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1 Introduction

Consider the second-order Sturm—Liouville difference equation
~V(AY4) + uyn =2y, on[0,N-1], (1)

where the potential sequence g¢; > 0 for i =0,1,2,...,N — 1, A is the forward difference
operator (Ay, = ¥y+1 —Yu), V is the backward difference operator (Vy, = y, —y,-1), and the
bracket [0, N — 1] means the integers in [0, N — 1]. Note that equation (1) can be rewritten

as the recurrence formula

Yn+1 = 2+ qn — }\)yn —Yu-1 ON [0,N —1]

or the matrix formula

(D +Q)y =1y,
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where ¥ is a vector in RY, Q is a diagonal matrix whose diagonal elements are g, 41, ...,
gn-1,and D is the N x N tridiagonal matrix of the form

2 -1 0 .-+ --- 0
1 2 -1 0 - 0
0 -1 2
D:
0
: -1
0 0 -1 2 |

It is clear that if u(x) € C?(xq — h, %9 + h) for ki > 0, then there exists 1 € [xg — /1, % + 4] such
that

u(xo — h) — 2u(xo) + ulxo + 1) = u’ (n)h>.
Equation (1) can be regarded as a discrete analogue of the Sturm-Liouville problem
~u"(x) + g(x)u(x) = Au(x) on (0,1). 2)

Sturm-Liouville problem (2) has been widely studied. For the potential function g € L,
the eigenvalues of Sturm-Liouville problem (2) with separated boundary conditions are
real, simple, increasing and tend to infinity [3, 21, 23]. By defining Hill’s discriminant of

(2) by
H()") = J/l(l: )") + y/2(17 )\');
where ¥ (x, A) and y,(2, 1) are solutions of (2) and satisfy

71(0,1) =95(0,A) = 1, 71(0,1) =92(0,1) =0,

one can show that [3, 9, 22] the periodic eigenvalues {},},>0, anti-periodic eigenvalues
{A},}u>1, Dirichlet eigenvalues {/,},>1, and Neumann eigenvalues {v,},>¢ satisfy H(},) =
2, H(A,) = =2, H(A)) = =2, H(ons1) < =2, H(2n) > 2, H(va,) > 2, and H(vy,41) < =2. In
particular, we also know vy < Ay and

Von-1 , Von
= )"2;«1 < )\2n—1 =<

M2n-1 M2an

S Aopp <Ay, < <han <Ay <co-. 3)

The periodic Sturm-Liouville problem is also called Hill's equation. The intervals
(A5, 1,A%,) and (Azu-1,X2,) are called the (2n — 1)th and 2nth instability intervals. The
interval (—00, A¢) is called the zero-th instability interval. The name instability interval is
used because, for all A in these intervals, all nontrivial solutions of (2) are unbounded in
(—00,00). In 1946, Borg showed [5] that, for Hill’s equation, the potential g is constant
if and only if all instability intervals, except the zero-th, are absent. He also showed that
all odd instability intervals (), ;,A5,) vanish if and only if g has period 1/2. Later on,
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Hochstadt [14] generalized Borg’s results to show that if ¢ is C!, then g has period 1/# if
and only if all those finite instability intervals whose index is not a multiple of # vanish. In
particular, Hochstadt also showed that [11] if all but except one instability interval vanish,
then the potential function has to be an elliptic function. Furthermore, it was proved that
the first instability interval is absent if and only if the potential function is constant when
the potential function g is assumed to be symmetric single-well [16]or single-well [6].

Recently, there have been a number of studies on minimum Dirichlet eigenvalue gaps
of the Sturm-Liouville equations (2) with convex potentials [19, 20], symmetric single-
well potentials [1], or single-well potentials [15], while the symmetric 1-step function is
the potential function in E[h, H,M] = {q € PC(0,1) : h < q < H a.e. and fol q = M} giv-
ing the minimal Dirichlet eigenvalue gap [8]. Later on, Cheng et al. [6, 7] showed that
if the potential function g is single-well with transition point a = 1/2, then v; > 11 and
V1 — vy > 2. Equality holds if and only if g is constant.

In this paper, we study the second-order difference equations (1). So far, there have been
results on the second-order difference equations (1) which are analogue to the continuous
Sturm-Liouville equation (2). Using the information on more than one set of eigenvalues,
the potential sequence can be determined uniquely, for example, two sets of eigenvalues
[12, 13], one set of eigenvalues plus a symmetric potential sequence [10], and one set of
eigenvalues plus partial information of the potential sequence [25].

In 1990, Ashbaugh and Benguria [2] studied the comparison of the eigenvalues of two
discrete Sturm-Liouville equations whose potential sequences satisfy certain relation. We

2’:’01 is symmetric if xx = xn_1- for k=0,1,2,...,N — 1, and the se-

say the sequence {x}
quence {xy kN, ’01 is quasi-symmetric increasing if xg > xy_1 > x; > --- > XN In particu-
- 2
lar, the sequence {x;}}" ! is said to be symmetric increasing if it is symmetric and quasi-

symmetric increasing. Ashbaugh and Benguria showed that if {g;}3 '

o 18 symmetric in-

creasing in (1), then the eigenvalue { Mk}i\[: ‘11 satisfies

() ()]

Equality holds if and only if gx = go for k =0,1,2,...,N — 1. Note that if gx = 0 for k =
0,1,2,...,N -1, then

J J
L :4sin2(%) - 2[1 —cos(%)} k=1,2,...,N-1.

Furthermore, the system of (1) with other self-adjoint boundary conditions has also
been investigated [3, 18]. Jirari in 1995 showed that problem (1) with the boundary con-
ditions

y-1—ayo=yN—Byn-1=0, (4)

where o, 8 € R has N real and simple eigenvalues. And recently, Ji and Yang [17] studied
the eigenvalue comparison of (1) and (4). In particular, they also showed that if ¢; = 0 for
i=0,1,2,...,N -1, then the first eigenvalue is simple and associated with the vector whose

entries are of all ones.
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In 2005, Wang and Shi [26] (see also [24]) were concerned with the eigenvalues for (1)
coupled with the periodic boundary conditions

Y-1=IN-1, Yo =IN 5)
the antiperiodic boundary conditions

Y-1==YN-1, Yo = —YN> (6)
and the Dirichlet boundary conditions

Yo=yn =0. 7)
Define the discriminant of (1) by

d(x) = en-1(2) + Yn(A),
where ¢, and ¥, are solutions of (1) satisfying the initial conditions

p_1=Yo=1, wo=v%_1=0.

By the similar argument as the differential equations (see [3, 22]), Wang and Shi showed
that the periodic problem (1), (5) and the antiperiodic problem (1), (6) have exactly N
real eigenvalues, while the Dirichlet problem (1), (7) has exactly N — 1 real eigenvalues.
Furthermore, they denoted by {Ak}JI:’:‘OI, {ik}],:’: 1» and {uk}ffz‘ll the periodic, antiperiodic,
and Dirichlet eigenvalues, respectively, and arranged them in the nondecreasing order
Mo S A < < AN AL < Ap < -or < A and 1 < (41 < -+ < un-1. They showed that a

set of these three eigenvalues satisfy the following interlacing properties: if N is odd,
Mo <hi <1 <Ay<hr <y <Ay < <Anoa < AN-1 < ANo1 < AN

and if N is even,
Ao <k <1 <Ay <A <y <Ay <-o-<Ano1 < AN-1 < AN < AN-1-

In this paper, we consider the second-order difference equations (1) coupled with the
Neumann boundary conditions

y-1=Yo=yN—yn-1=0. (8)

Denote by {1 }3! the Neumann eigenvalues of the second-order difference equations (1).
It is known that if gx =0 for k=0,1,2,...,N — 1, then
k
e =4sin®( =), k=0,1,2,...,N—1.
2N
Combined with the result of [26], we will show the interlacing properties of the eigenval-
ues, which is a discrete analogue result for the continuous Sturm-Liouville problem (see
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[9, 22]). We shall remark that, in the continuous case, we analyze Hill’s discriminant H(A)
to obtain the interlacing property (3). But in the discrete case, we need to define another

discriminant

S =ona ) + Yn(d) — v (),

where ¢, and ¥, are solutions of (1) satisfying the initial conditions

p_1=Y0=0o =1, Y1 =0,

to show the interlacing property for the Neumann eigenvalues in Theorem 1. By analyzing
this new discriminant f (1), we can prove Theorem 1.

Theorem 1 Counsider the second-order difference equations (1). The eigenvalues satisfy the
following interlacing inequality: if N is odd,

H <A<k < H2 <A< <AN2 = HN-1 < An-1 < AN

V1 Vo VN-1

Vo <Ag<A <

and if N is even,

Vo < ho <A < H <Ay<i < H2 <Ap<-r <Ay < HN-1 < AN < AN-1-

V1 V2 UN-1

After obtaining Theorem 1, we will consider the order relation of the first Dirichlet
eigenvalue 11, and the second Neumann eigenvalue vy, and the first Neumann eigenvalue
gap v; — vy. Theorems 2 and 3 can be regarded as discrete analogue results of [6] and [7]

respectively for the continuous Sturm-Liouville problem (2).

Theorem 2 Counsider the second-order difference equation (1). If qx is symmetric and sym-
metric decreasing and satisfies maxgejon-1] Gk < V1, then 1 < v and the equality holds if
and only if qx = qq for all k € [0,N - 1].

Theorem 3 Cousider the second-order difference equation (1). If q,, is symmetric and sym-
4

metric increasing, then vy — vy > 2[1 —cos(575

forallk € [O,N —1].

)] and the equality holds if and only if g = qo

The paper is organized as follows. Section 2 gives lemmas about the Wronskian and a
variation of constant formula which is used in Sect. 3. In Sect. 3, we study the interlacing
properties for the periodic, antiperiodic, and Neumann eigenvalues, and use an argument
similar to that in [9, 22] to prove Theorem 1. Finally, the proof of Theorem 2 is given in
Sect. 4, while the proof of Theorem 3 is given in Sect. 5.

2 Preliminaries

In this section, we derive some discrete analogous lemmas of the continuous case. One
can refer to [4]. Lemmas 1 and 2 have been shown in [18] (see also [26]) by using a similar
argument as the continuous case, so we omit the proofs here.
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Lemma 1 ([18, Theorem 2.2.3]) Let y and z be solutions of
~V(AYn) + Gnyn = 2yn, n€[0,N-1]

and
-V(Azy) + qnzn = uzy, ne[0,N-1]

respectively. Then, for0 <n <N -1,

(A —n) ZJ//Z;‘ = (VnZns1 — Yne12u) — (V=120 — Yoz-1).
=0

Let A = i in Lemma 1, we have the following Wronskian-type identity.

Lemma 2 ([18, Theorem 2.2.8]) Let y and z be solutions of (1). Then the Wronskian

yn+1 Zn+l
yrz+1 _yn Zn+l — Zn

Wb’: Z] (l’l) = = YnZn+l — Yn+1Zn

is a constant on [-1,N —1].

Now, let ¢, and v, be two solutions of (1) satisfying the initial conditions

p_1=Yo=¢o=1, Y1 =0. )

Note that Ag_; = 9o —¢_1 =0 and AY_; = Yo — ¥ = 1. In particular, we find that, by
Theorem 2,

W @n, Yul(N = 1) = on1¥n — oNYN-1 = 21%0 — @o¥-1 = 1, (10)

and it is known that ¢,, ¥, are two linear independent solutions of (1). The following

theorem is similar to [26, Theorem 2.3], but the initial conditions are different.

Theorem 4 For any {f,}-) € R and for any c,c1 € R, the initial value problem

-V(&zy) + (qn— Nz, =f1, ne[0O,N-1], (11)
Z_1=c_1, Zo=Cp (12)
has a unique solution z, which can be expressed as
n-1
Zy = C_1@n + (Co — C1)Yn + Z(%% - (pj'ﬂlfn)ﬁ ne[-1,N],

j=0

where Z]_:lo e=0.
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Proof The technique of the proofis based on the variation of parameters on the differential
equation. Let

Zn = An@n + Bpn, n€[-1,N]
be a solution of (11). Then
Az, = A AQ, + 01 AA, + By AV, + Y1 AB,, nel[-1,N-1].
Setting
Oni1 DAy + Y1 AB, =0, nel-1,N-1], (13)
we have
Az, =A,Ap, + B,AY,, ne[-1,N-1].
Since ¢, and ¥, are two solutions of (1), we find

©On+l = (2 +qn — )\)(pn — On-1, ne [O;N_ 1]:

llfn+1 =(2+qn_k)wn_W}1—lr ne [OrN_l];

and hence

~V(Azy11) = ~Ani1@ni2 + An@Puit + Ans1 @it — An@n
= Bui1¥us2 + Bu¥nir + Buia ¥ — By
= A1 (2 + Gue1 = Vst — On) + Au@it + Ani1 @it — An@n
= Bu1 (2 + Guer = MDVns1 — ¥u) + Bu¥nst + Bua V1 — By
= ~(gne1 = M) (Ans1@ni1 + Bui1¥uer)
— (Ans1 = An)(@ns1 = @n) = Bus1 = Bp) (Y1 — ¥n)
= ~(@ni1 = Mzp1 — DA Ay — AB, Ay

for n € [-1, N - 2]. Combined with (11), we find
Ap,AA, + AY,AB, = —f,11, ne[-1,N-2]. (14)

Now, solving system (13) and (14) for (AA,,, AB,), we find

AAn _ Ipn-*—lﬁﬁl AB (pn+1fn+1 ne [—LN _ 2]

- One1 DAY, — ‘[fn+1A‘/)n’ " Vi1 Apy — 90n+1A‘[fn,

By (10), we find ¢,,,1 AYy, — Y1 A, = 1. Hence

AAn =14;'1+1 _An = wn+]fn+1) AB,, =By,1—B, = _¢n+]f;1+lr ne [_LN - 2]
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and then, by defining Z]_:lo e = 0, we have

Ay=AL+) Yy Ba=Ba-)Y ¢f, ne[-LN-1].

j=0 j=0
This implies that
n-1
Zn =An@u + By, =A_10, + By, + Z(%W;‘ -, mel-1,N-1].
j=0

By (9) and (12), we find
A_1 =C_1, B_1 =Cyp—C_q.
Finally, for n = N, we evaluate

ZN = —fn-1+ 2+ gn-1 — Mzn-1 —Zn—2

N-2
=—fva1+(2+gn-1-2) |:C—1(/7N—1 +(co—co)¥Un-1 + Z(v’N-le - €0jWN-1)f;’:|

=0
N-3
- |:C190N2 +(co—c)¥na+ Z(Q"N—ij - €0j¢N2)ﬁ:|
j=0
= —fn-1 + c21[(2 + gn-1 — Mon-1 — on-a]

+(co—c-)[(2 + gn-1 = M ¥n-1 — N2 ]

N-2
+ Z[(Z +qn-1— M(en-1¥) — 9i¥n-1) — (on-2V) — 9¥n-2) |f;
j=0
N-2
= —fn-1+ oy +(co—c)Yn + Z[@N‘/f;‘ - 9Unlf
j=0
N-1
=c_19n + (co—c_1)Yn + Z[‘PNI/G - Unlfi
j=0
This proof is complete. O

3 Interlacing properties of eigenvalues
Recall ¢, and v, defined in Sect. 2. It is clear that X is an eigenvalue of (1) and (5) if and
only if ¢1¢,(X) + ¢, (1) satisfies the periodic boundary conditions, i.e.,

c1p1(A) + a1 (A) = cron-1(A) + ca¥n-1(A),

c19o(X) + cao(X) = c1on (L) + oy (L),

Page 8 of 17
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By (9), we find

ci[en-1(0) = 1] + ca¥n1(A) =0,

afon(W) = 1] + co[Yn(r) - 1] = 0.
The above system has a nontrivial solution (c3, ¢;) if and only if

on-1(M) -1 Y (d) _
on(M) -1 Yy(r) -1

)

which implies that, combined with (10),

S =ona (W) + () — Yn-1(A) = 2. (15)

Hence, we find that f(A) = 2 if and only if A is a periodic eigenvalue. Similarly, it can be
showed that f(A) = -2 if and only if X is an antiperiodic eigenvalue. In particular, we have

the following lemma.

Lemma3 f'(X) = 0 whenever f (1) = 2 ifand only if ) is a multiple eigenvalue of (1) and (5),
while f'(1) = 0 whenever f(\) = =2 if and only if ) is a multiple eigenvalue of (1) and (6).

Proof

First, we differentiate

—V(A%) + qnPn = )\Qom _V(AWH) + inﬂn = )\Wn

with respect to A to obtain

~V(2g)) + (@n— Wep(R) = @u(d),

=V (AY,) + (@n = ) = Ya(R).
In particular, by (9), we also have
‘Pl_lz"/’ilz(ﬂ(/):'sﬂ(/)za

By Theorem 4, we obtain

n-1

On = _(@uW(2) = 90)Yu(W)0s(2), € [-1,N],

j=0

n-1

¥l = S (@Y1 - g ()Y (), e [-LN].

Jj=0
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Hence, we have

f/()‘) = (pI,\[—l()‘) + 1/’1({()\) - 1//1/\1—1()\)
N-2

(on-1 MDY (A — (W) Pn-1(W)) (1)

j=0

~.

=

+ (wN(A)w,(A) 9 (W)UN (L)) Y1)

Z\
N O

(QDN-l()»)l/fj()») — (M Yn_1(V)Y;(A)

(goN 1M = g (M) Yn-1(W) ¥i(A)

- {[¢N_1(x) - on(W)]Y7 ()

+ [Un () = Y1 () = ona (W) g (WP (0) + Y (el (1) ]

Denote

=] et -ex(®) I
WN(M*'/’N—;(M*‘#N—I()‘) Yn-1(V)

and

5(\) = D I

= [on-1(0) - <PN()»)]W )+ [¥n () = Y1 (W) — ono1 (W) g (W) (1)

+ 1#1\171()&)‘/’,' ).

By (10) and (15), we find

|

Un() = U (W) —ona (W)

det] = 1//N71()»)[</JN71()») - ‘PN()\)] - (

A) = Yna() + ona (W)

= lﬁN—1(k)[¢N_1(k) - <.0N()»)] _ (‘/’N( )

+ [¥n () = Y (W) Jen-1(h)
= o1 (M) YN ) — on (M) Y- () - 1
=0.

Page 10 of 17
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Hence, the matrix /()) is always positive semi-definite or negative semi-definite in this
case. Since ¢;(1) and ¥;(A) are linearly independent, we find that, if f(1) = 2, then f'(1) =0
ifand onlyif §;() = Oforall 0 < j < N —1. In this case, we find I is a zero matrix. Hence, we
have Y¥n_1(1) =0, on_1(A) —on(A) = 0, and Y (L) — Yn-1(X) — n-1(A) = 0. Combined with
(10) and (15), we can obtain ¥y (1) = on_1(1) = ¢n(X) = 1 and ¥n_1(A) = 0. This implies
that ¢;(1) and v;(1) are two solutions of (1) and (5), i.e., f'(A) = 0 whenever f(1) = 2 if and
only if X is not simple. Similarly, it can be showed that f'(1) = 0 whenever f(1) = -2 if and
only if 2 is not simple. 0

Next, we investigate the Neumann eigenvalues of (1) and (8), and give a proof of Theo-

rem 3. Denote by {v}2 ) the set of Neumann eigenvalues. We have the following lemmas.
Lemma4 For0 <k <N -1, f(v) > 2 ifkis even, and f(vy) < -2 if k is odd.

Proof Let ¢,(A) = c1¢04(X) + c2¥,(1). Then ¢, (vx) is an eigenfunction of (1) and (8) if
¢-1(v) — do(vi) = 0, éN(k) — dn-1(vi) = 0,

ie.,

c1p1(0) + car_1 (Vi) = c190(vi) + o),

c1on() + v (Vi) = cron—1(vi) + ca¥n—1(ve).

By (9), we have

€ =0, cilon(v) — on-1(v)] = 0.

Since ¢; and ¢, are not both zero, we find ¢n (V) — ¢n-1(vk) = 0. This implies that ¢, (i) is
an eigenfunction of (1) and (8) with respect to v.
On the other hand, by (10), we find

1 = on-1(vi)¥n (i) — o (Vi) Y1 (Vi)
= (PN—l(Vk)[WN(Vk) - 1PN—l(Vk)] + [QDN—l(Vk) - <PN(VI<)]WN-1(UI<)
= on-1 () [ ¥ (k) = Y- () ]

Hence,

1
on-10)”

Yn(we) — Un-1(vi) =

This implies that

1
on-1(0)”

J) = onaa (i) + ¥ (i) — Yiv-1(ve) = on-1(ve) +
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Finally, since ¢,(vk), n =0,1,2,...,N — 1, changes sign k times and ¢o(vx) = 1, we find
sgn(¢n-1(vc)) = (-1)X. This implies that

1 >2 ifkiseven,

on-1(k) | <=2 ifkis odd. 0

S i) = on-1(vx) +
Lemma 5 f'(A) <0 for all x < vy.
Proof Suppose f(A) = +2 for some A # v;, and §;(1) # 0. By (10) and (15), we calculate that

8i(2) = [on-1(0) —on W [ (1) + [¥n () = Yivea (0) — onea (W) ] (195 (1)

+ YN (W) ()

B [Yn(A) = Y (V) = ona ()] 2
= [on-1(0) —en (V)] { v o ) oe 0] go,-(A)}
2y [UNG) = Yo () —ena WP,
N0 ) = W)
B ~ o ) =) —ena )
= [on-1(0) —on (V)] { Yi(A) + o) — e 0] so,(k)} .
We find
= Yna() - Yn) —on@) )
S0 = lon () = ena (V)] ;)j {w,»(x) e = oG] go,m} :

and hence f'(1) and ¢n (1) — ¢n-1(2) have the same sign. Since f()) is continuous on A, and
Vg is the first Neumann eigenvalue and is simple, we find f'(A) < 0 if A < vg. d

By the above discussion and combining the result of [26, Theorem 3.1], we find that if

N is odd,
vo<ho<in <<l = <o cann < MY <vn <
V1 V2 VN-1
and if N is even,
751 j2%) MN-1

Vo <Ao< < <Ay <A1 = <A< - <ANo1 S < AN <AN-1-

V1 V3 VN-1

4 The order relation of the first Dirichlet eigenvalue and the second Neumann
eigenvalue

In this section, we investigate the order relation between the first Dirichlet eigenvalue and

the second Neumann eigenvalue. Denote by (v, ﬁ/k)],:[: ‘01 the Neumann eigenpairs of (1)

and (8) with ||W||> = 1. In particular, Wy can be chosen to have exactly k sign changes. We

have the following lemma.

Lemma 6 If maxycjon-1) gk < V1, then Wy is decreasing.

Page 12 of 17
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Proof Denote W = (w1, W11, W12,...,Win-1). Since W, satisfies the Neumann boundary

conditions, we also assume w;,_; = wy 9 and wy y = wi n_1. Then we have

Wijsl = (2 tq;— Vl)wl,j —Wij-1 fOI‘j =0, 1,2,.. . ,N — 1,

Wi,-1 = W10, WiN = Wi, N-1.
First, we evaluate that
wi1 = (2+ g0 — Vi)W — W11 = Wi + (o — V1)W1 < Wio.
Now, assume wy; < wi;_1. Then
Wijsl = 2+ qi — Vl)Wl,j —Wiji-1 =W, + (6]1' - V1)W1,j + Wi — W1 =W,
By induction, we find # is decreasing. g

Proof of Theorem 2 Define Z = (zj)ﬁo where zj = wyj—wyj1 forj=0,1,2,...,N. Then zo =
zy = 0. In particular, by Lemma 6, z; > 0. Hence, Z is the first Dirichlet eigenfunction. By

the variational principle, we have

(z,Hz)

<
H = (z,2)

’

where (Hz); = —zj,1 + (2 + q;)z; — zj_1. Since W, changes sign only once and gy is symmetric,

we find that if N — 1 is even, then w;; > 0 for j € [0, %), wyj <0 forje (%,N -1],

and Wy N1 = 0; while if N — 1 is odd, then wy; > 0 for j € [0, N=21 and wy,; <0 for j €

2
[%,N — 1]. Furthermore, since g is symmetric and symmetric decreasing, we have, for

j=0,1,...,N -1,

-z + 2+ g)z -z
= —(Wl,j+1 - Wl,j) +(2+ q;‘)(Wl,j - Wl,j—l) - (Wl,j—l - Wl,j)
= (—wij1 + 2+ gwrj—wijo1) = (—wi + 2+ g)wijo — wijo1)
< (~wijn + @+ g)wiy—wij1) = (~wij+ (2 + i) wijo — wijo1)
=Wnwy —Viwiia

= UIZ]’.
This implies that

S N-1
(z,Hz) vi) z _

e = — = V1.
(z,2) SN2

M1 =

The equality holds if and only if g; = go forj = 1,2,...,N - 1. d
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5 The lower bound of the first Neumann eigenvalue gap
In this section, we give an optimal lower bound of the first Neumann eigenvalue gap.

Lemma 7 Counsider (1) and (8), and let q,(t) be a one-parameter family of potential se-
quences such that q,,(t) exists. Then

N-1
v (@) =Y gm0
j=0
Proof Consider (1) and (8) with the potential sequence g;(?):
Wijs1(£) = (2 + g;(8) — ve(®)) i (2) — wiejo1 (8).
Differentiating the above equation with respect to ¢, we have
W1 (8) = (4(®) = v (@) wij(©) + (2 + () — v @)W () = wy ;4 (O

Furthermore, we can obtain

Wit (Wi (8) = Wit (W) (0)

= (g(&) = v () Wi ;(8) + wij 1 ()W) (8) — wij(E)W) ().

Summing up the above equation from j=0to j = N — 1, we have

N-1 N-1
vi(6) Y Wi (8 = > g (w(e).
j=0 j=0

Since || wi||» = 1, we find
N-1
v () =Y gm0

Jj=0

Lemma 8 There exist j1,j, € (0,N — 1) with j; < j, such that

>0 ifjel0,i]U[j,N-1],

OO 0 e o)
= 1 .

Proof First, since w; changes sign only once, we may assume w;; > 0 for j € [0, k] and
wy, <0forje [l_(,N —1]. Since

wo,1 = (2 + go — Vo)Wo,0 — Wo,-1 = (1 + g0 — vo)Wwo,,

w11 =2+ g0 —vi)wio — wi—1 = (1 + g0 — vi)wio,
we have

Wo,1W1,0 — Wo,0W1,1 = (v - VO)WO,OWI,O >0,
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and hence
W0 W11
Wo0  Woa

. 7 Wl,' Wl,' 1
Now, for j € [0,k — 1], assume —~ > —= holds. Then
WO,/' WO,/+1
Wo,i+2W1j+1 — Wo,j+1W1,j42 = (v - Vo)Wo,/+1W1,j+1 + Wo i aW1,; — Wo,iWijs1 > 0,

and hence

Wijrl  Wij+2
e TR

Woj+1  Wojs2
By induction, we find

w0 W11 Wik-1 _ Wik
— > —>..-> >
Woo Woi Wok-1  Wok

This implies that there exists j, € (0,k) such that

Wi, Wiji+1

J1 >1> i+l

Wo,jq Wo,j1+1
Hence,

=0 ifje[0,],

wi (8) — w (2) 3
Y T <0 ifje i,k

Similarly, it can be showed that there exists j, € (k, N — 1) such that

20 lf]E [jz,N—l],
w8 = wo, () e T
<0 ifjekja]

The proof is complete. d

Now, we are prepared to prove Theorem 3.

Proof of Theorem 3
First, according to Lemma 8 and since g; is symmetric, we find that there existsj € (0, N —
1) such that

>0 ifjel0jJUN-1-j,N-1],
Wi]'(t) - W(Z)Y/(t) _
<0 ifje[jjl.

Now, consider

S =1{qu : q» is symmetric and symmetric increasing}.

Page 150f 17
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Then vy — v attains its minimum at some g, € S. Let g;(¢) = (1 - £)g; + t@;. By Lemma 7,

we find
N-1 N-1
Vi) - vh(8) = Y &) (Wh(8) - wi () = D (G — a)(wh () — wh (8)) <.
j=0 Jj=0
This implies that
b (®) = vol®) > va(1) = wol1) = (s — ) (3] =z[1 —cos(N”+ 1)] .
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