;) < co. Hence, for every § > 0, the space

(o A2)), ), = (2= ) € (el A)), i )

is finite-dimensional. Then V[((€(p, A},,))<)4; is a finite rank operator. For every i € N,
define k; € CN by

ki, jE€A1,
(k)y=1" i

0 otherwise.

Itis clear that V|, has rank(V,;) < oo as dim((£(p, A’
Am

n+l

mi)o)a, <ocoforie N. Therefore, since
i

is absolutely nondecreasing, we get

T((Vie = Vi)

(15 = () %) %)
Z’Am 5 — (ki)) %) [

(e e} o0
= Z ’Anﬂ(’( (Kl)l)xly)‘pj"' Z }Aml(‘(’(/‘_(’(i)j)xj’)‘pj
j=0j€A 1 j=0j¢A 1
1 1
ad .
= > Akl
j=0,j¢A 1
1
1 & 1
== > |ar, iyl |p’<—Z|An+1|xf||p’=;r(x).
j=0,j¢A |

This implies that ||V, — V.|| < % and that V, is a limit of finite rank operators. Therefore

V., is an approximable operator. O

Theorem 6.5 Let k € CN, and let (((p, A™))), be a prequasi-normed (sss), where t(x) =
Yoo AT x| [Pr for x € £(p, AL.)). Then Ve € B((L(p, A))):) if and only if (k;)33, € co.
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Proof 1t is simple and so overlooked. O

Corollary 6.6 If k € CN, (p,) e R"N N £ is mcreasmg, and A
creasing, then B ((L(p, A,1)):) & B((L(p, A
xel(p, A1)

m | is absolutely nonde-
)c), where T(x) = Y 020 |AM x| |7 for all

n+l

Proof Since I is a multiplication operator on (£(p, Al ;). generated by «x = (1,1,...), [ ¢
((E(p Anﬂ)) )and[e %((E(p Anﬂ)) ) D

Theorem 6.7 If k € CN, then (£(p, A ). is prequasi-Banach (sss), where t(x) =
Yoo |AT x| [Pr for all x € £(p, A1), and V. € B((L(p, A.1))-). Then k is bounded away
from zero on (ker(k))¢ if and only if R(V,) is closed.

Proof Let the sufficient condition be satisfied. Then there is € > 0 with |«;| > € for all i €
(ker(x))¢. To show that R(V,) is closed, let d be a limit point of R(V,). Therefore there is
Vixi in (€(p, A ,)); for all i € N such that lim;_, o, Vi.x; = d. Obviously, (V,x;) is a Cauchy

sequence. Since A, is absolutely nondecreasing, we have

n+l

T(kai - kaj)

=Z‘An+1|"r X))y — K,x, pr
o0 o0
= Z ‘Aml’K"(‘xl r = Kr(%) HP Z ‘A;znﬂ”(r(xi r = Kr(%)) HP
r=0,re(ker(x))¢ r=0,r¢(ker(x))¢

oo

Z |An+1(|Kr||(xi)r—(xi)r|)

r=0,re(ker(k))¢

v

=S (|0, = o)
r=0

P = €ty = Ym)s

> EZ|AM+1|(yi)r_

where

o, - | 7 e,

0, r & (ker(x))".
This shows that (y;) is a Cauchy sequence in (¢£(p, A
there is x € (¢(p, A),,)). such that lim; , o y; = . Smce V is continuous, lim;_, Viy; =
Viex. But lim;_, oo Vie; = lim;_, o Vi y; = d. Hence V,.x = d. Therefore d € R(V,.). This shows
that R(V,) is closed. Conversely, let R(V,) be closed. Then V, is bounded away from
zero on ((€(p, A1) )ker())c- Hence there exists € > 0 such that 7(V,x) > et(x) for all

PAS ((E(P, An+l) r)(ker (k))e -
Let B = {r € (ker(x))¢: |«,| < €}. If B # ¢, then for iy € B, we obtain

. Since (£(p, A1) is complete,

n+l

t(Vieey) = T((krlei)r) ZIA <Z|An+1|€(eno)r||pr:Gf(en0)>
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which gives a contradiction. So, B = ¢ such that |k, | > € for all € (ker(k)). This completes
the proof of the theorem. d

Theorem 6.8 Let k € CN, and let (L(p, A™.,)); be a prequasi-Banach (sss) with t(w) =

n+l

> o A \w,||Pr for all w € £(p, A™.,). Then there are b > 0 and B > 0 such that b < k, < B
forallr e Nifand only if V., € B((L(p, A ,)).) is invertible.

n+1//t

n+l

V.V, =V,.V, =1. Then V, is the inverse of V. Conversely, let V, be invertible. Then
R(V,) = ((¢(p, A” 1)) )n- This implies that R(V,) is closed. By Theorem 6.7 there is b > 0

n+l
such that || > b for all r € (ker(k))°. Now ker(k) = ¢, else «,, = 0 for several ry € N, and

Proof Define y € CN by y, = Kir From Theorem 6.2 we have V., V,, € B((¢(p, A".1)).) and

we get e, € ker(V,). This gives a contradiction, since ker(V,) is trivial. So, |«,| > a for all
r € N. Since V, is bounded, by Theorem 6.2 there is B > 0 such that |«,| < B forallr ¢ N.
Therefore we have shown that b < |«,| < B for all r € N. O

Theorem 6.9 Let x € CV, and let (€(p, A™,)). be a prequasi-Banach (sss), where T(w) =

n+l

Yoo | AT (Wl [Pr for allw € €(p, AL ). Then Vi, € B((L(p, AI.))-) is a Fredholm operator

n+l n+l

if and only if (i) card(ker(x)) < oo and (ii) |«,| > € for all r € (ker(k))c.

Proof Let V, be Fredholm. If card(ker(«x)) = oo, then e, € ker(V,) for all n € ker(k).
Since e, are linearly independent, this gives card(ker(V,) = 0o, a contradiction. Therefore
card(ker(x)) < co. By Theorem 6.7 condition (ii) is satisfied. Next, if the necessary condi-
tions are satisfied, then V, is Fredholm. Indeed, by Theorem 6.7 condition (ii) gives that
R(V,) is closed. Condition (i) indicates that dim(ker(V,)) < oo and dim((R(V,))¢) < 0o, and
therefore V, is Fredholm. O
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