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1 Introduction
To give concise definition of the Dedekind sums, we introduce the notation

_ 1
() = {" W=y ixEZ e, W
0 ifxeZ,

where [x] denotes the greatest integer not exceeding x.
It is well known that the Dedekind sums are defined by

([ hu
S(h,m)—§(<g>><(7>) (see [1, 4, 6-8, 11-13]), (2)

where / is any integer.
From (2) we note that

(o 1\ ([ hw N
S(h,m):;(g—§>(<7>):;Z(<Z>) (see [7, 8]). 3)

As is well known, the Bernoulli polynomials are given by

A ¢
o =;Bn(x)a (see [1-13]). (4)
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When x =0, B,, = B,(0) (n > 0) are called the Bernoulli numbers.
From (4) we note that

n

B,(x) = Z <7)B;x"‘l =B+x)" (n=>0)(see[2-5,7,8]), (5)

1=0

with the usual convention about replacing B” by B,,.
We observe that

it t = 1+1 (n) - B/+1 ‘
Ze_t(et Z( 1 >/z (neN). (6)

j=0

~
I}
(=]
~.

Thus by (6) we get
n-1
Zﬂ:—l( i 1(n) —Bjo1) (n€N,j>0) )
1=0

Recently, Kim and Kim [5, 9] considered the polyexponential function of index k given by
: - X
Elk(x) = Z m (k € Z). (8)

n=1

Note that Ei;(x) = ¢* - 1.
In [5] the type 2 poly-Bernoulli polynomials of index k are defined in terms of the poly-
exponential function of index k as

oo I’l

Elk(log (1+1¢) Z ke ). ©)

When x =0, Bs,k) = Bg,k)(O) (n > 0) are called the type 2 poly-Bernoulli numbers of index k.
Note that Bg,l)(x) = B, (x) are the Bernoulli polynomials.
The fractional part of x is denoted by
(x) =x — [x]. (10)
The Bernoulli functions are defined by

B,(x) = B,,((x)) (n>0) (see [1, 4, 11]). (11)

Thus by (3) and (11) we get

S w (b [h
S(h,m):Z%(%—[;]—%) (12)

n=1

m—lM_ hM m—l_ 1) = hM

L) -2a () Cr)
m m m m

n=1 n=1

where /1, m are relatively prime positive integers.
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We need the following lemma, which is well-known and easily shown.

Lemma 1 Let n be a nonnegative integer, and let d be a positive integer. Then we have:
(@) Y4 B,(2) = d'" B, (x),
(b Z 'B ("“) d'""B,(x), and
Zd 1B Zd ' B 1) for all real x.

Dedekind showed that the quantity S(h, m) = erf 11 £ B ( 1) occurs in the transforma-

tion behavior of the logarithm of the Dedekind eta-function under substitutions from the

modular group. In 1892, he showed the following reciprocity relation for Dedekind sums:

1/(h 1 m 1
S(hym) + S(m, ) = E(Z o Z) =

if 1 and m are relatively prime positive integers.
Apostol [1] considered the generalized Dedekind sums given by

w— (hu
Splhm) =" ZB,,(;) (13)
and showed that they satisfy the reciprocity relation

(p + 1) (hm? Sy (h,m) + mh’S,(m, h))

p+l

+1
=pBp1 + Z <p s )(_l)sBsBerl—shSmpH_S'
s=0

In this paper, we consider the poly-Dedekind sums defined by

where B}(,k) (x) are the type 2 poly-Bernoulli polynomials of index k (see (9)), and E;k) (x) =
Bl(gk)((x)) are the type 2 poly-Bernoulli functions of index k. Note that Sl(gl)(h, m) = Sy(h, m).
We show the following reciprocity relation for the poly-Dedekind sums (see Theorem 10):

hin? SO (h, m) + mh? S© (m, h)

ihlp’“(mh)fl ")Si(p—j+1,0)
k—
j=0 v=0 [=1 (B —j+ DIt

m-1

((uhym? + (mv)hp"')EG R %)

n=0

For k = 1, this reciprocity relation for the poly-Dedekind sums reduces to that for the
generalized Dedekind sums given by (see Corollary 11)

hmt’ S, (h, m) + mh'S,(m, h)

-1 h-1

§

(= (iuh + mu)Ep(E ¥ %)

I
(=]

" v=0
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In Sect. 2, we derive various facts about the type 2 poly-Bernoulli polynomials, which

will be needed in the next section. In Sect. 3, we define the poly-Dedekind sums and

demonstrate a reciprocity relation for them.

2 On type 2 poly-Bernoulli polynomials
Note that by (9)

Eix(log(1 +¢ R
ix(log(1 + ))ext:ZBEk)_Zx_tm

t
et-1 s e
oo n
1\ o) 1| "
22( (Z)Bl x )E
n=0 \ [=0
Thus by (14) we get

B =" (’Z)Bﬁk)x"l (n = 0).

=0

By (15) we get

) ®)

—B,’(x) =nB,’,(x) (n>1).
dx

From (9) we have

n n

1]
gk
=

>~
E
o]
~
S

1]

’UE
S
E

w

=

On the other hand,

[e¢}

mk(m —1)!

Elk(log(l + t)) _ Z (log(l + t))m _ Z mi_l %(log(l N t))m
m=1 !

l’l

=Y s Y s

1 n=m
00 n
1 t"
:Z( = 1Sl(n,M))
n=1 \m=1 m

where S; (7, m) are the Stirling numbers of the first kind.
Therefore by (17) and (18) we obtain the following theorem.

Theorem 2 For n > 1, we have

BY(1) - BY ZSl(n,m) ~ (ke

(14)

(15)

(16)

(17)

(18)

Page 4 of 13



Kim et al. Advances in Difference Equations (2020) 2020:563

By Theorem 2 we get

1
BV-BV=s, BY=1 BY--1+ o

ooy

where §,,x is the Kronecker symbol.
With (16) in mind, we now compute

d s—1 © s—1 s—1 d l d s—1-1 ©

() w2 (@) (&) #w)
(4N s=1\(d\"
“(a) @ (V)& ]

st (p+1\ & P+2\ .0
p+1< s )Bps+1(1)+(p+1)(p+2)( s )Bps+2(1)'

On the other hand, by (15) we get

d s—1 ® p p ® d s—1 e
(%) (pr ) x=1 =§ (‘))Bv ((d_x) ol ) x=1

p
:Z(p>BEJk)(p—v+1)m(p—v—s+3)
=0

(19)

(20)

v
) i (p) s!B®) <p —v+ 2)

v)p—v+2 s '
Therefore by (19) and (20) we obtain the following theorem.
Theorem 3 Fors,p € N, we have

i p\(p-v+2\ BW _(p+1 Bg(_)s+1(1)+s p+2 Bp Hz(l)
v s p-v+2 s p+1  p+1\ s p+2

v=0

Now we observe that
P -v+2\ BW ' O *)
Z()( )p—v+2=vZ(;p—v+2B” @1)

v=
—S+1 pv+2
1
_Z ) v +_ P B(k—)s+2'
—v+2 s\s-2) %

vOp

Therefore by Theorem 3 and (21) we obtain the following corollary.
Corollary 4 Fors,p € N, we have

pil p\(p—-Vv+2 Bf)k)
v s p-v+2

v=0

k
_(p+ 1 B;,)Hl(l) L5 1/p+2 Bp S+2(1) 1/ B0
s p+1  p+l1\ s p+2 s\s—2) P2
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From (16) we have

1 B(k) (x) 1 1 1
/ xBI(,k)(x) d= a2 -~ / Bgi)l(x) dx
0 p+1l |, p+1Jp

_ B;;kJr)l(l) 1 1 B(k) ( !

- - p+2 x)
p+l  p+llp+2 0
B B0 B

T p+l (pr(p+2) (p+Dp+2)

On the other hand, by (15) we get

1 r 1
/ xBl(,k)(x) dx = Z (P)ng)/ A~
0 s=0 § 0

2

Therefore by (22) and (23) we obtain the following theorem.

Theorem 5 For p € N, we have

k k k
f P\ 1 _Ba®  BhLO) By
s) 7 p+2-s p+1  (p+1)(p+2) (p+1(p+2)

s=0

3 Poly-Dedekind sums
Apostol considered the generalized Dedekind sums given by

- Z wim)By(hul/m) (h,m,p € N),

where Ep(h,u/m) =B, ((hu/m)).
Note that, for any relatively prime positive integers /4, m, we have

m-1

Si(h,m) =y (ulm)Bi(auu/m)
n=1

m-1

= D ((uIm)(hutm) = S(h, m).
n=1
In this section, we consider the poly-Dedekind sums given by

m-1
S$(h, m) = Z(/L/m)l_gl(gk)(hu/m),

n=1

(22)

(23)

(24)

(25)

where i, m,p € N, k € Z, and B (x) ( )) are the type 2 poly-Bernoulli functions of

index k.
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Note that
m-1 _
S (hym) = " (1ulm)By(huslm) = S, (h, m).
n=1

Assume now that / = 1. Then we have
m—-1 —®
S (Lm) =Y (/m)B," (1u/m) (26)
m—-1 p p
_ B p-v
> (uim) Z (v) 2 (ulm)
p p m—-1
_ —v+1) +1-v
=Y (M)smrer
n=1
p
)4 1oy L
=y < ) BX 1 >m(3p+2,v(m) —Bpiay).

From (5) we have

Ly p+2-v
B,io_v(m) =By, =
p+2 u( ) p+2-v Z( i

i=0
p+l-v +2-v
_ Z <p . )Bimp+2—v—i'

i=0

)Bim’”Z_”_i — Bp+2—v (27)

By (26) and (27) we get

P p 1 p+l-v p+ 9 v
S(k) 1,m) = B(/()m—(p+1—v) - B +2-v-i 28
y (Lm) =3 (")l STy D3N s (28)

v=0 i=0

1 G(p\ BW iy p+2-v el
T omp v)p+2-v ; i Bim™

V=

Now we assume that p > 3 is an odd positive integer, so that B, = 0. Then we have

V4 p+l-v
BK 2 ,
pm =3 (0) 5 (7T ) >

v=0

p p+l-v
:Z(p N +Z() BY Z(wz—v)gmm_,»
. l
=\ p+2—v p+2-v 4 i

p (k) p+l p+1-i (k)
_ Z p Lmzﬁl + Z Z p pt 2-v LBim;Hl—i
—\v/p+ 2-v v i p+2-v

i=1 v=0

P (k) p-1 p+1-i _ (k)
:Z<p Bv mp+l +Z Z ( )(p+2 U) Bu Bimp+l—i
v/ p+2-v p+2-v

i=1 v=0
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1
1 2 2- B
+ — pr )Bp+1 + E <p> (p * v) ———B,m
p+2 v p p+2-v

V=

p » B(k) p-1p+1-i P+2 V)
) £ () e

- p+2-v L
Therefore by (29) we obtain the following proposition.

Proposition 6 Let p > 3 be an odd positive integer. Then we have

’ p plrd p+2 v BWK
p 5k 1, — I D - Y25 B
s =3 (1) e Y (F B

v=0 i=1 v=0

+ Bp+1.

We still assume that p > 3 is an odd positive integer, so that B, = 0. Then from Corol-

lary 4, Theorem 5, and Proposition 6 we note that

m?SP(1, m) (30)
p p-1 p+1-i
2- BW

=Z p +ZZ P+( Y 7Bmp+1’+Bp+1

v=0 p + 2 i=1 v=0 L p + 2

k k k
(B 3;32(1) B,(,Bz 1,5
p+l (p+1)(p+2) p+Dp+2))" P+l

p-1 )
p+1 p+1 -1 (i-1)  (p+2\ »
+Z<< i ) p+1 (p+1)(p+2)< i )BP+2i(1)

1=

r \1 i
- <i - 2> 7Bpai Bim"*1™.

To proceed further, we note that (/) 2+ = ;2 (***)(i-1)fori>1and that B¥(1)-B% =1

by Theorem 2. Then from (30) we see that

(k) (k)
B® 1) B
(k) _ p+2 p+2 +1
(p+1)m’S, (1,m) = ( P+1(1)_—p+2 +p—+2>mp (31)

p-1
p+1 _
+ ( ) B (Dm?* 4 (p+ 1By
i=1

1 24

2

i=

S
i—-2

p-1
= BO )+ <p ‘ >B P (1) + By

( )( ~1)B;B% 0o (m?

+

P

(k) p+1 i
p+2— zB

NN

+ (- (B, (1) - BY),)

p+2
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1

p-
1 Z(P+2)(Z_I)Bmp+1z( 21(1) B+2l)

p+2 .
+po+1
p+l
p+1
=Z( i )Bm "Bl
i=0
1 p+2
mZ( i )(i_l)Bimp+1 l( p+2 (1) - By, +2 z)‘
i=0

Therefore by (31) we obtain the following theorem.

Theorem 7 For m € N and any odd positive integer p > 3, we have
(k)
(p+ l)mPSp (1, m)

p+l
+1
-2 (7))t

i=0

p+l

1 p+2\,, (k
+p+2z< i >(l_1)B"mp+l (Byir-i) = Byiz)

i=0

Now we employ the notation
B,(x) = (B+x)", BW(x) = (B(k) + x)n (n>0).

Assume that /1, m are relatively prime positive integers. Then we see that

m-1 p+1

1
w33 (” : )hSBEk)(u/m)Bpﬂ_s () (32)
n=0 s=0
m—-1 p+1 +1
=m” Z Z (p s )hS(B(k) + Mm_l)s(B +h- [hu/m])pﬂfs
n=0 s=0

3
L

= mp

(hB(k) +hum ' +B+h- [h,u/m])erl

i

§
L

1 h 1\
(hB +h+B+—+—'u—[hpL/m]——)
2 m 2

Il
(=}

L

-1 1 _ p+l
=m’ (hB +h+B+§+Bl(hu/m)> .

n=

N

(=}

Now, as the index u ranges over the values u =0,1,2,...,m — 1, the product hu ranges
over a complete residue system modulo 1, and due to the periodicity of B;(x), the term

By (hu/m) may be replaced by B;(u/m) without altering the sum over . Thus the sum
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(32) is equal to

m-1 1 M p+l
?y (hBY +h+B+ = +B =
mZ( +h+ T B (33)
m=0
m-1 m
=m? Y (h(BY +1) +B+ = |+
Z( (BY +1) +B+ p” )
m=0
m-1 p+1 1 s
=mP Z Z (p * )(B + ﬁ) B (BW 4 l)pﬂfs
s m
n=0 s=0

iy |
= (p )B<m)hp”‘38,!:l_s<l>

n=0 s=0 s
p+l
_ <p+l> SIZB( ) h)p+lsB+1S(1)
s=0
p+l 1
-3 (Ym0,
s=0

where we used the fact (a) in Lemma 1.
Therefore we obtain the following theorem.

Theorem 8 For m,n,h € N with (h,m) = 1 and any positive odd integer p > 3, we have

p+l 1
> (P2t

) pm—l p+l p+1 hSB(k) B h h,u
=m ZZ s s (/) p+l-s - Z .

Now we observe that

00 . . d-1
t"  Eig(log(l + 1)) Eir(log(1 + ¢)) ,
k) _ k xt _ k (i+x)t
,,éo B, (x) i = 1 e = 1 ;zo e (34)

. d-1
Eir(log(1 + ¢ . dt
_ ir(log(1 + ) Ze(Hx)t _
e

dt L F1

~ > e d_lB x+i\ 71 o (log(1 + 1))
=2 B )i o

j=0 i=0 I=1

Ood;_ld_lB x+i\1len 1 N
=2 A7 B )5 2 2 Silmh—

j=0 i=0 =1 m=l

0 d-1 . i o m
B 1 x+i\?V1 Si1(m, 1) t

> ZBJ‘(7)«—!;ZZ T

j=0 i=0 m=1 I=1

[ dj_l d—lB x+i tj oo m+l Sl(}’}’l n 1,1) £
=LY B )i F iy
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> (T gy, g (Rt Si(n—j+1,10)
=§:< > (j)es(*y )011+1ﬂk1>m

n=0 \ j=0 i=0 I=1

where d is a positive integer.
Therefore by comparing the coefficients on both sides of (34) we obtain the following
theorem.

Theorem 9 Fork € Z,d € N, and n > 0, we have
n d-1n-j+l .
BO () - "\ j-1p. x+i\Si(n-j+1,0)
x)ZZZ() ( (n—j+ DI

From (25), using Theorem 9 and (c) in Lemma 1, we see that

him Y (h, m) + mh? SY (m, h) (35)
M5k Ly &) [ mv
e 55 () e 5 ()

<

h1p1+15(p j+1l)—
w553 () —é ()
o=ie Ly (s, 1)
~ (p- —j+ 1)1 B m
p h-1 p—j+1 .
m » (P — (1 v\Sip-j+10
- azm‘”"’”h)’(')z B3 oot
E+ﬁ>51(l9—f+1:l)

(p—j+ 1)1
P Si(p- j+ll)
h h p—j h s 7 7
-3 3wy ()55 ) G

p h-1p—j+l ‘
XT3 oty (75 (44 ) 2L

=0 j=0 v=0 =1 (p—j+ 1)t

B2 by ()S: (o~ + 1,0)
(p—j+ DI

+
3
=
]
X<
Mw
3
-
SN—
= 3
g;
[}

x‘
;_.‘

p-j+1

((uhym" + (rnV)h”")F/(% ’ %)

Therefore we obtain the following reciprocity relation.

Theorem 10 For m, h,p € N and k € Z, we have

hin? SO (h, m) + mh? S© (m, h)

(L2 iy (0)Su(p - + 1,1

u=0 j=0 v=0 [=1 (p_j+ 1)11(71

«mmwﬁumwwﬂg<%+%)
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In the case k = 1, we obtain the following reciprocity relation for the generalized
Dedekind sum defined by Apostol.

Corollary 11 For m,h,p € N, we have

hm S, (h, m) + mh’'S,(m, h)

m-1 h-1
S mhy (wh + mv)B, (% + %)

n=0 v=0

m-1 h-1
= (mh)? Z(mh)_l(uh +mv)B, (% + %)

n=0 v=0

4 Conclusion
The Dedekind sums are defined by

S(h, m) = Z((%)) ((%)) (see [1, 4, 6-8, 11-13]).

n=1

In 1952, Apostol considered the generalized Dedekind sums and introduced interesting
and important identities and theorems related to his generalized Dedekind sums. These
Dedekind sums are a field studied by various researchers. Recently, the modified Hardy
polyexponential function of index k is introduced by

Eir(x) = Z m, (k € Z) (see [5, 9]).
n=1

In [5] the type 2 poly-Bernoulli polynomials of index k are defined in terms of the polyex-
ponential function of index k by

Eir(1og(1+1) = oyt
T@ ZZOBn (x); (kEZ)

In this paper, we thought of the poly-Dedekind sums from the perspective of the Apostol
generalized Dedekind sums. That is, we considered the poly-Dedekind sums derived from

the type 2 poly-Bernoulli functions and polynomials.
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