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1 Introduction

The concept of b-metric space has been introduced by Bakhtin [2] and Czerwik [4]. Via
this notion the Banach contraction principle has been extended in b-metric spaces by
Czerwik. Many authors have focused on generalizations of metric spaces and have inves-
tigated many new results in these new structures (see details in [10, 16—20]).

The concept of cone metric spaces has been introduced by Huang and Zhang [9]; this
is a generalization of a metric space in the sense that the codomain of the metric function
has been substituted from the set of real numbers to a real Banach space.

The study of A/-cone metric spaces was started by Malviya and Fischer [15]. They gener-
alized the concept of D*-metric spaces [1] to form a new space and defined asymptotically
regular maps in \/-cone metric spaces.

On the other hand, some authors have investigated fixed point results which are proved
in cone metric spaces coinciding with the results of ordinary metric spaces, where the
function d* is defined by a nonlinear scalarization function &, (see [5]) or by a Minkowski
functional ¢, (see [11]).

Afterwards, the concept of cone metric spaces over Banach algebras proposed by Liu and
Xu [13] where cone metric spaces replaced by cone metric spaces over Banach algebras
which was interesting for many researchers. Their work contains some fixed point results
for generalized Lipschitz mapping in cone metric spaces over Banach algebras. In 2014,
Xu and Radenovic [25] showed that the results of Liu and Xu remain valid if we use only
solid cones instead of normal cones. The notion of A/-cone metric space over a Banach
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algebra presented by Fernandez et al. [6], who generalized the concept of A/ -cone metric
space and proved some fixed point results for generalized Lipschitz mapping in this new
framework.

The notion of a coupled fixed point has been presented by Guo and Laksmikantham [7].
Later, Bhaskar and Laksmikantham [3] recommended the mixed monotone property for
contractive operators of the type F : M x M — M, where M is a partially ordered metric
space. Some coupled coincidence fixed point theorems in non-normal cone metric spaces
have been obtained by Shatanawi [23]. For some new coincidence point and common fixed
point theorems in the product spaces of complete quasi-ordered metric spaces we refer
to [24]. Also, some coincidence point and common fixed point results for hybrid pairs of
mappings on a cone b-metric space over a Banach algebra have been stated and proved by
Malhotra et al. [14].

Inspired by the above works, we organize this article in the following way.

In Sect. 2, we recall some definitions and results from [9] and [13]. In Sect. 3, we present
the notion of N},-cone metric space over a Banach algebra as a generalization of A/-cone
metric spaces over a Banach algebra and b-metric spaces. Some topological properties of
this new structure have been collected in Sect. 4 and the notion of generalized Lipschitz
maps have been defined in Sect. 5. We investigate some coupled fixed point problems for
generalized Lipschitz maps in Sect. 6. To support our main result we present an example
in Sect. 6. Lastly, an application to the existence of solutions for integral equations is given
in Sect. 7. The results of [26] are special cases of our results.

2 Preliminaries
Let A denote a real Banach algebra such that

L (uv)v = p(vv),

2. u(w+v)=pv+pvand (U +v)v = Qv +vu,

3. a(uv) = (ap)v = u(av),

4 (vl = lpdiivil
forall u,v,v e Aanda € R.

If e = e = w, for all u € A, then e € A is called unit (i.e., a multiplicative identity). If
there is an element v € A such that uv = v = e, then p € A is said to be invertible. ;! is
the inverse of 1. For more details, we refer to [22].

Proposition 1 ([22]) Suppose that the spectral radius p(j1) of an element . € A is less
thanl,i.e.
1

" = inf||u”

n>1

1
"<,

p(p) = lLim |u”

n—+00

then e —  is invertible, where e € A is unit. Moreover,

o0
(e—wt=) u
i=0
Remark 1 ([22]) The spectral radius p(u) of u satisfies p(u) < |||, for all u € A.

Remark 2 ([25]) If p(u) < 1 then ||| — 0 as n — +0o0.
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A set P C Ais called a cone if

1. P+#0,isclosed and P #{0};

2. «aP+ BP C P for all non-negative real numbers «, B;

3. P?=PPCP;

4. PN(-P)=1{6},
where 6 indicates the null of A. The partial ordering on A with the help of a cone P is
defined by 4 < v if and only if v — u € P. We write i < v to indicate that u < v but p # v,
while p < v stands for v — u € int P, where int P is the interior of P. A cone is called solid
ifintP # 0.

The cone P is said to be normal provided that there is a number A > 0 such that

O <p=v implies [ul=<Alv], (2.1)

forall u,v € A.
The least positive number A verifying (2.1) is known as the normal constant of P (see

[9D.

Definition 1 ([9, 13]) Let M be a nonempty set and let d : M x M — A satisfy

1. 6 <d(u,v)forall u,ve Mandd(u,v)=0ifandonlyif u =v,

2. d(u,v)=d(v,u) forall u,v e M;

3. d(u,v) <d(u,v)+d(v,v) forall u,v,ve M.
In this case, d is said to be a cone metric on M and (M, d) is said to be a cone metric space
over a Banach algebra A.

For more details regarding cone metric spaces over a Banach algebra, we refer to [13].

Definition 2 ([2]) Let M be a nonempty set and s > 1 be a constant. A mapping d : M x
M — R* is said to be a b-metric if and only if,

1. d(p,v)=0ifand onlyif u = v,

2. d(u,v)=d(v,un) forall u,ve M,

3. d(u,v) <sld(u,v) +d(v,v)] forall u,v,veM,
for all u,v,v e M.

Then the pair (M, d) is called a b-metric space.

Some details on b-metric spaces and their extensions can be found in [10, 18] and [16].

Definition 3 ([15]) Let M be a nonempty set. A function N : M3 — £ is called an -
cone metric on M if

(1) 6 <N(w,v,v),

(2) N(u,v,v)=0ifandonlyif u=v =,

(3) N(w,v,v) < N(w, w,a) + N(v,v,a) + N(v,v,a),
for any u,v,v,a € M.

Then the pair (M, ) is called a A/-cone metric space.

Other definitions and subsequent results on A -cone metric spaces are given in [15].

Definition 4 ([6]) An A\ -cone metric over a Banach algebra .4 on a nonempty set M is a
function N : M3 — A for which
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(M) 6 < N(w,v,0),
(N2) N(u,v,v) =0 ifandonlyif u=v =v,
N3) N(w,v,0) <N (1, m,a) + N(v,v,a) + N(v,v,a),
such that, for all u,v,v,a € M.
Then the pair (M, \) is called a A/-cone metric space over a Banach algebra A.

3 A,-Cone metric space over Banach algebra
We present the definition of N,-cone metric space over a Banach algebra as follows.

Definition 5 A N},-cone metric over a Banach algebra .4 on a nonempty set M is a func-
tion AV : M3 — A such that, for all p,0,0,a € M:

Npy) 0 2 Np(p,0,0),

(Ns,) Ni(p,0,0)=0ifandonlyif p=p =0,

Nas) Ni(p, p,0) = Ni(o, 0, ),

Nay) Nilp,0,0) < s[Ny(p, p,a) + Ni(0,0,a) + Ny(o,0,a)].

The pair (M, \}) is called an N}, -cone metric space over a Banach algebra .A. The num-
ber s > 1 is called the coefficient of (M, N}).

We give an example of \V},-cone metric space over a Banach algebra which is not A/-cone

metric space over a Banach algebra.

Example 1 Let A = C}[0,1] with norm defined by || ol = [|plle + | 0’ lls- Under point-wise
multiplication, A is a real unit Banach algebra with unit e = 1. Consider a cone P = {p €
A:p >0} in A. Moreover, P is a non-normal cone (see [21]). Let M = [0, +00). Define
Np: M3 — Aby

2
Ni(p:0,0)(t) = (lo+0 —2p| + o —0a])"¢,
for all p,0,0 € M. Then
(i) Ny, Ny, and N, are obvious.
(i) Np,: Since for each p,0,0 € M
(lo+o -2pl+lo- a|)2et <2°(4lp —al* +4lo - al* + 4lo - al*),
we obtain
Nb(pﬁ Q,O)(t) = 4‘[~/V'b(l0) ,0,(1) + Nb(QrQ’a) + Nb(O',O',tl)].
Therefore, (M, N) is a Nj,-cone metric space over a Banach algebra with the coefficient

s = 4, but as the triangle inequality is not satisfied, it is not a A/-cone metric space over a

Banach algebra.

4 Topology on A\/,-cone metric space over Banach algebra

We now present the concept of topology on N,-cone metric space over a Banach alge-
bra A.
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Definition 6 Let (M, N}) be an \,-cone metric space over a Banach algebra .A. Then for
a p € M and c > 6, the Nj-ball with center p and radius ¢ >4 is

By, (p,0) = {0 € M: Ny(p, p,0) K c}.

Proposition 2 Let (M, N}) be a N,-cone metric space over a Banach algebra A with co-
efficient s > 4. The family

B= {B,\/b(p,c) :peEMandb K c}
is a basis for a topology T on M.

Theorem 1 Let (M, N,) be a Ny-cone metric space over a Banach algebra A with coeffi-
cient s. Then (M, N,) is a Hausdor{f space.

Proof Let (M, N,) be a Nj,-cone metric space over a Banach algebra and let p, 0 € M with
p # 0. Let Ny(p, p,0) = c. Suppose U = By, (p, =) and V = By, (0, ;). We will show that
U NY = . Otherwise, there exists a o such that

ceUNV.
Then we have

(5 4
Nb(p’p’o)< o and M(Qr@ra)< P
4s 2s

So, we get

¢ =No(p, p,0) < s[Ni(p, p,0) + Ni(p, p,0) + Ni(0,0,0)]
= s[2N4(p, p,0) + Ny(0,0,0)]

c c
< 25— +5—
4s 2s
= C,
a contradiction. O

Definition 7 Let (M, N};) be a \V,-cone metric space over a Banach algebra A.
a. A sequence (p,) in (M, N}) converges to a point p € M whenever for every ¢ > 0
there is a natural number N such that NV, (p,, p, p) < ¢ for all n > N. It is denoted by

lim p,=p or p,—p (n—> +00).

n—+00

b. We say that a sequence (p,,) in (M, .N}) is Cauchy, if for every ¢ >> 0 there exist a
natural number N such that, for all n,m > N, we have

M(pm Pn>s /Om) < c.

c. (M, N,) is said to be complete if every Cauchy sequence (p,) in M convergent in M.

Page 5 of 15
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Definition 8 Let (XX, ;) be a \V},-cone metric space over a Banach algebra. A N,-cone
metric function N}, is called continuous if for any y € X and any ¢ > 0 there exists ¢ > 0
such that the inequality || Ny (¥, ,%) — Np(3,%,2) || < ¢, provided that N} (x,,2) < c.

Definition 9 Let (M, ;) and (M, V) be Nj-cone metric spaces over a Banach alge-
bra A. A function f : M — M’ is continuous at p € M if for any € > 0 there exists § > 0
such that

Ny(o,0,p) <8 implies N (f(o),f(0).f(p)) <€
If f is continuous at p for all p € M then f is continuous on M.

5 Generalized Lipschitz maps
First, we introduce the notion of generalized Lipschitz mapping on \},-cone metric space
over a Banach algebra.

Definition 10 Let (M, N}) be an \V,-cone metric space over a Banach algebra A and let
P be a cone in A. A mapping T : M — M is said to be a generalized Lipschitz mapping
if there exist a vector k € P with p(k) < 1 such that

No(T o, Tp, To) < kNy(p, p,0),

for all p,0 € M.

Example 2 Consider a Banach algebra A and cone P be as in Example 1 and let M =R".
Define a mapping N, : M3 — A by

No(p,0,0)(8) = (Ip = o] + |0 - o])°¢",

for all p,0,0 € M. Then (M, N}) is a NV,-cone metric space over a Banach algebra A.
Define a self-map 7 by 7 (p) = In(1 + %). Since In(1 + p) < p for each p € [0, +00), we have

(542
Hegd

2

No(Tp, Te, To)t) = [ In

2

- %Nb(p £,0)(0),

for all p,0 € M.
Hence, 7 is a generalized Lipschitz mapping on M, where k = i.
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We recall some definitions and results from the literature

Definition 11 ([3]) An element (p,0) € M x M is called a coupled fixed point of the
mapping F : M x M — M if

F(p,0)=p and F(o,p)=0.

Definition 12 ([12]) An element (p,0) € M x M is called a coupled coincidence point
of the mappings 7 : M x M - Mandg: M — M if

F(p,0)=g(p) and F(o,p)=glo).

Definition 13 ([12]) Anelement (p,0) € M x M is called a coupled common fixed point
of the mappings 7 : M x M - Mandg: M — M if

F(p,0)=g(p)=p and Flo,p)=gl0)=0.

Definition 14 ([11]) Let £ be a Banach space and P be a solid cone. We say that a sequence
{u,} C Pisac-sequence if for each ¢ > 6 there exists a natural number N such that p, < c,
forallm > N.

Lemma 1 ([25]) A sequence {kp,} is a c-sequence in P, k € P, where P is a solid cone in
A provided that {p,} is a c-sequence in P.

Lemma 2 ([22]) Let A be a unit Banach algebra and k € A. Then the spectral radius p(k)
satisfies
1

1
p(k) = lim |k"||" = inf| k"

n—+00 n>1

If p(k) < |A|, where X is a complex constant, then (Le — k) is invertible in A. Moreover,

(o] ki
(o= =30 5o
i=0

Lemma 3 ([22]) In a unit Banach algebra A, if d commutes with d', for d,d’' € A, then
p(d+d)<pd)+p(d) and p(dd) <pld)p(d).

Lemma 4 ([8]) Let A be a Banach algebra and let k be a vector in A. If p(k) < 1, then
Alle-k™) = (1-5k)".

Lemma 5 ([8]) Counsider a unit Banach algebra A and P a solid cone. Let d, k,l € P sat-
isfyingl <k and d < 1d. If p(k) < 1, then d = 6.

Lemma 6 ([8]) A sequence {p,} in a solid cone P of a real Banach space & satisfying
lonll = 0 (n — +00) is a c-sequence.
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Lemma 7 ([19]) Let P be a solid cone in a Banach algebra A and let {x,} be a sequence
in P. Suppose that k € P is an arbitrarily given vector and {x,} is a Cauchy sequence in P.
Then {kx,} is a Cauchy sequence too.

Lemma 8 ([8]) Let P be a solid cone in £.

1. Ifd,d,cefandd=<d Kc thend < c.
2. IfdePandd<cforeachc>0,thend=0.

6 Application in fixed point theory

In this section, as an application, we prove a coupled fixed point result for generalized
Lipschitz mappings with an example which demonstrates the strength and applicability of
our main result.

Theorem 2 Let (M, N) be a complete N-cone metric space over a Banach algebra A
with the coefficient s > 4 and P be a solid cone in A. Let a, B € P be generalized Lipschitz

constants with pla + B] < 1. Suppose that F : M x M — M is a T -contraction where
T : M — M is a surjective and one to one mapping that satisfies

No(TF(p,0), TF(p,0), TF(u,v)) < aNp(Tp, Tp, Tu)+ BNy(To, To, Tv),  (6.1)
forall p,o,u,ve M. Then F possesses a unique coupled fixed point (p*,0*) € M x M.
Proof Let po, 0o be arbitrary points in M and let

pus1 = F(pns0n) = F"*(po,00) and  0ui1 = Flom pn) = F"* (00, p0),

for all # € N. Now according to (6.1), we have

Nb(Tpn: T;On: T/On+1) = Nb (T]:(;On—h Qn—l): T]:(;On—b Qn—l)’ T]:(pm Qn)) (62)
= a/\/b(Tpn—l: T Pu-1,T pu) + ,BM(TQn—ly Ton-1,Ton)

and

M(TQH: TQm TQ}’I+1) = Nb (T]:(Qn—lx pn—l); TF(Qn—l: pn—l)r T-T'.(Qnr :on)) (63)
= Ole(TQn—h Ton-1, TQn) + ,BNb(Tpn—b Tpn-1,T pn).

Let
dy, :Nb(Tpm Tpm Tpn+1) +Nb(TQm TQVITQVI+1) (6.4)
and % = o + 8. From (6.2) and (6.3), we obtain d,, < hd,,_1, so

dn 5 (Ol + /3)[-/\/}7(7—)0;1—1: Tpn—]prn) + M(TQW—I’ TQn—leQn)]
= (0( + ,B)dn—l = hdn—lv

Page 8 of 15
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where /1 = « + B such that p(#) < 1. So
dy < hdy,_y < --- < h"d. (6.5)

We assume that dj > 6. Otherwise (0o, 0o) is a coupled fixed point of F. If m > n, then we
have

No(T s T s T Prm) (6.6)
= S[No(T 0w T s T ous1) + No(T s T s T rs1) + No(T st T sty T )|
< 2Np(T s T s T Pus1) + SN (T a1, T 1, T o)
= 2SNy(T pus T o> T Prs1)
+ S [2NG(T puets T pusts T ous2) + No(T pusas T ous2s T o) ]

< 25NG(T s T s T Ps1) + 28N (T i1, T Pusts T Prs2)
oo 4 28" ING(T P2 T 2o T Pin-1)
+ 8" INYT omet, T et T )

< 25NG(T s T s T Ps1) + 28N (T prsts T Pusts T Prs2)
o 4 28" NG(T P2 T Omi2s T Pn-t)

+ 28" "N (T Pt T o1, T i)
and, similarly,

No(T o Ton Tom) (6.7)
= 2SNb(TQn» TQn» TQn+1) + 252/\/'1)(7—Qn+1: TQnH: TQVI+2)
+ oo+ 28" ING(T 02 T Om2s T Om1)

+ zsm_nM(TQm—ly TQm—l: TQm)
From (6.5), (6.6) and (6.7), we obtain

No(T s T s T o) + No(T 0> T 0 T )
< 2sd, +28%dy + -+ 28" 7"d, 4
< 2shdy + 282 Ny + - - + 28T,
=2(sh)" [e +sh+---+ (sh)"‘_"_l]do
< 2(sh)"(e — sh)"\d,.

Since p(h) < %, by Remark 2, we get ||(sh)"dy|| < ||(sh)"|| - ||do|| — 0. From Lemma 6, it
follows that, for any ¢ € A with 6 < ¢, there exists N € N such that, for any m > n > N, we

Page 9 of 15
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have
Nb(Tpm T Pns Tpm) "’Nb(TQm TQm TQm) <¢

so {7 p,}and {T o, } are Cauchy sequences in M. The completeness of M shows that there
exist p*, 0* € M such that

Jim T F"(po,00) = p* and  lim T F"(0o, o) = 0™
Using (6.1), we obtain
No(TF(p*0*), TF(p*,0*), Tp*)
<sNp(TF(p*,0%), TF(p* 0*), TF(pus0n))
+sNy(TF(p*,0*), TF(p*,0*), TF(ou: 0n))
+ SN (T F (s 0n)s TF (s 00), T *)

< 25[aNy(Tp*, Tp*, T pu) + BNo(To* To* Ton)
+ SNb(Terl’ T,On+1» Tp*]
From the surjectivity property of 7, we conclude
No(TF(p*,0%), TF(p*0*), Tp*) =6,
that is, T F(p*,0*) = T p*. Since T is one-to-one, F(p*,0*) = p*. Similarly, we can get
F(o*, p*) = 0*. Therefore, (p*, 0*) is a coupled fixed point of F. Now, if (o', 0’) is another

coupled fixed point of F, then

No(To* To*To') = No(TF(p*,0"), TF(p*,0"), T(0',0")) (6.8)
<aNy(Tp* Tp* Tp') + BNy(To* Teo*, To')

and

No(To*, To* To') = No(TF(o* p*), TF (0% p*), T (", 0)) (6.9)
= aNy(Te" Te" Ta') + BN(Tp" Tp", Tp').

Using (6.8) and (6.9), we have

No(Tp*,To*, Tp') + Nop(Te* Teo*, T¢)
< (a+B)[No(Tp* Tp*Tp')+ Np(To* Te*, Te')]
<H[NW(Tp*To*, Tp') + Nop(Te* Te*, T¢')].

Since p(h) < %, we conclude that

No(Tp*, Tp*Tp') + No(Te*, To*, Te') =6.
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So, Nop(T p*, Tp*, Tp') =Np(To*, Teo*, Te') =6, thatis, T p* =T p and To* =To' . As T
is one-to-one, we have (p*, 0*) = (0, 0’). Thus F has a unique coupled fixed point. O

Corollary 1 Let (M, N,) be a complete Nj,-cone metric space over a Banach algebra A
with the coefficient s > 4 and P be a solid cone in A and T : M — M is a surjective and
one-to-one mapping. Then any T -contraction on M admits a unique fixed point.

The following example is an illustration of Theorem 2.

Example 3 Let A =CR[0,1] and define a norm on A by |||l = [|0]lec + [0’ for all p € A.
Let the multiplication in .4 be the point wise multiplication. Then A is a real unit Banach
algebra with unit e = 1. Set P = {p € A: p > 0} which is a cone in A. Moreover, P is not
normal (see [21]). Let M = [0, +00]. Define a mapping N}, : M3 — A by Ny(p,0,0)(t) =
(lp—o|+|o—ol)?e, forall p,0,0 € M. Then (M, N;) is a complete N}, -cone metric space
over a Banach algebra A. Now define a mapping F : M x M — M by F(p,0) = &£, for
all p,oe Mand T : M — Mby T(p) =%, forall p € M. Also,

No(TF(p,0), TF(p,0), TF(u,v))(®)
= (|TF(p,0) - TFwv)| + | TF(p,0) - TFu,v)|) e

2
2

_4 p+o u+v
N 24 24

1 (‘p—u o-v

+

16 3 3

1 p—uU Q—V2 .
<—|2 +2 e

16 3

1 2 2
S Ve Y I P

16 |3 3 3 3

= é[/\/b(TP’Tp;TM)(t) +No(To, To, Tv)(®)],

wherea = 8 = %. Thus, the conditions of Theorem 2 hold and (0, 0) is a coupled fixed point
of F.

7 Application to the existence of solutions of integral equations
Consider C([0, T, R), the class of continuous functions on [0, T, T > 0. Let the cone met-
ric V, be given by

Ni(p,0,0)(t) = sup ((lo+0 =2pl+10 o) a(lo +0 —2p| + |0 - al])’)e,
te[0,T]
for all p,0,0 € R, where p > 1 and « > 0 be arbitrary constants. Note that C([0, T], R, V)

is a complete Nj-cone metric spaces over a Banach algebra with coefficient s > 4.

Theorem 3 Let K, f, g and a be the mappings such that:
(i) sup,ejo,r 1K (t,8)| =M < 7, where K € C([0, T] x [0, T],R);
(11) aec C([O, T])R);
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(iii) f,g €C([0,T] x R,R);
() [f (&1, p1(2)) = f (&1, p2(O)] + [f (£, 01(8) = f (£, 02(0))] < A(1p1(8) — p2(2)] +
lo1(8) = 02())),
forall p;,0,€C([0,T],R),i=1,2,t € [0, T], where 1 € [0, %).
Then the integral equation

T
o(t) = /0 K(t, S)(f(s, ,o(s)) +g(s, p(.s))) ds+a(t), tel0,T], (7.1)

has a unique solution in C([0, T, R).

Proof Let A = R? be equipped with the norm || (4, u3)|| = |u1| + |u>| and the multiplication
on R? be defined by

uv = (u1, u) (v, v2) = (u1vy, urva + uzv1).
Let P = {u = (u1,u3) € A: uy,up > 0}. Clearly, P is a normal cone and A is a Banach

algebra with a unit e = (1,0). Let F : C([0, T],R) x C([0, T],R) — C([0, T] x R) be defined
by

T
Flo0)6)= [ Ke9)(f(s,06) +els.00) s+ ato)
for all t € [0, T]. Using Corollary 1 we obtain

Nb(f(pl;Ql),]:(/)l,Ql),]:(,Oz»Qz))(t)
=2(|F(p2, 02) = Flp1,01)|, | F (02, 02) = F(p1, 01)]) ¢

T
8 2(/0 [K@9)|([f (5, 02(6)) =f (5:215)) " + g (5 0205)) —g (s, 019) ) s,
T
o /0 (K& 9)|([£ (5, 2205)) — £ (5, 21()) [P + (5, 0205)) — g (5, 01(5) ) ds)et
T
< (3 [ K691 @l06) -0 + 2ler) -6 ) s,

T
@ /0 IK(69)](2]p2(5) = pr6)” + 2|02(8) 1)) ds)ef
< (L 0)[Ns(p1, o1, 02)(8) + Nyp(01,01,02)(8) ],

which implies that

No(F (o1, 01), Fp1,01), F(p2,02)) (t) = (3, 0) [Ny (o1, o1, 02)(2) + Nip(01,01,02)(8) ]-

Since ||(A,0)”||% = ||()J‘,0)||% —> A< % (n — +00), letting @ = (1,0) and B = (1,0), then all
the conditions of Corollary 1 hold and hence there exists a unique coupled fixed point

of F. So, the integral equation (7.1) has a unique solution. d
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Example 4 Let C[0, 1] be the set of all continuous functions on [0, 1]. Consider the non-

linear integral equation

Lsinsm [e(‘”‘(s)) sint  |x(s)|

t
x(t):—1+ﬁ+/o 811

Put a(t) = t/(1 + v/2), for all £ € [0,1], K(s, £) = S22 for all £, € [0, 1].

Also, let f(£,x(s)) = £ and g(t,y(s)) = 24 {201 for all x,y € C[0,1] and £, € [0, 1].
Then

(1) a() € C([0, 1], R),

(2) f.g € C([10,1] x RR),

(3) supgefoq)) IK(£8)| = M <1, where K € C([0,1] x [0,1],R),

(4) forall x;,y; € C([0,1],R), i = 1,2 and t € [0, 1], we have

9 +T.1+|x(s)|}d5, tE[O,l]. (72)

If (£:21()) = (£:%2(0)) | + |g(£:71(8)) =g (&:72(0)) | < A[|#1() = %2(8)| + |31 (&) = 32(®) ]

Proof (1) Since a(¢) = for all £ € [0, 1], we have a(t) € C([0,1], )

(2) Deﬁne the mappmgsf g:C([0,1] x R) = R by f(t,x(s)) =
sin for all x,y € C[0,1] and for all ¢ € [0,1]. Then f,g € C([0, 1] X R,R).

9 1+|x s)\

(3) As K(s,t) = S‘g"ff, it is easy to see that K(t,s) is continuous on [0,1] x [0,1] and

SUP(eioy) 1kt 8)| = § <1
(4) Now, let x,y € C([0,1], R). Then, for each t € [0, 1], we have

(

and g(£,y(s)) =

[ (6:x19) =f (6229)] + g(6:16)) —2(6.72(6)) |

d) O sing yi(s)| sing|ys(s)l

9 1+l 9 14yl

]

= 1/9]x1(s) —x2(s)| + 1/9|( 1 ! 1 :
= |xls—x25|+ ’( —m)_<_m)‘
1 1

+ |y1(S)| T 1+ ()]

9 9

el t0)
5” teg (%1(s) — x2(s))

i)l 1ya0s)l
L+ i) 1+ ()l

+1/9

= 1/9x1(s) — xa(s) | + 1/9' .

< 1/9|X1(S x2(5)| +1/9‘

o Or6l

< 1/9[|x1(s) — xa(s)| + | Ioas|(lxl=y)| < lx -yl

From the above K, a, f and g satisfy all assumptions of Theorem 3. Hence, the integral
equation (7.2) has a unique solution in C([0, 1], R). a

8 Conclusion

In this paper, we defined a new space named \/j,-cone metric spaces over a Banach algebra
and proved some coupled fixed point results for two mappings F and 7 satisfying certain
contractive conditions. Moreover, we gave an example and an application to the existence
of solution of integral equations to validate our results.
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