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Abstract
The main aim of this paper is to introduce the concept ofNb-cone metric spaces over
a Banach algebra as a generalization ofN -cone metric spaces over a Banach algebra
and b-metric spaces. Also, we study some coupled common fixed point theorems for
generalized Lipschitz mappings in this framework. Finally, we give an example and an
application to the existence of solutions of integral equations to illustrate the
effectiveness of our generalizations. Some results in the literature are special cases of
our results.
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1 Introduction
The concept of b-metric space has been introduced by Bakhtin [2] and Czerwik [4]. Via
this notion the Banach contraction principle has been extended in b-metric spaces by
Czerwik. Many authors have focused on generalizations of metric spaces and have inves-
tigated many new results in these new structures (see details in [10, 16–20]).

The concept of cone metric spaces has been introduced by Huang and Zhang [9]; this
is a generalization of a metric space in the sense that the codomain of the metric function
has been substituted from the set of real numbers to a real Banach space.

The study of N -cone metric spaces was started by Malviya and Fischer [15]. They gener-
alized the concept of D∗-metric spaces [1] to form a new space and defined asymptotically
regular maps in N -cone metric spaces.

On the other hand, some authors have investigated fixed point results which are proved
in cone metric spaces coinciding with the results of ordinary metric spaces, where the
function d∗ is defined by a nonlinear scalarization function ξe (see [5]) or by a Minkowski
functional qe (see [11]).

Afterwards, the concept of cone metric spaces over Banach algebras proposed by Liu and
Xu [13] where cone metric spaces replaced by cone metric spaces over Banach algebras
which was interesting for many researchers. Their work contains some fixed point results
for generalized Lipschitz mapping in cone metric spaces over Banach algebras. In 2014,
Xu and Radenovic [25] showed that the results of Liu and Xu remain valid if we use only
solid cones instead of normal cones. The notion of N -cone metric space over a Banach

© The Author(s) 2020. This article is licensed under a Creative Commons Attribution 4.0 International License, which permits use,
sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit to the original
author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The images or other
third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line
to the material. If material is not included in the article’s Creative Commons licence and your intended use is not permitted by
statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder. To view a
copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

https://doi.org/10.1186/s13662-020-02991-5
http://crossmark.crossref.org/dialog/?doi=10.1186/s13662-020-02991-5&domain=pdf
http://orcid.org/0000-0002-3820-3351
mailto:zam.dalahoo@gmail.com


Fernandez et al. Advances in Difference Equations        (2020) 2020:529 Page 2 of 15

algebra presented by Fernandez et al. [6], who generalized the concept of N -cone metric
space and proved some fixed point results for generalized Lipschitz mapping in this new
framework.

The notion of a coupled fixed point has been presented by Guo and Laksmikantham [7].
Later, Bhaskar and Laksmikantham [3] recommended the mixed monotone property for
contractive operators of the typeF : M×M→M, whereM is a partially ordered metric
space. Some coupled coincidence fixed point theorems in non-normal cone metric spaces
have been obtained by Shatanawi [23]. For some new coincidence point and common fixed
point theorems in the product spaces of complete quasi-ordered metric spaces we refer
to [24]. Also, some coincidence point and common fixed point results for hybrid pairs of
mappings on a cone b-metric space over a Banach algebra have been stated and proved by
Malhotra et al. [14].

Inspired by the above works, we organize this article in the following way.
In Sect. 2, we recall some definitions and results from [9] and [13]. In Sect. 3, we present

the notion of Nb-cone metric space over a Banach algebra as a generalization of N -cone
metric spaces over a Banach algebra and b-metric spaces. Some topological properties of
this new structure have been collected in Sect. 4 and the notion of generalized Lipschitz
maps have been defined in Sect. 5. We investigate some coupled fixed point problems for
generalized Lipschitz maps in Sect. 6. To support our main result we present an example
in Sect. 6. Lastly, an application to the existence of solutions for integral equations is given
in Sect. 7. The results of [26] are special cases of our results.

2 Preliminaries
Let A denote a real Banach algebra such that

1. (μν)υ = μ(νυ),
2. μ(ν + υ) = μν + μυ and (μ + ν)υ = μυ + νυ ,
3. α(μν) = (αμ)ν = μ(αν),
4. ‖μν‖ ≤ ‖μ‖‖ν‖,

for all μ,ν,υ ∈A and α ∈R.
If eμ = μe = μ, for all μ ∈ A, then e ∈ A is called unit (i.e., a multiplicative identity). If

there is an element ν ∈A such that μν = νμ = e, then μ ∈A is said to be invertible. μ–1 is
the inverse of μ. For more details, we refer to [22].

Proposition 1 ([22]) Suppose that the spectral radius ρ̂(μ) of an element μ ∈ A is less
than 1, i.e.

ρ̂(μ) = lim
n→+∞

∥

∥μn∥
∥

1
n = inf

n≥1

∥

∥μn∥
∥

1
n < 1,

then e – μ is invertible, where e ∈A is unit. Moreover,

(e – μ)–1 =
∞

∑

i=0

μi.

Remark 1 ([22]) The spectral radius ρ̂(μ) of μ satisfies ρ̂(μ) ≤ ‖μ‖, for all μ ∈A.

Remark 2 ([25]) If ρ̂(μ) < 1 then ‖μn‖ → 0 as n → +∞.
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A set P ⊂A is called a cone if
1. P 
= ∅, is closed and P 
= {θ};
2. αP + βP ⊂P for all non-negative real numbers α, β ;
3. P2 = PP ⊂P ;
4. P ∩ (–P) = {θ},

where θ indicates the null of A. The partial ordering on A with the help of a cone P is
defined by μ 
 ν if and only if ν – μ ∈P . We write μ ≺ ν to indicate that μ 
 ν but μ 
= ν ,
while μ � ν stands for ν – μ ∈ intP , where intP is the interior of P . A cone is called solid
if intP 
= ∅.

The cone P is said to be normal provided that there is a number 	 > 0 such that

θ 
 μ 
 ν implies ‖μ‖ ≤ 	‖ν‖, (2.1)

for all μ,ν ∈A.
The least positive number 	 verifying (2.1) is known as the normal constant of P (see

[9]).

Definition 1 ([9, 13]) Let M be a nonempty set and let d : M×M→A satisfy
1. θ 
 d(μ,ν) for all μ,ν ∈M and d(μ,ν) = θ if and only if μ = ν ,
2. d(μ,ν) = d(ν,μ) for all μ,ν ∈M;
3. d(μ,ν) 
 d(μ,υ) + d(υ,ν) for all μ,ν,υ ∈M.

In this case, d is said to be a cone metric on M and (M, d) is said to be a cone metric space
over a Banach algebra A.

For more details regarding cone metric spaces over a Banach algebra, we refer to [13].

Definition 2 ([2]) Let M be a nonempty set and s ≥ 1 be a constant. A mapping d : M×
M→R

+ is said to be a b-metric if and only if,
1. d(μ,ν) = 0 if and only if μ = ν ,
2. d(μ,ν) = d(ν,μ) for all μ,ν ∈M,
3. d(μ,ν) ≤ s[d(μ,υ) + d(υ,ν)] for all μ,ν,υ ∈M,

for all μ,ν,υ ∈M.
Then the pair (M, d) is called a b-metric space.

Some details on b-metric spaces and their extensions can be found in [10, 18] and [16].

Definition 3 ([15]) Let M be a nonempty set. A function N : M3 → E is called an N -
cone metric on M if

(1) θ ≤N (μ,ν,υ),
(2) N (μ,ν,υ) = θ if and only if μ = ν = υ ,
(3) N (μ,ν,υ) ≤N (μ,μ, a) + N (ν,ν, a) + N (υ,υ, a),

for any μ,ν,υ, a ∈M.
Then the pair (M,N ) is called a N -cone metric space.

Other definitions and subsequent results on N -cone metric spaces are given in [15].

Definition 4 ([6]) An N -cone metric over a Banach algebra A on a nonempty set M is a
function N : M3 →A for which
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(N1) θ 
N (μ,ν,υ),
(N2) N (μ,ν,υ) = θ if and only if μ = ν = υ ,
(N3) N (μ,ν,υ) 
N (μ,μ, a) + N (ν,ν, a) + N (υ,υ, a),

such that, for all μ,ν,υ, a ∈M.
Then the pair (M,N ) is called a N -cone metric space over a Banach algebra A.

3 Nb-Cone metric space over Banach algebra
We present the definition of Nb-cone metric space over a Banach algebra as follows.

Definition 5 A Nb-cone metric over a Banach algebra A on a nonempty set M is a func-
tion Nb : M3 →A such that, for all ρ,
,σ , a ∈M:

(Nb1 ) θ 
Nb(ρ,
,σ ),
(Nb2 ) Nb(ρ,
,σ ) = θ if and only if ρ = 
 = σ ,
(Nb3 ) Nb(ρ,ρ,
) = Nb(
,
,ρ),
(Nb4 ) Nb(ρ,
,σ ) 
 s[Nb(ρ,ρ, a) + Nb(
,
, a) + Nb(σ ,σ , a)].
The pair (M,Nb) is called an Nb-cone metric space over a Banach algebra A. The num-

ber s ≥ 1 is called the coefficient of (M,Nb).

We give an example of Nb-cone metric space over a Banach algebra which is not N -cone
metric space over a Banach algebra.

Example 1 Let A = C1
R

[0, 1] with norm defined by ‖ρ‖ = ‖ρ‖∞ + ‖ρ ′‖∞. Under point-wise
multiplication, A is a real unit Banach algebra with unit e = 1. Consider a cone P = {ρ ∈
A : ρ ≥ 0} in A. Moreover, P is a non-normal cone (see [21]). Let M = [0, +∞). Define
Nb : M3 →A by

Nb(ρ,
,σ )(t) =
(|
 + σ – 2ρ| + |
 – σ |)2et ,

for all ρ,
,σ ∈M. Then
(i) Nb1 , Nb2 and Nb3 are obvious.

(ii) Nb4 : Since for each ρ,
,σ ∈M

(|
 + σ – 2ρ| + |
 – σ |)2et ≤ 22(4|ρ – a|2 + 4|
 – a|2 + 4|σ – a|2)et ,

we obtain

Nb(ρ,
,σ )(t) 
 4
[

Nb(ρ,ρ, a) + Nb(
,
, a) + Nb(σ ,σ , a)
]

.

Therefore, (M,Nb) is a Nb-cone metric space over a Banach algebra with the coefficient
s = 4, but as the triangle inequality is not satisfied, it is not a N -cone metric space over a
Banach algebra.

4 Topology on Nb-cone metric space over Banach algebra
We now present the concept of topology on Nb-cone metric space over a Banach alge-
bra A.
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Definition 6 Let (M,Nb) be an Nb-cone metric space over a Banach algebra A. Then for
a ρ ∈M and c > θ , the Nb-ball with center ρ and radius c > θ is

BNb (ρ, c) =
{


 ∈M : Nb(ρ,ρ,
) � c
}

.

Proposition 2 Let (M,Nb) be a Nb-cone metric space over a Banach algebra A with co-
efficient s ≥ 4. The family

B =
{

BNb (ρ, c) : ρ ∈M and θ � c
}

is a basis for a topology τ on M.

Theorem 1 Let (M,Nb) be a Nb-cone metric space over a Banach algebra A with coeffi-
cient s. Then (M,Nb) is a Hausdorff space.

Proof Let (M,Nb) be a Nb-cone metric space over a Banach algebra and let ρ,
 ∈M with
ρ 
= 
. Let Nb(ρ,ρ,
) = c. Suppose U = BNb (ρ, c

4s ) and V = BNb (
, c
2s ). We will show that

U ∩ V = ∅. Otherwise, there exists a σ such that

σ ∈ U ∩ V .

Then we have

Nb(ρ,ρ,σ ) ≺ c
4s

and Nb(
,
,σ ) ≺ c
2s

.

So, we get

c = Nb(ρ,ρ,
) 
 s
[

Nb(ρ,ρ,σ ) + Nb(ρ,ρ,σ ) + Nb(
,
,σ )
]

= s
[

2Nb(ρ,ρ,σ ) + Nb(
,
,σ )
]

≺ 2s
c
4s

+ s
c
2s

= c,

a contradiction. �

Definition 7 Let (M,Nb) be a Nb-cone metric space over a Banach algebra A.
a. A sequence (ρn) in (M,Nb) converges to a point ρ ∈M whenever for every c � θ

there is a natural number N such that Nb(ρn,ρ,ρ) � c for all n ≥ N . It is denoted by

lim
n→+∞ρn = ρ or ρn → ρ (n → +∞).

b. We say that a sequence (ρn) in (M,Nb) is Cauchy, if for every c � θ there exist a
natural number N such that, for all n, m ≥ N , we have

Nb(ρn,ρn,ρm) � c.

c. (M,Nb) is said to be complete if every Cauchy sequence (ρn) in M convergent in M.
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Definition 8 Let (X ,Nb) be a Nb-cone metric space over a Banach algebra. A Nb-cone
metric function Nb is called continuous if for any y ∈ X and any ε > 0 there exists c > θ

such that the inequality ‖Nb(y, y, x) – Nb(y, y, z)‖ < ε, provided that Nb(x, x, z) < c.

Definition 9 Let (M,Nb) and (M′,N ′
b) be Nb-cone metric spaces over a Banach alge-

bra A. A function f : M → M′ is continuous at ρ ∈ M if for any ε > 0 there exists δ > 0
such that

Nb(σ ,σ ,ρ) < δ implies N ′
b
(

f (σ ), f (σ ), f (ρ)
)

< ε.

If f is continuous at ρ for all ρ ∈M then f is continuous on M.

5 Generalized Lipschitz maps
First, we introduce the notion of generalized Lipschitz mapping on Nb-cone metric space
over a Banach algebra.

Definition 10 Let (M,Nb) be an Nb-cone metric space over a Banach algebra A and let
P be a cone in A. A mapping T : M → M is said to be a generalized Lipschitz mapping
if there exist a vector k ∈P with ρ̂(k) < 1 such that

Nb(T ρ,T ρ,T 
) 
 kNb(ρ,ρ,
),

for all ρ,
 ∈M.

Example 2 Consider a Banach algebra A and cone P be as in Example 1 and let M = R
+.

Define a mapping Nb : M3 →A by

Nb(ρ,
,σ )(t) =
(|ρ – σ | + |
 – σ |)2et ,

for all ρ,
,σ ∈ M. Then (M,Nb) is a Nb-cone metric space over a Banach algebra A.
Define a self-map T by T (ρ) = ln(1 + ρ

2 ). Since ln(1 + ρ) ≤ ρ for each ρ ∈ [0, +∞), we have

Nb(T ρ,T ρ,T 
)(t) =
[∣

∣

∣

∣

ln

(

1 +
ρ

2

)

– ln

(

1 +



2

)∣

∣

∣

∣

2

+
∣

∣

∣

∣

ln

(

1 +
ρ

2

)

– ln

(

1 +



2

)∣

∣

∣

∣

2]

et

=
[

2
∣

∣

∣

∣

ln

(

1 +
ρ

2

)

– ln

(

1 +



2

)∣

∣

∣

∣

2]

et



[

2
∣

∣

∣

∣

ρ

2
–




2

∣

∣

∣

∣

2]

et


 1
4
(

2|ρ – 
|2)et

=
1
2
Nb(ρ,ρ,
)(t),

for all ρ,
 ∈M.
Hence, T is a generalized Lipschitz mapping on M, where k = 1

4 .
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We recall some definitions and results from the literature

Definition 11 ([3]) An element (ρ,
) ∈ M × M is called a coupled fixed point of the
mapping F : M×M→M if

F (ρ,
) = ρ and F (
,ρ) = 
.

Definition 12 ([12]) An element (ρ,
) ∈ M × M is called a coupled coincidence point
of the mappings F : M×M→M and g : M→M if

F (ρ,
) = g(ρ) and F (
,ρ) = g(
).

Definition 13 ([12]) An element (ρ,
) ∈M×M is called a coupled common fixed point
of the mappings F : M×M→M and g : M→M if

F (ρ,
) = g(ρ) = ρ and F (
,ρ) = g(
) = 
.

Definition 14 ([11]) Let E be a Banach space andP be a solid cone. We say that a sequence
{un} ⊂P is a c-sequence if for each c � θ there exists a natural number N such that ρn � c,
for all n > N .

Lemma 1 ([25]) A sequence {kρn} is a c-sequence in P , k ∈ P , where P is a solid cone in
A provided that {ρn} is a c-sequence in P .

Lemma 2 ([22]) Let A be a unit Banach algebra and k ∈A. Then the spectral radius ρ(k)
satisfies

ρ̂(k) = lim
n→+∞

∥

∥kn∥
∥

1
n = inf

n≥1

∥

∥kn∥
∥

1
n .

If ρ̂(k) < |λ|, where λ is a complex constant, then (λe – k) is invertible in A. Moreover,

(λe – k)–1 =
∞

∑

i=0

ki

λi+1 .

Lemma 3 ([22]) In a unit Banach algebra A, if d commutes with d′, for d, d′ ∈A, then

ρ̂
(

d + d′) ≤ ρ̂(d) + ρ̂
(

d′) and ρ̂
(

dd′) ≤ ρ̂(d)ρ̂
(

d′).

Lemma 4 ([8]) Let A be a Banach algebra and let k be a vector in A. If ρ̂(k) < 1, then

ρ̂
(

(e – k)–1) ≤ (

1 – ρ̂(k)
)–1.

Lemma 5 ([8]) Consider a unit Banach algebra A and P a solid cone. Let d, k, l ∈ P sat-
isfying l 
 k and d 
 ld. If ρ̂(k) < 1, then d = θ .

Lemma 6 ([8]) A sequence {ρn} in a solid cone P of a real Banach space E satisfying
‖ρn‖ → 0 (n → +∞) is a c-sequence.
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Lemma 7 ([19]) Let P be a solid cone in a Banach algebra A and let {xn} be a sequence
in P. Suppose that k ∈ P is an arbitrarily given vector and {xn} is a Cauchy sequence in P.
Then {kxn} is a Cauchy sequence too.

Lemma 8 ([8]) Let P be a solid cone in E .
1. If d, d′, c ∈ E and d 
 d′ � c, then d � c.
2. If d ∈P and d � c for each c � θ , then d = θ .

6 Application in fixed point theory
In this section, as an application, we prove a coupled fixed point result for generalized
Lipschitz mappings with an example which demonstrates the strength and applicability of
our main result.

Theorem 2 Let (M,Nb) be a complete Nb-cone metric space over a Banach algebra A
with the coefficient s ≥ 4 and P be a solid cone in A. Let α,β ∈ P be generalized Lipschitz
constants with ρ̂[α + β] < 1

s . Suppose that F : M × M → M is a T -contraction where
T : M→M is a surjective and one to one mapping that satisfies

Nb
(

T F (ρ,
),T F (ρ,
),T F (u, v)
) 
 αNb(T ρ,T ρ,T u) + βNb(T 
,T 
,T v), (6.1)

for all ρ,
, u, v ∈M. Then F possesses a unique coupled fixed point (ρ∗,
∗) ∈M×M.

Proof Let ρ0, 
0 be arbitrary points in M and let

ρn+1 = F (ρn,
n) = Fn+1(ρ0,
0) and 
n+1 = F (
n,ρn) = Fn+1(
0,ρ0),

for all n ∈N . Now according to (6.1), we have

Nb(T ρn,T ρn,T ρn+1) = Nb
(

T F (ρn–1,
n–1),T F (ρn–1,
n–1),T F (ρn,
n)
)

(6.2)


 αNb(T ρn–1,T ρn–1,T ρn) + βNb(T 
n–1,T 
n–1,T 
n)

and

Nb(T 
n,T 
n,T 
n+1) = Nb
(

T F (
n–1,ρn–1),T F (
n–1,ρn–1),T F (
n,ρn)
)

(6.3)


 αNb(T 
n–1,T 
n–1,T 
n) + βNb(T ρn–1, Tρn–1,T ρn).

Let

dn = Nb(T ρn,T ρn,T ρn+1) + Nb(T 
n,T 
nT 
n+1) (6.4)

and h = α + β . From (6.2) and (6.3), we obtain dn 
 hdn–1, so

dn 
 (α + β)
[

Nb(T ρn–1,T ρn–1,T ρn) + Nb(T 
n–1,T 
n–1,T 
n)
]


 (α + β)dn–1 
 hdn–1,
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where h = α + β such that ρ̂(h) < 1. So

dn 
 hdn–1 
 · · · 
 hnd0. (6.5)

We assume that d0 > θ . Otherwise (ρ0,
0) is a coupled fixed point of F . If m > n, then we
have

Nb(T ρn,T ρn,T ρm) (6.6)


 s
[

Nb(T ρn,T ρn,T ρn+1) + Nb(T ρn,T ρn,T ρn+1) + Nb(T ρn+1,T ρn+1,T ρm)
]


 2sNb(T ρn,T ρn,T ρn+1) + sNb(T ρn+1,T ρn+1,T ρm)


 2sNb(T ρn,T ρn,T ρn+1)

+ s2[2Nb(T ρn+1,T ρn+1,T ρn+2) + Nb(T ρn+2,T ρn+2,T ρm)
]

...


 2sNb(T ρn,T ρn,T ρn+1) + 2s2Nb(T ρn+1,T ρn+1,T ρn+2)

+ · · · + 2sm–n–1Nb(T ρm–2,T ρm–2,T ρm–1)

+ sm–n–1Nb(T ρm–1,T ρm–1,T ρm)


 2sNb(T ρn,T ρn,T ρn+1) + 2s2Nb(T ρn+1,T ρn+1,T ρn+2)

+ · · · + 2sm–n–1Nb(T ρm–2,T ρm–2,T ρm–1)

+ 2sm–nNb(T ρm–1,T ρm–1,T ρm)

and, similarly,

Nb(T 
n,T 
n,T 
m) (6.7)


 2sNb(T 
n,T 
n,T 
n+1) + 2s2Nb(T 
n+1,T 
n+1,T 
n+2)

+ · · · + 2sm–n–1Nb(T 
m–2,T 
m–2,T 
m–1)

+ 2sm–nNb(T 
m–1,T 
m–1,T 
m).

From (6.5), (6.6) and (6.7), we obtain

Nb(T ρn,T ρn,T ρm) + Nb(T 
n,T 
n,T 
m)


 2sdn + 2s2dn+1 + · · · + 2sm–ndm–1


 2shnd0 + 2s2hn+1d0 + · · · + 2sm–nhm–1d0

= 2(sh)n[e + sh + · · · + (sh)m–n–1]d0


 2(sh)n(e – sh)–1d0.

Since ρ̂(h) < 1
s , by Remark 2, we get ‖(sh)nd0‖ ≤ ‖(sh)n‖ · ‖d0‖ → 0. From Lemma 6, it

follows that, for any c ∈A with θ � c, there exists N ∈N such that, for any m > n > N , we
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have

Nb(T ρn,T ρn,T ρm) + Nb(T 
n,T 
n,T 
m) � c,

so {T ρn} and {T 
n} are Cauchy sequences inM. The completeness ofM shows that there
exist ρ∗,
∗ ∈M such that

lim
n→+∞T Fn(ρ0,
0) = ρ∗ and lim

n→+∞T Fn(
0,ρ0) = 
∗.

Using (6.1), we obtain

Nb
(

T F
(

ρ∗,
∗),T F
(

ρ∗,
∗),T ρ∗)


 sNb
(

T F
(

ρ∗,
∗),T F
(

ρ∗,
∗),T F (ρn,
n)
)

+ sNb
(

T F
(

ρ∗,
∗),T F
(

ρ∗,
∗),T F (ρn,
n)
)

+ sNb
(

T F (ρn,
n),T F (ρn,
n),T ρ∗)


 2s
[

αNb
(

T ρ∗,T ρ∗,T ρn
)

+ βNb
(

T 
∗,T 
∗,T 
n
)

+ sNb(T ρn+1,T ρn+1,T ρ∗].

From the surjectivity property of T , we conclude

Nb
(

T F
(

ρ∗,
∗),T F
(

ρ∗,
∗),T ρ∗) = θ ,

that is, T F (ρ∗,
∗) = T ρ∗. Since T is one-to-one, F (ρ∗,
∗) = ρ∗. Similarly, we can get
F (
∗,ρ∗) = 
∗. Therefore, (ρ∗,
∗) is a coupled fixed point of F . Now, if (ρ ′,
′) is another
coupled fixed point of F , then

Nb
(

T ρ∗,T ρ∗,T ρ ′) = Nb
(

T F
(

ρ∗,
∗),T F
(

ρ∗,
∗),T
(

ρ ′,
′)) (6.8)


 αNb
(

T ρ∗,T ρ∗,T ρ ′) + βNb
(

T 
∗,T 
∗,T 
′)

and

Nb
(

T 
∗,T 
∗,T 
′) = Nb
(

T F
(


∗,ρ∗),T F
(


∗,ρ∗),T
(


′,ρ ′)) (6.9)


 αNb
(

T 
∗,T 
∗,T 
′) + βNb
(

T ρ∗,T ρ∗,T ρ ′).

Using (6.8) and (6.9), we have

Nb
(

T ρ∗,T ρ∗,T ρ ′) + Nb
(

T 
∗,T 
∗,T 
′)


 (α + β)
[

Nb
(

T ρ∗,T ρ∗,T ρ ′) + Nb
(

T 
∗,T 
∗,T 
′)]


 h
[

Nb
(

T ρ∗,T ρ∗,T ρ ′) + Nb
(

T 
∗,T 
∗,T 
′)].

Since ρ̂(h) < 1
s , we conclude that

Nb
(

T ρ∗,T ρ∗,T ρ ′) + Nb
(

T 
∗,T 
∗,T 
′) = θ .
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So, Nb(T ρ∗,T ρ∗,T ρ ′) = Nb(T 
∗,T 
∗,T 
′) = θ , that is, T ρ∗ = T ρ ′ and T 
∗ = T 
′. As T
is one-to-one, we have (ρ∗,
∗) = (ρ ′,
′). Thus F has a unique coupled fixed point. �

Corollary 1 Let (M,Nb) be a complete Nb-cone metric space over a Banach algebra A
with the coefficient s ≥ 4 and P be a solid cone in A and T : M → M is a surjective and
one-to-one mapping. Then any T -contraction on M admits a unique fixed point.

The following example is an illustration of Theorem 2.

Example 3 Let A = CR
1 [0, 1] and define a norm on A by ‖ρ‖ = ‖ρ‖∞ + ‖ρ ′‖∞ for all ρ ∈A.

Let the multiplication in A be the point wise multiplication. Then A is a real unit Banach
algebra with unit e = 1. Set P = {ρ ∈ A : ρ ≥ 0} which is a cone in A. Moreover, P is not
normal (see [21]). Let M = [0, +∞]. Define a mapping Nb : M3 → A by Nb(ρ,
,σ )(t) =
(|ρ –σ |+ |
 –σ |)2et , for all ρ,
,σ ∈M. Then (M,Nb) is a complete Nb-cone metric space
over a Banach algebra A. Now define a mapping F : M×M → M by F (ρ,
) = ρ+


8 , for
all ρ,
 ∈M and T : M→M by T (ρ) = ρ

3 , for all ρ ∈M. Also,

Nb
(

T F (ρ,
),T F (ρ,
),T F (u, v)
)

(t)

=
(∣

∣T F (ρ,
) – T F (u, v)
∣

∣ +
∣

∣T F (ρ,
) – T F (u, v)
∣

∣

)2et

= 4
(∣

∣

∣

∣

ρ + 


24
–

u + v
24

∣

∣

∣

∣

)2

et

=
1

16

(∣

∣

∣

∣

ρ – u
3

+

 – v

3

∣

∣

∣

∣

)2

et


 1
16

[

2
∣

∣

∣

∣

ρ – u
3

∣

∣

∣

∣

2

+ 2
∣

∣

∣

∣


 – v
3

∣

∣

∣

∣

2]

et

=
1

16

[

2
∣

∣

∣

∣

ρ

3
–

u
3

∣

∣

∣

∣

2

+ 2
∣

∣

∣

∣




3
–

v
3

∣

∣

∣

∣

2]

et

=
1
8
[

Nb(T ρ,T ρ,T u)(t) + Nb(T 
,T 
,T v)(t)
]

,

where α = β = 1
8 . Thus, the conditions of Theorem 2 hold and (0, 0) is a coupled fixed point

of F .

7 Application to the existence of solutions of integral equations
Consider C([0, T],R), the class of continuous functions on [0, T], T > 0. Let the cone met-
ric Nb be given by

Nb(ρ,
,σ )(t) = sup
t∈[0,T]

((|
 + σ – 2ρ| + |
 – σ |)p,α
(|
 + σ – 2ρ| + |
 – σ |)p)et ,

for all ρ,
,σ ∈ R, where p > 1 and α > 0 be arbitrary constants. Note that C([0, T],R,Nb)
is a complete Nb-cone metric spaces over a Banach algebra with coefficient s ≥ 4.

Theorem 3 Let K , f , g and a be the mappings such that:
(i) supt∈[0,T] |K(t, s)| = M < 1

T , where K ∈ C([0, T] × [0, T],R);
(ii) a ∈ C([0, T],R);
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(iii) f , g ∈ C([0, T] ×R,R);
(iv) |f (t, r,ρ1(t)) – f (t, r,ρ2(t))| + |f (t,
1(t)) – f (t,
2(t))| ≤ λ(|ρ1(t) – ρ2(t)| +

|
1(t) – 
2(t)|),
for all ρi,
i ∈ C([0, T],R), i = 1, 2, t ∈ [0, T], where λ ∈ [0, 1

s ).
Then the integral equation

ρ(t) =
∫ T

0
K(t, s)

(

f
(

s,ρ(s)
)

+ g
(

s,ρ(s)
))

ds + a(t), t ∈ [0, T], (7.1)

has a unique solution in C([0, T],R).

Proof Let A = R
2 be equipped with the norm ‖(u1, u2)‖ = |u1|+ |u2| and the multiplication

on R
2 be defined by

uv = (u1, u2)(v1, v2) = (u1v1, u1v2 + u2v1).

Let P = {u = (u1, u2) ∈ A : u1, u2 ≥ 0}. Clearly, P is a normal cone and A is a Banach
algebra with a unit e = (1, 0). Let F : C([0, T],R) × C([0, T],R) → C([0, T] ×R) be defined
by

F (ρ,
)(t) =
∫ T

0
K(t, s)

(

f
(

s,ρ(s)
)

+ g
(

s,
(s)
))

ds + a(t),

for all t ∈ [0, T]. Using Corollary 1 we obtain

Nb
(

F (ρ1,
1),F (ρ1,
1),F (ρ2,
2)
)

(t)

= 2
(∣

∣F (ρ2,
2) – F (ρ1,
1)
∣

∣,α
∣

∣F (ρ2,
2) – F (ρ1,
1)
∣

∣

)pet


 2
(∫ T

0

∣

∣K(t, s)
∣

∣

(∣

∣f
(

s,ρ2(s)
)

– f
(

s,ρ1(s)
)∣

∣

p +
∣

∣g
(

s,
2(s)
)

– g
(

s,
1(s)
)∣

∣

p)ds,

α

∫ T

0

∣

∣K(t, s)
∣

∣

(∣

∣f
(

s,ρ2(s)
)

– f
(

s,ρ1(s)
)∣

∣

p +
∣

∣g
(

s,
2(s)
)

– g
(

s,
1(s)
)∣

∣

p)ds
)

et



(

λ

∫ T

0

∣

∣K(t, s)
∣

∣

(

2
∣

∣ρ2(s) – ρ1(s)
∣

∣

p + 2
∣

∣
2(s) – 
1(s)
∣

∣

p)ds,

αλ

∫ T

0

∣

∣K(t, s)
∣

∣

(

2
∣

∣ρ2(s) – ρ1(s)
∣

∣

p + 2
∣

∣
2(s) – 
1(s)
∣

∣

p)ds
)

et


 (λ, 0)
[

Nb(ρ1,ρ1,ρ2)(t) + Nb(
1,
1,
2)(t)
]

,

which implies that

Nb
(

F (ρ1,
1),F (ρ1,
1),F (ρ2,
2)
)

(t) 
 (λ, 0)
[

Nb(ρ1,ρ1,ρ2)(t) + Nb(
1,
1,
2)(t)
]

.

Since ‖(λ, 0)n‖ 1
n = ‖(λn, 0)‖ 1

n → λ < 1
s (n → +∞), letting α = (λ, 0) and β = (λ, 0), then all

the conditions of Corollary 1 hold and hence there exists a unique coupled fixed point
of F . So, the integral equation (7.1) has a unique solution. �
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Example 4 Let C[0, 1] be the set of all continuous functions on [0, 1]. Consider the non-
linear integral equation

x(t) =
t

1 +
√

t
+

∫ 1

0

sin sπ
8 + t

[

e(–tx(s))

9
+

sin t
9

.
|x(s)|

1 + |x(s)|
]

ds, t ∈ [0, 1]. (7.2)

Put a(t) = t/(1 +
√

t), for all t ∈ [0, 1], K(s, t) = sin sπ
8+t , for all t, s ∈ [0, 1].

Also, let f (t, x(s)) = e(–tx(s))

9 and g(t, y(s)) = sin t
9 . |x(s)|

1+|x(s)| for all x, y ∈ C[0, 1] and t, s ∈ [0, 1].
Then
(1) a(t) ∈ C([0, 1], R),
(2) f , g ∈ C([0, 1] × R, R),
(3) sup(t∈[0,1]) |K(t, s)| = M < 1, where K ∈ C([0, 1] × [0, 1], R),
(4) for all xi, yi ∈ C([0, 1], R), i = 1, 2 and t ∈ [0, 1], we have

∣

∣f
(

t, x1(t)
)

– f
(

t, x2(t)
)∣

∣+
∣

∣g
(

t, y1(t)
)

– g
(

t, y2(t)
)∣

∣ ≤ λ
[∣

∣x1(t) – x2(t)
∣

∣+
∣

∣y1(t) – y2(t)
∣

∣

]

.

Proof (1) Since a(t) = t
1+

√
t for all t ∈ [0, 1], we have a(t) ∈ C([0, 1], R).

(2) Define the mappings f , g : C([0, 1] × R) → R by f (t, x(s)) = e(–tx(s))

9 and g(t, y(s)) =
sin t

9 . |x(s)|
1+|x(s)| for all x, y ∈ C[0, 1] and for all t ∈ [0, 1]. Then f , g ∈ C([0, 1] × R, R).

(3) As K(s, t) = sin sπ
8+t , it is easy to see that K(t, s) is continuous on [0, 1] × [0, 1] and

sup(t∈[0,1]) |k(t, s)| = 1
8 < 1.

(4) Now, let x, y ∈ C([0, 1], R). Then, for each t ∈ [0, 1], we have

∣

∣f
(

t, x1(s)
)

– f
(

t, x2(s)
)∣

∣ +
∣

∣g
(

t, y1(s)
)

– g
(

t, y2(s)
)∣

∣

=
∣

∣

∣

∣

e(–tx1(s))

9
–

e(–tx2(s))

9

∣

∣

∣

∣

+
∣

∣

∣

∣

sin t
9

.
|y1(s)|

1 + |y1(s)| –
sin t

9
.

|y2(s)|
1 + |y2(s)|

∣

∣

∣

∣

≤
[∣

∣

∣

∣

–te(–tζ )

9
(

x1(s) – x2(s)
)

∣

∣

∣

∣

+ 1/9
∣

∣

∣

∣

|y1(s)|
1 + |y1(s)| –

|y2(s)|
1 + |y2(s)|

∣

∣

∣

∣

]

= 1/9
∣

∣x1(s) – x2(s)
∣

∣ + 1/9
∣

∣

∣

∣

(

1 –
1

1 + |y1(s)|
)

–
(

1 –
1

1 + |y2(s)|
)∣

∣

∣

∣

= 1/9
∣

∣x1(s) – x2(s)
∣

∣ + 1/9
∣

∣

∣

∣

1
1 + |y1(s)| –

1
1 + |y2(s)|

∣

∣

∣

∣

≤ 1/9
∣

∣x1(s) – x2(s)
∣

∣ + 1/9
∣

∣

∣

∣

–1
(1 + ε)2 ||

∣

∣

∣

∣

y1(s)
∣

∣–
∣

∣y2(s)
∣

∣

∣

∣

≤ 1/9
[∣

∣x1(s) – x2(s)
∣

∣ +
∣

∣y1(s) – y2(s)
∣

∣

]

, as
∣

∣

(|x| – |y|)∣∣ ≤ |x – y|.

From the above K , a, f and g satisfy all assumptions of Theorem 3. Hence, the integral
equation (7.2) has a unique solution in C([0, 1], R). �

8 Conclusion
In this paper, we defined a new space named Nb-cone metric spaces over a Banach algebra
and proved some coupled fixed point results for two mappings F and T satisfying certain
contractive conditions. Moreover, we gave an example and an application to the existence
of solution of integral equations to validate our results.
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