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1 Introduction
In a sequence of independent Bernoulli trials, let the random variable X denote the trial

at which the rth success occurs, where r is a fixed nonnegative integer. Then

-1
PX =x)= (x 1)p’(l—p)"", x=rr+1,r+2,...,
r_

and we say that X has a negative binomial distribution with parameters (r,p) (see [1-
3,12,13]).

The negative binomial distribution is sometimes defined in terms of the random variable
Y, the number of failures before the rth success. This formulation is statistically equivalent
to one given above in terms of X denoting the trial at which the rth success occurs, since
Y = X —r. The alternative form of the negative binomial distribution is

r+k-1

mm=my=m=( .

)p’(l—p)k, k=0,1,2,...,

where p is the probability of success in the trial (see [1, 3, 12, 13]).
It is known that the degenerate exponential function is defined by

EO=04107 =Y (Wi, AeR 1)
n=0 :
where
®ox=1,  @ur=xE-2)---(x—(m-11) (n>1) (see [5-7,10,11]). (2)
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Recently, A-analogue of binomial coefficients was considered by Kim to be

(’“) -1, (") O b= DA e [6,8,9]). (3)
A A

0 n n! n!

In this paper, we consider the negative A-binomial distribution and obtain expressions
for its moments.

2 Negative A-binomial distribution
Definition 2.1 Y, is the negative A-binomial random variable if the probability mass func-
tion of Y3 with parameters (r, p) is given by

r+ (k—1)A

Px(k)=PA(YA=/<)=( X

) ¢ (p-11-p) )
A

where X € (0,1) and p is the probability of success in the trials.

Note that
(”(kk_ m) :<—1)k(_,’"), k > 0 (see [4]) 5)
A \ St
and
o0 o0 / _
Zm(k):z(”(‘k m) 1-prep-1) ©)
n=0 n=0 A

=ei(p-1e’(p-1)=1.
From (4), we note that
lim p;. (k) 7)

is the probability mass function of negative binomial random variable with parameters
(r,p), and

lim p;. (k) (8)

is the probability mass function of Poisson random variable with parameters r(1 — p).
Let X be a discrete random variable, and let f(x) be a real-valued function. Then we have

E(f(X)) =Y _f®)p(x), )

where p(x) is the probability mass function.
From (9), we note that

) =Y k(b = Zk(” o m> (1-pfe(p-1) (10)
k=0 k=0 A

o0

r (r+k=1A)---(r+2)
>

= Nk,
-1 5 (k- 1)! 1-p)e™p-1)
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o0

_ r (r+kk)(r+k) k+1 _r+)

_eﬁ(p—l)kg(; o 1-p e p-1)

Cr(l=p) o~ (rrA k=D

_eﬁ(P—l)kZ(;< k ))L(l pree-1)
(1_ ) —(r+ 7+

- erﬁ\\(lﬂ—pl)eA( M(P—l)ex ‘p-1)

_rd-p)

-1

Therefore, by (10), we obtain the following theorem.

Theorem 2.1 Let Y, be a negative A-binomial random variable with parameters (r,p).

Then we have

_r(l-p)
= -
Note 2.1
tim £(v,) = "2 -y,

where Y is the negative binomial random variable with parameters (r, p).

Note 2.2
P“})E(YA) =r(1-p) = E(Y),
where Y is the Poisson random variable with parameter r(1 — p).

Now, we observe that

K2py (k) = " k(k +1-1)p; (k) (11)
k=0

E(1}) =

M £

k(k = 1)ps.(K) + > kps (k)

k=0 k=0
:Zk(k_n(”(kk" 1)A) (1-pre(p-1)+EY)
k=0 A
~ F(r+2) =@+ k=1A)-(r+21) & reo
aaEy kZZZ P (1-p)'e ™ (p - 1) + E(3)

r(r+1) = (r+(k+1)r
_ Z(

-~ 7 VK2 20
-1 k )A(l p)E -1 + E(Y)

) r(r+A)(1 - p)? i<r+2k+(k—1))»

k r+2x
eik(p—l) an k ))\(1—19) e (p-1)+EY))
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_r(r+2)(1 -p)?
- gp-1
_rr+0)A-p?  r(-p)
BRI

& (p - 1) (p - 1) + E(Y)

The variance of random variable X is defined by
Var(X) = E(X?) - [EX)]"  (see [1, 3]). (12)
From Theorem 2.1, (11), and (12), we note that

Var(v;) = E(Y?) - [E@)]
rir+2)1-p)? r(l-p) r*1-p)
Fp-1)  dp-1) -1
2
- 4:%1(;?)1) (r+r—r)+ 62(;1171) )
_,a -p)? L rd-p
erp-1) ep-1)

Therefore, we obtain the following theorem.

Theorem 2.2 Let Y, be a negative A-binomial random variable with parameters (r,p).

Then we have

r(l-p)?* r(1-p)

Var(Yk) =A + .
Fp-1 ' &o-1)
Note 2.3
1—
%in} Var(Y;) = A 217) = Var(Y),

where Y is the negative binomial random variable with parameters (r, p).

Note 2.4
;in})Var(Y,\) =r(1 - p) = Var(Y),

where Y is the Poisson random variable with parameter r(1 — p).

Note that
K=" Sa(m, (k) (13)
=0

where S;(n,1) is the Stirling number of the second kind, and

(k)o=1, (K =k(k=1)---(k=1+1) (I>1)(see[14, 15]).
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From (13), we note that

E(Y]) =) K'pik) = Sa(m,1) Y _(k)ps (k)

k=0 1=0 k=1

= " Sm D) > (k) < rlk m)
= A

r(r+A)---(r+({-=1)A)
= ZSz(I’l l) lk(p 1)

X (ot (k= 1)A) - (r+ IA)
> k=1)!

n

Zsz(l’l l)r(r+k)---(r+(l—1)k)

&p-1)
Xi r+(k+l—1)A) (r+1))
k=0
B - rr+A)---(r+(I-1)A)
R P

a

k r(p 1

1-p)etp-1)

_p)k+le;+l)\(p _ 1)

= k+l-
x Z(M B l)k)fl—p)k”e;*“(p—l)
k=0

n

= SZ(”! l)

rir+A)---(r+ (-1 —p)l

U}
1=0 e)u)h(p - 1)

5 > <r+ll+(k—
p k

_ Zsz(l’l, ) r(r+A)--

S(r+(-D0A-p) e

m) 1-p)etp-1)
A

e p-1)

(r+ (=DM -p)

- r(r+AX)--
= 252(”,1) ei?‘(p_ 1)

- (r+ (L= DAy, (1 - p)'
2_Sinh =5 TR

Therefore, we obtain the following theorem.

Theorem 2.3 Let Y, be a negative A-binomial random variable with parameters (r,p).

Then we have

N % (r+(I-1)2),(1-p)
E(Y}) = gsz(n, ) -1 .

(p ].)BHM (p 1
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Note 2.5

!
lim E(Y7) Zsz( s ;))’(1 ~») —E(Y"),
=0

where Y is the negative binomial random variable with parameters (r, p) (see [4, 12]).

Note 2.6

11mE Y” Zsz(l’l D) ’”(1 P)) ( )

=0

where Y is the Poisson random variable with parameter r(1 — p) (see [16]).

Note that
E(Y}) = K'pi(k)
k=0

Y (” o m) (1-plep-1)
k=0 A

ikﬂ L+ k=11) - (r+1)r

1-plep-1)

= (k—1)!
3 (ks 1yt T o U Rt p—1)
k=0 ’

1

o - - ) A - -
RO N I e R

k=0 i

1

— (n-1 wlr+)»+k 1)A & re
e G DT

i= k=0

~ r(l-p) “Ln-1 ;
‘e§<p—1>2< e

i=0

where Z, is the negative A-binomial random variable with parameters (r + 1, p).
Therefore, we obtain the following theorem.

Theorem 2.4 Let Y;, Z, be two negative A-binomial random variables with parameters
(r,p), (r + A, p) respectively. Then we have

r(l-p) “Lm-1 .
w0 Fo (7))

3 Conclusion

In this paper, we introduced one discrete random variable, namely the negative A-binomial
random variable. The details and results are as follows. We defined the negative A-
binomial random variable with parameter (r, p) in (4) and deduced its expectation in The-
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orem 2.1. We also obtained its variance in Theorem 2.2 and derived explicit expression
for the moment of the negative A-binomial random variable in Theorem 2.3.
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