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1 Introduction

In the past few decades, fractional differential equations have gained much importance
due to their usefulness in modeling phenomena in various areas such as physics, engineer-
ing, finance, biology and chemistry [12, 33, 46, 51]. To cite some recent developments: in
2019 Jajarmi and Baleanu [26] studied a general form of fractional optimal control prob-
lems involving fractional derivative with singular or non-singular kernel; Jothimani et al.
[30] discussed an exact controllability of nondensely defined nonlinear fractional inte-
grodifferential equations with the Hille—Yosida operator; Valliammal et al. [61] studied
the existence of mild solutions of fractional-order neutral differential system with state-
dependent delay in Banach space. In 2020 Jajarmi et al. [28] investigated a fractional ver-
sion of SIRS model for the HRSV disease; Baleanu et al. [2] proposed a new fractional
model for the human liver involving the Caputo—Fabrizio fractional derivative; Baleanu
et al. [3] studied the fractional features of a harmonic oscillator with position-dependent
mass; Sajjadi et al. [54] discussed the chaos control and synchronization of a hyperchaotic
model in both the frameworks of classical and of fractional calculus; Jajarmi and Baleanu
[27] proposed a new iterative method to generate the approximate solution of nonlinear
fractional boundary value problems in the form of uniformly convergent series; Shiri et al.
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[56] employed discretized collocation methods for a class of tempered fractional differen-
tial equations with terminal value problems; Tuan et al. [60] tackled the problem of finding
the solution of a multi-dimensional time-fractional reaction-diffusion equation with non-
linear source from the final value data; Li et al. [44] proposed a new approximation for the
generalized Caputo fractional derivative based on WSGL formula and solved a general-
ized fractional sub-diffusion problem; Gao et al. [19] studied the epidemic predictability
for the novel coronavirus (2019-nCoV) pandemic by analyzing a time-fractional model
and finding its solution by a g-homotopy analysis transform method; Gao et al. [20] inves-
tigated the infection system of the novel coronavirus (2019-nCoV) with a nonlocal opera-
tor defined in the Caputo sense; Gao et al. [21] tackled the fractional Phi-four equation by
using a g-homotopy analysis transform method numerically; Sabir et al. [53] presented a
novel meta-heuristic computing solver for solving the singular three-point second-order
boundary value problems using artificial neural networks.

The subject of the present work, the Schrédinger equation, was first proposed by the
Austrian physicist Erwin Schrodinger in 1926 [55]. It is a fundamental equation in quan-
tum physics that describes the evolution of the position-space wave function of a particle.
In fact, the nonlinear Schrodinger equations describe a wide class of physical phenomena
such as models of protein dynamics, self-focusing in laser pulses and nonlinear fiber optics
[1,11,17,58]. The Schrédinger equation has also been generalized to fractional differential
equations. In 2000, Laskin [34] generalized the non-fractional Schrodinger equation to a
space-fractional Schrédinger equation by using the Feynman path integrals over the Lévy
trajectories and replacing the quantum Riesz derivative with the Laplace operator. Later,
in 2004 Naber [50] proposed a different generalization by changing the first order time-
derivative to a Caputo fractional derivative—this time-fractional Schrodinger equation
has been used to describe fractional quantum mechanical behavior. In 2010, Muslih et al.
[49] obtained a fractional Schrodinger equation by using a fractional variational principle
and a fractional Klein—-Gordon equation. In 2017, Gémez-Aguilar and Baleanu [23] pre-
sented an alternative model of fractional Schrédinger equation involving Caputo—Fabrizio
fractional operator.

Many researchers pay attention to the numerical treatment of fractional Schrodinger
equations. For the space-fractional Schrodinger equation: a linear implicit conservative
difference scheme of order O(t2 + /2) has been proposed in [62] for the case of a coupled
nonlinear Schrodinger equation, where 7 is the temporal step size and 4 is the spatial step
size; Zhao et al. [65] have used a compact operator to approximate the Riesz derivative,
and the proposed linearized difference scheme for a two-dimensional nonlinear space-
fractional Schrédinger equation can achieve O(z2 + h*), where & = max{hy,h,}, h; and
h, are the spatial step sizes in the x and y dimensions, respectively; Wang and Huang
[64] have presented a conservative linearized difference scheme, which can achieve the
order of O(t2 + h?); a collocation method has been applied to a multi-dimensional space-
time variable-order fractional Schrédinger equation in [5]; a fourth-order implicit time-
discretization scheme based on the exponential time differencing approach together with
a fourth-order compact scheme in space have been proposed in [31], the method is of
order O(t* + i*); Li et al. [37] have used a fast linearized conservative finite element
method to solve the coupled type equation; Wang and Xiao [63] have proposed an effi-
cient conservative scheme for the fractional Klein—-Gordon-Schrédinger equation with
central difference and Crank—Nicolson scheme, their method can achieve O(z2 + 4?). It
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is also noted that Hashemi and Akgiil [24] have utilized Nucci’s reduction method and
the simplest equation method to extract analytical solutions specially of soliton kinds of
nonlinear Schrédinger equations in both time and space fractional terms.

For the time-fractional Schrodinger equation: Khan et al. [32] have applied the homo-
topy analysis method; Mohebbi et al. [47] have used the Kansa approach to approximate
the spatial derivative and L1 discretization to approximate the Caputo time-fractional
derivative; a Krylov projection method has been developed in [22]; a Jacobi spectral collo-
cation method has been applied to a multi-dimensional time-fractional Schrodinger equa-
tion in [4]; a quadratic B-spline Galerkin method combined with L1 discretization scheme
has been proposed in [16]; a linearized L1-Galerkin finite element method has been used
in [35] for a multi-dimensional nonlinear time-fractional Schrodinger equation; a cubic
non-polynomial spline method combined with L1 discretization has been proposed in
[36] and the stability has been shown by the Fourier method, the convergence order is not
proved but is observed from numerical experiments to be O(t%7 + k%)

Motivated by the above research, in this paper we consider the following time-fractional
nonlinear Schrédinger equation:

i§D7ute ) + D e 0Pt =fe ), (50 €100 x 0.T]
u(x,0) = Ap(x), x€l0,L], (1.1)

u(0,t) = A1 (t), u(L,t)=Ay(t), tel0,T],

where A is a real constant, f(x, t), Ao(x), A1(£), A2(t) are continuous functions with A¢(0) =
A1(0) and Ay(L) = A»(0), and ngu(x, t) is the Caputo fractional derivative of order y €
(0,1) defined by [12, 51]

ou(x, s)
as

t

SDYu(x, t) = F(%—y) /o (t=2s)"7 ds. (1.2)
We shall employ a quintic non-polynomial spline together with L1 discretization to solve
(1.1). The stability, unique solvability and convergence of our numerical scheme are
then proved by the Fourier method—we note that this method of proof is rare for nu-
merical methods of time/space-fractional Schrodinger equation, especially in establish-
ing the convergence order; on the other hand, the energy method has been commonly
used to show the convergence of numerical methods for space-fractional Schrédinger
equation [31, 62—65]. By the Fourier method, it is shown that our method is of order
O(z*7 + h®)—this improves the spatial convergence achieved by other methods for time-
fractional Schrodinger equation. Further, on the choices of our tools, we have observed
in several different problems that a non-polynomial spline usually exhibits a better ap-
proximation than a polynomial spline because of its parameter [13, 15, 25, 38—43, 52, 57];
while L1 discretization is a stable and widely used approximation for the Caputo fractional
derivative [15, 18, 29, 38, 48].

The organization of this paper is as follows. We derive the numerical scheme in Sect. 2.
The stability, unique solvability and convergence are established by the Fourier method in
Sects. 3, 4 and 5 respectively. In Sect. 6, we present three examples to verify the efficiency
of our numerical scheme and to compare with other methods in the literature. Finally, a
conclusion is drawn in Sect. 7.
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2 Derivation of the numerical scheme
In this section, we shall develop a numerical scheme for problem (1.1) by using quintic
non-polynomial spline and L1 discretization. The details of quintic non-polynomial spline
will be presented first.

Let
and P :0=ty<tj<---<ty=T (2.1)

P:O:x0<x1<~~~<xM=L

be uniform meshes of the spatial interval [0, L] with step size & = ﬁ and the temporal
interval [0, T'] with step size T = %, respectively. For any given function y(x, ), we denote
¥(xj> ) by y7', and y(x;, t) by y; for fixed ¢.

Let u(x, £) denote the exact solution of (1.1) and u; " denote the numerical approximation
of u}'. We shall set U} to be the value of the quintic non-polynomial spline at (v}, 2,). We

deﬁne the quintic non-polynomial spline as follows.

Definition 2.1 ([57]) Let t = t,, 1 <n < N be fixed. For a given mesh P, we say P,(x) is
the quintic non-polynomial spline with parameter k (> 0) if P,(x) € C?[0,L], P,(x) has the
form span{1, x,x%, x3, sin(kx), cos(kx)} and its restriction P;,(x) on [x),%,1], 0 <j<M-1

satisfies

Pu(xy) = U},
P2)(x) = W7,
P () = F},

12 n(x/H) 1+1,
(x,+1) =W (2.2)

4)
P;,n (1) = i

From the above definition, we can express P;,(x) on [xj,%,1],0 <j <M —1as

P;,(x) = 51’7 + Ef(x —xp) + E;’(x - x,»)2 + E;l(x - x,»)3 + E}’? sin k(x —x;) +]71n cosk(x—x;). (2.3)

Denote w = kh. Using (2.2), a direct computation gives

F
al=U"- L
j i T A
_, ur.-u' F'-F’ h h
n j+1 j j j+1
bj=—— 3 6(2W”+ W) - 7 — (2F' + F},),
I A
C] 2<W k2> 2.4
| I < 2 24
gt _ jo T
J 6h 6wk
o Fi—Fcosw
/ Kisinw
F"
i
5i=%

Using the continuity of the first and third derivatives of the spline at x = x;,1, i.e,

P (x;01) = P}y ,(%41) and P

fp (x,+1) = ]+1n(x}+1) we obtain the following relations for

Page 4 of 27
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1<j<M-1
(a) VV,’il + 4\)71” + \/Vl’frl
6
= (U, —2ul + Ul) — 6k (ar Ff ) + 261 F) + ar FLy), (2.5)

(b) W', —2W/'+ Wi, = i («F], +2BF] + aF},)),

where

1 w 1 wCOS W

o =— ; -1 3 ﬂ =—\|1- . )
o? \ sinw w? sinw

(2.6)
1 1 1 8 1 1 CoS @
==+ — - ——\ = -l =
176w T 0t wlsinw 17 32 w3sinw

Note that the consistency relation for (2.5)(b) will lead to 2(« + B) = 1. Manipulating
(2.5)(a) and (2.5)(b), we can easily get

PWjig +qWjiy +sW +qW) + pW},
=hl [allyy +2(8 —a)U}L + 2(a = 2B8)U]" +2(8 — U}, + U], (2.7)
2<j<M-2,
where

p=o+ %» 61:2|:20[6+lg — (a1 —ﬂl)]r 5:2[01 +64/3 + (o —2,31)}- (2.8)

Using the quintic non-polynomial spline to approximate the exact solution u(x, t) of (1.1),

the spline relation (2.7) leads to

Oul, . O°uf,, +S32u;' +q32u7_1 +p82u;’_2
0x2 0x2 0x2 0x2 0x2
1 2.9
= [ocus 7o+ 2B — )l + 2 - 2B)uf + 2(B - )l | +auf ]+T” (2.9)
2<j<M-2,

where " is the local truncation error in the spatial dimension. The next lemma gives a
result on this error.

Lemma 2.1 Forany fixed t = t,, 1 <n <N, let u(x,t,) € C®[0,L]. If

1 1 2 1 3 97
p=——a——0y, qg=-a+ —, S=——a+—, (2.10)
12 240 3 10 2 120

then the local truncation error Tj” associated with the spline relation (2.9) satisfies

Y/ =0(h), 2<j<M-2. (2.11)
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Proof We carry out the Taylor expansion at x = x; in (2.9), this gives

%u’ dyn by
Y =2 —2 + ZohP—L + Zsh — + O(K°),
J Y 2 ot 37 a6 ( )

where

1
Z1=2(a+B)-2p-2q-s5, Z2:6(7a+ﬁ)—4p—q,

Z3= L (31 B) 4 1
T LA DY &
To achieve the highest order of O(k°), we set Z; = Z, = Z3 = 0, which together with the

consistency relation 2(« + 8) = 1, gives (2.10) and (2.11). O
A similar result to Lemma 2.1 has also been obtained in [38].

Remark 2.1 In order to compute the numerical solution U, 1 <j <M - 1, we need an-
other two equations besides (2.7) or (2.9). We consider the following equations which in-
corporate the boundary conditions in (1.1):

0%uy 3%ulf 0%ul) 0%ul 0%ulf
(a) b() 5 + bl 5 + b2 3 + bg 5 + b4 5
ox ox 0x ox ox
1
n n n n n n
= ﬁ(aouo +ayu] + ayul + azuly + asuly) + Y7,
2.n 2.n 2..n 2.1 2..n
0 Uy 0 upy_3 0 Uy 0 Uy up (2.12)
(b)  by-a 5 T byi-3 5 T by 5t by 5o T bu 2
dx ax ox ax ox
1
n n n n n
= ﬁ (ﬂM_4MM_4 tapm-3Uy 3t am-o2Uy o +ap-1Uy 1+ LZMMM)
n
+ Y1

where Y7 and Y}, ; are local truncation errors in the spatial dimension, and the constant
a; and b; have to be computed such that

T/ = o(r°), j=LM-1 (2.13)

By carrying out Taylor expansion at x = x, and x = x5 in (2.12)(a) and (2.12)(b), respec-
tively, we get the following which satisfies (2.13):

(“ ai,a,a ﬂ)—(“ a a a a )— _1 ok Rt Rt —1 (2 14)
’ ’ ’ ’ ’ -1y -2 -3y — » =) ] .
0,01,042,043, 44 M>AM-1>UM-2, AM-3 UM -4 10’5 5’5’10

1 1791 1
bo,b1,b9,b3,b4) = (bpr, bas—1, b2, brr—3,bp1-4) = | —, =, —, =, — |. 2.15
( 0,Y1,U2,U3 4) ( M>yUM-1,YM-2,YM-3 M4) (2]0 5’120’ 6 2]()) ( )

Remark 2.2 1f we let the spline parameter o = % in (2.9), then (2.9)|;-2 and (2.9)|j-p1—» are
simply the same as (2.12)(a) and (2.12)(b), respectively. Therefore, we should have o # %.

To simplify the notations of the spline relations (2.9) and (2.12), we introduce the fol-
lowing definition.
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Definition 2.2 For y = (y1,...,Y:m-1), we define the operators A and A; by

boyo + b1y1 + bayz + b3ys + baya, j=1
NJj =\ PYj-2 + @Y1 + Y + qYjs1 + PYjs2,s 2=j=M-2,

bat-aysi-a + by—sysm-3 + byoym— + by ym-1 + byym, j=M-1,

and
;2 (@0Yo + A1)1 + @2 + A3Y3 + AaYa), j=1L
1 ,
ISVE ﬁ[ay;_z +2(B — a)yjo1 + 2 = 2B)y; + 2(B — )y + Y], 25 <M -2,
1

ﬁ(“M—ALyM—ZL +ApM_3YM-3 + ApM-2YM-2 + AM_1YM-1 + AvYM),  j=M -1

Remark 2.3 Inview of Definition 2.2, (2.11) and (2.13), the spline relations (2.9) and (2.12)

can be presented as

A—L = nul +O(H), 1<j<M-1. (2.16)
X
The next lemma gives the L1 discretization for the Caputo fractional derivative.

Lemma 2.2 ([18,59]) Let 0 <y <1 and x = x; be fixed. If u(x;,t) € CP10,¢,, then we have
$DY u(x;, t, MZR uf —uf) + O(x*7), (2.17)

where T is the temporal step size,

1

— Vo g — MY —(y— k- 1)V _
hE STy R =(n-k)7 -(n-k-1)"7, 0<k=<n-1 (2.18)

Lemma 2.3 ([9, 18]) For R), defined in (2.18), we have

_ oV % % % %
(@ 1=R,, >R, ,> > R > >R, >R, (>0,

-y (2.19)

> T 0<k<n-1.

We are now ready to derive the numerical scheme for (1.1). To begin, we discretize (1.1)

at (w;, ¢,) to get

82u(xj, tn)

S+ Mt t) (), 1) = £ (%, 1) (2.20)

iSD/u u(xj, ty) +

Using the L1 discretization (2.17) in (2.20), we obtain

m —l,lLZR k“ ) - A|u;’|2u;’ +j;” + O(IZ_”). (2.21)
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Next, applying the operator A to (2.21) yields

a2 M(x, rz) k+ n n " -
" asz_ —MZRV = nuf) = 2n ([ ) + Af" + O,

Noting (2.16), it follows that
Aluf —in ZR "*1 ) -AA (|u]”|2u]”) + /\ﬂ’ + O(h6 + rz"’).

Upon rearranging the above relation, we have

A1 u]" +ip /\u/’.“ +AA (‘uﬂzu}”)

- (2.22)
=i,u/\u;’_1—iuZR;k(/\u]]»‘“—/\u )+/\f”+O( V).

After omitting the error and replacing the exact solution # with the numerical solution U,
we get the numerical scheme

. 2
MU+ i AU+ LN (|L11”| L[]”)
n-2 (2.23)
=ip AU —ip ZRZ',((/\LI/]”I AU+ Af', 1<j<M-1,1<n=<N,

k=0

with

Ul =Aolx), 0<j<M,
Ug :Al(tn); UX/I :AZ(tn)y 1<n<N.

(2.24)

Remark 2.4 Tt is obvious that our scheme (2.23) is a nonlinear scheme. To linearize (2.23),
following [45] we shall use the iterative algorithm
™ L[jn(r+1) n l,LL A L[jn(r+1) FAA (|L[;1(r)|2L[;q(r+l))

n-2 (2.25)
=ip AU =iy R (AU - AUR) + AfY, 1<j<M-1,1<n<N,
k=0

where an(r) is the rth iterate of U}", and

ur-1, n=1,
U =1 (2.26)
2u;1—1 - u;’—Z, 2<n<N.

Note that the scheme (2.25) is linear in L/""*V). Hence, instead of (2.23)—(2.24), in practice
we shall employ the linearized iterative scheme (2.25) with

L[jO(rJrl) :AO(xj)7 0 </ <M,

n(r+1) n(r+1) (227)
W = Ay, Uy =Axt), 1<n<N.
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r+1)

For practical purposes, we would certainly need a stopping criterion to get L[;q( to a
desired accuracy. An example of such a stopping criterion is
|Lljy(r+1) _ L[jn(r)|
———— 72 < asmall constant. (2.28)
|
J

In fact, we shall use the above stopping criterion with the small constant as 1 x 107 for

our numerical simulations in Sect. 6.

3 Stability analysis of the numerical scheme

In this section, we shall analyze the stability of the scheme (2.23)—(2.24) via the Fourier
method [8, 10]. Noting from Remark 2.4 that in practice we employ the linearized scheme
(2.25)—(2.27) instead, effectively this means that in (2.23) we linearize the nonlinear term
|U|*U by replacing |U|* with a local constant «. Note that a similar linearization technique
has also been used in [14, 15]. With the linearization, we can rewrite (2.23)—(2.24) as

A1L11ﬁ+mALI/”+A;<AUf
=i AU i YO R (AURT - AU + AfF, 1< <M -1,

mk (3.1)
Uy =Aolx), 0<j<M,
ungl(tn)’ UX/[zAZ(tn): 1<n<N.
Consider the perturbed system of (3.1) with perturbation in the initial values
All:[f+i/,LAl:1jn+)»KAI:[f
. S n-2 py Frk+1 Frk :
=i AU =i ) o Ry AT = AU + Af, 1=j=M -1, (3.2)

[0 = Ayx), 0<j=<M,
g =Ayt,),  Uly=Ast), 1<n<N.

Let LI/” be the solution of (3.1) and let I:[j” be the solution of the perturbed system (3.2).
Let ,0}4 = Lll" - I:I/”, 0<j<M,0<n=N.Itfollows from (3.1) and (3.2) that

/\1,0;‘ +iu A ,oj" + Ak A ,oj"
=i A PP =i Y o R (ApET = ApF), 1<j<M -1,
p = Ao(x) —Aolw)), 0<j<M,

oy =0, Py=0, 1<m<N.

(3.3)

Denote p" = [p{, p},..., o), 0 < m < N. Since pf = pj; = 0, we define the L2 norm of p”
by

Nl

'‘M-1 5
o1, - (Zmpﬂ ) - 6

j=1

Page 9 of 27
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To apply the Fourier method, we expand p” to a piecewise constant function p”(x),

where
n h h .
- oy x€ x;—i,x,-+§,1§]§M—1, 05
P I I :
0, x€|0,-|U(L-=,L|.
2 2
Then p”(x) can be expanded as a Fourier series,
o0
P"@W= Y dme=m I, 0<n<N, (3.6)
m=—00
where
1 [t ,
d,(m) = Z/ p"(x)e”FmmIL g (3.7)
0

To carry out the Fourier stability analysis, it is sufficient to consider an individual harmonic
of the form [6]

p;’l(m) — dn(m)eiZJ'rmjh/L.
Lemma 3.1 Suppose the solution of (3.3) has the following form:
p}'(m) = dy(m)e®”, (3.8)

where 6 = 2nm/L and m is the wave number. Then the following inequality holds:

|d,(m)| < |do(m)

, 1<n<N. (3.9)

Proof For notational simplicity, let d, = d,,(m) for a fixed wave number m. We shall use
mathematical induction to complete the proof. First, we consider n = 1. Upon substituting
(3.8) into (3.3), we obtain

AqdiePM + in A A1 4 axe A dy e = i A doei‘gjh. (3.10)

After a series of computations, (3.10) leads to

dy = Qd, (3.11)
where
_ (312)
& + inj

2bo cos(20h) + 2bypcos(Oh) + bop, j=1,M-1, (3.13)
n; = .
"\ 2prcos@0h) + 2qpcos(Oh) + su,  2<j<M-2,
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and
[2a 2
3 %o + 2b0)uc:| cos(20h) + [% + 2b1)uc:| cos(6h)
+ﬁ+b2)\'l{’ jzlrM_lr
- 3.14
o o \ 46 ) , (3.14)
h2 +2phk | cos(20h) + o +2qhk cos(0h)
20 —4p .
e + SAK, 2<j<M-2.

It is obvious that |2] < 1, therefore from (3.11) we have
|d1]| < |dol. (3.15)

Next, assume that |d;| < |dy|, 1 < £ < n—1. We shall show that |d,| < |dy|. Forany n > 2,
we substitute (3.8) into (3.3) to get

Ay d, e + in A d, " + aic A d,eh
ey 2 N N (3.16)
=iu Ady_1e8" —ip ZRZ},((/\dkHe’e’h - /\dkele’h).
k=0

After a series of computations, (3.16) yields

n-2

dy = Q1 = QYR (dia — i),
k=0
or equivalently
dn_Q[( L n1+Z RV, - nkldk+Rnod0:| (3.17)

Using Lemma 2.3, |d,| < |do| for 1 <£ <n -1, and || < 1, it follows from (3.17) that

| = 1921{(1 - R}, 5) mZ ni = Ry 1) dic + R} odly

n-2
= |Q||:|(1 Ry, 5)|ldn- 1|+Z| (Ryi =Ry D1l + |R; 0‘|d0|j|

k=1
4 = 14 v 4 (3.18)
<€ (1 Rnn 2 |d0| +Z Rnk_Rnk l)|d0| +Rny0|d0|
k=1
n-2
- |§2||d0||: (1-RL, ) +> (RN -RY, +RZ}0:|
k=1

= |Q|ldo| < |do.

Hence, we have completed the proof of (3.9). d

Page 11 of 27
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Theorem 3.1 (Stability) The numerical scheme (2.25)—(2.27) or equivalently (3.1) is un-

conditionally stable with respect to the initial data.

Proof From the definition of the L2 norm (3.4) and (3.5), we find

w3
||p"||2=( hlﬂ}’l)
j=1
1
h/2 M-1 " xih)2 L 2
{/ ;p"(x)|2dx+2/’ \p"(x)|2dx+/ \p"(x)|2dx] (3.19)
0 1 Jx-h/2 L-h/2

j=1

L ) i
=[/ 10" @)| dx} .
0

Noting the Parseval equality [8, 10]

L [
/ 0" @) dx= > |du(m)[*, (3.20)
0 m=—00
it follows from (3.19) that
:  w 2
[0l = D2 ldntm)]". (3.21)
m=—00
Applying Lemma 3.1 in (3.21), we obtain
10715 = > Jdulm)|* < 3 |do(m)|* = |0°]5, 1<n<N, (3.22)
m=—00 m=—00

which shows that the numerical scheme (3.1) is robust to perturbation of initial data. O

4 Solvability of the numerical scheme
In this section, we shall investigate the solvability of the numerical scheme (2.25)-(2.27)

or equivalently (3.1). It is clear that the corresponding homogeneous system of (3.1) is

AlLIIf’+i;LAL[1”+AKAL[]f‘

=i AU =i YR (AUST - AU, 1= =M -1,
u)=0, 0<j<M,

ug =0, Uy=0, 1<n=<N.

(4.1)

Similar to the proof of Theorem 3.1, we can verify that the solution of (4.1) satisfies

[a, < u?

. 1<un<N.

Since U° = 0, it follows that U/” = 0 for 1 < n < N. Hence, (4.1) has only the trivial solution

and we obtain the following theorem.
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Theorem 4.1 (Solvability) The numerical scheme (2.25)—(2.27) or equivalently (3.1) is
uniquely solvable.

5 Convergence of the numerical scheme
In this section, we shall establish the convergence of the numerical scheme (2.25)—(2.27)
or equivalently (3.1). Recall that u(x, £) is the exact solution of (1.1) and L[].” is the numerical
approximation of ] obtained from (3.1). Let the error E at (%, t,) be EI’? =uj - Uj”, 0<
j<M,0<n<N.

Clearly, from (3.1) we obtain the error equation

n-2
ME] +ip NE! + ke NE] =i AEF —ip Y RY(AEFT - AES) + T,
k=0 (5.1)

1<j<M-1,1<n=<N,
where Tj” is the local truncation error,
E'=0, 0<j<M and Ej=Ej =0, 1<n<N.

]

Denote E" = [E}, EY,...,E}], 0 <n < N. Since Ej = E}; = 0, we define the L2 norm of E”
by

'M-1 ) %
£, - (Zhwﬂ ) .
j=1

Likewise, denote T" = [T}, T7,..., Ty;_1], 1 <n < N and the L2 norm of T” is given by

1

|7, - (Zhw ) .

In view of (2.16), (2.17) and (2.22), we see that 7" = O(K® + t277) and there is a constant
C; such that

T <G+ ), 1=j=M-11=nsN,

It follows that

||T"||2:<Zh|T” ) < CVL(K® +7%7). (5.2)

Next, similar to (3.5)—(3.7), we define the piecewise constant functions E”(x) and T"(x)

(5.3)



Ding and Wong Advances in Difference Equations (2020) 2020:577 Page 14 of 27

and

) .
Tj’ X € x,'—g,xj+5 ,1§]§M—1;

T"(x) = 5.4
(%) 3 3 (5.4)
0, xe|0,=|U(L-=,L]|.
2 2
Then E"(x) and T"(x) have the Fourier series expansions
o0 [o¢]
En(x) _ Z 6n(},l,l)ez’brmx/L’ Tn(x) _ Z Sn(m)eianx/L’ (55)
m=—00 m=—00
where
1 [t . 1 [t ,
€,(m) = —/ E"(x)e2mmoL gy, 8u(m) = —/ T"(x)e27mL gy (5.6)
Lo LJo
Similar to (3.19)—(3.21), by applying the Parseval identities we find
o0 o0
n || 2 2 n|2 2
[E= 22 el 7705 = X2 [8ulm) ] (57)
m=—00 m=—00

Further, noting (5.2), we see that ) - |8,(m)|* converges and there is a positive con-
stant Cy > 1 [7] such that

|8,(m)| < Cy|81(m)

, 1<m<N. (5.8)
As in Sect. 3, we shall consider individual harmonics E}‘(m) and I (m) of the forms

E(m) = e,(m)e™",  T}'"(m) = 8,(m)e"””, (5.9)

where 6 = 27m/L. Denote €, = €,(m) and 3, = §,,(m) for a fixed wave number m. Upon
substituting (5.9) into (5.1), we get

A1 e,,eiejh +in A e,,e‘@"h + AK A e,,eiejh
n-2
=i A e,,_leiejh —in ZRZYk(/\ekﬂe"ejh - /\ekeiejh) +8,e9", (5.10)
k=0

1<j<M-1,1<n<N.

Now, we shall present two lemmas which are essential in the proof of the convergence
result.

Lemma 5.1 Let a € (0, %) U (%, 13—870). Then we have

Is| - 2|pl - 2Ig] > 0, (5.11)

where p, q and s are defined in (2.10).
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Proof Recall from Remark 2.2 that o # %. For « € (0, 20) we have p<0,¢g>0ands >0,

therefore
3 97 1 1 2 1 8 3
Is| - 2|p| —2|q| = oz+——2 ———u|-2(za+—=|=—za+-=->0.
120 240 12 3 10 3 5
Forua € [20, 10) U (10 180) we have p > 0, g > 0 and s > 0, therefore
3 97 1 1 2 1 37
Is| —2|p| —2|q| = ——a +— 2| —ma—-—)-2| o+ =) =-3a+—>0.
120 12 240 3 10 60
The proof is completed. O

Lemma 5.2 Leta € (0, 10) U (10, 180) Let €,, 1 < n < N be the solution of (5.10). Then we
have

len] < CCsl61], 1<mn=N, (5.12)
where C3 = T'T'(1 - y)/C and C = min{%, Is| = 2|p| - 2|ql}.
Proof Since E° =0, it is clear from (5.7) that

€o(m) = €9 =0. (5.13)

We shall first show that (5.12) is true for n = 1. Indeed, when # = 1, from (5.10) we get

1
; + inj

€1 = 81, (514)
where 7; and ¢; are defined in (3.13) and (3.14), respectively.

Next, it is clear from Lemma 5.1 that C > 0. Moreover, we note that |by| — 2|bg| — 2|b1| =
%, where by, by and b, are given in (2.15). Together with (3.13), we obtain

C =mi 19I| 2|p| -2|q|
=min{ —, |s| - -
60S p q

= min{|by| - 2|bo| - 2|b1], Is| - 2|p| - 2lq]}
(5.15)
{{bz + 2bgy cos (20h) + 2by cos (

}

< min
1 ,
<—lnl, 1<j<M-1.
u

Using (5.15), the fact |2 = |¢Ti | <1, the definition of © (Lemma 2.2), Lemma 2.3 and

Cy > 1 (refer to (5.8)), we further ﬁnd from (5.14)

le1] =

|¢1 ||1|

CsC 1
T'T(1-y) |¢g; + injl

- Cs @ 1
TITT(A-y) no ¢ +inl

|81

161 (5.16)
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_T'TR2-y)G

Q|8
a2l

a4
= Gl <Ry 0C31R21181] < CrCald1].

Hence, we have proved (5.12) for n = 1.

Now, assume that, for n > 2,
leel < CGslé1l, 1<€<mn-1 (5.17)

From (5.10), after a series of computations we get

n-2

€n = Qén—l - Q Ryk(€k+1 - €k) + (Sny
kg(; " ¢+ iy
or equivalently
1
=2 (1-R),., e,, 1+Z nk D€k + R) o€o +¢‘+i77‘6n' (5.18)
)+ 1);

Using (5.13), by a similar argument to (5.16), (5.8), Lemma 2.3, (5.17) and || < 1, it follows
from (5.18) that

n-2

lenl < 1QI|(1=RY,,)en1 + Y (RY ~RY )ex +R)eo
k=1

1
+ ————8,|
gy +imjl

<1Q| [(1-R},,)ena| +

-2
Z (Rl ~RY, ek } + R, C3]2015,|
k=1

= von2) | [€nc1] + mk ~ Rpg-1) | 1€k1 + 150020301
12| |(1R I |Z| -R |||R”CC|8|]

n-2
=< C2C3|9||51||: (1-R},) +Z (R =Ry yy +RZ,0:|
k=1
< GG3l81].
Hence, we have proved (5.12). O

Theorem 5.1 (Convergence) Leta € (0, 110) (110, 180) Suppose u(x, t) is the exact solution
of (1.1) and u(x,t) € C®?([0,L] x [0, T)). Then we have, for 1 <n <N,

|E|, = O(K® + 7). (5.19)

B

Hence, the numerical scheme (2.25)—(2.27) or equivalently (3.1) is convergent with order
OH® + v%7).
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Proof Using (5.7), Lemma 5.2 and (5.2), we find, for 1 <#n <N,

P, - ( 3 |en<m>\2)

< C2C3< 3 \&(m)\z)

= GG T,
< CIGCVL(K +7%7).

The proof is completed. O

Remark 5.1 As shown in Theorem 5.1, the numerical scheme (2.25)—(2.27) achieves sixth
order convergence in the spatial dimension. This improves the work of [36] where the spa-
tial convergence order is observed to be four through numerical experiment. Furthermore,
in [36] the authors have only proved the stability of their scheme, while we have proven
the stability, unique solvability and convergence of our method by the Fourier method.

We remark that the Fourier method is rarely used in the analysis of numerical methods

of time/space-fractional Schréodinger equation, especially in establishing the convergence
order, so we have successfully illustrated the analytical technique of the Fourier method in
this work. It is noted that the energy method has been commonly used to show the conver-

gence of numerical methods for the space-fractional Schrédinger equation [31, 62-65].

6 Numerical examples
In this section, we shall present three numerical examples to verify the efficiency of the
scheme (2.25)—(2.27) and to compare with other methods in the literature.

Note that our theoretical convergence result is in L2 norm, nonetheless it would also be
interesting to see the convergence in maximum norm. In fact, for a fixed pair of (4, 7), we
shall compute the following accuracy indicators: maximum L2 norm error E; (%, T), maxi-
mum modulus error Ey (%, 7), maximum real part absolute error EX¢(/, 7) and maximum

imaginary part absolute error E™(/, 1), defined by

M-1 3
2
Ex(h,7) =0rinnas§v||5n szogag\[(;;lyu;ﬁ_qﬂ\ ) , (6.1)
j=
Eo(h,7) = max max |u]" - L[/.” , (6.2)
0=n<N 0<j<M
Re _ n_gm
EX(h,7) = Ogagmg};%me(uj uy)|,
(6.3)
Im _ n n
E(y ) = max ma [1m(u — U7)]
The convergence orders in temporal and spatial dimensions can be computed by
Ey(h,27) Eoo(h,27)
T I, =log,| ——— |, T¢ l,=log,| ——— |, 6.4
emporal, gz[ B D) emporal , = log, E(it) (6.4)
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E2(2h, T) E (2h7 T)
Space2 = 10g2 [m], Spaceoo = 10g2 [m . (65)
Example 6.1 ([16, 36, 47]) Consider the time-fractional Schrodinger equation
0%u(x, t
igDZu(x, t) + % + |u(x, t)|2u(x, t)=fx1t), (x¢te[0,1] x[0,1],
u(x,0)=0, x€[0,1], (6.6)
u(0,¢t) = it?, u(l,t) =it?, tel0,1],
where 0 < y <1 and
227
flx,t) = ————cos(2mx) + (—47T2t2 + t6) sin(2m x)
r@é-y)
(6.7)
+ [ 267 sin(27rx) + (—47 £ +£°) cos(2m )]
i| =————sin(2mwx) + (—47 x)|.
ré-y)

The exact solution is u(x, t) = t*[sin(27x) + i cos(2x)].

Let o = 1/20 be fixed. We shall apply the scheme (2.25)—(2.27) to compute the errors
and convergence orders, and comparisons are made with other methods in the literature.
There follows a brief description of the numerical simulation in Tables 1-4 and Figs. 1-3:

(i) In Table 1, we fix # =1/1000 and let T vary. Applying (2.25)—(2.27), we compute
Es(h,7), Exo(h,7) and the respective temporal convergence orders. The numerical
results indicate that our method is of order (2 — y) in the temporal dimension, thus
verifying the theoretical temporal convergence order in Theorem 5.1.

(i) In Table 2, we fix T = 1/5000 and let /4 vary. We present E»(%, 7), Eoo (B, T) and the
spatial convergence orders of our scheme (2.25)—(2.27) and those of the cubic
non-polynomial spline (CNS) method [36]. From Table 2, we see that our method
can achieve at least O(/°), while the CNS method is O(h*). Moreover, our method
obtains smaller errors in all the cases. The observation also confirms the theoretical
spatial convergence order in Theorem 5.1.

(iii) Let T = 1/512 be fixed. In Table 3, we compare EX(h, 7) and EX™(h, T) of our
scheme (2.25)—(2.27) with those of the meshless collocation (MC) method [47] and
the CNS method [36]. The numerical results indicate that our method gives the
smallest errors in all the cases.

(iv) In Table 4, we fix (4, t) = (1/40,1/200) and compare EX¢(k, 7) and EX™(h, 7) of our
scheme (2.25)—(2.27) with those of the quadratic B-spline Galerkin (QBG) method

Table 1 (Example 6.1) £2(h, T), Exo(h, T) and temporal convergence orders

y T E>(h, T) Temporal,  Ex(h, T) Temporal,
0.2 1/20  3.4967e-05 5.0107e-05
1/40 1.0627e-05 1.7183 1.5231e-05 1.7180
1/80  3.2052e-06 1.7292 4.5947e-06 1.7290
04 1/20  1.2356e-04 1.7701e-04
1/40  4.1683e-05 1.5677 5.9711e-05 1.5678
1/80 1.3977e-05 15764 2.0021e-05 15765
0.6 1/20  3.4186e-04 4.8943e-04
1/40  1.3047e-04  1.3897 1.8678e-04  1.3898

1/80  4.9681e-05  1.3930 71121e-05 13930
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Table 2 (Example 6.1) £x(h, T), Exo(h, T) and spatial convergence orders

y h E>(h, T) Space, Eo(h, T) Space,, Eoo(h, T) Spacey,
Our method Our method CNS [36]
0.2 1/5 1.0859%e-02 1.5316e-02 2.6917e-02
1/10 5.7595e-05 7.5587 7.7591e-05 7.6249 1.6360e-03 4.0403
1/20 7.4037e-07 6.2816 1.0556e-06 6.1998 1.0096e-04 40183
04 1/5 1.0799e-02 1.5303e-02 2.6888e-02
1/10 5.7073e-05 7.5639 7.6880e-05 7.6370 1.6188e-03 4.0540
1/20 7.3276e-07 6.2833 1.0440e-06 6.2024 1.0048e-04 4.0099
0.6 1/5 1.0697e-02 1.5252e-02 2.6750e-02
1/10 5.6275e-05 7.5705 7.5741e-05 7.6537 1.5965e-03 4.0666
1/20 7.2262e-07 6.2831 1.0382e-06 6.1889 9.9534e-05 40036
Table 3 (Example 6.1) Comparing £X¢(h, 7) and £ (h, T) with other methods
y h ERe(h,T) ERe(h, 1) ERe(h, 1) Emh, 1) EMh, 1) EMh, 1)
Our method MC [47] CNS [36] Our method MC [47] CNS [36]
0.1 1/9 1.2703e-04 7.0404e-02 1.2683e-03 1.2556e-04 7.6325e-02 24250e-03
1/14 3.0566e-06 2.1873e-02 2.2077e-04 1.0443e-05 2.6090e-02 4.1972e-04
1/19 4.1062e-07 1.0022e-02 6.5147e-05 1.4591e-06 1.2230e-02 1.2268e-04
1/24 9.4755e-08 5.1958e-03 2.5400e-05 3.2571e-07 6.4207e-03 4.8343e-05
1/29 6.5541e-08 2.8536e-03 1.1938e-05 1.0337e-07 3.5662e-03 2.2621e-05
03 1/9 1.2838e-04 7.0520e-02 1.3135e-03 1.2426e-04 3.5128e-02 2.3999e-03
1/14 3.1059e-06 2.1979e-02 2.2990e-04 1.0361e-05 14733e-02 4.1516e-04
1/19 4.0294e-07 1.0068e-02 6.7510e-05 1.5206e-06 7.1997e-03 1.2140e-04
1/24 4.1570e-07 5.2146e-03 2.6167e-05 4.6692e-07 3.8478e-03 4.7855e-05
1/29 4.3146e-07 2.8610e-03 1.2195e-05 2.9081e-07 2.1771e-03 2.2402e-05
Table 4 (Example 6.1) Comparing Eﬁg(h, T)and E(',’Q (h, T) with other methods
y ERe(h, 1) ERe(h,T) ERe(h, 1) Emh,T) Emh,T) EMh, 1)
Our method QBG[16] CNS [36] Our method QBG [16] CNS [36]
0.10 3.1730e-07 4.6850e-04 3.1153e-06 1.5460e-07 7.7635e-04 6.2728e-06
0.30 2.1533e-06 4.9949e-04 3.3537e-06 1.1104e-06 3.2833e-04 6.5370e-06
0.70 3.9262e-05 6.6590e-04 3.9311e-05 3.2046e-05 1.0614e-03 3.2046e-05
0.90 1.9926e-04 8.4460e-04 1.9971e-04 1.4957e-04 1.3150e-03 1.4957e-04

real part of numerical solution

real part of exact solution

Figure 1 (Example 6.1) Real part of numerical solution and exact solution
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imag part of numerical solution
imag part of exact solution

Figure 2 (Example 6.1) Imaginary part of numerical solution and exact solution
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Absolute modulus error
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Figure 3 (Example 6.1) Absolute modulus error

[16] and the CNS method [36]. Once again, the numerical results show that our
scheme outperforms these methods.

(v) To visualize the efficiency of our scheme (2.25)—(2.27), we plot the real part
(imaginary part) of the numerical solution and exact solution in Fig. 1 (Fig. 2) for
y =0.1 and (4, ) = (1/16,1/200). From the figures, we observe that our method
gives a good approximation of the exact solution.

(vi) In Fig. 3, we plot the absolute modulus error luf — U obtained from the scheme
(2.25)—(2.27) for y = 0.1 and (/, t) = (1/16,1/200). We observe from Fig. 3 that the

error is very small.

Page 20 of 27
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Example 6.2 Consider the time-fractional Schrédinger equation

2
ingu(x, t) + %};’t) + |u(x, t)|2u(x, t)=f1t), (x¢)e[0,1] x][0,1],

u(x,0)=0, xel0,1], (6.8)
u(0,t) = it"*1, u(l,t)=it"*, tel0,1],

where 0 <y <1 and

S, 8) = T (y +2)[isin(2rx) — cos(2) |

+ (272 — 4x?¢"* ") [sin(27x) + icos(2x) ).

The exact solution is u(x, t) = £V *![sin(27x) + i cos(2mx)].

Let « = 1/20 in the implementation of the scheme (2.25)—(2.27). In Table 5, we fix 7 =
1/5000 and present the spatial convergence orders of our scheme and those of the CNS
method [36]. In Table 6, we fix 7 = 1/512 and compare the maximum real/imaginary part
absolute errors of our numerical scheme with those of the CNS method [36]. Furthermore,
in Fig. 4 we plot the absolute modulus error |} = U obtained from our scheme for y = 0.3
and (h, t) = (1/20,1/200).

From the numerical simulation and plot, once again we demonstrate that the theoretical
spatial convergence order of our scheme is at least six (Theorem 5.1) and our scheme
performs better than the CNS method.

Table 5 (Example 6.2) £2(h, T), Exo(h, T) and spatial convergence orders

y h E>(h, T) Space, Eo(h, T) Spacey, Eoo(h, T) Space,,
Our method Our method CNS [36]
03 1/5 1.0859e-02 1.5317e-02 2.6918e-02
1/10 5.7585e-05 7.5590 7.7577e-05 7.6253 1.6327e-03 4.0432
1/20 7.3933e-07 6.2833 1.0550e-06 6.2003 1.0095e-04 40155
0.5 1/5 1.0808e-02 1.5308e-02 2.6893e-02
1/10 5.7103e-05 7.5643 7.6944e-05 7.6363 1.6200e-03 40532
1/20 7.3204e-07 6.2855 1.0429e-06 6.2051 1.0053e-04 4.0103
0.7 1/5 1.0698e-02 1.5253e-02 2.6736e-02
1/10 5.6084e-05 7.5755 7.5675e-05 7.6551 1.5956e-03 4.0666
1/20 7.6999e-07 6.1866 1.2828e-06 5.8824 9.9461e-05 4.0038

Table 6 (Example 6.2) £5¢(h, ) and 0 (h, T)

y h ERe(h, 1) ERe(h 1) Em(h,T) Emh, 1)
Our method CNS [36] Our method CNS [36]
0.1 /9 1.2677e-04 1.2598e-03  1.2575e-04 24285e-03
/14 3.0465e-06 2.1903e-04  1.0459e-05 4.2040e-04

/24 6.4494e-07 2.5240e-05 4.0624e-07 4.8414e-05

1
1
1/19 6.4303e-07 6.4687e-05 1.4559-06 1.2287e-04
1
1/29 6.4482e-07 1.1872e-05 4.0832e-07 2.2651e-05

0.3 1/9 1.2773e-04 1.2910e-03 1.2491e-04 24131e-03
1/14 4.6524e-06 2.2543e-04 1.0386e-05 4.1757e-04
1/19 4.6830e-06 6.6416e-05 5.1023e-06 1.2207e-04
1/24 4.6805e-06 2.5865e-05 5.1264e-06 4.8095e-05
1

/29 4.6723e-06 1.2160e-05 5.1146e-06 2.2506e-05
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Absolute modulus error

Figure 4 (Example 6.2) Absolute modulus error

In the next example, we shall investigate the effect of @ on the actual maximum L2 norm
error Ey(h, 7).

Example 6.3 Consider the time-fractional Schrédinger equation

9%u(x, t)
dx2

iSDY u(x,t) + + |ulx, t)|2u(x, B =f(xt), (1t el0,1]x[0,1],
u(x,0)=0, xel0,1], (6.10)

u(0,8) = i(t"** - 1), u(l,t) =i(t"** - %), telo,1],

where 0 <y <1 and

Fy+3), TG

'ﬂ%”:[ r@ TGy

tzy] [i sin(2x) — cos(an)]
) (6.11)

+ [—47r2(ty+2 - t2) + (ter2 - t2)3] [sin(271x) + icos(an)].

The exact solution is u(x, t) = (V% — £*)[sin(27x) + i cos(27x)].

First, we let @ = 1/20 and t = 1/5000 and present the spatial convergence orders of our
scheme (2.25)—(2.27) and those of the CNS method [36] (Table 7). To visualize the effi-
ciency of our method, in Figs. 5-7 we plot the real/imaginary parts of the numerical and
exact solutions and the absolute modulus error for y = 0.5 and (4, 7) = (1/16,1/200). We
observe that the theoretical spatial convergence of our method is indeed at least O(/°)
(Theorem 5.1) and our method gives a good approximation of the exact solution.

Next, we shall investigate the influence of o on the error E; (%, t). Consider the case when
y =0.5and (k, ) = (1/10,1/5000). We apply our scheme (2.25)—(2.27) with different values
ofa € (0, %) U (1—10, 1%) and plot the error E>(/, T) against « in Fig. 8. It is observed that the
exponent of the error remains the same (107°) for all « € (0, %) U (%, %). Noting Table 7,
we see that regardless of the chosen value of &, our method (error ~ 107°) is better than
the CNS method (error ~ 107%) in this case.
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y h E>(h, T) Space, Eo(h, T) Space,, Eoo(h, T) Space,,
Our method Our method CNS [36]
0.1 1/5 1.6057e-04 24239%e-04 3.8406e-04
1/10 8.4508e-07 7.5699 1.0992e-06 7.7847 2.3556e-05 4.0272
1/20 1.0644e-08 6.3110 1.5054e-08 6.1902 1.4549e-06 40171
0.3 1/5 4.6080e-04 6.9537e-04 1.1029e-03
1/10 2.4213e-06 7.5705 3.1527e-06 7.7850 6.7549e-05 40292
1/20 3.0459e-08 6.3128 4.3067e-08 6.1939 4.1711e-06 40174
0.5 1/5 7.4202e-04 1.1157e-03 1.7736e-03
1/10 3.8806e-06 7.5790 5.0736e-06 7.7807 1.0865e-04 40289
1/20 5.3287e-08 6.1864 7.6384e-08 6.0536 6.6960e-06 4.0202
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Figure 5 (Example 6.3) Real part of numerical solution and exact solution
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Figure 6 (Example 6.3) Imaginary part of numerical solution and exact solution
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Figure 7 (Example 6.3) Absolute modulus error
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Figure 8 (Example 6.3) Influence of a on the error E,(h, T)

7 Conclusion

In this paper, we derive a numerical scheme to solve the time-fractional nonlinear
Schrédinger equation (1.1) of fractional order y € (0,1). Our tools include the quintic
non-polynomial spline and L1 discretization. The unconditional stability, unique solv-
ability and convergence are proved by the Fourier method. It is shown that our method
can achieve sixth order convergence in space and (2 — y)th order convergence in time.
Three numerical examples are presented to verify the theoretical results and to compare
with other methods in the literature.
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