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1 Introduction

The Laplace transform in continuous and discrete cases has an essential role in applied
mathematics and in mathematical physics, particularly in solving differential and differ-
ence equations, respectively. Recently, versions of Laplace transform in other calculi, such
as g-calculus and time scale, were investigated, see [2—5]. The g-Laplace transform has
a similar role in solving g-difference equations, see [1]. The general quantum difference
operator Dg is defined in [12] by

y(ﬂ(t))—y(t)’ B(t) £,
D,gy(t) — Ble)-t

J/(t)» :B(t) =t

where the function y is defined on an interval / C R and B is a strictly increasing continu-

ous general function, that is, (¢) € I for t € I. The function y is said to be S-differentiable

if it is classic differentiable at the fixed points of the function . Hamza et al. (2015)

[12] established the calculus based on Dg when $ has only one fixed point sy € I that

satisfies the inequality (¢ — so)(B(t) — £) < O for all ¢ € I, accordingly limy_, o, BX(£) = so,

BX(t) := BoBo---opB(t). Examples of this type are the Jackson g-difference operator
-

k-times

with B(f) = qt, 0 < g < 1, so = 0 and the Hahn difference operator with S(f) = gt + w,

0<g<l,w>0,5 = &1. They mentioned also another type of B when it has only one
fixed point sy € I and satisfies the inequality (¢ —so)(B(¢) —£) > 0 for all ¢ € I; consequently,

limy_, o, BX(t) = oo, for example, the backward Hahn difference operator with B(t) = gt + w,
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q > 1, o > 0. A study of different types of the function B according to the number of its
fixed points, which can be basis for different calculi, was presented in [16]. In [13] some
integral inequalities based on Dg were introduced. The homogeneous second-order lin-
ear (3-difference equations and the theory of nth-order linear S-difference equations were
studied in [8, 9]. In addition, some properties of the quantum exponential functions in
a Banach algebra were studied in [10]. Properties of the 8-Lebesgue spaces were intro-
duced in [6]. The g-difference operator Dg and its calculus has applications in many ar-
eas in mathematics and physics such as the quantum variational calculus, the orthogonal
polynomials, quantum mechanics, and scale of relativity, see [7, 14, 15].

In this paper we deduce a general quantum Laplace transform Ly associated with Dy,
where B has only one fixed point sy € I with the inequality (¢ —s¢)(8(t) —£) < Oforallt € I,
which will be useful in solving the B-difference equations. We organize this paper as fol-
lows: In Sect. 2, we introduce the needed preliminaries from the 8-calculus. In Sect. 3, we
present the 8-regressive functions and define the “B-circle plus” @ and the “B-circle mi-
nus” ©g, and some associated relations. And then, we introduce the 8-Laplace transform
and some of its properties. Furthermore, we compute the §-Laplace transform of some
fundamental functions. As application, we give two examples to solve some S-difference
equations. Finally, we deduce the inverse S-Laplace transform Egl.

2 Preliminaries
In this section, we introduce some needed preliminaries from the §-calculus, where 8 has
only one fixed point sy € I such that (£ —so)(8(¢) —t) <0 for all ¢ € I, X is a Banach space.

Theorem 2.1 ([12]) Assume that f :1 — X and g : I — R are B-differentiable functions
on . Then:
(i) The product fg:I — X is B-differentiable at t € I and

Dy (f2)(t) = (Dpf (¢))g(t) + £ (B(£)) Dpg(t)
= (Daf (0)g(B(®)) +f()Dpg(0),
(ii) f/g is B-differentiable at t € I and

(Dgf (£))g(¢) —f (£)Dpg(t)
g(t)g(B(2))

Dy (f1g)(t) =

’

provided that g(t)g(B(t)) #O0.

Lemma 2.2 ([12]) The following statements are true:
(i) The sequence of functions {B* (D)2, converges uniformly to the constant function
B(t) := so on every compact interval ] C I containing so.
(ii) The series > oy |BX(t) — B¥*1(2)| is uniformly convergent to |t — so| on every compact
interval ] C I containing so.

Theorem 2.3 ([12]) Iff :I — X is continuous at sy, then
(i) the sequence {f(B* ()32, converges uniformly to f(so),

(i) the series Y oo, (BX(t) — BXLE))f (BX ()| is uniformly convergent
on every compact interval ] C I containing so.
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Definition 2.4 ([12]) Letf:I — X and a,b € I. The B-integral of f from a to b is defined
by

/abf(t)dﬂt:/S:f(t)dﬂt—fs:f(t)dﬂt,

where
[ rodst= Y (8- ) (), wel,
50 k=0

provided that the series converges at x = @ and x = b. f is called S-integrable on I if the
series converges at a and b for all a,b € I. Clearly, if f is continuous at sy € I, then f is
B-integrable on I.

Theorem 2.5 ([12]) Assume thatf, g are B-differentiable functions on I and Dgf, Dgg are
both continuous at sy. Then

b b
| 10 dse =1 b)) - [ (DasO)e(B o) dst, aber.
Here, at least one of the functions f and g is a real-valued function.

Definition 2.6 ([11]) The B-exponential functions e, g(£) and E, 4(t) are defined by

1
= 2.
) = T = p B @) B0 - B (0] @1)
and
t) =T +p(B*®) (B @) - B ()], (2.2)
k=0

where p : I — C is a continuous function at so. Clearly, both products in (2.1) and (2.2)
are convergent to a non-zero number for every ¢ € I, since Y -, Ip(BX(£))(BX(2) - B**1(1))
is uniformly convergent.

Theorem 2.7 ([11]) The B-exponential functions e, g(t) and E, g(t) are the unique solu-
tions of the B-initial value problems

Dgy(t) = p(t)y(t),  y(s0) =1,
Dgy(t) = p(t)y(B(9)),  y(so) =1,

respectively.
Definition 2.8 ([11]) The B-trigonometric functions are defined by

e plt) +e_jplt
COSp,fg(t) _ lp,ﬂ( ) . zp,ﬁ( )’
€ip.p (1) - e—ip,ﬂ(t)

siny, g(t) =
p,6(6) on
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Definition 2.9 ([11]) The B-hyperbolic functions are defined by

t _p,B(E
COShp,ﬂ (t) = ep,ﬂ( ) +2€ p‘ﬂ( )y

epp(f) - e—p,ﬂ(t).

sinh, g(t) = 5

Theorem 2.10 ([11]) Let p : I — C be a continuous function at so. Then the following
properties hold:
() ep,s(ﬂ(t)) =[1+(B(t) - t)p(t)]epp(t), t €1,
(i) D,a( )= ep;p(t
(iii) ep’; @ s the unique solution of the first-order B-difference equation

—p(t)ep,p(t)

D LR < i
== B )

y(6),  ylso) =1

Theorem 2.11 ([11]) Assume that p,q : I — C are continuous functions at sy € I. The
following properties are true:
(@) ﬁ = e_p/[1+(8)-0)p) (1)
(11) ep,ﬂ(t)eq,ﬂ(t) = €prq+(B(t)-t pq(t)’
(iii) ep,p(t)/eqp(t) = ep-gyn+p)-0g) (0)-

3 Main results

In this section, we present the -regressive functions and define the “B-circle plus” g
and the “B-circle minus” ©g. We introduce the 8-Laplace transform and some of its main
properties. Furthermore, we compute the §-Laplace transform of the 8-exponential and
the B-trigonometric functions. As application, we give two examples to solve some S-

difference equations. Finally, we deduce the inverse 8-Laplace transform Egl.

3.1 B-Regressive functions
Definition 3.1 A function p:I — C is said to be B-regressive on [ if 1 + (8(¢) — £)p(t) #0
foralltel.

We denote the set of all S-regressive functions p : I — C and continuous at sy by Rg,
and the set of all B-regressive constants z € C by Rj.

Definition 3.2 Let p,q € Rg. Then we define p @4 q, ©pp, and p Sp g by
(i) (p®p @ (2) =p(&) +q(t) + (B(@) - t)p(t)q(t), t € I,
(i) (©pP)(0) = T L€ D
(iii) (pSpg)(t) =P ®p (Spq)1), t €.

From the definition we conclude that p &g p = 0, ©4(Spp) = p, Splp S 9) = 9 S p,
S5 ®g q) = (©pp) ®p (©59), and (R, ®p) form an abelian group.
Note that at ¢t = sy, @p and ©p reduce to the classic addition and subtraction operations.

Theorem 3.3 Let p,q € Ry, t € I. Then the following statements are true:
(1) eeppp(t) = wﬁ = [T20[1 - p(B* ) (B () = B**H(£)] = E_p(8),
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(ip) eeﬂp,ﬂ(t) is the unique solution of the first-order B-difference equation
Dgy(t) = (©pp)(@)y(),  ¥(s0) =1, (3.1

(i3) eopp(t)

€opp.p (,B(t)) = [1 + (,B(t) - t) (eﬂp)(t)]eeﬂp’ﬂ (¢) = W—t)p(t)
_(o8p)() (©pp)(2)

) coprs(f) = p(t)e,p(t)

(i4) Dpleappp(t)) = S22 = (©4)Bec s (8) = ~p(O)ecp s BO)),

(is) ep, ﬂ(t)eq,s(t) epapq,p(0);

(is) 229 = ¢pe,06(0).

Proof
(i1) Using Definition 2.6 and Theorem 2.11 (i), we have

1
ecyppt) =€ - ()=
Spph E P ep, ﬁ(t)

o]

=101 -p(B* @) (B &) - B (0)] = Ep(2).

k=0

(i2) Since (©pp)(t) = ﬂzf)(t)) 5= (;Z’;(ﬂ . Then equation (3.1) can be written as
2

—P(t)ep,p(t)

Dt == 8 )

y(t)’ J/(So) =1

By (i1) and Theorem 2.10 (iii), we get the desired result.
(i3) Using (i1), (i2), we have

ecppp(B(t)) = ecypp(t) + (B(t) — t) (Dpecyps(D))
= eoypp(t) + (B(2) — £)(©pp)(t)ecpp (D)
=1+ (B®) - £)(©pp)(®) Jecyps(t)

T (B0 - 0p()
- [1 BEGE t)p(t)]eeﬂ””s 2

L e
) [1 + (B(&) - Op(e) }95"”3

(©0)(0)
== coms®

(©pp)(t)
p(t)e,p(t)

(i4) From (i) and Theorem 2.10, we get

1 )_ p(t)

Dg (eeﬁp,ﬂ(t)) =Dg (ep,ﬂ(t) o eps(B(2))
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1 —p(t)
() [L+ (B(0) - ()]

1
= —gEemo
= (©pP)(Decyps ).

On the other hand, from (iy), (i3)

_p(t)[eeﬂp,ﬂ (,B(t))] = (©pp)()esyp,p(t) = Dg (eeﬂp,ﬂ(f))-
(is) From Theorem 2.11 (i) and Definition 3.2, we get the desired result. O

(i) From (i1), (i5), we get the result.
Lemma 3.4 Let z,x € R} such that z = x + iy, where z € C, x,y € R. Then |eg,4(t)| <

eopxp(f)-

Proof Using Theorem 2.11 (ii), we get

ez,p(8) = e(rip, p(£) = exp(tle ©
2p() = erinplt) = expltle o4

So,

|ez,ﬁ(t)| = |e(x+iy),ﬂ(t)| = ex,ﬁ(t)-

Then

= < .
€28 (t) ‘ e(x+iy),ﬁ(t) } - €x,8 (t)

Since = €oyzp (t). Therefore,

1
e pd
’eeﬁz,ﬂ(t” = eeﬂx,ﬁ(t)- O

3.2 The B-Laplace transform

In this section, let sup/ = 00, 59 € I. We assume that z, Spz € Rj; and hence eg .4 is well
defined. Furthermore, we denote by V/([sg, 00),C) the set of B-integrable functions over
each compact subinterval of [sg, 00).

Definition 3.5 Let sup/ = 00, sy € I and f(¢) be continuous at sy on [sp, 00). We define the
improper B-integral by

00 b
/SO f(t)dﬁt:blggo f f(t)dgt
hmZ “b) - B 0)f (B D)), (3.2)

provided this limit exists, and we say that the improper S-integral converges in this case.
If this limit does not exist, then we say that the improper §-integral diverges.
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Definition 3.6 A function f € V/([so, 00),C) is said to be of exponential order A >0, 2 € R
if there exists a constant M > 0 such that |f(¢£)| < Me, g(t) for all £ € [s, 00).

Definition 3.7 Suppose f € V([so,00), C). Then the Laplace transform of f is defined by

Lolf() = / Fess(B0)) dst (3.3)

for all z € Rj; for which the B-integral (3.3) exists.

Note that in the usual differential case, ©pz = —z, B(t) = £, eg,.,5(B(t)) = e, and (3.3)
becomes the usual Laplace transform

L{f(0)} = /0 ft)e ™ dt.

Moreover, in the case of B(t) = qt, q € (0,1), then so = 0, ec,.,(B(2)) = €o,2,4(qt), and we
obtain the g-Laplace transform of the form

Lo{f®} = /0 fDee,zqlat) dyt,

see [4].

Theorem 3.8 Let f € V([so,00),C) be of exponential order A, z € Ry such that z = x + iy,
x,y € R. Then the integral in the B-Laplace transform (3.3) converges absolutely for |z| > A,
provided that lim;_, o, ekeﬁz,ﬁ(t) =0.

Proof Using Definition 3.6, Lemma 3.4, we get

/ [F(D)eo e (BO)| it < / Mes p(t)ea, s (B(0) dyt

* M
) / T+ (Bl — g 0 Do dst

* M
) /s me(le,sx),ﬂ(t) dgt

M [ [ A —x
] / T+ (@ o vers®) d,st]

= / (x Op X)(t)exeﬁx,ﬂ ® dﬂ t:|

M r b
- |1 D 1)) dst
s P 5 (ercpnp (1)) ﬂ]

Then Lg{f(£)} converges absolutely. d

Example 3.9 Find the S-Laplace transform of f(t) = 1.
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Sol. Using Theorem 3.3 (i3), (i4), we have

Lo(1) = f ecyep(B0)) dyt

0

¥

b
= l|:1im / Dy (_eeﬁz,ﬂ(t)) dﬂ,{| - %’

Z | b—oo 50

/ (©p2)eeysp (0 dﬁt}

0

provided that lim;—. o €c2,5(£) = 0.

Theorem 3.10 Forz, )\ € Rfs,

ﬁﬁ{ex,ﬂ(f)} = z—%’

provided that lim;_, o, e,\eﬂz,,g(t) =0.

Proof We find

Lalenn©) = [ enpltrecyan(B0) dat

S0

« 1
= / mem (Deeyzp(t) dgt

= 1
i /so T+ () e vespDdst

1 00 Az
ez / T+ (B0 — 2 0o s t]

>
—

= / (A ©p 2)(B)ersyzp(t) dﬂt:|

>
|
N

b
= lim / Dﬁ(exeﬁz,ﬂ(t)) dﬁt]

_baoo 0

>
| |~
N

N
I‘r—l
>~

provided that lim;_, , e3¢ ﬂz,/g(t) =0.

Corollary 3.11 Let 4, u,z € Rj. Then

Eoler g #OunO] = Lalennnd) = —5 )
provided that lim,_, o, e(hﬂ)eﬁz,ﬂ(t) =0.
Proof Using Theorem 3.3 (i5), and since
A A (B(t) - 1)

A
TG R

TTruBO-0 M Teu@ -1

Page 8 of 16
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A+ p+ () - 1) + An(B(t) - t)
- 1+ u(B(2) - 1)
e+ p(B@)-0)]
S 1+uB0)-0n

Therefore, we have

1
z—(A+p)

Loler oy s®ens®) = Laleons®) =

Theorem 3.12 (Linearity) Letf,g € V([so,0),C), and c1, ¢, be constants. Then

Eﬁ{clf(t) + czg(t)} =aLlp {f(t)} +cLp {g(t)}.

Proof

Lol @) +exg®)] = [ {0+ cog(®)]ecyen (B0) dpt

oo

= f cif (D)ecyzp(B(t)) dpt + f g(t)ecyzp(B(1)) dpt

0 S0

= Lp {f(t)} +cLp {g(t)}.

Example 3.13 Find the B-Laplace transform of the following functions:
siny, (%), cosy, (%), sinh, g(£), and cosh, g(t).

Sol. By Definitions 2.8,2.9 and since
Lgle =—0,
PIRE zZ—A

we have

ﬁﬂ {Sil’l)hﬂ(t)} = ,Cﬁ { %i[ei)\,ﬁ(t) —€_i\p (t)]}

1 1
= Zﬁﬁ{eix,ﬁ(t)} - Zﬁﬁ{e—ix,ﬁ(t)}
1/2i 1/2i A

z—ih z+ir 22+ A%

Lp{cos,ps(t)} = Lg { % [einp(t) +e_inp(t)] }

1 1
= Eﬁﬁ{eix,ﬁ(t)} + Eﬁﬂ{e—ik,ﬁ(t)}

1/2 1/2 z
= =+ = N
Z—ih  z+ih 22+ A2

Page9of 16
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Eﬁ {sinhm(t)} = Eﬁ { %[em(t) - ek,f;(t)]}

1 1
= 5Lslens ) = S Lyless )

12 12
Tz-A z+A 22

and

Lg{cosh; 5(t)} = L { %[em(t) +e_,p(0)] }

1 1
= iﬁﬁ{e/\,ﬂ(t)} + iﬁﬁ{e—x,ﬂ(t)}
1/2 1/2 z

= + = .
z—A z+A zZ2-A2

Theorem 3.14 (B-Laplace transform of the §-derivative function) Let f € V/([sg, 00),C)
be a function of exponential order ). Then

Lp{Dpf ()} =zLp{f ()} -1 (s0),
provided that limteoof(t)eeﬁz,ﬁ(t) =0.

Proof Using Theorems 2.5, 3.3 (i), we have

Ls{Daf (0} = / M[Dﬁﬂt)]eeﬁz,,g (B(v) dst

S0

b 0
- lim / (O)eayes(®)dst - / (©p2)(t)esyop (B (1) dt

= Z[/ ecyzp(B))f(t) dﬁtj| —f(s0)

S0

= 2Ly [F(0)}) ~ f(s0). =

Corollary 3.15 Let f € V([so,00),C) be a function of exponential order A. Then, for any
n €N, we have

n—

Lp{Dif (e} =2" Lol f (O} = 2T D)yf (s0). (34)

1
=0

~

Proof As a consequence of Theorem 3.14 and using induction, we get

Ls{DAf(0)} = 2[zL{f(£)} - f(s0)] = Daf (s0)
=22 L {f ()} - 2f (s0) — Dgf (s0),
LD} ()} = 22 La{f (£)) - 2% (50) — 2Dgf (s0) — DAf (s0)-

Assume that the corollary is true for k € N

k-1

Lo{Dif®) =2 Lolf )} = D 2" D f (s0).

m=0
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Then

Le{Dg"f(0)} = Lo {Dp(Dif (1)) }
=zLg{Dyf (1)} — Dif (s0)

k-1
= z|:zk£,3 {fo}- Z zk_l_mDZ’f(So)j| - Dgf(so)
m=0
k-1
=2 Lg{f(0)} - Y DS (s0) - Dif(s0)
m=0
k
=2 Le{f ()} = Y A TDRf (s0).
m=0

Hence, the corollary holds for any n € N. O

Example 3.16 Using the 8-Laplace transform, find the solution of the S-initial value prob-

lem
D%;y(t) +Dgy(t) — 20y(2) =0,  y(so) = 2,Dpy(so) = —3.
Sol. By taking the 8-Laplace transform and using equation (3.4), we have

0= zzﬁﬁ {y(t)} -2z+3+ [zﬁ,g {y(t)} - 2] -20Lg {y(t)}

= (22 +2-20)Lgly(®)} - 22,

so that

2z 10/9 8/9
L )} = = s
ﬁ{y()} 22 +2z-20 z+5+z—4

and hence
¥(t) = 10/9e_54(t) + 8/9e4,4(t).

Theorem 3.17 (8-Laplace transform of the S-integral function) Let f € V([sy, 00),C) be

a function of exponential order A. Then

Ls{F@)} = %ﬁﬂ If®},

where
F(¢) :=/f(t)d,3r,

provided that lim;_, oo F(t)ec yz,(t) = 0.

Page 11 of 16
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Proof Using Theorem 2.5, we have

Ly{F@)} = ﬁﬁ{/ f(t)d,gr}

- [ espealp)F@1dyt

S0

1 o0
=3 [/ F(8)[Dpecyes (B())] dﬂ’{|

1 > 1
=7 |:/SO ecszp(B(0)f(t) dﬁt] = ;Eﬁ {f®},
provided lim;_, o F(£)ec .,4(¢) = 0 holds. O

Corollary 3.18 Assume f € V([so,00),C) and Lg{f(t)} = F(2). Then

Lf{ecys(BO) ()} = Fz @p 2).

Proof Using Theorem 3.3 (i5) and since ©p(z @ 1) = (©p1) g (©p2), we have

ecpnp(B(t))ecszp(B(t)) = ecpiopn,s(B(0).

Then

Lglec,ns(BE)) (1)) = / ecpzp (B()[eopnp (BW®)f(2)] dpt

S0

[o¢]
- [ espemalBOdst
50

= F(Z @f; )\) O
Definition 3.19 Let A € Rg We define the functions vy : I — C for each k € Ny recur-
sively by taking v¥(¢) := 1, and

t 1
Vi (t) = /50 m‘ﬁk(f)dﬁf'

Theorem 3.20 Let A € Ry and n € No={0,1,2,...} be given. Then

1

{wn( )ekﬂ( )} m,

provided that
tlim Vi(t)eropp(t) =0 foreachk=0,1,...,n

Proof Using induction, for # = 0, we have

1

Ls{vo0e 50} = Lslenp®) = —-
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Foranyn eN,

¢ 1
Dg (wn(t)) =Dy [-/80 m%ﬂﬂd’,ﬂ]

1

T1+ 280 -0 V-1 0)

Suppose Lg{,_1(t)esp(t)} = ﬁ for some n > 1. Then, by using Theorems 2.5, 3.3, we
get

Ls{vu(®)erp(d)}
:f Yu(t)erp()ecyzp(B(2)) dpt

- [ w01+ (50 - ) ©@rO]erseslt)dot

1 o A—2z
T a-z / Valt) [ 1+2(B(0) - ) }*9'“"’“) d‘“]

- | [ w0681 20k, dﬁt]

r b ]
- i [ n0eesdne— [ Da(v0)ereyen(0)dot|

“ _/SO Dy (¥n(®))eropz (B®)) dp t}

= / Dy (¥u(0)[1+ (B(E) - £) (. ©p 2)(0) |erc 25 (E) dﬂt:|

LT e 1+ A8 —t)
T z-A _/S.O |:1 +A(B() - t)] [ 1+2(B@t) - t)}ekeﬁzvﬂ(t)dﬂt}
1 eopzp(t) }
- / Yuo1(enp(t |:1+Z(/3(t)—t):|dt

= L[ s sres e (p0) dﬂt:|

1
= j[ﬁﬁ{wn—l(t)ek,ﬁ(t)}] = m

Thus the desired result is satisfied for all n € N. O
In the following theorem, we deduce the inverse §-Laplace transform Egl.

Theorem 3.21 Forz € R and A #0,

3 1 _sinw(t) cosy p(2) der
@+222] 223 w2 1+ 2B -2

simp(®) (1 (B(r)-7) .
2 J, 1+2(B(x)—2)2 "
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such that
lim Yu()eneyzp(t) =0 and  lim Yp(f)e_neyp(t) =0, k=0,1.
t—00 t—00

Proof Let A #0 be given. By the partial fraction

1 -1 1 1 1
= —_— + — ,
(22 +2A2)2 4ABi(z+i))  4r2(z+id)? 4A3i(z—iA)  4AZ(z—ir)?

then taking the inverse S-Laplace transform and applying Theorem 3.10 and Theo-
rem 3.20, we obtain

1 -1 1 1 1
-1y_ - \__ - pr-1 -y -
£ {(22+A2)2} yreTad {zm\} rERd {(z+m)2}
11 1 1
it {z—iA}_ rERd {(z—ik)z}

-1 1 t 1
BVTEN e_inp(t) - m[e-ix,ﬂ(t) /so 1= in(B(0) — 1) (B(T)-1) dﬁ{l
1 1 t 1
NP TER Ay [e‘*"’(”/s L+ irB) = 1) d“’}

1 e -enp®] 1 1+ (B(x) - 1)
_2A3|: 2i } 4A2[e"”3 )/ T+ 2(B(0) — o *°

—irMB(r) - 1)
+el”3t)/ 1+22(B(r) - )2dﬂ}

_simp(®) 1 Tecinp(®) +einp() /t 1 J
Cow o w 2 o T+ 22(B -2

1 [eik,ﬁ(t) - e—iA,ﬁ(t):| /t (B(r)-1)
2 2i o L+2A2(B(r) —1)?

siny g(£)  cos, g(t)

ST T w2 1+ a2p) -1 dpt
~ siny g(t) [* (B(r)-1) .
2 Jy, 1+22(B(x) -2 7 O

Corollary 3.22 Let A #0, z € Rj. The following relations hold:

1 z _ sing () 1 cos), g(t) rt (B(r)-1)
W) LM = =5 Jo mrpe=m 47— =5 i g T
(

1 22 _simy p(t) | cos; p(t) rt 1 Asiny g(t) rt (B(1)
(2) Ly {22+A22} =T T fso T 2(B(r)—1)2 dgt + —; fso 1+,\2(,3(r) r)2 dpt.

1 Asiny g(£) rt 1 AZCOSA,ﬂ(t) (B(r)-1)
(3) ‘C { 22+12 7} =cosyp(t) - 2 fso 1+22(B(1)-1)2 dpt + 2 fso 1+2.2(8(7) d T

Example 3.23 Using the $-Laplace transform, find the solution of the B-initial value prob-
lem

D3y(t) - 4y(t) =t, y(s0) = L, Dgy(so) = 2. (3.5)

Sol. By applying the 8-Laplace transform of equation (3.5), we get

29(2) — zy(so) — Dgy(s0) — 4y(2) + 4y(so) = Z%

Page 14 of 16
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and then
22-222+1

y(2) = 26-2G@rD)

Therefore,
3 2

o) g 22w

Since
2-222+1 -1/4 1/16 15/16

+ + ,
Z22(z-2)(z+2) z2 z-2 z+2

then

__ a1 af 1 af 1
y(t) =-1/4Ly {22 +1/16L5 — +15/16L5 2l

Hence,
y(t) =-1/4t + 1/1662,ﬁ(t) + 15/16672,,3(”.

4 Conclusion

In this paper, a general quantum Laplace transform Lz associated with the general quan-
tum difference operator Dg and some of its properties were introduced. Moreover, the
B-Laplace transform of some fundamental functions was computed. Finally, the inverse

B-Laplace transform Elgl was presented.
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