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develop a model that analyses the spread of infectious diseases, and the reproduction
number is determined by using the next generation matrix method. Finally, the
effects of treatment of the infected individuals and vaccination of the susceptible
population as the control strategies are looked into. The optimal control system
showed that the combination of the two strategies proved more effective.
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1 Introduction
Infectious diseases are deadly diseases of humans and animals which account for about
one-tenth of the causes of deaths worldwide. These deadly diseases cause major change to
the size of the population of any community during their outbreaks. These are diseases like
HIV, tuberculosis, malaria, including Ebola virus disease which West African countries
have just witnessed. The dynamics of the population change due to the high mortality
rate caused it to be a global problem to the practitioners of public health.

However, some diseases incubate in their hosts for a period of time before the hosts
become infectious [1], and in a heterogenous population, this is a cause for concern.

Several modelers have done justice to the various models of infectious diseases to show
their transmission and spread. The authors in [2] modified the S-E-I-R model and devel-
oped an S-E-I-H-F-R model to study the spread and transmission of Ebola virus to include
those at hospital and funeral but assumed homogeneous population, which according to
the authors was too simple, which may not have effects in countries where the structure
of the community favours infection in households, and recovered individuals were not
returned to the population. Still on the model formulation of infectious disease, a model
with nonlinear incidence to analyse the transmission of Zika virus was formulated by [3].
The model considered three forms of nonlinear forces of infection. In 2013, [4] studied the
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global stability conditions of two models having relapse and bilinear standard incidence
rate. He discovered that the disease produced deaths in the infectious class. He used the
construction of a Lyapunov function for the systems. The analysis of epidemiological data
of the 2014 Ebola virus disease outbreak in Nigeria was done by dividing the population
into five categories: susceptible; exposed; infectious and symptomatic individuals; hospi-
talised individuals; and those individuals separated from isolation centre after recovery or
those that died as a result of the disease. The model developed was S-E-I-H-P from S-E-
I-R [5]. In the work of [6] in (2018), they studied the stability analysis of infectious disease
using an S-E-I-R model incorporating recruitment rate. It was discovered that the model
was stable both locally and globally. Many other researchers have equally worked on the
stability and control analysis of infectious disease. The authors in [7] examined the signif-
icance of short-term human travellers on transmission dynamics of Malaria. The chance
of an individual developing breast cancer depends on the level of the immune system, the
efficacy of the anti-cancer drug and the rate at which the ketogenic diet is taken [8, 9]. [10]
in 2015 used an SIR epidemic model to model the 2014 Ebola outbreak in West Africa and
introduced vaccination to the susceptible as part of the control system. They concluded
that vaccination is a very efficient factor in reducing the number of infected individu-
als. On the account of controlling the spread of these deadly diseases, [11] examined the
possible impact of using combination of three control strategies to combat the spread of
Malaria. The effective treatment and prevention of Schistomiasis infection assists in erad-
ication of Malaria [12]. Vaccination combined with effective treatment reduces the spread
of malaria disease [13]. The control strategies of using treated bed-nets, medication and
insecticides spray have great impact on the control of malaria disease [14]. To this end, the
main aim of this work is to model the spread of Ebola virus disease in West Africa with
the incubation period by applying mathematical models of the systems of ordinary differ-
ential equations that describe the dynamics of the outbreak of 2014 Ebola virus in some
parts of West Africa, to determine the reproduction number and to better understand the
dynamics and find optimal control strategies to reduce the effect of the disease spread. We
considered two control strategies: treatment of the infected individuals and vaccination of
the susceptible.

2 Model formulation

The dynamics of the spread is described by a system of ordinary differential equations.
Because Ebola virus incubates in the body of the host for some time before manifesting,
the population is divided into four (4) compartmental groups: the susceptible population
(S), the exposed population (E), the infected population (/) and the recovered population
(R). We introduce a recruitment rate A into the population which is dynamic, i.e. migra-
tion and birth are possible. To describe the rate of change of the susceptible, the rate at
which the susceptible is being populated by the recruitment rate is reduced as the infected

individual comes into contact with them with a constant rate of “a”, which means the rate

of change of the susceptible population with respect to time is now

ds(t)
—— =A-aS()I(¢?). 2.1
P aS(6)I(z) (2.1)
The equation of the exposed population will be those leaving the susceptible population

to populate it and will later reduce by those that will die natural death during the outbreak,



Chukwu et al. Advances in Difference Equations (2020) 2020:610

which we represented as constant of 1, and will also be reduced by those that will not be
affected upon exposure and those that will be infected and progress into infected popula-
tion with their constant rates being represented as b and § respectively. Thus the equation
of the exposed population expressing the rate of change of the exposed with respect to
time is now

% =aS(2)I(t) — nE(t) — SE(2). (2.2)

The equations of the infected and recovered groups will relate in the same way as above,

ie.

d;—(tt) =8E(t) - bI(t) — el(t) — pnd(¢) (2.3)
and

dfl—(:) = bI(t) + bE(t) — cR(t) — uR(2). (2.4)

That is, the rate of change that describes the equation of the infected population is those
leaving the exposed group which will be reduced by those that will recover from the infec-
tion, those that will die as a result of the disease and those that will die naturally with the
infection. The equation of the recovered will be those that recovered from the infection,
added to those that recovered upon exposure to the infection and reduced by those that
will recover and return to the susceptible population at a constant rate of c. So our model
is now represented by system (2.5) of Egs. (2.1)—(2.4) as follows:

% = A —aS)I(t) — uS(t) + cR(¢),

% =aS(t)I(t) — nE(t) — bE(t) — SE(¢t),

% = 8E(t) — bI(t) —el(t) — nl(2),

dR(t)

- bI(t) + bE(t) — cR(t) — wR(¢), (2.5)

where a is the rate of infection, b is the rate of recovery, u is the natural death rate, c is the
rate at which the recovered individuals move back to the susceptible to populate it and §
is the rate at which the exposed individuals progress to the infected class.

3 Methodology
3.1 Positivity and boundedness of solutions
From system (2.5), we have the state variables to be % ls—o = A +CR, % |p=0 = aSI, % l71=0 =
8E and % |p_o = bI + bE.

This implies that all the above rates are nonnegative on bounding planes R?. Further-
more, we next show that the solutions of system (2.5) are positively invariant and attract-

ing. We note that

N=S+E+I+R (3.1)
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Then the derivative of (3.1) taking into account (2.5) is

N=A-u(S+E+I+R)—eél,

N=A-puN -el. (3.2)
Since the term e/ in (3.2) is nonnegative,

N<A-uN
so that

. A
lim supN < —.

E—o0 M

Hence, the following positively invariant bound set

A
Q:((S,E,I,R)6R3:5+E+1+R5). (3.3)
"

Thus, it is sufficient to consider the dynamics of system (2.5) in Q with initial conditions
5(0) > 0, E(0) > 0, 1(0) > 0 and R(0) > 0.

3.2 Equilibrium points of model (DFE)
Observe that system (2.5) exhibits the following equilibrium points: disease-free equilib-

rium(DFE) denoted by P, = (%, 0,0,0) and endemic equilibrium (EE) denoted by

P* = (P}, P}, P}, Py),

where
P - (,u+b+83;b+e+/¢),
P o A +e+palc+ )
2@+ )+ (w+b+8)bre+p)—ac@b+bb+e+p))
P o Aad(c+ )
ST a+ e+ (w+b+8)bre+p)—ac@b+bb+e+p))
P Gb+bb+e+pn)Aa
4

- @+wc+n)u+b+8)(b+e+pn)—ac8b+bb+e+pn))

3.3 Computation of the basic reproduction number Rj

It is known or described as the anticipated cases of newly created or fresh cases of in-
fections from one individual that is infectious in a population that is wholly susceptible
through the entire length of the infection period denoted by Ry. It defines the dynamical
behaviour of the model, whether the disease dies out or persists in the system. If Ry < 1, the
infection in one individual cannot reinstate itself so the pathogen dies out (stable disease-

free population). If Ry > 1, the number of infectious persons increases and the disease
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persists, and if Ry = 1, there is an equilibrium: the endemic and the disease-free being

equal. By the use of next generation matrix,
[G=FV'], (3.4)

where F is the matrix of the newly created infection, V is the matrix of transferred infec-
tion / the movement of individuals from one compartment to another.

V-1 is the inverse of matrix V.

So,
aSI
F=|101], i=123,
0
(u+b+d8)E
Vi=| (b+te+u)-686E |, i=123
(¢c+ )R- bl — bE
Bipe Dipe Lip 0 % 0
Fe |2 21 Zp|=l0 0o of,
Bloo Bip Bip 0 0 0
f =asl, fa=f3=0,
(u+b+6) 0 0
Ve ) b+e+muw) 0
-b -b c+p |’
[Vi=(u+b+8)b+e+u)c+ ).
Let Vs be the cofactor
L Adi(Vy)
Vi
1
n+b+8 0 0
§ 1 0
(u+b+8)(b+e+p) (b+e+pt) ’
b(8+(b+e+u)) b 1
(u+b+8)(b+e+u)(c+p) (b+e+p)(c+p) CHiL
G=Fv!
A 1
0 “7 0 —,;”“{h*‘; 0 0
_ c+ 1
=10 0 0 (u+b+8)(Z+e+pL) (b+e+u) 0 ’
0 0 0 b+(8+(bre+u)) b 1
(u+b+8)(bre+u) (bre+u)(c+p) (c+p)
alA§(c+u) al

w(u+b+8)(b+e+u) n(bre+u) 0
G= 0 0 0
0 0 0
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The dominant eigenvalue of G is the basic reproduction number denoted by Ry, i.e. |G —

M| = 0, where I is the identity matrix.

ald —A al
n(u+b+8)(bre+u) n(b+e+p)

0 4 0l]=Y

0 0 A

alé

— A )J(=A)(=A) =0.
(M(M+b+8)(b+e+u) )‘ =
Therefore,

Al = ahd Ay=A3=0
1_u(u+b+8)(b+e+u)’ S

The dominant eigenvalue is

ald
ww+b+8)b+re+p)

)»1=R()=

Therefore, the basic reproduction number of our model is

ald

Ro= v b+obrern) (3.5)

3.4 Local stability of disease-free equilibrium
The stability analysis of system (2.5) is discussed in this section. The Jacobian matrix of
system (2.5) at P, is

- 0 % c
0 —(u+b+d) % 0
JPo)=1 0 k) —(b+e+p) 0 . (3.6)
0 b b —(c+ )

Two eigenvalues of (3.6) are A1 = —u, Ay = —(c + p), while the other two eigenvalues are

obtained from the 2 by 2 matrix

A= <_(’“b+5) © ) (3.7)
8 —(b+e+p)

We next apply the Routh—Hurwitz condition, namely
(i) Tr(A) <0
(i) Det(A) >0

to show that the remaining two eigenvalues are real and negative. Consequently,

Tr(A)=—(u+b+8)—(b+e+u)=—R2u+2b+35+e)<0,
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Det(A)=(u+b+8)(b+e+pu)— ano
n
ald
=(u+b+8)b+e+ 1-
(u fbe M)( M(M+b+8)(b+e+u))

=(u+b+8)(b+e+u)(1-Ry)>0 ifRy<1.
The above result is summarized as follows.

Theorem 1 The DFE Po of system (2.5) is locally asymptotically stable if Ry < 1, otherwise

unstable.

3.5 Global stability of disease-free equilibrium
We construct the following Lyapunov function L for system (2.5) to show the global sta-

bility of the disease-free equilibrium
L(E, D)= (1 + b+ 8)I + SE. (3.8)
Differentiating (3.8) along the solution path of system (2.5), we have

L'=(u+b+8)I +8E
:(pc+b+8)(8E—(b+e+,u)I)+5(aSI—(pc+b+8)E)
=(W+b+8)SE—(u+b+8)(b+e+ ) +68aSI—(u+b+8)SE
=8aSI—(u+b+8)(b+e+ )l

=(8aS—(,u+b+8)(b+e+M))I

éaS
:(M+b+8)(b+e+'u)((u+b+8)(b+e+M)_1)1'

At the disease-free equilibrium,

A
§=8"=~—
"
Sal
= b+8)b -1
(ot b+ d) +e+M)<u(u+h+8)(b+e+,u,) )

Therefore, L' = (u+b+8)(b+e+u)(Ry—1)I, L’ < 0 whenever Ry < 1 and I > 0; furthermore,
L' =0 whenever Ry=1and/>0,L, <0if Ry <1land>0.
Thus system (2.5) is globally asymptotically stable.

3.6 Local stability of the endemic equilibrium
We observed that the endemic equilibrium of system (2.5) can be re-written in terms of

the basic reproduction number Ry as follows:

b+p+d)bre+pn) pb+p+d)bre+pn)A A1

S=P, = g
! ad aldu uw Ry
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o (erp)bre+p)Aad —pub+p+8)(b+e+p)
N 2_aé[(c+u)(h+,u+8)(b+e+u)—hc(S+h+e+u)]

M(C+M)(b+e+ﬂ)2(b+ﬂ+5)[m -1]

:a5[u(b+8+e)(b+c)+Se(c+u)+uz(2b+c+8+e+,u)]’

~ wle+p)b+e+ )b+ p+8)(Ro— 1)
Cadlub+8+e)b+c)+Selc+ )+ ub+c+d+e+ p)]

~ (c+w)Aad —pub+u+8)b+e+ )]
3_a8[(c+u)(b+p,+8)(b+e+u)—bc(8+b+e+u)

e )b+ )b+ e+ 1) gy —

T ad[ub+8+e)(b+c)+Se(ct )+ u2b+c+S+e+p)]

Therefore, I can be written as

I8 ulc+m)(b+pu+38)b+e+pu)(Ro—1)
_ab‘[,u(b+8+e)(b+c)+(Se(c+/L)+/L2(2b+c+8+e+/L)]

so also,

~ b+b+e+p)Aad —ub+pu+8)(b+e+u)
4_cz(S[(c+/L)(b+/L+<S)(b+e+u)—bc(8+b+e+/L)

b+p+8)(b+erim)
adl(c+u)b+u+8)(b+e+u)—bc(8+b+e+u)

ub@+b+e+pu)(b+u+8)b+e+u)l Aab 1]

Similarly, R can also be written as

_ ub(+b+e+ )b+ |mu+d)(b+e+u)(Ry—1)
T ad[ub+S+e)btc)+Selc+u)+ nW2brc+8+e+n)]

The following result follows immediately.
Theorem 2 The endemic equilibrium P* of system (2.5) is unique and positive if Ry > 1.

Next, we discuss the stability of the endemic equilibrium point P* by obtaining the Ja-
cobian matrix of system (2.5) at P*, thus

—(amy(Ro-1)+p) 0 =22 ¢

uRo
amy(Ry — 1) -Ey %
J(P*) = 0 s -Ib 0|, (3.9)
0 b b -1
where
we+u)b+e+ pu’*b+up+8)
= ad[ub+8+e)(b+c)+de(c+p) +u2b+c+d+e+up)]
e+ )b+ |mu+68)b+e+ i)
"= ad[ub+8+e)(b+c)+de(c+p) +u2@b+c+d+e+up)]
" ub(+b+e+pu)b+u+8)(b+e+p)
3

:mS[;L(bHS+e)(b+c)+(Se(c+,u,)+p,2(2b+c+8+e+,u,)]’
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Ey=(b+u+d), Ip=(b+e+pn) and rg=(c+u).

It then follows that all the eigenvalues of (3.9) are real and negative if the following condi-
tion holds:
(i) Tr(J(P*)) <0 and
(ii) Det(J(P*)) > 0.
Now, Tr(J(P*)) = —amy(Ro—1) = —Eg — Iy —rg < 0 if Ry > 1.
Furthermore, Det(J(P*)) = %OO(RO’D >0if Ry > 1, where my = b? + bep + b8 o + bep +
2bu? + cBe + ¢S + cep + cpu® + Sepn + S + ep® + uB.

Thus all eigenvalues of (3.9) are real and negative. The foregoing can be stated as follows.

Theorem 3 The endemic equilibrium P* of system (2.5) is locally asymptotically stable if

Ry > 1, otherwise unstable.

3.7 Optimal control of the model

This is to find an optimal control strategy U throughout the length of 0 < ¢ < ¢ such
that the number of infected individuals I and that of exposed individuals E are minimised
while minimising the cost of control U. Let U be the cost of the treatment of infected
and exposed individuals and U, be the cost of the vaccine for them. From system (2.5), the

model now becomes

dS;t(t) =A—-(1-U - U2)aS@)(t) — uS(t) + cR(2),

dE,;t( Y (1 Uy~ U)aS(WI(6) ~ UE() — ULE(e) — wE(e) — bE() — 5E(),
dl;it) =8E(t) - UnI(t) — el (t) — 1 (o),

dli;t( D _U1(6) + UhE(®) + LhE(® - RO - uR()

The objective function now is
b
J(Us, Us) = / (mI(2) + myE(t) — m3U; — maly3) dt, (3.10)
0

where m;, i = 1...4, are the weights to balance the effects of the control measures. Thus,

we seek an optimal control
ur = (uy, u;)
such that
J(U7,U3) = min[J(Lh, Us)l i, in U].

U = [(u1,42)|u; uy : [0, 2] — (0,1)] is Lebesque measurable.
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3.8 Analysis of the optimal control problem of infectious diseases
Let H be the Hamiltonian function, and using the maximum principle given by Pontryagin

to derive necessary conditions for the optimal control problem, we have

H = myI(t) + myE(t) — msUi — myly
+ M [A = (1- Uy - Up)aSO)I(2) — uS + cR(2)]
+aa[(1= Uy = Un)aS@)I(t) — (uy + up + o + 8)E(2)]
+A3[SE®) — (Uy + e+ w)I(t)]
[

+ g |ULI(E) + ULE(E) + ULE(E) + (¢ + /L)R(t)], (3.11)
where A;, i = 1...4, are the adjoint or the co-state variables.

3.9 The adjoint conditions

In this section, the adjoint condition is obtained as follows:

% - _Z_Z = (M1 = d)(1 = Uy = Un)al(t) + A jt, (3.12)
% = —ZZ =A(Uh + Uy + o+ 8) — (U7 + Up) — A38 — my, (3.13)
% = ;Z_[ (Aa(Uy + e+ p) = Aglly —my, (3.14)
% :—Z—Z =alc+ @) — Aic (3.15)

with the boundary conditions at the final time

tridi(ty) =0, Aa(tr) =0, A3(tr) =0, Aal(ty) = 0. (3.16)

3.10 The optimality conditions

The optimality condition in this section is hereby found as follows:

88—5 = —21’1’13[,[1 + klﬂS(t)I(t) - )thlS(t)I(t) - )LzE(t) - )Lg[(t) + )\4[(t) + )L4,E(t). (317)
1

At the absolute minimum, the slope of the function is zero. Then

(A2 = A1)aS(OI(t) + (A2 — Xa)E(t) + (A3 — )»41(7-‘)

= —21’1’13
oH
W = —21’1’14[,12 + AlﬂS(t)I(t) — )\,gﬂS(t)I(t) - )»2E(t) + )»4E(t)
2
oH
at m = O,
U = (A2 = A1)aSOI(E) + (Ay — M)E(f)
5 =

—21’7’14
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(1, max(0, (A — A1)aS(OI(£) + (Aa — Aa)E(L) + (A3 — X4)I(2))]

U} = min
—2”’[3

(1, max(0, (A2 — 11)aS(@)I(¢) + (A2 — A4)E(2))]
—2}’1’13 )

U; = min
So, for the control system, the conditions have been set for U/; and U.

4 Numerical simulation and discussion of results

In this section, we present the numerical simulation of the model using the parameters of

[15].
These are presented in Figs. 1-5.

5 Results

This paper has studied the dynamics of the spread of infectious diseases using the outbreak
of 2014 Ebola virus disease as a case study and presented a model which allowed move-

’

26 i
244
224
3 e
a , A
g 204 /
i st =)
18 e R =
3 I a 0.2’
é ! = —=a=05
S ] 2 ——_——————— — — — |=—a=08
141 //
15 e ———,—————————— —— -
124 ‘// -
.;’/
10+ T T T T 1
0 2 4 6 ) 10
‘time'
Figure 1 The variation of susceptible population at various levels of a
e
154 A7
= ?//
g :
E_ =0
..... b=04
g o —- =06
£ ——%=08
0.5—/
0 T T

T T 1
0 2 4 6 H 10
"time'( no of days)

Figure 2 Effect of treatment on infected humans
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1354

w
1

—— With treatment
—— Without treatment

1251

'Infected Humans popridation with nfechious disease !IW ]'

T T T T T T T L T ¥ T L T L T
10 20 30 10 50 60 70 80 90 100
"time no of days’'

Figure 3 The optimal control strategy 1 using treatment only

yectious disease |1,

— With Vaccination

— With out Vacdnation

\Infected Humans poprlation with b

10 20 30 40 50 60 70 80 90 100
‘time no of davs

Figure 4 The optimal control strategy 2 using vaccination only

ment in and out of the population during the outbreak of the epidemic. The reproduction
number Ry was found to be

Re = ald
O Wb+ d)bre+ )

It was noted that when Ry < 1, the disease died out, and when Ry > 1, the disease persisted
in the system which is endemic. The results in this study were in perfect agreement with
the parameters estimated in [16]. In Fig. 1, the variation of the susceptible population was
presented. The susceptible population dropped drastically at the onset of the epidemic
and reduced further as the rate of infection increased. In the study we also tested the
effect of treatment in Fig. 2. It showed that when the treatment of infected humans was
intensified from 0.0 to 0.8, the number of infected humans dropped drastically. Figures 3
and 4 showed the optimal control strategies of treatment and vaccination of susceptible

population. We found out that using a combination of treatment and vaccination in Fig. 5
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with two control measures
without two control measures

'Infected Humans population with nfectious disease ' L, ]'

T T T
10 20 30 40 50 60 70 80 90 100

"tine’ no of days

Figure 5 The optimal control system using the combination of the two strategies

proved to be more effective than using only one control, as we found out in Figs. 3 and 4,
in that the disease can die out in about 100 days of the outbreak.

5.1 Conclusion

The reproduction number which determines disease eradication or persistency was found
using the next generation matrix. The optimal control of the model was studied using
Pontryagin’s maximum principle. Control strategies for the model were considered using
time-dependent control: treatment U/ (¢) and vaccination Us(t). The simulation result re-
vealed that the combination of the two controls proved to be more effective. In the control
of infectious diseases such as Ebola, it is advised that the medical practitioners should start
preparing for vaccines which can curb the effect of Ebola virus and act as an immunity to
the susceptible population. Also during the outbreak, the treatment of the infected indi-
viduals should be combined with the vaccination to have a more robust strategy to curb
the effect.

Acknowledgements
Not applicable.

Funding
Sourced internally.

Availability of data and materials
Data sharing not applicable to this article. Simulated data used.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
All authors read and approved the final manuscript before submission.

Author details
"Department of Statistics, University of Ibadan, Ibadan, Nigeria. ?Department of Maths/Statistics, Lagos State Polytechnic,
Ikorodu, Nigeria. *Department of Mathematics, Landmark University, Omu-aran, Nigeria.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Received: 17 February 2020 Accepted: 11 October 2020 Published online: 31 October 2020



Chukwu et al. Advances in Difference Equations (2020) 2020:610 Page 14 of 14

References

1.
2.

3.

w

15.
16.

Legrand, G, Boelle, V.: Understanding the dynamics of Ebola epidemics. Epidemiol. Infect. 135(4), 610-621 (2007)
van den-Drieshe, P, James, W.: Reproduction numbers and sub threshold endemic equilibria for compartmental
models of disease transmission (2002)

Olaniyi, S.: Dynamics of Zika virus model with non-linear incidence and optimal control strategies. Appl. Math. Inf. Sci.
12(5),969-982 (2018)

. Vargas-De-Leon, C.: On the global stability of infectious diseases models with relapse. Abstr. Appl. 9, 50-61 (2013)
. Fasina, F, Shittu, A, Lazarus, D, Tomori, O, Simonsen, L., Viboud, C,, Chowell, G.: Transmission dynamics and control of

Ebola virus disease outbreak in Nigeria. Euro Surveill. 19(40), 20920 (2014)

. Akinyemi, J.A,, Adeniyi, M.O., Chukwu, A.U.: Stability analysis of infectious diseases model in a dynamic population.

Commun. Math. Model. Appl. 3(3), 37-43 (2018)

. Olaniyi, S., Okosun, K.O., Adesanya, S.0,, Areo, E.: Global stability and analysis of malaria in the presence of human

travellers. Open Infect. Dis. J. 10, 166-186 (2018)

. Oke, S.I, Matadi, M.B,, Xulu, S.S.: Optimal control analysis of a mathematical model for breast cancer. Math. Comput.

Appl. 23(2), 21 (2018). https://doi.org/10.3390/mca23020021

. Oke, S.I, Matadi, M.B,, Xulu, S.S.: Cost effectiveness analysis of optimal control strategies for breast cancer treatment

with ketogenic diet. Far East J. Math. Sci. 109(2), 303-342 (2018)

. Rachah, A, Torres, D.FM.: Mathematical modelling, simulation, and optimal control of the 2014 Ebola outbreak in

West Africa. Discrete Dyn. Nat. Soc. 2015, Article ID 842792 (2015)

. Augusto, F.B., Marcus, N., Okosun, K.O.: Application of optimal control to the epidemiology of malaria. Electron. J.

Differ. Equ. 2012, 81, 1-22 (2012)

. Okosun, KO, Smith, R: Optimal control analysis of malaria-schistosomiasis coinfection dynamics. Math. Biosci. Eng.

14(2), 377-405 (2017)

. Okosun, K.O,, Ouifki, R., Marcus, N.: Optimal control analysis of a malaria disease transmission model that includes

treatment and vaccination with waning immunity. Biosystems 106, 136-145 (2011)

Oke, S.I, Ojo, M.M,, Adeniyi, M.O.,, Matadi, M.B.: Mathematical modeling of malaria disease with control strategy.
Commun. Math. Biol. Neurosci. 2020, 43 (2020)

Yang, B.: Stochastic dynamics of an SEIS epidemic model. Adv. Differ. Equ. 2016, 226 (2016)

Lewnard, JA, Mbah, M.L.N,, Alfaro-Murillo, J.A. et al.: Dynamics and control of Ebola virus transmission in
Montserrado, Liberia: a mathematical modelling analysis. Lancet Infect. Dis. 14(12), 1189-1195 (2014)

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com



https://doi.org/10.3390/mca23020021

	On the reproduction number and the optimal control of infectious diseases in a heterogenous population
	Abstract
	Keywords

	Introduction
	Model formulation
	Methodology
	Positivity and boundedness of solutions
	Equilibrium points of model (DFE)
	Computation of the basic reproduction number R0* 
	Local stability of disease-free equilibrium
	Global stability of disease-free equilibrium
	Local stability of the endemic equilibrium
	Optimal control of the model
	Analysis of the optimal control problem of infectious diseases
	The adjoint conditions
	The optimality conditions

	Numerical simulation and discussion of results
	Results
	Conclusion

	Acknowledgements
	Funding
	Availability of data and materials
	Competing interests
	Authors' contributions
	Author details
	Publisher's Note
	References


