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1 Introduction and elementary discussion

Not knowing mathematics in a mathematically-driven world is like walking around a mu-
seum without looking at its walls. Learning and appreciating mathematics can help you
appreciate certain things you would not otherwise focus on in your surrounding world.
Mathematics is everywhere in nature. A typical example is the celebrated Fibonacci se-
quence of numbers, which is present in reproduction of species in nature. Mathematics
is also useful to formulate epidemic models via differential or difference systems of equa-
tions that describe the couplings of the dynamics among subpopulations like susceptible,
exposed, infectious, or recovered with immunity.

One of important branches of mathematics is functional analysis. The development of
this field progressed in parallel to the development of modern theoretical physics. The
formal framework of functional analysis adjusts closely the laws of both quantum me-
chanics and quantum field theory. At the same time, these physics theoretical frameworks
have very relevant influence and links substantiating the body of problems and solution
methodology of functional analysis.

A drop was taken from this branch and was called fixed point theory. Fixed-point tech-
nologies offer a focal concept with many diverse utilizations. It has been and still is an
important theoretical tool in many fields and various disciplines such as topology, game
theory, optimal control, artificial intelligence, logic programming, dynamical systems (and
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chaos), functional analysis, differential equations, and economics. For example, the fixed-
point technique is applied to finding the solution of the equilibrium troubles in economics
and game theory. In nonlinear integral equations, it used to find analytical and numerical
solutions to Fredholm integral equations [1-5], and so on.

The idea of a coupled fixed point was initiated in [6]. Under this idea, some main re-
sults in partially ordered metric spaces were obtained by the same authors. For relevant
properties in coupled fixed point consequences and related topics in abstract spaces, the
reader can shed light from [7-21].

Pivotal results related to a TFP (established in 2011 by Berinde and Borcut [22]) were
presented in partially ordered metric spaces. For more topics of this notion, we refer to
[23-30].

As a generalization of ordinary metric space (OMC), a b-metric space (bMS) was pre-
sented by Bakhtin [31]. Under certain contraction conditions, he showed some important
sequences in b-metric spaces. After his paper, a lot of authors discussed fixed point theory
or various principles for operators (single- or multivalued) in the mentioned space as an
extension of Banach’s principle in OMC; see [32-34].

Another extension of OMC, a cone metric space (CMS), was introduced by Huang and
Zhang [35]. They discussed some fixed point theorems, which expanded certain results of
this type to CMS.

Great papers incorporate bMS with CMS clarified by Hussain and Shah [36] under the
name a cone b-metric space (CbMS), where some topological properties in such spaces
and recent results about KKM mappings in a CbMS were established.

As an extension of this work, this paper was written to give some new TFPs under gener-
alized nonlinear contraction mapping in CCbMS, We also give some important examples
and corollaries to corroborate our theoretical results. Finally, we discuss contributions of
TEPs to finding a solution of TSIE and a unique SDMP.

Now we present important notions of CbMS used in our paper.

Definition 1.1 ([35]) Let B be a real Banach space, and let Q be a subset B. By ¢+ we
denote the zero element of B. The subset Q is called a cone if the following stipulations
are fulfilled:
(i) Q#>isclosed, and Q # {¥};
(i) w,heR, w,h>0,and p,g€ Q= wp + hg € Q;
(i) QN (-Q)={?}.

For a given cone Q C B, we define a partial ordering = with respect to Q by p < g iff
q — p € Q. We write p < ¢q to indicate that p 3 g but p # g, whereas p « ¢ stands for
p—q € Q°, where Q° is the interior of Q.

Let || - || be a norm on B. The cone Q is called normal if there is a number IT > 0 such
that for all p,q € B, ¥ <p <g = |pll < |ig|l. The least positive number satisfying this

inequality is called the normal constant of Q.

Definition 1.2 ([35]) Let x # &, and let § : x x x — B be a mapping such that for all
pagrex,

(c1) ¥ <&@ q),andé(p,q) =0 & p=¢q;

(c2) &(prq) =§(q,p);
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(c3) §pq) <&(p,r) +&(r,q).
The pair (x, &) is called a CMS.

Definition 1.3 ([36]) Let x # @, and let s > 1. A mapping & : x x x — B is called a CbM
for all p,q,r € x iff the following conditions are fulfilled:

(cb1) ¥ <&(p,q),andé(p,q) =0 & p=¢q;

(cby) &(p:q) = §(q,p);

(cbs) &(p,q) <s(p, 1) +E&(r,q)).

The pair (x, &) is called a CbMS.

From these two definitions we have that any CMS is a CbMS. So the class CbMSs is larger
than the class of CMSs. Here we can confirm that CbMS generalizes bMS and CMS.

We strongly refer to paper [37], which gives some important examples that show that a
CbMS (x,&) is not necessarily a CMS.

Definition 1.4 ([36]) Let (x,&) be a CbMS, and let {p,} be a sequence in yx. Then for all
PEX
(1) {pu} converges to p if for every ¢ in B with ¢ < ¢, there is N such that for all #n > N,
E(pwp) K &, and we write lim,,_, o, p, = p Or p, = p as n — o0;
(2) {pu} is a Cauchy sequence if for every ¢ in B with ¥ < ¢, there is N such that
EWuwpm) L e foralmm>N;
(3) the pair (x, &) is a CCbMS if every Cauchy sequence is convergent.

The following lemma is very important, especially when dealing with CMS.

Lemma 1.5 ([38]) Ifh€int(Y)and 9 3 p, "Z2° 9, where Y isa cone, and {pn} is asequence
in B, then for an arbitrary fixed N and alln € N, p, < h.

Lemma 1.6 ([38]) Ifp Sqand q<rforallp,q,r€B,thenp Kr.
Lemma 1.7 ([39]) Let Q be a cone. Ifv € Qand v < tv for some T € [0,1), then v = 0.

Definition 1.8 ([40]) A triple (p,k,0) € x> is a TFP of a self-mapping % : x> — yx if p =
N(p, h,0), h = N(h, g, 1), and O = RO, A, p).

Definition 1.9 ([41]) Let (x,&) be a CMS, Q be a solid cone and J: x — x. Then
(1) 3 is said to be continuous if lim,,_, o p, = p implies that lim,,_, . fx,, = fx for all {x,,}
in X;
(2) 3 is said to be sequentially convergent if for every sequence {x,} such that {Jx,} is
convergent, {x,} is also convergent.
(3) 3 is said to be subsequentially convergent if for every sequence {x,} such that {Jx,}
is convergent, {x,} has a convergent subsequence.

2 Main results
We begin this section with a new definition and an example that supports it.

Definition 2.1 Let (x,&) be a CbMS with the coefficient s > 1, let QU (-Q) = B (i.e.,, Q
is a total ordering cone), and let 3 : x — x. We will say that a mapping % : x> — x isa
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Jg-contraction if there is 8 € [0, 1) such that
£(XN(p, q,7), IN(p*,q" ")) 3 0 max{&(3p,3p*), £ (39, 39", & (37, 3r%) } (1)

forallp,q,r,p*, q*,r* € x.

Example 2.2 Let B=R? and Q = {(p,q) € B: p,q > 0} C B. Define the distance £ : x> — B
by £(a,b) = (la — b|',y |a — b|’), where y > 0 and i > 1 are constants. Define the mappings
J:x— xand R: x> — x by

p-q-r

1
S(p) = 14 and NR(p,q,r)= 4

0 otherwise.

ifp>qg+r,

It is clear that the pair (B,&) is a CbMS. If p < g + r for all p,q,r € x, then N is an Jy-
contraction.
On the other hand, take p > g +r,q>¢g*, r>r*,and 6 = ﬁ <1.Thenforall p,q,r € x, we
get
£(IN(p g, 7, IR(P". 4", "))
= (|3N@ g, 1) - RI(p*, 4%, 1)

* * *
~(lp-a-r p-q-r
~ 8 8

Ly |39 qr) - 3R (ph gt )]
)

- - (a-a) - (r-r)[)

iy p—q-r p-q-r*
’ 8 8

- (p-r)~a-a) - ()

1 i 0\ |
Sglle-p)rle-r)))
_§<‘w—p*)i ‘(p—p*) i)
¥ 2 'Y 2

1 oo s
=I$(np,~sp)

36 max{é (:?sp, Tsp*), £ (:?sq, i‘sq*), £(3r,3r%) }
Hence the mapping ) is an Jy-contraction, and (0,0,0) is a TEP of %.
The following theorem is the first main result of this paper.

Theorem 2.3 Let the mapping R be an Jy-contraction (1) defined on CCbMS (x,&) with
the coefficient s > 1 such that B is a solid cone with QU (-Q) =B and J: x — x isa
continuous and one-to-one. Then for all p,q,r,p*,q*,r* € x,
(a) there exist vy, ,Ug,, Uy, € x and iterative sequences N" (Do, qos 7o) = Pus
R"(GorPorGo) = qn, and R (ro,qo, po) = 1y such that

lim IR (Pos o ¥s) = Up,» lim IR"(osporqo) = Vg,, and
n— 00 n— 00

lim IN"(rs, go, po) = Uy, ;
n—>00
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(b) R"(WorGor70), W' (Go»Porqo), and R (ro, Go, po) have a convergent subsequence
whenever 3 is subsequentially convergent;

(c) there are unique o,,,04,,0y, € X such that % (o,,,04,,0,) = Op,,
N (04,5 0p.r0q,) = 0g,» and N(0y,,04,,0p,) = O, ;

(d) forall ps,qo,7s € X, the sequences R (Po, Go, ¥'s), W Gor Porqo), and R (ro, qo, po)
converge to Oy, ,04,,07, € X, respectively, provided that J is subsequentially

convergent.

Proof For arbitrary p.,q., 7. € x, we define three sequences as follows:

Pni1 = t)""(pm qn» rn) = EWHI(Po, 9o» ro)»
Gne1 = WG P 4n) = N (qor oy qo),  foralln=0.
el = m(rm qn:pn) = mn+l(r0’ qo,po),

Applying condition (1), we get

&(Spu, Spns1)

= & (IRWu-1 @15 Tn=1)s SRBs G 7))

30 max{§(3pu-1,3pn), & (3n-1,3¢), § (3151, 37a) }, )
&(3qn 3gn+1)

= &(SN(Gn-1,Pn-1, Gn-1), SR(Gn P 4))

3 0 max{&(3qu-1,3Gn), € (3pn-1,3pn) }

j 9 max{f(s%—l, 3qn)rs(i\spn—lr 3pn): g(srn—lr A(\SV,,)}, (3)
and

E (I S141)
= é(sm(”n—l» qn—lypn—l)» Sm(”n: qmpn))
j 6 max{g(?sr,,_l, Srn)f(?%ln-l» ?SQM)! %‘(Spn—l’ Spn)} (4')

Set NMn = max{é:(%pm Sp;’l+l)r$(3qm S‘Qnu)» 5(3%; «r\‘rn+1)}~ BY (2)_(4) we have
M 36 maX{g(S‘Pn-l, SPn), € (3Gn-1,3Gn), € (11, S‘rn)} =0n,_1w,
where 6 € [0, 1). Continuing this technique, we can write

ﬁfnn§9ﬂn—1ﬁ"'<9"no.

~

If we appoint 1, = ¥, then the triple (p., ¢, 7,) is a tripled fixed point of %. Assuming that

no >0, forallm>1andi>1, weget

& (SPmsir Spm)
j S[S (%pm-*—i’ ?Spmﬂ'—l) + E(%pm+i—1; \N‘pm)]
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= SE(SPm+ir SPmri-1) + & (SPmsic1, SPm)

3 SE(SPmsir SPmric1) + 8 [E(3Pmricts SPmriz2) + E(SPimai-2: 3Pm) |

= SE(3Pmsis SPmsi1) + & (SPmrict, SPmsica) + SE(SPmsi2 SPm)

3 SE(XPmsis SPmric1) + SE (3P st SPmrica) + S (SPimsiz2s SPmaiz) + -+

+ Si_lf(SPmu, SPms1) + Si_lS(Spm+l» Spm).
In a similar way, we get
S(Sqmﬂ': st) j s& (%qmﬂ', 51]m+z’—1) + SZE(Sqmn—b 3qurl'—Z)

3 i—1g(c c
+S E(Sqm-ﬂ’—b Sqm+i—3) R Sl 5(36]m+2: 3Qm+1)

+Si_1§(34m+1, S‘Qm)
and
S(?Yl"m”, 8r'm) ,_5 SS(Srm+i’ srmﬂ'—l) + SZE(SrmH'—l: Srm+i—2)

3
+ 8 E (ST maizas Stmaizz) + -+ -

+ Si_lg(%rerZ: Srerl) + Si_l%-(\myrm+1’ 3rm)
It follows from (5)—(7) that

max{é(%pmﬂ», 3\pm); é(SQmm 3\Qm); é(grmﬂ', S‘Fm)}

:j S maX{E(Spmm SPmric1)r & (SGmris SGmri-1): & Sty \ermﬂ'—l)}

2

+S maX{S(KNYPm+i711 Spm+i—2)’5(3Qm+i—lr SqWH—i—Z)’ S(grm+i—lr Srm+i—2)} +oe

+s7 max{g(Spm+2r Spmd)’g(SQmﬂ’ SQWHI)’ E(Srmﬂ’ Srm+l)}
+57 max{E Pt S, & Smi1, Sqm)s € (31, 31y

= SNwaict + S Nwsica + S Naics + o8 N1 + 8 Ny

< (semﬂq + M2 +S30m+i—3nsi—10m+l)no +slm,

9m+i 9—1 -1 _ 1 )
B G0 e | IRy
s—0
si@mﬂ'

S —

No +8710™n..

sigm+1 i
s—0

Suppose that ¥ <« h is given. Observe that
Lemma 1.5 there is m, € N such that

Si9m+1

s—0

No +5710Mn, < h

for each m > m,. Hence

Si9m0+1

max{g(spmm Spm)x S(%qmﬂx 3qm): g(%rmﬂx Srm)} j

Mo +8710Mon, < R

(5)

(6)

7)

No + s710"n, — ¥ as m — oo. By

Page 6 of 19
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for all m > m, and i. Hence Lemma 1.6 implies that {3p,}, {3¢g,}, and {37,} are Cauchy

sequences in x. Since (x,£) is complete, there exist v,,, v,,, vy, € x such that

lim SN (Po, GosT's) = Up,s lim IN"(go,po,go) = Ug,» and
n—0o0 n—o0 (8)

lim SN (7o, Gos Po) = Uy, -

n—o0
Since R"(Po, Gor 7o), N (GorPor4o), and R (r,, qo, p,) have convergent subsequences when
3 is subsequentially convergent, there are o,,,,0,,,0,, € x and sequences {p,,,}, {¢n,}, and

{ry, } such that

gtnw(po’ qoy ro) — Upo’ g{nw(qmpo’ qO) g qu’ and

)
R — o, asw— oo.
Since J is continuous, we have
lim IN™ (P, qo, ¥s) = J0y,, lim IN™(go,ps,qo) = Jog,, and
w—>00 w—00
(10)
lim IN™ (75, g0, po) = I0, .
w— 00
Equations (8) and (10) yield
J0p, = Up,»s S04, =vg,, and oy, =vy,. (11)

From another trend, using (10) and (11), we can write

g(sm(apo’aqo’aro)’Sm(pnw’qnw’rnw))
S(S%(Upoioqoraro)’ S(op, )) I . (12)

~ +S(%m(pnw;qnwrrnw)’s(apo))

Letting w — oo in (12) and using (10), we have

§ (3% (0p,, 04, 07,),30p,) 3 5[ (3R(0p,, 04,5 07,),3(0p,)) +€(J(0p,),(0,)) ]

= s& (%m(o—pw Ogor Uro): S(Upo))y

which implies that (1 — $)&(IN (0., 04,,0+, ), J0p,) 3 ¥ Since 1 —s # ¥, we have &(IN (0,
04107, ), S0p,) = U, that is, IN(0y,,04,,05,) = J0), . Similarly, we obtain IN(oy,,0,,,04,) =
S0y, and IN(0y,,04,,0p,) = J0,,. Since J is one-to-one, we have N(0,,,04,,07,) = 0y,
N(04y10py»0g,) = 04y, and R(oy,,04,,0p,) = 0y,. Therefore there is a tripled fixed point
(0per0g0»07,) Of N.

Let us assume that there is another TFP of ! of the form (3,,,dy,,0r,). Then

§(30p,,30y.)
=& (Sm(apo’ 0441 07,), SN (0p,, 0y, 8%))

NG max{é(%apot JI0p, ), & (J0y,,304,),§ (I07,, Saro)}¢ (13)
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S(So'qoy %8%) = g(sm(‘)‘qo: Opo» O-qo); Sm(ﬁqoy 6];0: 6qo))

3 0 max{£(S0y,,30,,),£(30),,30,,)}, (14)
and

£(J0y,,30,)
= £(IN(04,,04,0p, ), SN (Dy,, 0y, 0p, )

=6 max{f(%aro, S0y,),€(J0y,,304,), £ (S0, S?)po)}. (15)
It follows by (13)—(15) that

max{é(%apo, J0), ), € (J04,,304,), (S0, SEsro)}

2 0 max{&(I0y,,30,,),&(J0,,,30,,),£(J0,,,30,,)}.
By Lemma 1.7 we get
£(J0p,,30p,) = £(J0,,,30,,) = £(J0,,,30,,) = V.
Hence S0, = S0,,, S04, = J04,, and Jo,, = J0,,. Since J is one-to-one, we can write
(Opy» 0gos Or,) = (0p,,04,,0%,). Finally, if I is subsequentially convergent, then substituting
n,, with # into (9), we can get
R (Pos Gor Vo) = Op,, N"(GosPorgo) = 04, and R" — o, asnm— oo,

This ends the proof. d

Example 2.4 Let x = [0,1], B=R?,and i > 1. Specify Q = {(p,q) € B: p,q > 0}. Realize the
function & : x2 — B as

5(5073)=(|BO_8|1’|50_8|[) forgo,ae[o,l].

Assuming that 3: x — x and i : x® — x are defined as

1 +r
?s(p):gp and m(p,q,r):g—ql—6 for p,q,r € .

It is obvious that (B, &) is a CCbMS and J is continuous and one-to-one. To fulfill (11), we
take 6 = é, i>1. Then for all p,q,7 € x, we have
E(INp g, 7, IR(p", q", "))
= (|3%(p, q,7) = IR (p*, g%, 1)

p q+r s g +rt
1 8 16 8 16

8 16 8 16

L ISR q,r) - 3R (p" gt ) )

i

)

i

Page 8 of 19
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1 i i
=< _p _
- l(‘lﬂ-_ﬁ"' p-r ")

8 6 || 6
- ég(?vp,i”sp*)

2 0 max{&(3p,3p*), (39,39, & (31, 3r%) }.

Therefore N is an Jy-contraction. Now we verify the remaining conditions as follows:
(a) let (%, é, é) € X, and consider the iterative sequences W (p., ¢o, 7o) = {%}neN =Pu

" 2
Ehn(qo,pquo) = {#}nEN =qn and E)‘in(’ﬂo; qo:po) = {eln}nEN =Ty Then

1 1
lim SR (po, g, 1) = 3( lim mn(po,qo,ro)) - 3( lim —) =3(0) = ¢

n—-oo 1

. n .o 1
lim IN"(Gor Porgo) = I lim =3(0) = P
n—00

n—oopy+7 ’
. : 1 1
lim IN"(ro, Gorpo) = I| lim — ) =3J(0) = —;
71— 00 n—oo e 6

(b) intuitively achieved;
(c) there is a unique point (0,0,0) € x, as required;

(d) if 3 is subsequentially convergent, then the sequences R (po, 4o, 7o), N (Gor Por Go)s
and R"(r,, 9., po) converge to (0,0,0) € x.

Hence all the conditions of Theorem 2.3 are fulfilled, and (0, 0, 0) is a unique TFP of the
mapping R.

Theorem 2.5 Suppose that (x,§) is a CCbMS with coefficient s > 1, B is a solid cone with

QU(-Q) = B,3: x — X is a continuous one-to-one mapping, and R : x> — x is a mapping
such that

E(XNp, q,7), IN(p*,q", 7)) 3 0 max{&(IN(p,q, 1), 3p), & (IR (p*, 7%, 1), 3p*) }
forallp,q,r,p*,q*,r* € x, where 0 € [0,1). Then the conclusion of Theorem 2.3 is achieved.

Proof The proof immediately follows from Theorem 2.3. d

Theorem 2.6 Suppose that (x,&) is a CCbMS with coefficient s > 1, B is a solid cone with

QU(-Q) = B,3: x — x isa continuous one-to-one mapping, and R : x> — x is a mapping
such that

E(INp, q,7), IN(p",q",r")) 3 0 max{&(IN(p,q,7),3p*), £ (IR (p*, 4", ), Ip) }

forallp,q,r,p*,q*,r* € x, where 0 € [0,1). Then the conclusion of Theorem 2.3 is achieved.

Proof The proof immediately follows from Theorem 2.3. d

The following corollary contains some contractive terms inspired by Theorem 2.3.

Page 9 of 19
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Corollary 2.7 Suppose that (x,&) is a CCbMS with coefficient s > 1, B is a solid cone with
QU(-Q) = B,3: x — X is a continuous one-to-one mapping, and R : x> — x is a mapping
such that one of the following conditions holds:

(#1)
E(30R@,q,1), 3% (p",q",17)) 308 (3p,dp"),
(o)
£(IRp,q, 7, IR(P". 4", %))
£(3p,3p%),£(3¢,3¢%), £ (37, 3r%),
SOMY £ Qp,3p) + £, 3) +EQR ) [
3
(#v3)
£(3N(p,q, 1), IR(p* 4" 1))
E(3N(P:q,7),3p), & (IN(p", 4%, 77),3p),
SOMIY £ @Np,gr), ) + EQRE,a° ), 3p) [
2
()

£(INRp g, 7, IR(P". g%, "))

£(INP,q,1),3p%), £ (IR (p*, 4%, 1), 3p),

E(X3N(p,q,7),Sp*) + E(SR(p*, 4%, 1), Ip)
2

< 6 max

forallp,q,r,p*,q*, v € x, where 6 € [0,1). Then the conclusion of Theorem 2.3 is achieved.

Now we can discuss another generalization of our results.

Lemma 2.8 Let (x,&) be a CCbMS with coefficient s > 1. Then we have the following two
properties:

(1) (x x x x x,&1) is a CCbMS equipped with

§(w.qr). (" q" 7)) = max{& (p.p").6(2.4").6 (r.7") };

(Qy) If the mapping Ty : x> — x> defined by the relation Tyw(p,q,r) = (R(p,q,7),
R(g,p,q), R(r,q,p)) has a fixed point in x>, then the mapping N : x> — x has a
tripled fixed point, and the opposite is generally true.

Proof (¥1) Hypotheses (cb;) and (cb;) of Definition 1.3 are fulfilled. Just check the triangle
inequality. Since (x,&) is a CbMS, we have

&(.an, (p*q"r))
=max{£(p,p*).£(4,4), 6 (r, ")}
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S max{s(&(p,0) +E(0,0")),5(5(q,0) + £(3,47)),s(6(r, ) + & (R, 1)) }

:j S(max{"g‘(p, KJ)» 5(61, d), S(rr h)} + maX{S(B’J’P*): 5(3, q*)’ S(ﬁ, V*) })

=s(&1(@. a7, (9,0, 1) + & ((9,0,0), (", 4", 7))
for all (p,q,7), (p*,q*,r*), (9,9, A) € x>. Again, the completeness of (x,£) leads to the com-
pleteness of (x3,&;). Therefore (x3,&;) is a CCbMS.

(©,) Let there is a tripled fixed point (p, g, r) of R, thatis, R(p,q,7) = p, R(g, p, q) = g, and
N(r,q,p) =r. Hence

Ty q.r) = (R, 4,7, % (q.p.9), R(r.q,p)) = (. q,7),

that is, a triple (p, ¢, 7) is a fixed point of T'y. Vice versa, Let (p, g,7) € x> be a fixed point of
the mapping I'y. Then 'y (p,q,r) = (p, g, r), which yields, R(p,q,r) = p, (g, p,q) = ¢, and
m(r: LI»P) =r. O

Theorem 2.9 Assume that (x,&) is a CCbMS with coefficient s > 1, B is a total ordering
solid cone, 3 : x — x is a continuous one-to-one mapping, and N\ : x> — x is a mapping
such that the following hypothesis are satisfied:

£(IN(p, 4,7, IR(P", 4", 7)),

max 1 & (IN(q, p, q)s \s‘ﬁ( q'0%.q%)),

é(g”sfﬁ(r, q,p ,As*)t( r*, q ,p*))
=<0 max{é (Jp, Sp ) (\sq, \sq*), £(3r, ?sr*)} (16)
forallp,q,r,p*,q*,v* € x, where 0 € [0,1). Then the conclusion of Theorem 2.3 is achieved.
Proof We begin by defining the mapping Y, : x*> — x> as Y;(p,q,7) = (3p, Ig, Ir). Note

that Y, is one-to-one and continuous. Allocate X = (p,¢,7) and 1 = (p*,q*,r*) € x> and
apply the hypotheses of Lemma 2.8. Then condition (16) reduces to

E(NTyR, T, Tyd) Z0&1(TR, Y, J).
So, the proof is finished by condition (#,;) of Corollary 2.7. d

Example 2.10 Let x =[0,1], and let B = CDIQ[O, 1] be a family of real-valued functions on
x with continuous derivatives on x. Define the distance £(p, q) = |p — g|’e*, where i > 1 is
a constant, and ¢ € Bon Q = {yy € B: ¢ > 0}. Hence (x,&) is a CCbMS with coefficient
s = 2!, Define two mappings 3: x — x and R : x> — x by

1 -
S(p) = gp and NR(p,q,r) = %

, VYp,grey.

It is easy to write

£(INRp,q, 7, IR(P". q", "))

_ |S%(p,q; }") _ Ts‘ﬁ(p*,q*,r*) ‘ieK
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K . . .
N (zely{\zﬂ-p*|l+lq-q*\’+|(r-r*)1’}
i i i
jimax{ p-r 3 -9 & r—r* eK}
7 3 3 3

=0 max{& (Ip,Ip*), £ (3¢,3¢%), £ (3r,3r%) },
E(3N(g,p, ), SN (" P 47))

_|4tr-qa _q+r' -4
21 21

i
K

e i

=m(’(P—P*)\)

SEICR

2 0 max{&(3p,3p*), £ (39, 3q"), & (31, 3r%) }.

Similarly, we have

é(?s.%(r, a.p) i‘s?ﬁ(r*, q*,p*)) =0 max{é(%p, i‘sp*),é(%q, i‘sq*), £ (?sr, Sr*) }

(17)

(18)

(19)

Therefore relations (17)—(19) demonstrate verification of stipulation (16) for all p,q,r,

pq,r e xand f = % As in Example 2.4, we find that the remaining conditions of The-

orem 2.3 are fulfilled. Thus a triple (0,0, 0) is a unique tripled fixed point of ).

3 Solve a tripled system of integral equations

In this part, we use the theoretical results obtained in the previous section to clarify the

existence and uniqueness of the solution for the following system:
(2
p(3) =RQ) + / £(1,3)[21(5,p(0) + (0, (1)) + D3(5, 7(15)) ] T,
0

12
() =8 + / £(3,5)[01(8, (1)) + 02(8,p(B)) + D3(U,4(1)) | 05,

0

(D) = 8() + /0 " £0,0)[01 (0, 10)) + 05(5,4(0)) + 93(8, p(0))] 40,

for all J € [0, p]. Postulate the following assumptions:

Vv, R:[0,0] > Rand £:[0, %] x R — R are continuous;

¥, 0;:[0,9] x R— R ([ =1,2,3) are continuous;
V3 there is a constant LI > 0 such that for all p,q € R,

03 01(0,p) - 01(0,q) T Ulp - 9),

(20)

Page 12 of 19
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0302(0,p) —02(0,9) I U(p—9q),
0393(0,p) - 03(U,q) 2 U(p - g);

\Z

2 v g
I° max £3,0)dC ) 3 —.
Jel0,p] 0 21

Let x = C([0, p],R) be the set of all continuous real-valued functions on [0, ] taking
values in R, and let Q = {w € B: 7w > 0}. Set & : x x x — Bas &(0,0) = & maxie(o,p] l0(d) -
O()|2. It is obvious that (x, &) is a CCbMS.

Our main theorem is the following:

Theorem 3.1 Under hypotheses (V1)—(V4), problem (20) has a solution in x3, where x =
C([0, 0], R).

Proof Define the operators i : 3 — x and 3: x — x by

&
m({p {2) 43)(3) = N(J) + /0 £(j’ U)[pl (Ur Cl (U)) +p2 (U: {2(6)) +p3 (Ur CS(U))] de

and 3(¢) = ¢ forall J € [0, »] and &1, &3, &3 € x. The triple (¢1, 8, £3) is a solution of system
(20) if and only if (¢1, &2, ¢3) is a tripled fixed point of . The existence of this triple follows
from Theorem 2.3, since 3 is the identity mapping. Therefore it is necessary to fulfill the
remaining conditions of Theorem 2.3. For all ¢, 5,43 € x and J € [0, ], setting 6 = %, we
get

s(m(glx (2; ;3): Sﬁt(é-l*’ é-Z*’ é-?;k))
= ¢! max |5ﬁ(§1, 02,83) (D) = R(L]5 45, 43*)(3)|2
Jelo,p]

= ej max

J€(0,p]

©
/0 £(1,0)[p1(0, 1(0)) + p2(U, £2(0)) + p3 (U, £3(0)) | 4O

2

§
- /0 £0,5)[p1 (0,57 ©)) + pa (6,5 @)) + ps (0, 55 (0)) ] 4O

[ (01(5,6.0)) - p1 (U, (D))
»
= max / £10) |+ (020, 00) - pa(6, 2©))) | dO
+ (p3(6,65(0)) - 1 (U, 23 (©)))
: [ 1 (6(0) - 7)) + L(60) - (O
/@ﬂm (6@ -G @) +ULO) -5O) |
0 + 1(5(0) - £3(U))

2

< el max
Ie[0,]

g‘) 2
< max [720.0)00) [(60-0) + (00 -G 0) + (0 - 5O
€lo.p] Jo
J
2 3 max {0 - /@), (00 - 5 @), (60 - @)

~ 211 efop]
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2 2

e -z )

== max {[6@) - 5D [0 - 5@

=< §r11ax{e:l max [¢1(J) - ¢ () ? ¢ max |03 - 25 () ? max Is (J)—C*(J)|2}
~7 3el0,] VT aeio0) 29 50,01 7° 3
jGmax{é(ﬁ,é‘f),f(fz,C;):§(§3:§§)}~

This means that condition (1) of Theorem 2.3 is fulfilled. Thus R has a tripled fixed point
(£1,22,83) € C([0, ], R) x C([0, ], R) x C([0, ], R), which, at the same time, is a solution
to problem (20). O

4 A stationary distribution of the Markov process

Suppose that R” = {(81,82,...,8,) =8:8, >0, > 1} and Q3 | = {0 = (p,q,7) e R" x R" x
R”: Y 100=> y.1(pe +q¢ + r) = 1} refer to the 3(n — 1)-dimensional unit simplex and
o € Q3 is considered as a possibility over 3x possible statuses. Here the Markov process
is a stochastic process such that 3n statuses are realized in each period J=1,2,... with
probability contingent on the current achieved status. Assume that a,, refer to the prob-
ability contingent that status £ is achieved in the subsequent period beginning in status «.
Hence in periods J and J + 1 the prior probability vector o and the posterior probability
o1 are given by of*l =Y, du o2 for each £ > 1. To write this in matrix form, we consider
o7 as a column vector, and then 67*! = ®¢3. Note that a,, > 0 and Zzzl age = 1, which
is required for conditional probability. The vector o is called a stationary distribution of

31 This mean that the problem of finding a

stationary distribution is equivalent to the fixed point problem ©¢7 = 7.

the Markov process at any period if 0¥ = &

Suppose that §; = min, a;, and define § =Y _,_, ;.

Before presenting our main theorem of this section, we need the following inequality.

Minkowski’s Inequality (Theorem 6, [42], p. 25) For p;,q; > 0 and « > 1, we have

Soar] <[] o [5e]
i=1 i=1 i=1

Theorem 4.1 There exists a unique stationary distribution for the Markov process when-

ever ag. > 0.

Proof Let&:Q3 | x Q3 | — R? be defined by
£, W) =&((pgor), (P g% 1))

1
" o
{Z(hﬂz—pﬂ+|qz—q2‘|+|fe—r2‘|)a} :

=1

1
" @
{Z(LW ~i|+ |ae - ;| + |re —r§|)a}

=1

forall ®,¥ € Q3 |, witha > 1.
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It is obvious that &(®, W) > (0,0) for all ®,¥ € Q3_, and if £(®, ¥) = (0,0), then this
1 1
leads to ({3 _7_; (Ipe =P} | +|qe =g} 1+ Ire =i )" Yo Ay (pe —pf | + |qe — g | + lre — 1§ )*}e) =
(0,0), and thus |p; — py| + |qe — q;| + |r¢ — ;| = 0 for all £, which leads to p = p*, g = ¢, and
r=r*, thatis, ® = W. On the other hand, if & = ¥, then p; = p}, ¢ = g}, and r, = r for all
¢, and thus |p; — p}| = |qe — g} | = |re — | = 0, which yields ({3_;_,(Ipe — p}| + |qe — g} +
1 1

re = rg)*Ye, (24 (pe = pi) + |qe — gf 1 + 1re = 7§1)*} @) = 0= £(P, W) = 0.

We also have

R~

n

S (lpe-pi| +lac—ai| + |re=7))* ¢
s@w=|

R~

n

> (pe-pil+lac—ai| +|re - r7])°

=1

R~

n

Y (Pt —pe| + lai = qel + Iri =re)*

R~

Now we can write

£(D,E)

R~

o
(Ipe = Tl + 1ge = el + |re — ) } )

1
n o
o
(Ipe = el +1ge — el + e — o)
-1

p
b
{n (m—m @-wnww—ﬁwwrwmy

' [(re = rf) + (rf - )| ’
|, ( pe-p?) + (01 —rl)|+\<ql_q;)+(qz_m)|)a 1
-l [(re=r7) + (1 - )|
;(i(m =Pl + |7 = )| + (g - ai) |+ | (a = )| ‘%
U e -eon |
gq(m_pz)i+i(”z"€)|+|(qe—q?)|+|(q?—ne)| é

+[(re =) + (7 - 0)])"
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{Xn:(!(m—p?)! +|(qe-ap)| + !(rz—VZ‘)Da}E

+{i(\@z—w)\+\<qz—m>\+\<rz—we>\>“}

=1

{i<|<m-pz)r+ ()| + |<n—rz>|>“}

=1

+ {i(\(ﬁi‘—w)\ +[(g7 o) |+ I(rzf—w«)l)“}é

=1

1
o

S (el - o=

R~

L
|

=1

" <rcw—pz>»+|<qe—qz)r+r<re—rzm“}

(S0l =m0}

=1
+ 1
{ <\<pz—n>|+\<qz—m>|+|<rz—we>|>“}
=1
=s(&(P, W) +£(V, B))

for E = (t,n,w) € 23_,. Thus (Q3_,,&) isa CbMS with s = 2* and Q = {(81,82,...,8,) : 8¢ >
0,¢>1}.
Let W = Qo forall ¥ € Qflfl. Therefore each p, = ZZ:1 a0, > 0. Moreover, since each

Yo aee =1, we get

n

ZP@ =ZZ¢ZK0K =Zag,( Z(p,( +qi +1y) :Z((p" +qe+71)=1,
=1 k=1 k=1 k=1

=1 k=1

which shows that W € Q3 ;. Thus we can write © : Q3 | — Q2 ,. Now we will prove that
® is a contraction.
Let © refer to the £th row of . So for any (p,q,7), (p*,q*,r*) € Q3_, and all & > 1, we

get (note that ), (P + g +7¢) = 1)
£©@p.q1),0p" q"r"))

i

=1

1
0[>E

)

1

|

n
:E::‘l&(QOK + i + rK) _'aZK(jgr + q: + r:)

k=1

n n
:E:: ( :E::‘Z&(QUK t+ 4 + rK) _'alk(27: + q: + r:)
k=1

=1

Page 16 of 19
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n 1D (@ =80 [(e + g + 1) = (B +qf +77)]
Z k=1 ’

+5£[(10K +6IK+VK)—(P:+Q:+V:)]

n Z(ﬂ/zx—lsz)[(ﬁk +qK+rK)_(plt+q: +V:)]

Y&

+8e[(pe + g + 1) = (pr + 47 +17)]

n

<Z(ﬂex—(se)[(ﬁx+q/<+r/<)—(p;t+q:+r:)] )
£=1 k=1
+(283[@K+qk+rk)_(plt+q:+r:)] ) ’
~ k=1
Z( > @ = 8)[(pe + g + 1) - (pp + @ +77)] )
(Z&z Bc +qc +1) = (P +a; +77)] )
(ZZIM—&:I ) (lpe = P2l + lae = il + |re = rel) )
=< £=1 k=1
( (laee = 8el)" (e = pi| + lac = ai| + [re = r¢]) )
£=1 =1
(Z(im Pel g =il + = ril)" 3_(1ae =34 )
k=1
( (Im—pil+|qx—q:|+|rx—r2‘|) |6lzK—5z| )
k=1
(Z(bm—pi!+|qk—qi|+|rx-rk|)a> :
:(1—8) k=1

1
" @
(Z(hvx ~pi| + |ae - ;| + | - f2‘|)a>

k=1

=(1-0E(( g, (" a1)),

which proves that ® is a contraction. Hence if the mapping J = I, is the identity mapping
in Theorem 2.3, then the Markov process has a unique stationary distribution, and the

sequence {®"0 '} converges to this distribution forany 0" € Q3_,. O
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