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Abstract

A spline is a piecewise defined special function that is usually comprised of
polynomials of a certain degree. These polynomials are supposed to generate a
smooth curve by connecting at given data points. In this work, an application of fifth
degree basis spline functions is presented for a numerical investigation of the
Kuramoto-Sivashinsky equation. The finite forward difference formula is used for
temporal integration, whereas the basis splines, together with a new approximation
for fourth order spatial derivative, are brought into play for discretization in space
direction. In order to corroborate the presented numerical algorithm, some test
problems are considered and the computational results are compared with existing
methods.

Keywords: Quintic polynomial B-spline functions; Crank-Nicolson scheme; Spline
approximations; Von Neumann stability analysis; Kuramoto-Sivashinsky equation

1 Introduction

The Kuramoto—Sivashinsky (KS) equation, a canonical nonlinear evolution equation,
crops up in mathematical modeling of several physical phenomena indicating reaction—
diffusion systems, unstable drift waves in plasmas, pattern formation on thin hydrody-
namic films, flame front instability, long waves on the interface between two viscous fluids,
fluid flow on a vertical plate and spatially uniform oscillating chemical reaction in some
homogeneous medium [1, 2]. The KS equation has chaotic behavior and exhibits a trav-
eling wave like solution that moves without changing its shape in a finite spatial domain

[3-5]. The generalized KS equation is given by

3y(x, t) y(xt)  9%y(x ) 33y(x, t) 0ty (x, t)
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© The Author(s) 2020. This article is licensed under a Creative Commons Attribution 4.0 International License, which permits use,
sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit to the original
author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The images or other
third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line
to the material. If material is not included in the article’'s Creative Commons licence and your intended use is not permitted by
statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder. To view a
copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.


https://doi.org/10.1186/s13662-020-03007-y
http://crossmark.crossref.org/dialog/?doi=10.1186/s13662-020-03007-y&domain=pdf
http://orcid.org/0000-0003-4442-7498
http://orcid.org/0000-0002-0491-1528
mailto:kashifiqbal@gcuf.edu.pk

Igbal et al. Advances in Difference Equations (2020) 2020:558 Page 2 of 21

subject to the following conditions:

J’(x’ 0) = ¢(x), (2)

ya,t)=d1(2),  y(b,t) = pa(0),
yo(at) =vn(0),  2x(b,t) = Yna(2),

3)

where y(x, t) gives the wave displacement at position x and time ¢, «, 8, y are constants
and ¢(x), ¢:(£), ¥:(t) are known functions. The term y,, is responsible for instability at
broad scales and the dissipative term y,,y, controls the damping effect at small scales. The
nonlinear term yy, serves as an energy stabilizer by transmitting it between small and
large scales [6]. The nonlinear evolution equations have attracted a considerable amount
of research work in recent years [7—15]. Several numerical and analytical techniques have
been proposed for solving these equations [16—23]. Khater and Temsah [24] employed the
Chebyshev spectral collocation approach for an approximate solution of the generalized
fourth order KS equation. Lai and Ma [25] proposed a lattice Boltzmann model for solv-
ing the nonlinear KS equation, A mesh free approach based on radial basis functions was
used in [26] for an approximate solution of the generalized KS equation. Mittal and Arora
[27] explored the numerical solution to KS equation by means of the Crank—Nicolson
scheme and quintic B-spline (QnBS) functions. Porshokouhi and Ghanbari [28] imple-
mented a variational iteration method for series solution of KS equation. The authors in
[29] presented a numerical approach based on basis spline functions for an approximate
solution of the KS equation. Rageh et al. [30] implemented a restrictive Taylor approxi-
mation method to find a numerical solution for the KS equation. Ersoy and Dag [31] pro-
posed an exponential cubic B-spline method for numerical solution of KS equation. Mittal
and Dabhiya [6] proposed a differential quadrature method based on QnBS functions for
solving the generalized KS equation. Gomes et al. [32] used linear feedback controls and
techniques to stabilize the non-uniform unstable steady states of the generalized KS equa-
tion. The authors in [33] used polynomial scaling functions for solving the generalized KS
equation. Akgul and Bonyah [34] proposed a reproducing kernel Hilbert space method
for the solving generalized KS equation.

In this article, the numerical investigation of the nonlinear KS equation has been pre-
sented. The finite forward difference formulation and quintic polynomial basis spline
functions are used to discretize the problem in time and spatial domains, respectively.
The spatial order of convergence of a typical QnBS approximation scheme has been im-
proved by involving a new approximation for the fourth order derivative. The stability of
proposed algorithm has been studied by means of Von-Neumann stability analysis.

This study is organized as: In the first section, we discuss some basic ideas related to
QnBS functions. The development of new approximation for y*(x) is explained in Sect. 3.
The numerical method is discussed in Sect. 4. Section 5—6 consists of a stability and error

analysis and finally the computational results are reported in Sect. 7.

2 Quintic polynomial B-spline functions
Let us partition the domain [4, b] into # intervals, [x;,%;,1], of equal length such that x; =

a+(ixh),i=01,...,n,a=x9, b=x,and h = %(b — a). The rth polynomial B-spline of
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degree g, order g + 1, is defined as [35]

Bq,r(x) = Lq,qu—l,r(x) +(1- Lq,r+1)Bq—1,r+1(x); x € [x, xr+1+q]r (4)
whereg>0,L,, = (x(:i;’i’;r) and

1, ifxe[x,x41],
Bo,,(x) _ [ r r+1] (5)
0, otherwise.

Using (5)—(4) with g = 5, we get fifth degree basis spline functions [36]:

Bs,,(x)
_ 1
12045
(x — %,-3)°, x € [%,_3,%2),
K+ 5 (x — %,_0) + 10K3 (% — %,_5)? + 10K2(x — x,_2)°
+5h(x — x,_9)* = 5(x — x,_2)°, x € [x,_0,%,_1],
26h° + 50h*(x — x,_1) + 2003 (x — x,_1)% — 200> (x — x,_1)®
—20h(x — x,_1)* + 10(x — x,_1)°, x € [%_1,%],
X 1 26K° + 50k (%41 — %) + 2013 (w41 — %) — 202 (%41 — x)° (6)
= 20h(x,41 —%)* + 10,41 — %)°, % € [%r,%p41),
H® + 5h* (%40 — %) + 10K3 (%40 — %)% + 10/ (%49 — %)°
+5h(%y40 — %)t = 5(%p42 — %)°, % € [%41,%r42],
(%743 — %)%, x € [%r42,%r43],
0 otherwise,

wherer =-2,-1,0,...,n+2. The QnBS approximation Y (x) for a sufficiently smooth func-
tion y(x) is given by

n+2

Y(x) =) 0.Bs,(x), (7)

r=-2

where the o, are to be calculated. Let Y;, m;, M;, T; and F; represent the QnBS approxi-
mations for y(x;), ¥/ (x;), ¥ (x;), y® (x;) and y* (x;), respectively.
Using (6) and (7), we have

1

Y, = m(ﬂpz +260,_1 + 660; + 260;,1 + 0i42), (8
1

m; = m(—m—z —100;_; + 1004,1 + 0is2), )
1

M; = @(Gi—Z + 20,1 — 60; + 2041 + 0i12), (10)

1
T; = 2—}13(—01‘—2 +20i_1 — 20441 + 0i42), (11)
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1

Fi= s

(0i—2 — 40i_1 + 60; — 4071 + 0i42). (12)

Moreover, from (8)—(12), we establish the following relations [37-39]:

6 8
= o (e D) (5.) — () 4 ... 13
m; y(xz)+5040y (%0 21’6003} x)+--- (13)

- L)

M=y () + o i) " Zazn i)t 14
y(x)+720y (%) 3360° (o) + (14)

Kt 114°
T, =y (x;) — am O () + -, 15
¥ (%) 220’ (x)+-3Q240y (%) + (15)

@) " 6 L
F; = i) — = i)+ i)t 16
7 (%) 137 (x)+240y (o) + (16)

We see that the truncation error in F; is O(h?). Instead of using (12), the authors in [36, 40]
proposed a new O(k3) accurate approximation for the fourth order derivative. For the sake
of completeness, we reproduce those results in the following section.

3 Derivation of new approximation for y(x)
From (16), we establish the following relation for F;_; at the knot x;, (i =2,3,4,...,n—2):

FE. 9 :y(4')(x 2) _ h_zy(6)(x 2) + h_4y(8)(x 2) N
- 12 T 240 a
2342 7h3
= y(A')(xi) - 2hy(5)(xi) + TJ’(G)(M) _ ?y(ﬂ(xi) Foeen, (17)

Similar expressions for F;_1, F;;; and Fj,5 at x; are derived as follows:

5h? K3
Fiy =y () - y® () + Ey(@(x,-) - Eym(xi) P (18)
5h2 3
Fip =y® () + hy® (x;) + Ey(@(xi) + Eym(xi) R (19)
23h* n
Fiyp = y¥(x;) + 21y® () + T}’@ (%) + ?yﬂ) () + - (20)

Suppose F; denotes the new approximation for y® (x;) s.t.

Fi=a\Fi o+ ayFi_1 + a3F; + ayFi + asFi. (21)
Using (17)—(20) in (21), we obtain a; = —ﬁ, ar = %, as = %, a, = % and as = _Tio'
Hence
~ 1
Fl' = W(_Gi_4 + 280’1‘_3 + 92(7,‘_2 - 6040,'_1 + 970(7,‘ - 6040’L‘+1
+920’,‘+2 +280’i+3—0','+4), i=2,3,...,n—2. (22)

For x = xg, we consider

F() = ﬂlF() + ﬂgFl + ﬂng + ﬂ4F3, (23)

Page 4 of 21
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where
_ A4) h_2 (6) h_4 (8)
Fo=y"(x0) - 37 (x0) + 540” (x0) + -+, (24)
5h? W

Fy=yW(xo) + by + Ty o) + 159V wo) +--, (25)
23h% 7h®

F, :y(4) (%0) + 2hy(5) + Ty(é) (x0) + ?ym(xo) +oee, (26)
53h? 1743

F; :y(4) (x0) + 3hy<5) + Ty(é) (x0) + Tym (x0) +---. (27)

From (23)—(27), we get a; = %, a = —%, as = % and a4 = —ﬁ to obtain the following rela-

tion:

1
Fy= W(M(LZ —6lo_1 + 1080y — 10307 + 6205 — 2703 + 804 — 053). (28)

Working in similar way, the following relations can be derived at x;, x,,_; and x,,:

~

1
Fi=——(0_9+60_1 —330( + 5201 — 330, + 603 + 04), (29)
1244
~ 1
F,,= W(Un—ll +60y,_3 — 330,_2 + 520,,_1 — 330y, + 60,11 + Oys2), (30)
~ 1
Fn = W(—O},_5 + 80',,,_4 - 270'}1—3 + 620'n_2
—1030,_1 + 1080, — 610,,,1 + 140,,,5). (31)

4 Description of the numerical method
Applying a finite forward difference formula and 0 weighted scheme in the time direction,

the semi-discretized form of problem (1) is obtained as follows:

yjﬂ_yj i+1 j+1 j+1 j+1
At +9[()/J’x)’+ T xzc +/3 xtcx+y xjcxx]

+ (1 - 9)[3’]}4 + aygcx + ,3)’&}; + yyicxxx] =0, (32)

where At is the mesh size in the time direction, 0 <0 <1 and y/ *1 js used to denote Y ti+
At). The nonlinear term (yy,)*! is treated as [33]

OVt =y L+ Y = o (33)
Substituting (33) into (32), we get
LT oyt o =l Bk 4 v
+ (1= OV, + Yy + BYra + ¥ ¥iran) = O- (34)

Page 5 of 21



Igbal et al. Advances in Difference Equations (2020) 2020:558

For 0 = 3, Eq. (34) can be rearranged as

1
2
|:A_t +yic:|yl+1 +y]y§c+1 ta xtcl +p xﬁc&c Y xicicx

2 . . . .
= Ey] - Oly;x - ﬁygcxx - yyécxxx' (35)

Now, let us divide the spatial domain [a,b] in n equal parts [x;,x;,1] s.t. x; =x9 + i X h,
i=0,1,...,n,a=xy,b=x,and h = %(b—a).
Let Y (x,¢) be the QnBS solution for (1) at £ = ¢ s.t.

n+2

Y(x,t) =Y o)Bs,(x), (36)

r=-2
where the o{ are unknown control points. Substituting (36) into (35), at x = x;, we obtain

o
WY e Yl w a4 Ty BT =2, (37)

1
Using (8)—(11), (22), (28) and (29)—(31) in (37), for i = 0,1,2,3,...,n, we get n + 1 linear
equations involving # + 5 control points:

whereu/::%+n1’l:andzjl::éYf—aMi—,BT{—yP{.

W U
jr1 j+1 41 i ey Yo e jr1 i il
O (o7} +260”) +660)" +260)" +0},") - —>(o’y +100’] —1007" — o))

120 240\ 2
a . . . . . . . . .
+ o (USI + 201;1 - 6<7(])+1 + 20{+1 + o{rl) - gil;s(ozl - 20511 + 2a{+1 - oé”)
Y j+1 j+1 j+1 j+1 j+1 j+1 i+l jrl
+ 12}14(1401*2 - 610’} +1080)" —1030]" + 620} —270}" + 80, -ol")
=2z (38)
M/l j+1 26 j+l 66 j+l 26 j+1 j+1 Y{ j+1 10 j+1 10 j+1 j+1
m(ﬂ'_l + Oy *+ o; + 0, +03 )— m(o'_l + oy — 0, — O3 )
o . . . . . . ) ) .
+ @(oﬁl + 2(76+1 - 60{rl + 2oé+1 + a;fl) - %(olll - 20{;1 + 2051 - oéﬂ)
+ X (7 4607 — 330! + 5207 ~330) 4 60 + 0l = 2, (39)
12m4 Y2 1 0 1 2 3 4

j J
P el j+1 j+1 TR TN (| i+1 i1 el
(o), +260] ) +660!" +260!) +0l,) - = (o], +100]"] —100];, - 0l})

120 i+ i+2 24h i-2 i+1 i+2
o j+1 92 j+1 6 j+1 2 j+1 j+1 ,3 j+1 ) j+1 2 j+1 j+1
+ 6/i2 (0] +20/ —60]" +20}) +0]};) - 3783 (03 =20/} +20/) —0})
14 j+1 j+1 j+1 j+1 j+1
= S0 (ol') —280)"5 — 920", +6040,"| —9700!
j+1 j+1 j+1 j+1
+ 60407, —920],, —280],5 +0],,)

=7, i=2,3,4,..,n-2, (40)
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W Y :
”_1( j+1 3+ 26(7’4rl + 6617}Jrl +26071 + 0”1) - ”_1( j+l 3+ 100’+1 1007+ - cr”l)

120 n+l 24]4 n+l
(24 1 1 1 ,3 1 j+1
tom (o1 + 200", — 600" + 20/ 4 6111 - 3 (015 = 20", + 20 — o)1)
" 1;44( 0"+ 607~ 3307") + 5200 — 3307 160"t 1 0Th) =2, (41)
}'1 j+1 j+1 j+1 j+1 j+1 Y}{l ]+1 /+1 j+1 j+1
50 (o), +2607") + 660, +2607,, +0),5) — o h( +100,"; — 1007, — o))
(o4 j 1 i+1 1 1 B 1 1 1 j+1
6h2 (O’l 20{,+1 60/ + 201:1 + 0:;:2) ~ 35 (o’+ 20;+ 20:;1 J,’l:Z)
- W(o,,_.g — 80,4 +270,_3 — 620, + 1030,,_1 — 1080, + 610,,,1 + 140,,,7)
=2, (42)
From the given end conditions (3), we get
(073! +260”1 + 660" +260]" +051) /120 = ¢ (4.1), (43)
( U”l - 100'];1 + 10(7]+1 + a£+1)/24h = Y1 (1), (44)
(—0)t =100 + 1001 + 0)t5) 124k = Yo (ty,), (45)
(o1 + 260, + 660/ +260)") +0)13)/120 = p(6,1). (46)
The set of equations (38)—(46) can be written in matrix form as
Lo/l =R, (47)
j+1 _

where L is the (n + 5) x (1 + 5) coefficient matrix, R is (7 + 5) x 1 matrix and o

j+1  _j+1  _j+1 j+1
[0y 02y 0y« Oy

T, Solving (47), we get o/*! and put these control points into (36)
to get the approximate solution at (j + 1)th time level. However, first we need to find ¢°,
using the given initial condition, as follows (2):

-0% —100°, + 1007 + 07)/24h = ¢’ (xo),

0% +20°% - 607 +207) +03) /6K = ¢" (x0),

(00, +2600, + 660, + 260", +07,)/120 = ¢p(x;), i=0,1,...,m,
(00, +200 | =60, + 2001 +0p,5) /61 = ¢ (x,),

—0y 5 — 1000 1 +100,,; +07,,)/24h = ¢/ (x,,).
In matrix form, we have
Lo®=R. (48)

The matrix system (48) can easily be solved using for o° using a modified form of Thomas

algorithm. The numerical simulation is run in Mathematica 10.

Page 7 of 21
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5 Stability analysis
Setting y = n in the nonlinear term yy,, Eq. (32) takes the following form:

-y
At

+(1-6) [779" +aygcx+ﬂ xxx+yygcxxx]: :

O[n0=)™" + oyl + By + VY]

Setting 6 = 0.5, the fully discretized form of (49) is as follows:
1 At i+l il j+1 j+1
Y/ ?[nnﬁ +aM;" + BT +yF" |
=]~ S ot v+ TV 4y E)
Using (8)-(11) and (22) in (50), we have

—ds0)"y +28d30]"; +2(46d5 — 60hdy + 2013, — 5h3dy + 2h*) o),
+4(~151ds + 60hd, + 20h*dy — 25h3dy + 26h*) /"]

+2(485d3 — 120hd; +132h*)a]"!

i+1

+2(46d3 + 60hdy + 20h%d + 5hdy + 2h*)olty + 28ds0)ly — dsoll,

l+3

(

+ 4(=151d3 — 60hd, — 201dy + 25hdy + 26h4)af+1
(
j

= d30] , — 28d30] ; + 2(~46d5 + 60hd, — 20h%d, + 5hdy + 2h*)o)

+4(151d; — 60hd, — 20h%d; + 25K°dy + 26h%)0]

+2(~485d3 + 120hd, + 132h*)q]

+4(151d3 + 60hd, — 20h*dy — 25h>dy + 26h4)

l+1

(
(
(
+2(—46d5 — 60hd; — 20h*d) — 5k dy + 2h*)],, — 28ds07, 5 + d3a.,

where dl = aAt, dg = IBAIf, dg = )/At, d4 = nAt.
Now, following [27, 41], we substitute o] = £/ into (51):

£/ [~dze " + 28d5e "V + 2(46d; — 60hd, + 207 dy — 5hdy + 2h*)e! "2

4(~151ds + 60hd, + 20h*d; — 25h3d, + 26h*)e 17
+2(485d5 — 120hd, + 132h*)e"™
+4(~151d3 — 60hd, — 201*d; + 25h°dy + 26h*)e "+ 1)?
+2(46d5 + 60hd, + 20h*d; + 5h>dy + 2h*)e' "+ ¥
+ 28d3e‘('”+3)‘” — dge‘(m+4)‘p]
- 51’ [dge‘(””‘”"’ _ 28d3e‘(”"3)‘p
2(~46d; + 60hd, — 20h*dy + 5hdy + 2h*)e "2
+4(151d5 - 60hd, — 20h*dy + 25h°d,, + 26h*)e'""~1)?
+2(-485d5 + 120hd, + 132h*)e™

(49)

(50)

(51)

Page 8 of 21



Igbal et al. Advances in Difference Equations (2020) 2020:558

+4(151d; + 60hd, — 20h*d; — 25h°dy + 26h*)e "¢
+2(~46d; — 60hd, — 20h*d; — 5h3dy + 2h*)e! " DY
— 283" 4 gyl
where 1 = /=1, ¢ = ¢k and ¢ is the mode number.
After some simplification, (52) takes the following form:
£[~d5 cos e + 28d3 cos 3p + 2(46d5 + 20i°d, + 2h*) cos 2¢
+20(60hd; + 5h>d,) sin 2¢ + 4(~151d5 + 20h>d; + 26h*) cos ¢
+4¢(~60hd, + 25h°dy) sin ¢ + 485d3 — 120hd; + 132h*]
= [dg cos4¢ — 28d3cos 3¢ + 2(—46d3 —20K2d; + 2h4) cos 2¢
+ 20(~60hdy — 5h*dy) sin 2¢ + 4(151d; — 20h>d; + 26h*) cos ¢
+4¢(60hd, — 25h°dy) sing — 485ds + 120hd, + 132h*].

V] —iw
v +iw

Equation (53) can be written as & = , where

vy = ds cos 4 — 285 cos 3¢ + 2(—46ds — 20i>d; + 2h*) cos 2¢
+4(151d;3 — 20k°d, + 26h*) cos ¢ — 485d5 + 120hd, + 132h*,

vy = —d3 cos 4 + 28d3 cos 3¢ + 2(46d3 + 20M%dy + 2h4) cos2¢
+4(~151d5 + 20h°d; + 26h*) cos ¢ + 485d5 — 120hd; + 1324,

w = 2(~60hd; — 5h°dy) sin2¢ + 4(60hd, — 25h>d,) sin g.
Now
v% — v12 = 64h*(33 + 26 cos ¢ + cos 2¢) sin® %[170613 - 80d, i

- 5(29d3 + 8d1h2) cos ¢ — 26d3 cos 2¢ + dsz cos 3(,0].

We plug in the values of d; and ds with o = —1, y =1 in the last expression to get

v% - vl2 = 64h*(33 + 26 cos ¢ + cos 2¢) sin® %At[(97 + 24 cos ¢ — cos 2¢) sin

+40K%(2 + cos <p):|.

Since
644*(33 + 26 cos ¢ + cos 2¢) sin® %At >0,
. 2@
(97 + 24 cos ¢ — cos 2¢) sin 5 >0,
401*(2 + cos )] > 0,

we have vy — v > 0.

2 ¢

(52)

(53)
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Consequently |§] < 1, the proposed algorithm is proved to be stable.

6 Error analysis

From (8)—(11), we can obtain the following expressions [38, 39]:

h[Y'(xi22) +26Y" (xi21) + 66Y"(x;) +26Y" (x1s1) + Y (%12) |

= 5[-Y(xi-2) = 10Y (1) + 10Y (xis1) + ¥ (xi12) ], (54)
R2[Y" (xi2) +26Y" (x;1) + 66" (x;) + 26Y" (xi41) + Y (xi12)]

= 20[Y (xiz2) + 2Y (xi-1) — 6Y () + 2Y (i) + Y (%i42) ], (55)
F[Y" (xi2) +26Y" (xi1) + 66Y"(x:) +26Y" (xi01) + ¥ (xi12)]

= 60[ Y (xi_2) + 2Y (%i-1) — 2Y (xi1) + Y (xis2) |- (56)

Similarly, using (10), (11) and (22), we have

hZ
W) = 5[ (hi2) + 114" (x10) = 142Y" (@) + 30Y " (%1:1) = ¥V (x)]

3
+ % [Y/”(x,»,l) + 2Y/”(xi)]. (57)

Employing the operator notation, E*(Y'(x;)) = Y'(x,1), A € Z, Eqgs. (54)—(56) are written
as [37]

h[E™ +26E7" + 66 + 26E" + E*]Y'(x;) = 5[~E > = 10E™" + 10E" + E*y(x)), (58)
W[E™ +26E™ +66 +26E" + E*|Y"(x;) = 20[E™> = 2E™" + =6 + 2E" + E*]y(x;),  (59)

W[E™ +26E™ +66 + 26E" + E*]Y"(x;) = 60[-E> + 2E7" = 2E" + E]y(x,). (60)

Using E = e"°, D = d/dx, Eqs. (58)—(60) give the following expressions, respectively [38

39]:

6 hS ) th 1)
Y/ l = / l l l -_— l "', 61
() =5/ () + 237697 6s0) = 26000 *)* Tozeson’ )+ (61)

h* he s

Y’ ) = /" : (6) ) — (8) ’ (10) ; . 62
(x) =520 + 2599 e) —3360y (x>+86400y (x) + ©

o) H ° e
Y (x;) = )= 5a0) Wi X )t 63
() =y (1) D () + 30240 ©)(x 28800 (i) + (63)

Similarly, writing (57) in operator notation, we get

7h
@ () = —[ —E7+ 114E™ - 142+ 30E' — E*]y" () + - [ + 2[yP(x).  (64)



Igbal et al. Advances in Difference Equations (2020) 2020:558 Page 11 of 21

The above relation can be expanded as

h? 14
HYW(x;) = — | -84hD + 684°D* — 141°D° + —H*D* + - -+ |y (x))
40 3 Y

7

1 1 1
+ —|3-hD+ -h*D? - —1*D* + —h*D* |y¥(x;). (65)
10 2 6 24

After some simplification, we obtain

7h?
YW () =y () + =97 ()

4
_ 19h (8)
600 3600

YV )+ (66)
Now, the generalized KS equation (1) can be written as
ye =G, 1,), (67)

where G = —yy, — @Vxx — BYxxx — ¥ Vrxxxr» With yﬁ“ —)/l: = At[GG’;rl +(1- Q)G}l:].
Applying a Taylor series about (j + 6) At, we obtain

1+30(6-1)
?Atz(ym)i +oee

0(0 —1)(20 - 1)

20 -1
Wi - TAt(ytt)i +

0(0 - 1)

=G;— Atz(Gzt)i + At3(Gttt)i tee- (68)

Setting y = n in the nonlinear term yy, and using (67) in (68), we get

-1 1+66(0 -1)

0 =G+ 2= AkGy - DA G+ (69)

From (67), the truncation error is defined as

€ = O’t)i - [_n(Yx)i —a(Yee)i = B(Yaxa)i — V(Yxxxx)i]r

20 -1 7y 3
€= TAt(ytt)i + m(yxxxxxxx)t toeee (70)

Hence, theoretically, the proposed numerical algorithm for KS equation is O(A¢ + 43) con-

vergent.

7 Numerical results

To show the versatility of numerical algorithm, we have presented four numerical exper-
iments. The accuracy and efficiency of the method is tested by the maximum, Euclidian
and the global relative error (GRE) norms, which are calculated as [27, 42]

Z?:O |yi - Yl|
Z?:o [yl

Lo = max |y; — Y|, L=
0<i<n

h Z(yl - Yi)Z: GRE =
i=0

where Y; and y; are the approximate and exact solutions at the ith spatial knot, respectively.
The numerical outcomes are compared with the Lattice Boltzmann model (LBM) [25],
the Quintic B-spline collocation method (QnBSM) [27], B-spline functions (BSF) [29],
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the Exponential cubic B-spline collocation method (ExCBSM) [31], the QnBS differential
quadrature method (QnBS-DQM) [6] and Polynomial scaling functions (PSF) [33].

Problem 1 Consider the following KS equation [6, 25, 27, 31]:
Ve + YVx + Vax + Vurxx =0, x € [-30,30],¢ € [0,4].

The piecewise defined spline solution at ¢ = 1 using the proposed method for Example 1,
when n =100, At =0.01, > =5 and v = —12, is given by

3.89237 + x(0.0153636 + x(0.00100909 + x(0.0000332031
+(5.47221E - 7 + 3.61331E - 9x)x))), ifx € [-30,—1¥],
3.87164 + x(0.0118388 + x(0.000769305 + x(0.0000250471
+(4.08512E - 7 + 2.66971E - 9x)x))), ifx € [, -12],
3.92466 + x(0.0210431 + x(0.0014085 + x(o.oooo472413
+(7.93828E — 7 + 5.34552E — 9x)x))), ifx € [-12%, —141],
3.97167 + x(0.0293783 + x(0.00199965 + x(0.000068204

+(1.16551E — 6 + 7.98154E — 9x)x))), ifx € [-13}, 128,

6.06349 + x(0.103044 + x(~0.037693 + x(0.00881429
+(-0.00141027 + 0.000132128x)x))), ifx € [-3,0],

6.06349 + x(0.103044 + x(~0.037693 + x(0.00881429
+(~0.00141027 + 0.000135264x)x))), if x € [0, 2],

Y(x,1) =

6.20139 + x(6.48201E — 7 + x(—4.4005E — 8 + x(1.5134F — 9
+(-2.56932E — 11 + 1.74971E - 13x)x))), ifx € [132, 12],
6.2014 + x(4.54485E — 7 + x(—3.11993E — 8 + x(1.03319E — 9
+(-1.72804E — 11 + 1.16351E — 13x)x))), ifx € [12, 1],
6.2014 + x(3.27826E — 7 + x(—2.16532F — 8 + x(6.98492F — 10
+(-1.15961E — 11 + 7.63833E — 14x)x))), ifx € [13%, 2],
6.2014 + x(1.22935E — 7 + x(~7.45058E — 9 + x(2.32831E — 10
+(-3.63798E — 12 + 2.22045E — 14x)x))), if x € [12Z,30].

The exact solution is

30
Y(x,t) = A+ Eu[—9 tanh(u(x — At — v) + 11 tanh® (u(x — At - )],

where p = 5 19 L and the initial and end conditions can be derived from the given exact
solution. The GRE corresponding to A =5, v = =12, n = 100 and At = 0.01 is listed in
Table 1 at t = 1,2,3,4. It can be observed that our approximate results are better than
LBM [25], QnBSM [27], ExXCBSM [31] and QnBS-DQM [6]. Table 2 shows a comparison

of computational error norms with QnBS-DQM [6] corresponding to A = 0.1, v = —10,
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Table 1 Global relative error for Problem 1 when A =5and v =-12

t LBM [25] QnBSM [27] ExCBSM [31] QnBS-DQOM [6] Proposed method
n=600 n=150 n=150 n=150 n=100
At=00001 At=001 At=001 At=001

1 679 x 107 382 x 107 333 x 107 240 x 107 250 x 107

2 1.15 x 1073 551 x 107 556 x 107 299 x 107 457 x 107

3 159 x 1073 704 x 107 875 x 107 363 x 107 6.35x 107

4 201 x 1073 864 x 107 125x% 1073 433 x 107 786 x 107

Table 2 [, and Ly norms for Problem 1 when A =0.1 and v =-10

t QnBS-DQM [6] Proposed method

Lz Loo LZ LOO

0.1 850 x 1073 859 x 1073 174 x 1074 117 x 1074

03 1.18 x 1072 952 x 1073 336 x 107 212 x 107

05 144 % 1072 1.00 x 1072 472 x 107 283 x 107

0.7 169 x 1072 1.04 x 1072 583 x 107 335x 107

10 192 x 1072 1.19 x 1072 714 x 107 387 x 107

7,

t=4
t=3
t=2
6 t=1——
5,
Approximate
®®-® yact Solution
4+ J
-20 -10
3,

Figure 1 Numerical and exact solution for Problem 1 using n =100, At=0.01,A=5and v =-12

Exact

Solution

Approximate Solution

100

Figure 2 Exact and approximate solution for Problem 1 when 0 <t <4,-30 < x <30,n =100, At=0.01,
A=5andv=-12

n=100and At =0.01at¢=0.1,0.3,0.5,0.5,0.7,1.0. The 2D plots of approximate and exact
solutions at different time stages are displayed in Fig. 1 and the 3D graphics of the exact
and numerical solutions are portrayed in Fig. 2.
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Problem 2 Consider the following KS equation [6, 25, 27, 31]:

Vet Ve —Vux + Yaxax =0, X € [-50,50],¢ € [0,4].

The piecewise defined spline solution at ¢ = 1 using the proposed method for Example 2,
when n =100, At =0.01, > =5 and v = =25, is given by

5.33339 + x(—0.00293376 + x(—0.000119332 + x(—2.42684E — 6
+(=2.4676E — 8 — 1.00357E — 10x)x))), if x € [-50,—49],
5.36867 + x(0.00066654 + x(0.0000276187 + x(5.72159E — 7
+(5.92601F — 9 + 2.4549E — 11x)x))), if x € [-49,-48],
5.35992 + x(—0.000244348 + x(—0.000010335 + x(—2.18545E — 7
+(—2.31046E — 9 — 9.76963F — 12x)x))), if x € [-48,-47],
5.36312 + x(0.0000959346 + x(4.14508E — 6 + x(8.95434E — 8
+(9.67049E — 10 + 4.17727E — 12x)x))), if x € [-47,-46],
5.36221 + x(~0.000010259 + x(—2.33857E — 6 + x(—3.5414F — 7
+(—3.93807E — 8 — 2.85432F — 9x)x))), ifx e [-1,0],
5.36221 + x(—0.000010259 + x(—2.33857E — 6 + x(~3.5414F — 7
+(=3.93807F — 8 — 4.44859F — 9x)x))), ifx e [0,1],

Y(x,1) =

9.30952 + x(—0.474015 + x(0.01929 + x(~0.000393476
+(4.02218E — 6 — 1.64808E — 8x)x))), ifx € [46,47],
7.96662 + x(~0.331153 + x(0.0132108 + x(—0.000264131
+(2.64617E — 6 — 1.06255E — 8x)x))), if x € [47,48],
6.74426 + x(~0.203824 + x(0.00790544 + x(—0.000153602
+(1.49483E — 6 — 5.82822E — 9x)x))), if x € [48,49],
6.32486 + x(~0.161028 + x(0.00615866 + x(~0.000117953
+(1.13107E — 6 — 4.34348E — 9x)x))), if x € [49,50].

The exact solution is

y(x, b)) = A+ %u[—S tanh(,u(x -\ - v)) + tanh® (M(x — At — v))],

where p = ﬁ and the initial and boundary constraints can be derived from given ex-

act solution. In Table 3, the GRE corresponding to A =5, v = =25, n = 100 and At =
0.01 is compared with LBM [25], QnBSM [27], ExCBSM [31] and QnBS-DQM [6] at
t = 6,8,10,12. Figure 3 exhibits 2D plots of the exact and numerical solution at dif-

Page 14 of 21
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Table 3 Global relative error for Problem 2 when A =5 and v =-25

t LBM [25] QnBSM [27] ExCBSM [31] QnBS-DQM [6] Proposed method
n=1000 n=200 n=200 n=150 n=100
At =0.0001 At=001 At=001 At=001
6 788 x 107 651 %107 934 x 107° 359 x 107 3.00 x 1077
8 953 x 107° 713 %107 157 x 107 429 % 107 362 x 1077
10 1.09 x 107 731 x 107 237 x 107 509 x 107 414 x 1077
12 118 x 107 878 x 107 333x 107 379 %107 443 x 1077

4.8 Approximate
[ ®®® 5t Solution

4.6

Figure 3 Numerical and analytical exact solutions for Problem 2 with At=0.01,n=100, A =5and v =-25

Exact Solution

Approximate Solution

Figure 4 Exact and numerical solutions for Problem 2 when 0 <t <10, -50 < x < 50,n =100, At=0.01,
A=5andv=-25

ferent time stages. The 3D graphs of the exact and numerical solutions are shown in
Fig. 4.

Problem 3 Consider the following KS equation [29, 33]:

Ve + YVx + Yax + 0.5¥0x =0,  x € [-10,10],¢ € [0, 10].
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The piecewise defined spline solution at ¢ = 1 using proposed method for Example 3,
when n =100, At =0.01 and A = 0.1, is given by

—968493. + x(—492419. + x(~100141.

+x(-10182.2 + (-517.634 — 10.5255x)x))), ifx € [-10,-2],
221758. + x(114852. + x(23791.4

+x(2463.98 + x(127.581 + 2.64218x)))),  ifxe[-L,-%],
~83398.6 + x(—44083.7 + x(-9320.23

+x(-985.155 + (-52.0609 — 1.10037x)x))), ifx e [-8,-%],
34542.2 + x(18650.8 + x(4027.53

+x(434.82 + (23.4696 + 0.506665x)x))),  ifxe [-¥,-%],
~0.938649 + x(-3.92441 + x(1.00339

+x(1.6944 + (-0.425134 — 0.459114x)x))), ifx € [-1,0],
~0.938649 + x(—3.92441 + x(1.00339

+x(1.6944 + (-0.425134 — 0.321792x)x))), ifx € [0, 1],

Y(x,1) =

~34545.3 + x(18652.3 + x(—4027.88

+x(434.858 + (-23.4718 + 0.506711x)x))), ifx € [, ¥],
83405.8 + x(~44087.6 + x(9321.05

+x(-985.241 + (52.0654 — 1.10046x)x))),  ifx € [¥, 2],
~221773. + x(114859. + x(~23792.9

+x(2464.13 + x(~127.589 + 2.64235x)))),  ifx e [, 2],
968551. + x(—492448. + x(100147.

+x(-10182.8 + (517.664 — 10.5261x)x))),  ifx € [£,10].

The exact solution is

A 60
Y, t) = —— + 1—9,u(—38)/u2 + a) tanh(px + At) + 120y 2 tanh® (ux + At),
m

where y = 1,/T1a/19y and the initial and boundary constraints are obtained from the
given exact solution. The error norms, L, and L, with A = 0.1 and A¢ =0.1,0.01,0.001
are reported in Table 4. It is clear that our numerical algorithm provides a better ap-
proximation to the exact solution than BSF [29] and PSF [33]. The 2D graphs of numer-
ical and true solutions at different time levels are shown in Fig. 5, and Fig. 6 depicts the
3D plots of the exact and numerical solutions in the temporal domain 0 < ¢ < 10 using
At =0.01.
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Table 4 Error norms for Problem 3 when A =0.1

At BSF [29] PSF [33] Proposed method

L2 Loo LZ Loo L2 Loo
0.1 89 x 1073 99 x 1070 14 %107 13x10™ 583 x 107 709 x 107
001 16 x 107 2.1 %100 15x 107 13x10° 584 x 107/ 711 x 1077
0.001 22x 1078 21 %108 6.54 x 107° 795 % 107°

ol
t=1
"
ol
Approximate Solution
s -@-0--® Exact Solution
F -5 \XX/ 5 10
-3+
Figure 5 Numerical and exact solutions for Problem 3 at t = 1,5, 10 using n = 100 and At =0.01

Exact Solution Approximate Solution

1.0 1000

Figure 6 Exact and approximate solutions for Problem 3 when 0 <t <1, At=0.001 and A =0.1

Table 5 Global relative error for Problem 4 when A =6, u =0.5and v =-10

t LBM [25] QnBS-DQM [6] Proposed method
n =600 n=150 n=150
At =0.0001 At=0001

1 2.59 x 1072 2.56 x 1073 514 x 107

2 2.80 x 1072 491 x 1073 139 % 1073

3 267 x 1072 1.11 x 1072 302 x 1073

4 352 x 1072 192 x 1072 503 x 1073




Igbal et al. Advances in Difference Equations (2020) 2020:558 Page 18 of 21

Problem 4 Consider the KS equation [6, 25]
Vi + VY% + Vax + Wxx + Y =0, X E [-30,30],¢ € [0,4].

The piecewise defined spline solution at ¢ = 1 using the proposed method for Example 4,
when n =100, At =0.01, A =6, © = 0.5 and v = 10, is given by

—50671. + x(~8613.05 + x(~585.635 + x(—19.9104
+(—0.338466 — 0.00230157x)x))), if x € [-30,—12],
3735.51 + x(639.763 + x(43.808 + x(1.49923
+(0.0256427 + 0.000175363x)x))), ifx € [, —12],
—2485.85 + x(—440.333 + x(—31.1986 + x(—1.10517
+(-0.0195726 — 0.000138632x)x))), ifx € [-12,-14],
968.556 + x(172.149 + x(12.2398 + x(0.435199
+(0.00773898 + 0.0000550672x)x))), if x € [- 121, 128,
0.0379155 + x(—0.0741793 + x(0.0714278 + x(~0.0447254
+(0.0190591 - 0.00966862x)x))), if x € [-2,0],
0.0379155 + x(—0.0741793 + x(0.0714278 + x(—0.0447254
+(0.0190591 - 0.00431186x)x))), ifx € [0,2],

Y(x,1) =

~1.40981E — 9 + x(2.61336E — 10 + x(—1.93724E — 11 + x(7.1782E — 13
+(~1.3295E — 14 + 9.84664F — 17x)x))), ifx € [£28, 121],
2.24784E — 8 + x(~3.97417E — 9 + x(2.81018E — 10 + x(~9.93432E — 12
+(1.75573E — 13 - 1.24102E - 15x)x))), ifx € [12, 2],
~5.50318E — 8 + (9.48247E — 9 + x(~6.53471E - 10 + x(2.25132E - 11
+(~3.87752E — 13 + 2.67096E — 15x)x))), ifx € [12, 147],
1.16927E — 8 + x(~1.86523E — 9 + x(1.18482E — 10 + x(~3.74368E — 12
+(5.87933E - 14 - 3.66767E — 16x)x))), ifx € [12Z,30].

The exact solution is
y(x, ) =9+ A — 15[tanh(,u(x — At —v) + tanh?(u(x — Af — v) + tanh®(u(x — At — v)].

The initial and end conditions are established from given exact solution. Table 5 portrays
the comparison of GRE with LBM [25] and QnBS-DQM [6] corresponding to A = 6, i =
0.5, v = =10, n = 150 and At = 0.001 at ¢ = 1,2,3,4. Figure 7 shows the comparison of
approximate and exact solution at different time stages. The 3D graphics of the exact and
numerical solutions are given in Fig. 8 when —30 <x <30, 0 <t <1 using #n = 100 and
At =0.01.
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=1 — P

15p =7

t=2 , »

t=3 >
t=4 l ' :

101

Approximate Solution

®-@-® Exact Solution
-20 -10 0 10 20 30

Figure 7 Numerical and analytical exact solutions for Problem 4 with At=0.01,n=100, A =6, £ =0.5 and
v=-10

Exact Solution Approximate Solution

Figure 8 Exact and approximate solutions for Problem 4 when -30 < x <30,0 <t <4,n=100, At=001,
A=6,u=05andv=-10

8 Conclusion

In this work, an application of a new quintic polynomial B-spline approximation approach
has been presented for a numerical investigation of the Kuramoto—Sivashinsky equation.
The numerical scheme employs typical fifth degree polynomial basis spline functions in
association with a new approximation and a Crank—Nicolson scheme to discretize the
problem in the space and time directions, respectively. The error and stability analysis of
the proposed scheme is carried out. Four test problems are considered from the available
literature and the simulation results are compared with LBM [25], QnBSM [27], BSF [29],
ExCBSM [31], QnBS-DQM [6] and PSF [33]. It is concluded that the presented algorithm
outperforms the other variants on the topic with superior accuracy and straightforward
implementation.
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