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1 Introduction

Human immunodeficiency virus (HIV) is one of the most dangerous viruses that continues
to be a major contributor to the global burden of disease [13]. The interactions between the
human immune system and HI'V have many highly complex characteristics, most of which
are still not understood. Mathematical models have provided powerful tools for studying
the dynamics of HIV infection, quantifying the effectiveness of drug therapies, and helping
guide treatment strategies. A system of autonomous ordinary differential equations was
developed to investigate the dynamics between HIV pathogens and the targeted CD4*
T-cells; see, e.g., [20-22] and the references therein. These models mainly explored the
dynamics of uninfected target cells, infected target cells, and free virus particles. In [21,
22], the effects of antiretroviral drugs including protease inhibitors (PIs) were considered,
and Perelson and Nelson [22] showed that therapy using a single drug was doomed to fail
because of drug resistance.

In 1996, Perelson et al. [23] assumed that there were two types of delays that occurred
between the administration of drug and the observed decline in viral load: a pharmaco-
logical delay that occurred between the ingestion of drug and its appearance within cells
and an intracellular delay that was between initial infection of a cell by HIV and the release
of new virions. In the same year a discrete intracellular time delay defined as the time be-
tween infection of a cell and production of new virus particles was first introduced into an

© The Author(s) 2020. This article is licensed under a Creative Commons Attribution 4.0 International License, which permits use,
sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit to the original
author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The images or other
third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line
to the material. If material is not included in the article’'s Creative Commons licence and your intended use is not permitted by

L]
@ Sprlnger statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder. To view a

copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.


https://doi.org/10.1186/s13662-020-03057-2
http://crossmark.crossref.org/dialog/?doi=10.1186/s13662-020-03057-2&domain=pdf
http://orcid.org/0000-0002-8363-5428
mailto:chenzm@m.scnu.edu.cn

Chen et al. Advances in Difference Equations (2020) 2020:597 Page 2 of 25

HIV infection model by Herz et al. [8]. Since then delayed HIV models have been studied
by many authors, and we will not attempt to list all related references. Authors in [16] pro-
posed a model for the interaction of HIV-1 with target cells including a gamma distribu-
tion of the intracellular time delay and assuming the density of non-infected target cells to
be constant and studied the effects of protease inhibitor (PI) therapy. A model that allowed
for less than perfect drug effects of a PI and which included a fixed delay in the initiation
of virus production was considered in [18], where detailed analysis of the delay differential
equation model was presented and the results to a model without delay were compared.
Culshaw and Ruan [3] developed a delay-differential equation model of HIV infection of
CD4* T-cells with discrete intracellular delay and bilinear incidence rate and investigated
the effect of the time delay on local stability of the endemically infected equilibrium. Nel-
son and Perelson [19] generalized the basic ordinary differential model of HIV-1 infection
with a PI by allowing the intracellular delay that varied according to a probability distri-
bution and obtained the local stability results of two steady states. Based on the model
built in [19], paper [12] further established global stability of steady states by constructing
Lyapunov functionals. Li and Ma [9] constructed an HIV-1 infection model with the dis-
crete intracellular delay and Holling type-II functional response term and gave sufficient
criteria for local asymptotic stability of the infected equilibrium and global asymptotic sta-
bility of the viral free equilibrium. Wang et al. [28] considered a delayed HIV-1 infection
model with Beddington—DeAngelis functional response and discussed the global stability
of the infection-free equilibrium and the local stability of the chronic-infection equilib-
rium. The results of the global stability of the positive equilibrium obtained by Cai et al.
[2] enriched and improved the corresponding results in [28]. In paper [2], it was shown
that the global dynamics of the system restudied was completely determined by the basic
reproduction number. Xu [30] investigated an HIV-1 infection model with the discrete in-
tracellular delay and a saturation infection rate and established both the local stability and
the global stability of the infection-free equilibrium and the infected equilibrium of the
model. Pitchaimani and Divya [24] discussed local asymptotic stability of an HIV infec-
tion delay model in which the effects of a PI were considered and the values of three time
delays varied according to the corresponding probability distribution. Bairagi and Adak [1]
modified a basic ordinary differential HIV model with Hill type infection rate and the dis-
crete intracellular time delay, studied local stability and global stability of both the delayed
and non-delayed systems, and showed that multi-blockers drug therapy is more appro-
priate in the treatment of HIV patients in comparison to any mono-blocker drug therapy
by numerical simulating. An epidemic model with free-living pathogens was constructed
by Xing et al. [29] to understand the impact of free-living pathogens on the epidemics.
More general biological models take into account also the diffusion laws of the involved
densities, and the related mathematical formulation is expressed by PDEs or systems of
coupled PDEs [10, 27].

Recently, Guo and Ma [6] first proposed a class of delay differential equations model of
HIV infection dynamics with the intracellular delay, apoptosis induced by infected cells,
and a general incidence function, and then analyzed the global properties of the model.

Considering the effects of a PI on the dynamics of HIV-1 infection, authors in [17] formu-
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lated and studied a model with a PI therapy and three delays as follows:

T =s—drT() - ke ™ T(t - 1) Vi(t - 71),

A0 — ke T(t - T)Vi(t - 7) - ST*(t),

IO = (1 - €,)Nse "2 T*(t — 15) - cVi(8),

N0 = ¢, Nse™ 2 T*(t - 75) — Vi (£).

(1.1)

In this model, T(¢) and T*(¢) denote the concentrations of uninfected target cells and
infected cells that are producing virus (productively infected cells) at time £, respectively.
After PIs are given, virus is classified as either infectious, namely not influenced by the
PL or as non-infectious due to the action of the PI which prevents virion maturation into
infectious particles. So V;(¢) and V() are introduced to represent the concentrations of
infectious virus and non-infectious virus at time ¢ respectively. In model (1.1), T'(¢), T*(¢),
Vi(t), and Viy(¢) are state variables. s is the rate at which new target cells are generated,
dr is their specific death rate, k is the rate constant characterizing their infection, and
¢ is the viral clearance rate constant. It is assumed that once cells are infected they will
die at rate § either due to the action of the virus or the immune system, and produce
N new virus particles during their life, which on average has length 1/. Thus, virus is
produced at rate N§ on average. Alternatively, one can view virus as produced in a burst of
N particles when infected cells die; thus, producing virus at rate N§. Finally, €, represents
the drug efficacy of a PI. System (1.1) models the dynamics of virus levels in the plasma
during drug treatment. The term (1 — ¢,,) represents the level of leakiness of a PI, a drug
that inhibits the cleaving of viral polyproteins and renders newly produced virions non-
infectious. Thus, if €, = 1, the PI is completely effective and no infectious virus particles
are produced. 7 is the time delay between the time a cell becomes infected and the time at
which the infected cell starts producing virus, 7; is the delay corresponding to the loss of
target cells by infection [4], and 7, is the delay representing the time necessary for a newly
infected virus to become mature and then infectious. The factor e ™" is the probability that
an infected cell survives the interval 7, where 1/m is the average lifetime of infected cells
before they become productive, and so the term e [17]. The probability of survival of
immature virions is given by ™2, where 1/v is the average lifetime of an immature virus.
All the parameters in system (1.1) are positive constants.

In system (1.1), the time delays 7 and 7, are necessary. But the delay t; associated with
the loss of target cells by infection should be removed. According to [4], when the PI alone
is used, every infected cell still is destined to produce virus, and so the delay t; associated
with the loss of target cells by infection vanishes. Hence no delay is associated with the
loss of target cells by infection in system (1.1) in fact because PI action does not prevent
infected cells from becoming productive. In addition, the mass action infection law has
been challenged in various ways since it has some unrealistic features such as the number
of newly infected cells produced by a single virus depends on T and becomes very high
when T is large [1]. Therefore, in order to improve understanding of the mechanisms of

HIV infection model with a PI, we derive a refined model with more general infection
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processes:
39 = s dr T(e) - f(T(2), Vi(2),
O = e f(T(¢ - tp), Vit — 1)) — ST*(2),

O = (1 - €,)NSe™ ™ T*(t - Tpp1) - Vi (2),
dvyt’( = €,N8e "™ T*(t — tppr) — ¢V (8).
Here, a PI mono-therapy is considered; the PI is assumed to have variable efficacy and the
drug is less than completely efficacious, i.e., €, € (0, 1); the T cells are allowed to vary; the
function f(T'(¢), V;(¢)) under some prescribed condition indicates the rate of uninfected
target cells becoming infected by the infectious HIV viral particles. t;p and t;; correspond
to, respectively, the time delay between the time a cell becomes infected and the time the
infected cell develops into infectious, and the time required for newly infected virus parti-
cles to mature. All the parameters and variables appearing in system (1.2) have completely
the same biological meanings as those of system (1.1).
In the following, we assume that the incidence function f(T’, V;) is continuously differ-
ential in R? and satisfies the following hypotheses [6, 14]:
(H1) £(T,0) =£(0, Vi) = 0 forall T, V; > 0;
(H2) f(T,V;)>0forall T, V; > 0;
(H3) "f(TV’ >0forall T>0and V; > 0;
(H4) af(T V' >0forall T, V; > 0;
(H5) v,M —f(T,V;) <Oforall T, V; > 0.

A%
These assumptions are biologically motivated. One could see that (H1) and (H2) are rea-

sonable. (H3) follows the biological fact: if the total number of virus is constant, the bigger
the amount of cells is, the higher the average number of cells which are infected by each
virus in the unit time will be. The biological significance of (H4) is: if the total number of
cells is constant, the bigger the amount of virus is, the higher the number of cells which

are infected in the unit time will be. And we note that the final assumption ensures that
0 f(T.VD
WV Vi

dependence of new infections on the number of infectious virus particles V; is a decreas-

< 0 for all positive V;. This has the biological interpretation that the per capita

ing function of V;.
It is possible to check that the incidence rate (T, V;) generalizes many common forms
BTV BTV] BTVy BTV} ;
such as ﬂTVI’ T+Vi’ 1+aVyp? 14y T+aVp’ and 1+yT+aVi+ay TV]’ with 0(,/3, V> 0.
In the present article, our primary goal is to establish some threshold dynamical results

of system (1.2) in terms of the basic reproduction ratio. The basic reproduction number
Ry for the viral infection is easily obtained. However, Lyapunov functionals constructed
for the whole model system of four differential equations are always imbalance of energy in
and out. So we first use the method of Lyapunov functional and LaSalle’s invariance prin-
ciple for the first three equations of the model to get the global asymptotic stability of the
equilibria for the subsystem; then we use the method of limiting system for the last delay
differential equation; and finally we obtain the global asymptotic stability of the equilibria
for the entire model. The infection-free equilibrium is globally asymptotically stable, and
the HIV viruses are cleared if Ry < 1. If R > 1, then the positive equilibrium is globally
asymptotically stable and the infection persists. Furthermore, some interesting numeri-
cal simulations are performed to illustrate the main results on one side, and to explore
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the basic reproduction number R on the other side. Within the latter, more specifically,
considering the time lag 7;p and the efficacy €, of the PI as parameters, we evaluate the
lowest value of €, which can be such that Ry is less than one by sensitivity analysis of the
basic reproduction number, which show that HIV can be permanently controlled by a PI
mono-therapy only if the PI can keep nearly perfect all the time.

The paper is organized as follows. In Sect. 2, we present some preliminary results such as
the global existence, nonnegativity, and boundedness of the solutions of system (1.2), the
threshold value Ry, the existence of equilibria, and the local asymptotic stabilities of the
equilibria. In Sect. 3, by constructing suitable Lyapunov functionals and using established
theories on asymptotically autonomous systems, we obtain the global threshold dynamics
of the model. In Sect. 4, numerical simulations are carried out to demonstrate the main
results and to show some sensitivity analysis on R¢. Finally, some biological implications
of our results can be found in the conclusions section.

2 Preliminary results

The preliminary results section includes three subsections. The properties about the well-
posedness of system (1.2) are established in Sect. 2.1. The threshold value R and the
existence of equilibria are discussed in Sect. 2.2, and the local asymptotic stabilities of the
infection-free equilibrium and the positive equilibrium are studied in Sect. 2.3.

2.1 Global existence, nonnegativity, and boundedness of solutions

Let C = C([-7;p, 0], R) be the Banach space of continuous functions mapping the interval
[~7p,0] into R with norm ||@[| = sup_,, 4o |$(0)] for ¢ € C, and let C; = C([~7a1,0], R)
be the Banach space of continuous functions mapping the interval [—7j,0] into R with
norm [[¢|l2 = sup_,, <po |¢(0)] for ¢ € C;. The nonnegative cone of C and C; is defined
as C* = C([-1p,0],R,) and C; = C([-7m, 0], R,), respectively. We assume that the initial
conditions of system (1.2) are (0,%) as ¥ € C* x C x C* x R, and T(0) = ¥1(0) = T°,
T*(0) = ¥2(0) = T*°, V1(0) = ¥3(0) = V7, Vi (0) = ¥4(0) = V. A solution of system (1.2) is
denoted by (T'(¢), T*(t), Vi(£), Var(2)). Then about the global existence, nonnegativity, and
boundedness of the solution of system (1.2), we have the following result.

Proposition 2.1 Under the above initial conditions, system (1.2) admits a unique nonneg-
ative solution (T(t), T*(t), Vi(t), Vai(t)), which exists for all time t > 0 and satisfies

limsup T'(¢) < s limsup T%(t) <

ta+oop - dT, ta+oop - gemp ’ 21
) (1-€,)Nés ] €,N3s 1)
limsup Vi (t) < ——, limsup Vi (t) < ———,

t—+00 gee"uptVim f— 100 geemTIPVIM

where g = min{dr, 8}.

Proof Obviously, Theorem 3.1 and Remark 3.3 in [26] imply that system (1.2) with the
initial conditions above has a unique solution (7'(¢), T*(£), Vi(£), Var(£)) defined on some
interval [0, 0g) where o > 0. Let us first verify that this solution has nonnegative compo-
nents. If T(¢) = 0, then s — dr T(t) — f(T(¢t), Vi(¢)) =s > 0; if T*(¢) = 0, then

e f(T (¢ — 1pp), Vi(t — Tip)) = 8T*(£) = € "2 (T (¢ — 1p), Vi (£ — T1p)) = 05
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if V;(¢) = 0, then
(1-€,)NB8e™™T*(t — t1p1) — cVi(t) = (1 — €,)NSe""™MT*(t — tjp1) = 0;

and if Viy;(£) = 0, then €,N8e™ "™ T*(t — 1;51) — c Vi (t) = €,NSe ™M T*(t — ) > 0. Hence,
the solution is nonnegative by [25, Theorem 5.2.1]. Next, we show that the solution of (1.2)
is bounded. Define A(¢) as follows:

A(t) =e P T(t — 7p) + T*(¢).

Calculating the time derivative of A(¢) along with the solution of (1.2) for ¢ € [0, 09), we
get
dA(z
J = se "UP _ dTeimTIP T(t - ‘L']p) - ST*(t)
de (2.2)
<se P — gA(t),

where g = min{dr, §}. By the nonnegativity of T'(¢) and T*(t), and applying the well-known
comparison principle to the first equation of (1.2) and (2.2), we know that T'(¢) and T*(¢)
are both bounded on [0, 09). Let B = sup, g ,,) A(£) < +00. From the third equation and the
fourth equation of (1.2), it follows that

dvi(t
dlt( ) - €,)NSe "™ B — cVj(t)
and
dVai(t
SZ( ) < €,N8e™"™MB — cVi(t).

Hence, one can know that V;(¢) and V() are both bounded on [0, 0¢). Therefore, by
using Theorem 3.2 and Remark 3.3 of [26], the existence and uniqueness of the solution
(T(2), T*(t), V1(2), Var(2)) of (1.2) on [0,09) can be extended to [0, +00). Similarly, we can
obtain that the solution (7'(¢), T*(¢t), Vi(¢), Var(¢)) of (1.2) with the initial conditions above
is also nonnegative on [0, +00).

Now we show that (2.1) holds. Firstly, from the first equation of (1.2), one could verify
that limsup, , ,, T(¢) < ;-. Secondly, we have from (2.2) that limsup, , , ., A(z) < W'
From the nonnegativity of 7'(¢) and T™*(z), it follows that limsup,_, , ., T*(¢) < W' Lastly,
again from the third equation and the fourth equation of (1.2), we get limsup,_, , ., Vi(¢) <

(1-€p)N$s . €pNds .
georrvr and limsup, o Vi (£) < gy - This completes the proof. O

Remark 2.1 From the proof of Proposition 2.1 and the method of integration, one can
verify that the solution (7'(¢), T*(¢), V1(£), Var(t)) of model (1.2) with the initial conditions
above which satisfy ¥;(0) > 0 (i = 1,2, 3,4) is positive.

Define

=4

(1-¢,)Nés €,Nds
Vil < i , V(t) < —=2 .

|| <" = P _r 7
2 — mT, mMTp+VT, MTp+VT,
ge P gce IPtVUM gce IPYVUM

r- {(T,T*,VI,VN[) €C' x Cf x C* x R, || T|| < —

|7
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If T(0) < iT, from the first equation of system (1.2), we have T'(¢) < % for all £ > 0. One

can see that I" is a positively invariant region with respect to system (1.2).

2.2 Equilibria and basic reproductive number

We can compute the threshold value of model (1.2) as follows:

R _ (1-&N f (7:50) 23)
0 ceMTP+VTM v, : :

Ry is called the basic reproduction number and describes the average number of newly
infected cells generated by a single infected cell in the expected life time when all cells are
uninfected.

The fraction of newly infected cells that survive until they begin to produce virus par-
ticles is e””""P. The average time that an infectious cell survives is 1/5. The productively

infected T-cells produce (1 — €,)N§ newly virus particles that could mature into their in-
A (F.0)
fectious forms per unit time with the effects of the protease inhibitor. ad\;, gives the

incidence response to a small number of infectious virus particles at the beginning of the

infection process. The fraction 1/c gives the average life-span of an infectious virus. Mul-
tiplying these quantities together gives the expected number of newly infected cells pro-
duced by a single newly infected cell; it means that the product is Ry.

System (1.2) always has an infection-free equilibrium E° = (s/d7, 0,0,0), corresponding
to the extinction of free virus. Generally, if Ry > 1, in addition to the infection-free equi-

librium E°, there is a positive (infection) equilibrium E* = (T, T*, V1, Vi) which satisfies

S§= dTT +f(T;‘_/I)r
8T =e™ef(T, V),
(1- ep)NSe‘WIMT* =cVy,

€pNoe "M T = cVar

(2.4)

Under this state, virus persists in host. More concretely, about the existence of positive

equilibria, we have the following results.

Theorem 2.1 If Ry > 1, then system (1.2) has a unique positive equilibrium E* =
(T;T*yvb‘_/Nl)'

Proof Let the right-hand sides of the four equations in (1.2) equal zero. A short calculation

gives

s—drT - 8" PT* =,

S(T, Vi) = 8™ T,

Vi o (1-€)NS _, (2.5)
1= ceVum )
NS
VN] _ EP *
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This means that in order to have 7' > 0 and T* > 0 at an equilibrium, we must have T* €

(O’ 33V2T1p ] From (25) we obtain

f( s=gemupT* (1—€p)NST* )
dr ’ ceVTIM

- — 5P = 0.
Let
f( s—seMuPT* (1-€p)NST*
P(T%) = dr 0 ™M T semup,

T*

Positive equilibria of (1.2) are given by zeros of P in the interval (0,s/8e”"P]. It is clear
from R > 1 that

lim P(T*) =8e"™(Ro—1)>0
T*—0%

and

P< 5 ) =-8e"P < (.
sdemtp

Therefore, it follows from the continuity of the function P(T*) on (0,s/8e™"?] that there
exists at least one T~ € (0,s/8e™"P] such that P(T*) = 0. Consequently, by (2.5), it follows
that T >0, V; >0, and Vs > 0. So there exists at least one positive equilibrium E*.

Taking derivative of P(T™) yields

P Q")
d7* - (T*)Z ’
where
_semupT*  (1—€p)NST*
Q(T*) _ T* aemTIP af(s SedTIPT ) CE(S’TIM
dr oT
_semupT* (1-€p)NST*
T* (1 — EP)N(S af(S edT ) Cepvr]M )
ceVim aV;
s—38e"PT* (1—¢,)NST*
-/ dr T cevum '
According to (2.5), and notice that V;%VIVI) —f(T,V;) <0, it follows that
st (1-€6))NST*
- (L= €N U 5 o)
ceVim Vv
s—38e"PT* (1—€,)NST* -0
-f dr ’ ceVim -7

and from w > 0 one could know that

s—38e™MTIP T* (I*EP)NBT*
*Semnp 3f( e > eV

_T 0.
dr aT <

Page 8 of 25
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Hence it follows easily that Q(7*) < 0 for T* € (0,s/8¢”"P]. In consequence, % <0
for T* € (0,s/5€™P]. On the other hand, it can be seen that limy«_ o+ P(T*) > 0, and
P(s/8e™"P) < 0. Therefore, P(T*) = 0 has only one root in (0,s/8e™"?], and the positive

equilibrium E* is unique. The proof is complete. 0

Remark 2.2 From the proof of Theorem 2.1, one can see that if Ry < 1, then model (1.2)

has no positive equilibrium.

2.3 Local stability
In this subsection, we explore local and global asymptotic stability of equilibria E°, E*. To
study the local asymptotic stability, we analyze the roots of the characteristic equations
associated with the linearization of system (1.2) at E® and E*.

First, we study the local stability of equilibria of system (1.2). For simplicity, t;p + T is

denoted by T.

Theorem 2.2 If R < 1, then E° is locally asymptotically stable; if Ro > 1, then E° is un-
stable.

Proof At equilibrium E°, the characteristic equation for the corresponding linearized sys-
tem of (1.2) is

(A + ) +dr)[(A +8)(h +¢) = Rodce™ ] = 0. (2.6)

Two roots of equation (2.6) are A; = —c and A, = —dr, and the equilibrium E° is asymptot-
ically stable if all roots of

(A+8)(h+c) - Rodce™ =0 (2.7)
have negative real parts.

Assume that equation (2.7) has a complex root A =/ + im with real part / > 0. Filling into
equation (2.7) and separating the real and imaginary parts, we obtain

m*— 12— (8 +¢)l - 8¢ = —Rodce™'T cos(mT),

(21 + 8 + ¢)m = —Ro8ce™'T sin(mT).
Squaring and adding these equations together gives
m* + w2m2 +wo =0,
where
wy=(8+¢)+2(8+c)l +22-25¢

and

wo=1*+2(8 + )P + [(8 +o)+ 250]12 +2(8 +¢)8cl + 8%c* = Ro8%2e 7.
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This is quadratic in m? > 0, and so solutions will be ruled out if w, > 0 and wq > 0. Just
note that

(i) =0,
(i)  both w, and wy are increasing with respect to /,

(i) a0 =82+ %> 0, wplim0 = 82c2(1 — Roe 27) > 0.

Thus, equation (2.7) has no root with nonnegative real part. Therefore, when R < 1, all
the eigenvalues of equation (2.6) have negative real parts, and hence, equilibrium E° is
locally asymptotically stable.

If Ry > 1, we also consider characteristic equation (2.6). Let

F) = (A +8)(A +c) —Rodce™7.
One could obtain that, when Rg > 1,

f(0)=(1-Rp)éc<0, lim f(x) = +o0.

A—+00

Therefore, (1) has at least one positive real root. Thus, if Ry > 1, equilibrium E° of (1.2)
is unstable. This completes the proof. g

Then we investigate the local stability of the positive equilibrium E* and have the fol-

lowing results.

Theorem 2.3 If R, > 1, then the positive equilibrium E* of system (1.2) is absolutely stable;
that is, E* is locally asymptotically stable for all T > 0.

Proof The characteristic equation at £* reads

(A +c)|:(k +dr+ W)(k +8)(A+c¢)
o (2.8)
(A +d7r)(1 - €,)NSe™™ of (T, V) o
- eMTP+VTM vy :| -

One of the characteristic roots of equation (2.8) is A; = —c, and the equilibrium (7, T,
V1, V) is asymptotically stable for all T > 0 if all roots of

(k +dr + W)(A +8)(A+¢)
— (2.9)
(A +dr)(1- €,)N8e ™ of (T, V) o
eMTp+viipm A%
have negative real parts for all 7 > 0.
Returning to (2.4), we find that o = (1—;,)1\1 f(TV, IV1) .So equation (2.9) can be written

as

A3+ DA+ (E+Fe " )A+ (G +1e77) =0,
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where
f(T,V
D=dr+8+c+ M,
oT
f(T,V
E=8c+(8+¢) dT+M ,
oT
—se Vi of(T,Vy)
f(TrVI) a‘/I
f (T, V
G= 5C<dT + M),
oT
and
Vi (T, V
[=—drsc—— AT, Vi)
f(T: VI) 8‘/1
Let
H(1,T)=2>+DA* + (E+ Fe ") + (G + Ie™7). (2.10)
For 7 = 0, equation (2.10) can be written as
H(,0) =23 +DA*+ (E+ F)A + (G +1). (2.11)

Notice that

of (T, V
Dsz+8+c+M>0,
oT

_ 8¢
f(T"_/I)

of (T, Vﬁ)
Vi

(T, VI)) o
T ’

<f(T, V-7

+(8+c)<dT+

dT5C ( — —
[ = —— T,V —
Az 2

— (T, V f (T, V
Vi /( D + 8¢ /( D >0,
oVy oT

and

DE+F)-(G+1)

= _86_ ( +c+—af(T"—/I)>(f(T,X_/I)—\_/ILC(T"_/]))
f(T, V) oT aV;

+8c+ P +cdr+c
oT

+<82+dT6+8

. <dT+ w) +dT5C>0.
aT
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Using the Routh—Hurwitz criterion, we know that all roots of equation (2.11) have negative
real parts. Then we show that, for all real g and T > 0, H(ig, T) # 0. Note that

H(iq,7) = (~q° + Eq + Fgcos qT — I singT)i
—Dg? + FgsingT + G + I cos gT.

When g =0, H(0,7) = G + 1 > 0. If g # 0, then separating real and imaginary parts of
H(iq,T) = 0, we get

q° — Eq = Fqcosqt — IsingT (2.12)
and

Dq* - G = Fgsingt + I cos qT. (2.13)
Squaring and adding the two equations, (2.12) and (2.13), we can obtain

q° + (D* - 2E)q* + (E*-2DG - F*)q* + G* - I* = 0. (2.14)
Since

D*-2E>0, E*-2DG-F?>0, and G*-I*>0,

one can know that equation (2.14) has no real roots, and so H(ig,T) # 0 for g # 0. Thus, all
roots of equation (2.9) have negative real parts for all 7 > 0 by [11, Theorem 5.2.1]. The
proof is complete. d

3 Global threshold dynamics

Motivated by the work of Gourley and Lou [5], we establish the global asymptotic stability
of E° and E* by constructing suitable Lyapunov functionals and using established theories
on asymptotically autonomous systems in [15].

First, we show that when R < 1, E? is globally asymptotically stable. Note that the T'(£)
equation, the T*(¢) equation, and the V;(¢) equation are independent of the variable of
non-infectious virus V;(¢). Thus we can first study the globally asymptotic stability of the
infection-free equilibrium Eo = (s/dr,0,0) of the following model:

&8O _ s drT(8) - f(T(@), Vi),
AL e f (T (¢ — tp), Vit — Tip)) = 8T* (1), 3.1)

VD~ (1 — €, )NSe™ ™M T*(t — Tpg) — cVi(2).

Then, using established theories on asymptotically autonomous systems, we can obtain
the globally asymptotical stability of equilibrium E° of system (1.2). Correspondingly, the
positively invariant region for model (3.1) is

Fz{(T,T*,v,)ech;x(ﬁ ||T||5di,
T
" (1-¢,)Nés
[T, = — Vil = — 1
ge P gce IPtVUM
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Theorem 3.1 Suppose Ry < 1. Then the infection-free equilibrium E° of system (1.2) is
globally asymptotically stable in T.

Proof We consider the global stability of the infection-free equilibrium E° of model (3.1)

first. Define a Lyapunov functional

U(t)=e"™T(¢) + ((el_wvl(f) + ﬁrlpf(T(el)y Vi(61)) d6y

t
+ 8P / T* (92) d@z
t

UM

Calculating the time derivative of U/(£) along a solution of (3.1), we obtain

du(z)

T =f(T(t - tp), Vi(t - 1p)) — 8™ T*(t)
5 1pT Cem":ll’*VIIM

mT, % t— _ V t

toe (t =) )N “eN 1(t)

+f(T, Vi) = f(T(t = tp), Vi(t — 1p))

+8e™IPTH(t) — 8P T™(t — Tpp1)
Cem‘r1p+vr1M

=f(T, V) - mvl(t)'

Since T'(¢) < s/dr and w > 0, we have f(T(z), Vi(t)) < f(s/dr, Vi(t)). Meanwhile,
VI%‘;IV’) —f(T,V;) <0, which indicates f(TTIV’) is decreasing for V;. Therefore,

dLI(t) ~ ceTUP+VIIM

&t Q —€,)N
ceMTUPVIM (1 _ EP)N f(%) ‘/I(t))

—Vi(®) -
(1-€,)N cemmpvim . Vi(t)
ceMTIPHVTIM Vi (1- Ep)N ) f(dS—T, Vi(t))
L-e)N "\ cemmrvm vimor Vi)

U-oN [T010) )

ceMuP+vVim ‘/I(t)

Vz(t)<

) ceMTUPVIM Vits (1-¢,)N 3f(%,0) )
- (1-¢,)N i) cemuptvum vV -
cemr1p+VT1M

- oo R D).
P

Thus, we have % < 0 whenever Rg < 1. Now we show that if % = 0, then either
Vi(£) =0, or Ry = 1 and T(¢) = s/dr. It follows that the largest invariant set My € M =
{(T(t), T*(t), Vi(2)| % = 0.} is the singleton {EO }. By the Lyapunov-LaSalle invariance
principle [7], the infection-free equilibrium £ of (3.1) is globally asymptotically stable
when Ry < 1. Then the Vi;(£) equation of (1.2) can be considered as an asymptotically

autonomous equation with the following limit equation:

dVy(t
%() =—cVni(t),

Page 13 of 25
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the solution of which tends to 0. This argument can be justified using established theories
on asymptotically autonomous systems; see, for example, Mischaikow et al. [15]. Thus,
when Ry < 1, equilibrium E° of (1.2) is globally asymptotically stable. This completes the
proof. d

Then, we focus on the globally asymptotic stability of the positive equilibrium E*. Cor-
respondingly, if Ry > 1, we know that model (3.1) has a unique positive equilibrium
E =(T,T",V)). In addition, it is important to demonstrate that solutions of system (1.2)
are sufficiently bounded away from zero so that the Lyapunov functional is well defined.
Hence the uniform persistence of model (1.2) should be established. Using the following
conditions and the approach introduced by [31, Sect. 1.3], we can obtain the results about
uniform persistence:

(H6) There exists n > 0 such that f(T, V;) < nT forall T, V; > 0;

(H?7) %M <Oforall T>0and V; > 0.

(H6) is reasonable since the virus cannot infect cells without restriction in the host. (H7)
has the biological interpretation that the per capita dependence of new infections on the

number of cells T is a decreasing function of 7.

Theorem 3.2 Assume that (H6) and (H7) are also satisfied. If Ry > 1, then the positive
equilibrium E* of system (1.2) is globally asymptotically stable with respect to all solutions
in T with the initial conditions T° >0, T** >0, V > 0.

Proof First, we explore the global stability of the positive equilibrium E* of model (3.1).

Define the following Lyapunov functional:

T £(T "
W =107~ [ ]{ g ;1; a6, + emrw?*z< T_(*t))
L VI

. t f(T, ‘_/I)Z <JM> dé,

t-tip f(T"_/I)
mr1p+vr1M‘_/ Vit t _* T*(0

£ ’Z( i )) +5emw’/ T Z( _(*3)) d6s,
(1 - ep)N V] t=-Tm T

where Z(x) =x — 1 - Inx, x € (0, +00), has the global minimum at x = 1 and Z(1) = 0. Cal-
culating the derivative of W (¢) along the solutions of (3.1) gives

dW(t) _ = _ f(Tx VI) T X7
& ~4rr-To) (1 ) VI)) A
== f(T,V) f(T, V)
- T, V - — _ T b V - — _
A I)f(T(t), 1) +f( © I(t))f(T(t), Vi)

_ TZ—(t)f(T(t — ‘L']P), ‘/I(t — TIP)) + CSCMTIPT*

Vv
CemT1p+ TIM

Vi
- V(¢ _8emnp—T*t_r
(I—GP)N 1() ‘/I(t) ( IM)
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Cemt1p+VT1M T* t
- V- 5emin In #
(1 —€,)N T*(t — tim)

S(T(@), Vi(1)
S(T(t =), Vit —wp))

—f(T,V))In

Notice that §e”* T = m VvV f(T V) and T = it V,, we get

(1-¢p = =N
awe) = @V
a T T(t))(l 7T, Tm)
—f(T,V)(/f(T V) _1- f(T V) )
(T(), V) f(T(t) Vi)
— — (T (Tt -tp), Vit — Tp))
—f(T,V 2 I _
/ 1)( T (T, V))
_In Tf(T(t - TIP);‘/i(t - TIP))) _f(T,VI)
T=@)f (T, V)
« ((1 - GP)N(S T*(t— ‘L']M) “1-In (1 - GP)N(ST*(t— T[M))
ceVtim Vi(¢) ce’m Vi(t)
-, (LT V) Vo, V»)
Vif(T(), Vi(t)) VIf(T(@), Vi(t))
F(T,V)Vi(t) -
— T(), V) =f(T(), Vi(t
* 7w, v, vy ¢ O V) /T Vi0))
o (f(T(t),T/,) ST, Vz(t))>
v, Vi(t) '
Since Y(L:V1) (T V’ > 0, one could obtain
— f(T, V) >
dr(T-T 1-— 0.
o (”)< OV~

Notice that %VIVI) > 0, which indicates f is increasing with respect to V;. Meanwhile,
fr,vy- VI%‘;IV’) > 0, which indicates f(TV—IV’) is decreasing with respect to V;. Therefore,

e IO, V1) _f(T@), Vi)
(r(r0.72) - (10, vicop) (FEL2 LEDHD) <o

dW(t d dW(t

Hence, T, T*, V>0 ensures <0 an =0 if and only if

(T, T*@®), Vi) = (T, T, Vy).

By LaSalle’s invariance principle [7], equilibrium E" of (3.1) is globally asymptotically sta-
ble. Then, using theories on asymptotically autonomous systems [15], the V;(¢) equation
of (1.2) can be considered as an asymptotically autonomous equation with the following
limit equation:

dVN](t)
dt

e,Nde VIMT" — ¢V (2),
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the solution of which tends to V ;. Thus, equilibrium E* of (1.2) is globally asymptotically
stable if Ry > 1. Now we complete the proof. d

4 Numerical simulations

In this section we apply the main results obtained in the last section to three special infec-
tion functions of the generalized model (1.2), i.e., the bilinear incidence function investi-
gated by Monica and Pitchaimani [17], the saturation response incidence rate studied by
Xu [30], and the Beddington—DeAngelis function explored by Wang et al. [28]. We also
present the results of sensitivity analysis on Ry by numerical simulating, especially the
estimated value of €, which can such that Ry < 1.

4.1 Simulation of the basic results

To verify the above analytic results, we introduce three specific infection functions to per-
form: bilinear incidence function 87TV} which is proposed in [17], saturation response
ﬁ;‘\//]] in [30], and Beddington—DeAngelis function 1+5 ;g 7 in [28]. In all
of these papers [17, 30], and [28], an HIV infection model with the intracellular delay was

incidence rate

studied. Following [24], we fix the following coefficients: s = 5 mm™ day~!, d7 = 0.03 day !,
B =0.002 mm? day ™}, & = 1 x 10 mm3, y = 0.5 x 107 mm?3, m = 0.03 day™?, § = 0.32
day™!, N =480, v = 0.03 day™!, ¢ = 3 day~'. We will regard 7;p, Tn, and €, as parameters
to verify the analytic results in Theorem 3.1 and Theorem 3.2. Notice that 7;p is expected
to last between a few hours and three days and 7)1 & 0.157;p as mentioned in [4]. In this
subsection, each graph has red dotted line, green solid line, and blue dashed line. They
represent three solution curves with different initial values, respectively.

First, we consider the case of bilinear response incidence rate. The corresponding basic
reproduction number is given by

Rop = (1-€p)sBN

- cdpemTp+vim ’

the infection-free equilibrium E? = (s/dr,0,0,0), and the positive equilibrium

’

. ( ce™IPTVIM (1 — €,)sBNe™"P — cdre’ "M
'\ BN(1-¢,)’ 8BN(1 —¢,)
(1—€p)spNe ™ P™IM — cdr €,[(1 - €,)sBNe ™ P~VIM — cdlr]
cp ’ cB(1-¢p) )

Let €, = 0.98, 1;p = 3, Ty = 0.45, then Ry = 0.9618 < 1 and the virus eventually dies
out. Numerical simulation demonstrates the theoretical result of Theorem 3.1 that the
infection-free equilibrium E? is globally asymptotically stable if Ro; < 1, as shown in
Fig. 1. With the decrease of the parameter ¢,, the basic reproduction number R, in-
creases. So, we choose €, = 0.9792, tjp = 3, 131 = 0.45, then Ro; = 1. According to Theo-
rem 3.1, the infection-free equilibrium E? is globally asymptotically stable. Figure 2 shows
that the infection-free equilibrium EY is globally asymptotically stable when R¢; = 1. Fur-
thermore, we can verify the analytic result in Theorem 3.2. Direct calculation shows that
Ro1 = 18.9154 > 1 when €, = 0.62, ;p = 2, and 11 = 0.3. Therefore, by Theorem 3.2, the
positive equilibrium Ej is globally asymptotically stable. Figure 3 illustrates this fact.
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Figure 3 The positive equilibrium £7 = (8.8112,13.9371,268.7313,438.4563) is globally asymptotically stable
when Rg; = 189154 > 1

We further consider the case of saturation response function. Similarly, one gets

~ (1-¢,)sBN

CdTemr1p+vr1M -

Roz

01>

the infection-free equilibrium E9 = (s/dr,0,0,0), and the positive equilibrium

£ ((1 —€p)asN + ce”™PHViIM (1 — €,)sBNe ™ P — cdre’ "M
=

N -€,)(B +adr) ’ SN(1-¢€,)(B +adr)
(1—€p)sBNe™P=VIM — cdp €,[(1 — €,)spNe ™ P~VIM — cdr] )
(B +adr) ’ c(1-¢€,)(B +adr)

Let €, = 0.9848, 1;p = 0.5, 731 = 0.075, then Rgp = 0.796 < 1. Numerical simulation re-
sults are shown in Fig. 4. We choose €, = 0.9803, 1;p = 1.5, 715 = 0.225, then R, = 1. Fig-
ure 5 shows that the infection-free equilibrium E9 is globally asymptotically stable when
Ro2 = 1. Roy = 36.0673 > 1 when we choose €, = 0.3, jp = 1, and 1537 = 0.15. Therefore, by
Theorem 3.2, the positive equilibrium E is globally asymptotically stable. Figure 6 illus-
trates this fact.

Last, we consider the case of Beddington—DeAngelis functional response. The basic re-

production number is given by

(1-€p)sBN
Roz = )
c(dr + ys)emTp+vim
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Figure 5 The infection-free equilibrium FY = (166.6667,0,0,0) is globally asymptotically stable when R, =
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Figure 6 The positive equilibrium £% = (4.6234,14.7426,526.0016,225.4292) is globally asymptotically stable
when R, = 36.0673 > 1

the infection-free equilibrium ES = (s/dr,0,0,0), and the positive equilibrium

£ (1 - €p)asN + ce™mp+vim
S ANQA- €,)(B +adr) — ycemup+vium ’
(1 —€p)sBNe™™ P —c(dr + ys)e"" ™
S[N(1 —€,)(B +adr) — ycemuptvim] ’
N1 = )[(1 - &)sBNe -+ — c(dy + ys)]
C[N(l — Ep)(ﬁ + O{dT) — )/CemtIP+VT1M]
€,N[(1 - €,)spNe P™IM — c(dr + ys)]
c[N(1- Ep)(,B +ady) — yce™ur+vim| :

’

Taking €, = 0.99, 7;p = 1.4, and 131 = 0.21, then Ro3 = 0.5081 < 1. Numerical simulation
results are performed in Fig. 7. Taking €, = 0.9805, 7;p = 1.1, and tj3; = 0.165, then Rz = 1.
Numerical simulation results are shown in Fig. 8. Taking €, = 0.4, 7;p = 1.2, and 75 = 0.18,
then Ro3 = 30.6997 > 1. Numerical simulation results are performed in Fig. 9.

4.2 Simulation of the basic reproduction number
Recall the expression of (2.3). Then it follows from the formula of R that the basic repro-
duction number is decreasing with respect to €,, 7;p, and 7;;. But we want to see how Ry
varies with the change of €,, 7jp, and 7 in quantity. Ro1 (Ro2) and Rog are also selected
to simulate.

‘Ro decreases linearly with increasing €, and exponential decay with respect to 7;p. But
as both m and v are very small parameters, the effect of 7;p changes on the value of Ry is
much less significant than that of €,. From Fig. 10 we can get this conclusion.
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Figure 9 The positive equilibrium £5 = (5.4309, 14.5814,445.5270,297.0180) is globally asymptotically stable
when Ro3 = 30.6997 > 1

Figure 10 Contour maps of Ro1 (Ro,) (subgraph (a)) and Ro3 (subgraph (b)) as functions of €, and 7jp
(T = 0.15Tp). All other parameters are as part 4.1. Each subfigure has contour lines that label the current
contours

It is clear to see that, from Fig. 11, only a very small domain of the 7;p€,-plane can be
such that the basic reproduction numbers are less than unity. The domain is a very small
particular area and is especially strict with ¢,.

Furthermore, in order to find out exact minimum values of €, which can be such that
Ro1, Roz, and Rz are less than one, some numerical simulations are also performed. From
the numerical simulation results, Fig. 12, it can be concluded that the lowest value we need
is about 0.98.
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50

Figure 11 Graphs of Ro; (Ro) (subfigure (a)) and Ro3 (subfigure (b)) as a function of €, and jp
(T = 0.15Tpp). All other parameters are as part 4.1. The white contour line in (a) corresponds to Ro1 (Rg2) =1
andin (b) (Ro3) =1
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Figure 12 Graphs of Ro; (Ro2) (subfigure (a)) and Ro3 (subfigure (b)) as functions of €,,. All other
parameters are as part 4.1. In subfigure (a), when Tjp = Tjy = 0 and Ro1 (Ro2) = 1, € is about 0.982. In
subfigure (b), when Tpp = 3, )y = 045 and Rg3, €, is also about 0.980

5 Conclusions

Improved understanding of the mechanisms of latent infection and the importance of
reservoirs of infection might eventually lead to a cure [13]. In this paper, we have carried
out complete analysis for a delayed HIV infection model with a protease inhibitor (PI)
mono-therapy and a general incidence function, system (1.2). The transmission dynamics
of the system are studied and the global dynamics of system (1.2) are established. Based
on the obtained theoretical results and simulation results, we conclude that the threshold
(Ro) can provide much insight into the biological events underlying the disease process.
If Ry is less than or equal to unity, then the virus is cleared from the T-cell population
and CD4* T-cell count returns to normal, i.e., the virus is controlled and even cured and
the disease dies out. If R is greater than unity, then the infection persists in the host and
the viral concentration remains at a constant level. The global stability result rules out the
possibility of periodic oscillations and Hopf bifurcations. Moreover, the numerical simula-
tion results demonstrate that the value of the basic reproductive number R is dominated
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by the efficacy of the PI drug and is very weakly dependent on the intracellular delays.
More importantly, due to the simulation results, we note that HIV can be permanently
controlled by a PI mono-therapy only if the efficacy of the PI can keep reaching very high
levels (at least 98%), namely the PI are nearly perfect all the time during therapy. However,
it is nearly impossible to make the effectiveness of the drug always close to 100% because
of the ability of the virus to mutate into a drug-resistant form and HIV-infected patients’
dynamic health conditions. Therefore, the numerical simulation results of the discrete de-
lay models for HIV infection with a PI drug suggest that therapy using a single PI drug is
also doomed to fail compared with the analysis results of the ordinary differential equa-
tion models with a single drug in [22]. In order to eradicate HIV from an infected patient
or help the body control the infection during therapy, as experience has borne out, chang-
ing different anti-HIV drugs such as PIs in time for HIV-positive individual patient and

combining highly effective drugs for patients are needed.
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