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1 Introduction
Throughout the paper, let C; be a nonempty subset of a real Hilbert space H.

A mapping S; : C; — C; is said to be nonexpansive if
1S1¢1 = S1xall < [lxg —x2ll,  Vxy, o0 € Cy.

Let Fix(S1) denote the fixed point of Sy, that is, Fix(S1) = {1 € C1 : S1x1 = %1}.
The classical scalar nonlinear variational inequality problem (in brief, VIP) is: Find x; €
Cj such that

(Dx1,%2 —x1) >0, Vaxy€Cy, (1.1)

where D : C; — H; is a nonlinear mapping. It was introduced by Hartman and Stampac-
chia [1].
A mapping S: H; — H; is said to be
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(i) monotone, if
(Sx1 — Sxo,x1 —%2) >0, Vx1,%0 € Hy;
(i) y-inverse strongly monotone (in brief, ism), if
(Sx1 — Sxg, %1 — %) > ¥ |1Sxy — Swal|®,  Vay, x5 € Hy and y > 0;
(iii) firmly nonexpansive, if
(Sxy — Sxp, %1 — %2) = ||Sx1 — Sxa |1, Va1, %5 € Hy
(iv) L-Lipschitz continuous, if
[Sx1 — Sxall < Lllx1 —x2l,  Vx1,%42 € Hy and L > 0.

A multi-valued mapping M, : D(M,;) € H; — 2H1 g called monotone if, for all x1,x; €
D(M;), uy € Myx; and uy € Myx, such that

(01 — %9, 41 —uz) > 0.
And it is maximal if G(M,), the graph of M; defined as
G(My) = {(x1,u1) w1 € Mz},
is not contained properly in the graph of other. It is well known that a monotone mapping
M is maximal iff for x; € D(M,), u; € Hy, {x1 — X2, u1 — up) > 0 for each (x, u,) € G(M;)
implies that u; € Mjx;.
Let My : D(M,) € H, — 21 be a multi-valued maximal monotone mapping. Then the
resolvent operator ]2;11 : Hy — D(M,) is defined by

Jxy = (L+ pMy) 7 (1), Vo € Hy

for p; > 0, where I stands for the identity operator on H;. We observe that ]f)‘fl is single-
valued nonexpansive and firmly nonexpansive.

Moudafi [2] was first to introduce the split monotone variational inclusion problem:
Find X € H; such that

0 € f1(x) + My (%), (1.2)
and

y=Bx e H,; solvesO0efp(y)+ M), (1.3)
where f; : Hy — Hi, fo : Hy — H, are inverse strongly monotone mappings, B: H; — H, is

a bounded linear mapping, and M; : H;, — 211, M, : H, — 22 are multi-valued maximal
monotone mappings.
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The split feasibility, split zero, and split fixed point problems are included as special
cases. They have been studied broadly by various authors and solve real life problems
essentially in modeling of inverse problems, sensor networks in computerized tomography
and radiation therapy; for details, see [3-5].

If i = 0 and f, = 0, then we find a split null point problem (in brief, SpNPP): Find x € H;

such that

0 € M;(x), (1.4)
and

y=Bx e H, solves0e M,(¥). (1.5)

In this paper, we consider the split monotone variational inclusion problem (in brief,
SpMVIP): Find x € H; such that

0 e M (%), (1.6)
and
y=Bx e H, solves0ef(y)+My3). (1.7)

Let A = {x € H; : X € Sol(MVIP(1.6)) and Bx € Sol(MVIP(1.7))} denote the solution of
SpMVIP(1.6)—(1.7).

The iterative algorithm for SpMVIP(1.2)—(1.3) was introduced and studied by Moudafi
[2]:

%0 € H1, %1 = P(x, + nA*(Q - 1)Ax,) for p>0, (1.8)

where P ::][’Y’l I-2A), Q ::]/j)/[2 (I — pf2), A* is the adjoint operator of A and 0 < 1 < %, <
is the spectral radius of A*A.

The convergence analysis was studied by Byrne et al. [6] of some iterative algorithm
for SpNPP(1.4)—(1.5). Moreover, Kazmi et al. [7] established an iterative method to find a
common solution of SpNPP(1.4)—(1.5) and fixed point problem. For instance, see [8, 9].

Recently, Qin et al. [10] proposed an algorithm for an infinite family of nonexpansive
mappings as follows:

%0 €C1, X1 = 1nbg(n) + Nun + (1 = 0l — 1y AWy, (1.9)

where g is a contraction mapping on Hj, A is a strongly positive bounded linear operator,
W, is generated by S, Ss, ... as follows:

Vn,rz+1 = 1;
Vn,n = )\nSnVn,n+1 + (1 - )"n)l;

Vn,n—l = )\n—lsn—lvn,n + (1 - )\n—l)L
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Vn,m = )"mSmVn,rrHl + (1 - )‘m)ly

Vn,m—l = )\m—lsm—lvn,m + (1 - )"m—l)I)

Voo 1= 2082V, 3 + (1 — A3)],

Wn = Vn,l = )qSan,Q + (1 - A.I)I, (110)
where Sy, S, ..., W, are nonexpansive mappings, {4,,} C (0,1] for n > 1; for further work,
see [11, 12].

Inspirited by Moudafi [2], Byrne et al. [6], Kazmi et al. [7, 8], Qin et al. [10] and by
continuing work, we propose and analyze a new type iterative algorithm to find a common
solution of split monotone variational inclusion, variational inequality, and fixed point
problems for an infinite family of nonexpansive mappings in the framework of Hilbert
spaces. Further, we show that the sequence generated by the algorithm converges strongly
to common solution. Furthermore, we list some consequences of our established theorem.
Finally, we provide a numerical example to demonstrate the applicability of the algorithm.
We emphasize that the result accounted in the manuscript unifies and extends various

results in this field of study.
2 Preliminaries
This section is devoted to recalling few definitions, entailing mathematical tools, and help-
ful results that are required in the sequel.
To each x; € Hj, there exists a unique nearest point Pc,x; to x; in C; such that
ler = Peyxill < ller —oall,  Vaxo € Cy, (2.1)
where Pc, is a metric projection of H; onto C;. Also, P¢, is nonexpansive and satisfies

(%1 — %9, Pcyx1 — Pcyxa) > ||Poyxt — Poyxoll?, Vo, %o € Hy. (22)

Moreover, Pc,x; is characterized by the fact that Pc,x; € C; and

(x1 — Pclxl,xz - Pclx1> <0, VxyeC. (23)
This implies that
%1 = 211> = |1 = Peya|I” + |62 = Py 1>, Vay € Hy,x € C, (2.4)
and
2 2 2 2
ey + (1= p)wa | ™ = wllxen 1 + (1 = ) flas2I* = (1 = ) ey — %2 | (2.5)

for all x1,x, € Hy and p € [0, 1].
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Also, on H; the following inequalities hold:
1. Opial’s condition [13], that is, for any {x,} with x,, — x; and

liminf ||x, — 1] < liminf ||x, — x| (2.6)
n—00 n—00

holds, Vx; € Hy with x; # x1;

lloer +22]1% < [ler [|” + 2(x0, 1 +x2),  Vap,x0 € Hy. (2.7)
Definition 2.1 ([14]) A mapping T, : Hy — H is called averaged iff
Tl = (1 - )\)1 + )\,Sl,

where A € (0,1), [ is the identity mapping on Hj, and S; : H; — H; is a nonexpansive
mapping.

Lemma 2.1 ([2])
() If To = (1 —A)T1 + AS1, where Ty : Hy — H is averaged, S; : Hy — H; is
nonexpansive, and 0 < A < 1, then T, is averaged,
(ii) If Ty is y-ism, then BT is %—ismfor B>0;
(i) T is averaged iff [ — Ty is y-ism for some y > %

Lemma 2.2 ([2]) Let p > 0, f be a y-ism, and M be a maximal monotone mapping. If
p € (0,2y), then JY'(I - pf ) is averaged.

Lemma 2.3 ([2]) Let p1, p3 > 0 and My, My be maximal monotone mappings. Then
x solves ((1.2)-(1.3)) & «x =]2f1 (I-pifi)x and Bx =]2;I2(1— P2f2)BX.

Lemma 2.4 ([15]) Let {u,} and {v,} be bounded sequences in E, a Banach space, and let
0 < py < 1 with 0 <liminf,_, o, <limsup,_, . i, < 1. Consider v,.1 = (1 — )y + iy,
n=0 and hmsupn—mo(”"nﬂ - Vn” - ||un+1 - un”) <0. Then

lim |[v,, — u,l|| = 0.
n—00

Lemma 2.5 ([16]) Assume that B is a strongly positive self-adjoint bounded linear operator
on Hy with coefficienty >0 and 0 < p < |B||™}. Then ||I - pB|| <1 - py.

Lemma 2.6 ([17]) Let {a,} be a sequence of nonnegative real numbers with
Aps1 = (1 - )‘-n)ﬂn +a, n=>0,

where A, € (0,1) and {«,} in R with

(i) Zzil Ap = 00;

(i) limsup, . §* <0or Yoo o] < +00.
Then lim,,_, o a,, = 0.
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Lemma 2.7 ([18]) Let Sy : C; — H; be a nonexpansive mapping. If S1 has a fixed point,
then (I — S1), where 1 is the identity mapping, it is demiclosed, that is, if x, — x1 € Hy and

Xy — S1%, = Xo, then (I — S1)x1 = x3.

Lemma 2.8 ([19]) Let C; # ¥ be a closed convex subset of a strictly convex Banach space
E. Let S1,S,,... be nonexpansive mappings of C; to Cy such that ﬂlofl Fix(S;) # @, and let
A, A,... be real numbers satisfying 0 < A; < 1, Vi > 1. Then lim;_, o, V; ;¥ exists, VX € C;
and j € N.

Remark 2.9 By Lemma 2.8, define a mapping W : C; — C; such that Wx = lim;_, .. W;x =
lim;_, o0 V;1%, Vx € Cy, which is called the W-mapping generated by S1, S3,...and A1, Ao, .....

In the whole paper, we consider 0 < A; < 1, Vi > 1.

Lemma 2.10 ([19]) Let C; # 9 be a closed convex subset of a strictly convex Banach space
E. Let Sy,Ss,... be nonexpansive mappings of Cy to Cy such that (-, Fix(S;) # 0, and let
A1, Ao, ... be real numbers satisfying 0 < A; < 1, Vi > 1. Then Fix(W) = ﬂf’fl Fix(S;).

Lemma 2.11 ([20]) Let C; # 9 be a closed convex subset of Hy. Let S1,Sa, ... be nonexpan-
sive mappings of C to Cy such that (), Fix(S;) # 0, and let Ay, 1y, ... be real numbers sat-
isfying 0 < A; < 1, Vi > 1. For any bounded subset K of Cy, lim;_, o Supzc [Wix — Wx| = 0.

3 Main result
We study the following convergence result for a new type iterative method to find a com-
mon solution of SpMVIP(1.6)—(1.7), VIP(1.1), and fixed point problem.

Theorem 3.1 Let Hy and H, denote the Hilbert spaces and C1 C Hy be a nonempty closed
convex subset of Hilbert space H;. Let D : C; — Hy be a y— inverse strongly monotone
mapping, B: Hy — H, be a bounded linear operator with its adjoint operator B*, M; : C; —
2t and My : Hy — 22 be multi-valued maximal monotone operators and f : Hy — H, be
an a-inverse strongly monotone mapping. Let g : C; — C; be a contraction mapping with
constant t € (0,1), A be a strongly positive bounded linear self-adjoint operator on C; with
constant 0 > 0 such that 0 < 6 < g <0+ %, and {S;}7%, : C1 — Cy be an infinite family of
nonexpansive mappings such that I' := A N Sol(VIP(1.1)) N (N2, Fix(S;)) # 9. Let {x,,} be a

sequence generated as follows:

x1 € Cy,

V= I (% + 1B*(Q - )Bx,],

Uy = Pc, (v — 0,Dvy),

Xns1 = UnOg(Wyxy) + 8y + (1 = 8u) — pyAYWytty, n>1,

(3.1)

where W, is defined in (1.10), Q :]£’2M2(1 = p2f)s {tn} {84} € (0,1) and n € (0, %), € is the
spectral radius of B*B. Let the control sequences satisfy the following conditions:
(1) lim, 0 ity =0, Z,T; Mp = O0;
(ii) 01>0,0< 0y <20;
(iii) 0<liminf,_, 8, <limsup, ,8,<1;

(iv) 0<liminf, o 0, <limsup,_, 0, <2y; > o) Op1 — Oyl < 00.
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Then the sequence {x,} converges strongly to some x € I', where x = Pr(0g + (I — A))x which

solves
(A-09)%,v-%)>0 forallveTl. (3.2)

Proof For the sake of simplicity, we divide the proof into several steps.
Step 1. We prove that {x,} is bounded.
Let x € ', then ¥ € A and thus ]Mlx X, i,sz (I — pof)Bx = Bx and (I + nB*(Q — I)B)x =
X. By Lemma 2.2 and firm nonexpansiveness, ]M1 and Ié (I — pof ) are averaged. Also,
(I + nB*(Q - I)B) is averaged since it is 7-ism for some v > 5. From Lemma 2.1(iii), I - Q
is v-ism. Thus, we obtain
(B*(I — Q)Bxy — B*(I - Q)Bx, %1 — ) ((1 Q)Bx1 — (I — Q)Bxy,
Bxl - sz)
> v (I - QBx; - (I - QB |
v
> < ||B*(1— Q)Bx;
~ B*(I - QBx|”. (3.3)
This implies that nB*(I — Q)B is n—"e-ism. Since 0 < n < %, its complement (I — nB*(I - Q)B)
is averaged and hence J)'[I + nB*(Q - I)B] = R(say). Thus, I + nB*(Q - I)B, J3"', Qand R

are nonexpansive mappings.
Next, we calculate

v = &% = |74 (% + nB*(Q - DBxy) - J21 %]
< |4 + 1B*(Q - DBx, - &|*
= Il — &% + n* | B*(Q - DB, |’
+ 2%, — X, B*(Q - I)Bxy), (3.4)

and hence

v = %11 < lloen — %> + n*((Q — I)Bx,, BB*(Q — I)Bx,,)

+21(x, — %, B*(Q — I)Bxy,). (3.5)
Consider Y := n2((Q — I)Bx,,, BB*(Q — I)Bx,,), and we have

T; = n*((Q-1)Bx,, BB*(Q — I)Bx,)
< en*((Q-1)Bx,, (Q - I)Bxy)
= e[ (Q-DBx, | (3.6)

Also, let 15 := 2n{x, — %, B*(Q — I)Bx,), and we calculate

> = 2n{x, — % B*(Q - I)Bx,)

= 277<B(xn - 56), (Q - I)an)

Page 7 of 21
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= 227<B

(% — %) +(Q ~ I)Bx, — (Q — 1)Bx,, (Q _I)an)

= 29((QB(x, - B%), (Q - DBx,) - || (Q - I)Bx,||*)

<203 (@~ DB | - (@~ DB, |

< —n||(Q-D)Bx,|". (3.7)

By (3.6) and (3.7) in (3.5), we get

~ ~ 2
v = &1 < Il = I + nlen — 1) (Q~ By (3.8)
Since 0 < n < é, therefore
v = &Il < Il = ZI. (3.9)

Using y-ism and 0 < 0, < 2y, we have

=12
llotn — x|

this implies

= IP¢, (v = 04DVs) = P, (v — 0, D>

< |Vn = 04DV, = (vu — 0, D>

= | vu — &) — 0u(Dv, - DB)|*

= ||v, — %> = 20,,(Dv,, — DX, v, — X) + 6 2|| Dv,, — DX||*
< |lva — %> = 20,y | Dv,, - Dx||* + 0,/ || Dv,, — D&||*

= ||V = &lI* + 0(0w — 2y) || Dv, — Dx|)?

< v, —Z|I%, (3.10)

lloew = 21 < v = X]I. (3.11)

By using (3.9) and (3.11), we calculate

%011 — x| = HMan(ann) + 8y + ((1 = 8u) — MnA)Wnun - 5&”

= | n (0g(Woi) — AZ) + 8,6 — %) + (1 = 8,1 — 1, A) (Wt — %) |
< || 08(Wyx,) = AZ || + 8yllen — &I + (1= 8,)1 = 14,0) W18, - Zl|
< tu]| 0g(W,x,) - 62(%) + 02(%) - AX||

+ 8 lln = | + (1= 8,1 = 110 l| 4y — |
< a0 | g(Wouxn) — g(®) || + ]| 0g(%) - AZ|

+ 8l — & + (1= 8,)1 = 11,0) I, — Zl|
< BTN, = F|| + | 0g(&) — AZ || + (1 = 11,,0) 12, — %]
< (1= n(® = 07)) [l — X + 1| 6(%) - AZ||

0g(F) — A%
§max{||xn—5c||,||g_(x)—x”}, n>1. (3.12)
6 -0t
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Using induction, we get

0g(x) — Ax|| }
0 -0t '

%1 — %] < maX{ [l — I,

Thus, {x,} is bounded and hence {u,}, {Wu,}, and {g(W,,x,)}.

Step 2. We show that lim,,,  [[%41 — %]l = 0, limy,— o |2, — Wyut,|| = 0, limy,—, o ||V, —
%, =0, and lim,,_, oo ||V, — u,]| = O.

Since ]2;[1 [ + nB*(Q - I)B] is nonexpansive, therefore

”Vn+1 - Vn” = ||]2/111 [I + TIB*(Q _I)B]xn+1 _]/])\;Il [1 + UB*(Q - I)B].X,,, H

=< %1 — Xl (3.13)
Using (3.13), we estimate

ltns1 = thnll = | Pcl = 01 A)iis = Pel = 0,S)v, |
< || = 01 A1 — (I = 0, A)v, |
= [ = 01 A1 = I = 651 A)Vy + (04 — 01 Avy |
< NVus1 = vall + 1o = Ousi ||| Ava||
S %1 = xull + 10w — Tuar || AVl
< %1 = xull + Niloy — 01l (3.14)

where N = sup,.; [[Av,]|.
Forie1,2,...,n, S; and V,,; are nonexpansive, therefore from (1.10) we obtain

”WrHlun - Wnun” = ||}‘1$1Vn+1,2un - Alslvn,Zun”
< )"1 ||Vn+1,2un - Vn,zun”
< M12282 Vo153t — 2282V 3, |l

< )Vl)"Z ||Vn+1,3un - Vn,:iun ||

S Mro Al Vs netty — Vn,rulun”

n
=2 [ P (3.15)
i=1
where N2 >0 with ||Vn+1,n+1”n - Vn,n+1un” =< Nz, Vn>1.
Setting %1 = (1= 8,)s, + ,%,, then we have s, = 225122 and

s e Mn+19g(wn+1xn+l) + (1 =68p) - lj’n+1A)Wn+1un+l
n+l n 1— 8n+1
Mneg(wnxn) + (1 =6,)I — AW, 1y,
1-4,
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Mn
= <1 (;1 ) eg(WnJrlanrl) AW”+1un+1)
n+l

) AW U, — eg(ann)) + Wn+1ur1+1 - Wnyn

Hn+1
= < - ) Wii1%041) Awn+1un+l)

+ <1 —8n>(AW 1 — 0g(W,x,,))

+ Wn+1un+l - Wn+lun + Wn+1un - Wnun' (316)
Hence,
M
”Sn+1 —S,,” =< $(||9g(wn+1xn+l)H + ||AWVI+1M}’I+1”)
+ 1 5, (1AW + [ 0g(Wo,) )
+ I Winttner = Woa |l + (W1, — W, ||
< Mn+1 N3 + Mn N4
1- 5n+1 1- ‘Sn
e =t |l + IWp1m, — W, |, (3.17)

where N3 = Supn21(||9g(Wn+1xn+1)|| + [AW, 1)) and Ny = Supnzl(HAWnun” +
10g(W,x))).
Using (3.14) and (3.15) in the above inequality

Mn+1 Mn

s s N3 + Ny + ||lx X

” n+l — n” =1 8n+1 3 1—5n 4 ” n+l n”
n

+Niloy = opa | + No [ [ s (3.18)
i=1
and thus
Hn+1 I
”Sn+1 _Sn” - ||xn+l it NB + ‘ N4

” T 1- 8n+1 1_6n

+ Niloy — 0yl +N21_[}\i' (3.19)

i=1

Using the given conditions in the above inequality, we have

lim Sup(”SVl+1 _Sn” - ”an _xn”) E 0.
n—o0
By Lemma 2.4, we get
lim ||s, — x|l = 0. (3.20)
n—00

As x,,1 = (1-46,)s, + 8,x, therefore

%41 = %ull = H(l - 5n)(sn

Page 10 of 21
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which yields
lim [[%,e1 — %] = O. (3.21)
n—00
Now,
e = Wottull = 1% — %41 + %01 — Wty ||
< %1 — xull + ||Mn9g(ann) + 8yn
+ (1 =8I = AWty — Wy, |
= ”xn+l _xn” + ||/’Ln (Gg(wnxn) _Awnun) ||
+ ((1 - 8}1)1 - /'LnA)(Wnun - Wnun) + Sn(xn - Wnun)
E ||xn+l _xn” + Un Heg(ann) —AW,,M,, H
+ Bullxn — Wiy (3.22)
Hence,

(1= 8120 = Wosthy || < %1 = %l + | 08 (W6,) = AW 1 .

Using the given conditions and (3.21) in (3.22), we get
lim ||x, — W,u,| = 0. (3.23)
n—00

By (3.8) and (3.11), we compute

e = 1% = | 10 (O (W) = AZ) + 8,6 = Wott) + (1 = puA)(Wots — 5|
< [ (1= ) Wty = ) + 8, — Wiatty) |
+ 2{n0g (W) — A%, %01 — &)
< [ = s A)Wosttyy = B)| + 850 — Wostsll]*
+ 20n(0g(W ) — AR, X541 — &)
< [0 = 1)t = Zl| + 8all o = Winta||]*
+ 2n(0g(W ) — AX, %41 — %)
= (1= 11u0) 1t = 2> + 8712 = Wyt ||?
+ 201 = 1140)8 14— E 1| 15 — W10, |
+ 2000(0g (W) — AR, %41 — )
< (1= wuf)*[n = EI* + nlen = 1) (Q = DBx, ]
+ 871190 = Wit + 2(1 = p1n0) 8, |t — & 160 = Wisaa,|
+ 2n(0g(W ) — AX, %41 — %)

= (1= 21,0 + (1)) 26 — EI1 + (1 = 11,,0)*n(en = )| (Q - DBx, |
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+ Sl — Wtt |* + 2(1 = 100)8ull 260 — E| |60 — Wy |
+ 2n(0g(W ) — AR, %41 — &)

< 1o = ZI2 + ()P 120 = 11 + (1 = ,0)2n(en = 1] (Q = 1)Bx, ||*
+ 82 1% = Wit ||* + 2(1 = 2,0) 8|16 — X[ |12 — Wy |

+ Zan(Og(W,,x,,) —AX, %41 — 56) (3.24)
Therefore,

(1= 11a6)?n(1 =€) [ (Q = DB |* < [l = &I1? = 121 — &1
+ 82 l196n = Wt 1> + pn6? 1% — XI|>
+2(1 14,08,y — F | 1% — Wiatt|
+ 2n(0g(Wx,) — AX, %41 — %)
< (1t = ZI+ 19001 = F1) 10 — X
4 8211 — Wtk |® + 12l — E)1?
+2(1 = 14408,y — F | 1% — Wiaat |
+ 21 (0| g(Wts) |
+ [LAZI) 12641 — 1. (3.25)

Since n(1—€n) >0, lim,,_, 1, = 0 and {x,}, {u,} are bounded, and using (3.21) and (3.23),

we have
lim [[(Q—DBx,|* = 0. (3.26)
Next, we calculate

va = ZI% = |72 (% + nB*(Q~ I)Bay) — &|°
< |73 (0 + 0B (Q—1)Bx,) — J 1%

< (vu = %%, + nB*(Q - I)Bx, - %)

I

- %{”Vn ~ &2 + [0 + nB*(Q ~ DBty — | ~ || (v~ )
— [ + nB*(Q - D)Bx, - ] |*}

= é{llvn = FI + 0 = FI% — [ v — 20— 0B (Q - D)Bxa )

o =1 o = = [~ + 7 B (@ DB
= 2{vy = %, B(Q - I)Bx, | }.

Hence, we obtain

Vi = 201 < 1% = &I = 1V = %ull* + 20| By — %) || | (Q = I)Bx . (3.27)

Page 12 of 21
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By (3.11) and (3.24), we obtain

61 = %> < (1= )11t — XII> + 821120 — W24
+2(1 = pu0)8 ||t — El[ %0 — Wyta|
+ 2n(0g(W ) — AX, %41 — %)
< (1= wnd)*[ 1% = E1* = v = xal|>
+ 21| Aty = x4) | [ (Q = DB ]
+ 8211% = Wt ||* + 2(1 = 2,0) 8|10 — X[ |12 — Wy |
+2un(0g(W,ux,1) — AR, %01 — %)
< [l = ZII* + (n0)* |12, — ZI|*
= 200 196 = &> = (1 = 0)* vy — 24l
+2(1 = 10)°n|| Aty — %) || [|(Q = DBty || + 8 16w — W yaa, ||
+2(1 = pn0)8 ||t — Ell |20 — W1t |

+ ZMn(Og(W,,xn) —AX, %41 — 5c> (3.28)
Hence,

2 =112 =112
17 < lln = X[ = 1%ne1 — ||

(1 = wnb)* vy — %
+ (1) 136 = EI|* = 24,0 6, — X|?
+2(1 = pu0)*n | AQn — %) | | (Q = DBy |
+ 8216w — Wat ||
+2(1 = 1,0)8u |4 = El| 1360 = Wyt |
+ 21n(0g(Wix,) — A%, Xpi1 — %)
< (160 = ZI| + [%ner = E 1) 1960 = Ko |
+ () 1% = ZII? = 270,10l — %
+2(1 = pu)*n|| Ay — %) || (Q - DB, ||
+ 8 ll%n — Wt |1
+2(1 = 1,0)8 |4 = El| 1360 = Wyt |
+ 210 (0| g(Woi) || + AZI) 12001 — 1. (3.29)

As {x,}, {u,} are bounded, and using (3.21), (3.23), (3.26) and the given conditions, we
have

lim [|[v, — x| = 0. (3.30)
n— o0

Next, we prove that lim,,_, ||V, — #,|| = 0.

Page 13 of 21
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We estimate

s1 = 212 = [ b (Wotn) + 85 + (1= 8:)] = 110 A) Wty — %|°
= (@ = 8 (Wt = F) + 8,0 — ) + 1 (0(W6,) = AW ,8,) ||
< (1= 8) Wty — ZII* + 8,112 — ZII* + 2100 (ks Xipa1 — %)
< (1= 8 Wytty — &1 + Sulltn — %1% + 2007 1
< (1= 81t = F|1* + Sulln — X1 + 20 . (3.31)
In the above inequality we set «;, = 0g(W,x,,) - AW, u,,, and let > 0 be a suitable constant
with @ > sup, {ll,l|, [lx, - x[|}. Thus,
[%ne1 = EII* < (1= 8,) |14 — ZII> + 8yl — %[1* + 2001
< (1= 8){ || Pc, (Vn = 04DV,) = Pey (& - 0,09}
+ 8l — 1% + 2% 1,
< (1= 8){llva — XI* + 0u(0y — 2¢) | Dv,, — DZ||?}
+ 8ullxn — %[ + 2%,
< (1= 8){llxn = &1* + 0u(0n — 2¢) | Dv,, — DF||*}
+ 8nlltn — EII* + 207y
< (1-8,)04(0y — 20)||Dv, — DX|*

+ lloen = ZII* + 2% s (3.32)
which implies

(1=8,)0,20 — 6,,) | DV, — DE|1* < [l = X)|* = |41 — FI|* + 200> 1

< (ln = &l + e = %) 120 = X | + 207 2,
By (3.21) and the given conditions, we get
lim ||Dv, — D|| = 0. (3.33)
n—00
From (2.7), we compute

it = &> = | Pe, (v = 0,DV,,) = Pey (G — 0,D%)||”
< (u,, - %,y —0,Dv,) — (% — oanc)>
1
< §{||un —&|* + || (va = 0,DV,y)

~ G~ 0,D)| = |ty ~ v,) + 0, (D, ~ DB}

—_

< o =30 + v =31 = | @ty = v2) + 5DV, -DR)|*)

=2 2 2 =112
< i = X" =ty = vul|” = 0| DV, — Dx||
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+ 20, {1, — vy, Du,, — DX)

~n2 2 ~
< Mvu = XN° = Ny = vull” + 20414y = vl | DV — Dx||

~ 2 2 ~
< 1% = %17 = llttw = Vil + 200 |t = vu ||| DV, — DX

By (3.32), we obtain

[rs1 = E1% < (1= 824 — R + Sullo — XI1* + 200,
< (L= 8){llxn = &% = Nl = vall®

+ 20|ty = vull[| Dvy _D9~C||} + 8pllxn _56”2 + 2wzﬂm
which implies

2 ~N2 =2
(1 =8)lletn = vall™ < N2y = %17 = %001 = I
= 2
+2(1 = 8,)olluy — valllDvy — Dx|| + 20010y
< (1% = &N+ 1%me1 — 2N 1960 = X |

+2(1 = 8,)0ullty — vl | DV,y — DE|| + 20° 1.
Using (3.21), (3.33) and the given conditions, we get
lim ||u, —v,| =0. (3.34)
n— 00
By (3.23), (3.30), and (3.34), we get
lim ||W,u, —u,| = 0. (3.35)
n—0o0
By Lemma 2.11, we have lim,_, oo || W, — W,u,|| = 0. Thus,
lim |Wu,, —u,| = 0. (3.36)
n— o0
Step 3. We claim thatx € T'.
Since {x,} is bounded, therefore consider X € H; to be any weak cluster point of {x,}.
Hence, there exists a subsequence {%n} of {x,} with x, — X. By Lemma 2.7 and (3.35), we
have & € (%, Fix(S)). And vy, = J5[ [x,, + nB*(Q — )Bx,;] can be rewritten as

(xn/ - Vni) + B*(Q - I)an]
P1

€ Myv,. (3.37)

Taking j — oo in (3.37) and by (3.26), (3.30) and the concept of the graph of a maxi-
mal monotone mapping, we get 0 € M; %, that is, ¥ € Sol(MVIP(1.6)). Furthermore, since
{x,} and {v,} have the same asymptotical behavior, Bx,; — Bx. As Q is nonexpansive, by
(3.26)and Lemma 2.7, we get (I — Q)Bx = 0. Hence, by Lemma 2.3, 0 € f(Bx) + M Bx, that
is, B € Sol(MVIP(1.7)). Thus, ¥ € A.
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Next, we prove x € Sol(VIP(1.1)). Since lim,,_ ||V, — t]| = 0 and lim,,_, o ||V, — %, ] =0,
there exist subsequences {v,,} and {u,,} of {v,} and {u,}, respectively, such that v,, — %
and u,, — X.

Define the mapping M as

D(z1) + N¢, (z1), ifz €Cy,
@, ifz; ¢ Cy,

M(z,) = (3.38)

where N¢, (z1) := {z2 € H; : (z1 — y,22) = 0,Vy € C;} is the normal cone to C; at z; €
H;. Thus, M is a maximal monotone mapping, and hence 0 € Mz, if and only if z; €
Sol(VIP(1.1)). Let (z1,22) € graph(M). Then we have z, € Mz, = Dz; + N¢, (z1), and hence
2y — Dz € N¢, (z1). So, we have (z; —y,2z2 — Dz;) > 0 for all y € C;. On the other hand, from

u, = Pc, (v, —0,Dv,) and z; € C;, we have
((va = 0uDVy) = thy tty — 21) = 0.

This implies that
<zl gy

Vn
+ Dvn> > 0.
n

Since (z1 — y,22 — Dz1) > 0, for all y € C; and u,, € Cy, using the monotonicity of D, we

have

(z1 — Uy, 22) > (21 — Uy, Dz1)

Up; — Vi,
=z (&1 =y, Dz1) =\ 21 =ty ——— + Dy,
n

= (z1 = un;, Dz1 — Duy,;) + (21 — ty;, Dy, — Dviy,)

Up; — Vi,
—\Z1 — uni:
Oyn

un,' _Vn,'
> (Zl - unpDuni _DVn,-) —\Z1— Up; .
n

Since D is continuous, on taking limit i — oo, we have (z; —¥,z;) > 0. Since M is maximal
monotone, we have x € M~(0) and hence % € Sol(VIP(1.1)). Thus, x € I'.

Step 4. Finally, we prove that limsup,,_, ..((0g —A)z,x, —z) <0, wherez=Pr(I-A +0g)z
and x,, — X.

By (2.3) and (3.23), we obtain

lim sup ((Gg —-A)z,x, — z) = lim sup ((9g -A)z, W,u, — z)

n—00 n—00

<lim sup((@g -A)z, W,u, — z)

i—00

= ((0g - A)z,x -z)

IA

0. (3.39)
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Using (3.9) and (3.11), we calculate

%1 = %1% = (1n(0g(W,x) — AX)
+ 80 (%0 — %) + (1= 8,)I — ppA) (W, — ), 201 — %)
= n(0g(W o) — AR, %01 — X) + 8, (% — &, X1 — %)
(U= 8 = 115 A) (Wt = %), 2501 = )
< wn(Olg(W,uxn) = g&), Xni1 — &) + (0g(F) — AF, 2011 — 7))
+ 8l — El| |01 — X
+ | (1= 8 = || Wty — Zll |01 — ]|
< a0 1%, — & %1 — E]| + pn(0g (&) — AZ, X1 — X)
+ 8ullxn — X201 — F[| + (1= 8 — 20 |14y — | |61 — ]|
< 0% = &| %1 — E]| + pn(0g (&) — AZ, %1 — X)

+ 810 — Xl %001 — Xl + (1 = 8 — p1,0) 120 — X[l |41 — Xl

[1 - /'Ln(é - 97—’)] ll%cn — % l|%ne1 — x| + Mn(eg(%) — AX, %11 _55)
< 1- Mn(g - 9‘5)
- 2
+ /L,,(Gg(fc) —AX, %41 —5c)
1— (0 -61) -
< fnxn - x|
+ Mn(eg(k) _Ak: Xn+l — 5‘:): (340)

~n2 ~n2
(Il = X1 + %01 — X117)

1 =112
+ §||xn+1 —x|

which yields that

| Y _55”2 = [1 - ,U/n(é - 9‘5)]”75;4 _5&”2
+ 2un((6‘g(5c) —AX, %1 — 56)

= [1 = wn® = 07) ]y — ZII* + 2124(0g(R) — AF, K11 — &). (3.41)

Thus, by (3.39), (3.41), Lemma 2.6 and using lim,_, . u, = 0, we get x, — x, where X =
Pr(I+6g—A). O

Now, we list the following consequences from Theorem 3.1.

Corollary 3.1 Let H; and H, denote the Hilbert spaces and C; C H, be a nonempty closed
convex subset of Hilbert space H;. Let D : C; — Hy be a y— inverse strongly monotone
mapping, B: H — H, be a bounded linear operator with its adjoint operator B*, M; : C; —
21 and My : Hy — 22 be multi-valued maximal monotone operators and f : Hy — H, be
an a-inverse strongly monotone mapping. Let g : C; — C; be a contraction mapping with
constant T € (0,1), A be a strongly positive bounded linear self-adjoint operator on C; with

constant 6 > 0 such that 0 < 6 < g <0+ %, and S : C; — C; be a nonexpansive mapping
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such that T := A N Sol(VIP(1.1)) N Fix(S)) # 0. Let {x,,} be a sequence generated as follows:

x1 € Cy,
Vi =2 [, + B*(Q - 1)Bx,), (3.42)
U, = PCI (Vn - UnDVn)1

Xn+l = Mneg(an) + 8%, + (1 = 8,)I — 1, A)Sus,

where Q :ff;ZMz(I = p2f)s {tn}, {84} € (0,1), and n € (0, %), € is the spectral radius of B*B.
Let the control sequences satisfy the following conditions:
(1) 1m0 ity =0, Zzi1 Mp = O0;

(ii) p1>0,0< oy < 20;

(iii) 0 < liminf,_ o8, <limsup, ,8,<1;

(iv) 0<liminf,_ 0, <limsup,_, o 0, <2¥; Y ooy |01 — Ol < 00.
Then the sequence {x,} converges strongly to some x € I', where x = Pr(6g + (I - A))x, which
solves

(A-09)x,v-%)>0, Vvel. (3.43)

Corollary 3.2 Let H, and H, denote the Hilbert spaces and C; C H, be a nonempty closed
convex subset of Hilbert space Hy. Let D : C; — Hy be a y— inverse strongly monotone
mapping, B: Hy — H, be a bounded linear operator with its adjoint operator B*, M; : C; —
2t and My : Hy — 22 be multi-valued maximal monotone operators. Let g : C; — C, be
a contraction mapping with constant t € (0,1), A be a strongly positive bounded linear self-
adjoint operator on C, with constant 6 > 0 such that 0 < 0 < g <0+ %, and S:Cy — Cy bea
nonexpansive mapping such that I' := Sol(SpNPP(1.4) — (1.5)) N Sol(VIP(1.1)) NFix(S)) # @.
Let {x,} be a sequence generated as follows:

x1 € Cy,

_ M M
Vi = It e + 0B (2 — I)Bx], (3.44)
Uy = PC1(Vn - 0,Dv,),

Xp+l = ILan(an) + 8%y + (L= 6,)] - anA)SM,,,

where {u,},{8,} C (0,1) and n € (0, é), € is the spectral radius of B*B. Let the control se-
quences satisfy the following conditions:
(1) im0 i =0, Do) iy = 00;
(i) 0<liminf,_ s 8, <limsup,_, . 6, <1;
(i) 0 <liminf,_ 0, <Limsup,_, o 0y <25y ooy [Ope1 — 0| < 00.
Then the sequence {x,} converges strongly to some x € I', where x = Pr(0g + (I — A))x, which
solves

(A-09x,v-%)>0, Vvel. (3.45)

4 Numerical example

Example 4.1 Let Hy = H, = R, the set of all real numbers, with the inner product defined
by (x,y) = xy, Vx,y € R, and the induced usual norm | - |. Let C; = [0, 00); let the mapping
f:R— Rbedefined by f(y) = y+ 6, Vy € Ho; let M, : C; — 2%, M, : R — 2% be defined by
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M (x) = {3x — 2}, Vx € C; and M, (y) = {3y}, Vy € R; let the mapping B: R — R be defined
by B(x) = —%x, Vx € R; let the mappings {S;}; : C; — C; be defined by Six = % for each
i € N, let the mapping D : C; — R be defined by Dx = 3x — 2, Vx € Cy; let the mapping
g:C1 — C be defined by g(x) = £, Vx € C; and Ax = 5 with 6 = %, Setting {1} = {ﬁ},
{8,} = {#}, {o,} = %, and {A,} = {3%}, Vn > 1. Let W, be the W-mapping generated by
$1,82,..., and A, Ay, ... which is defined by (1.10). Then there are sequences {x,}, {,},

and {v,,} as follows: Given x1,

tn = QB = 11" (I - pof ) B

Yn = %y + nB*(t, — Bx,)

Vn =]f)\;[lyn (41)
Uy = PC1 (Vn - UnDVn):

Xp+l = an@g(ann) + Snxn + ((1 - 8;1)1 - MnA)Wnun'

Then {x,} converges to x = {%} erl.

Proof Obviously, B is a bounded linear operator on R with adjoint B* and ||B|| = ||B*|| = %,
and hence 7 € (0, ;—?). Therefore, we choose n = 0.1. Further, f is 1-ism, p; = i > 0 and thus
02 C (0,2), so we take py = i. For each i, S; is nonexpansive with Fix(S;) = {%}. Further, D is
3-ism and Sol(VIP(1.1)) = {%}. Furthermore, Sol(MVIP(1.6)) = {%} and Sol(MVIP(1.7)) =

-3}, and thus A = {% € C; : £ € SOl(MVIP(1.6)) : B(3) € Sol(MVIP(1.7))} = {}. There-
fore, I' := A N Sol(VIP(1.1)) N (N;5; Fix(S;)) # #. Simplify(4.1)as follows: Given x;,

~27x, - 24 79%, - 368,
"m0 T 160
4 2
Vn = ;yn + ;;

Uy = PC1 (Vn - GnDVn);

0, ifx <0,
=11, ifx>1,

V”T” otherwise;
Wn:xn;
Step 1:
i=1

1\ (W, +2i) 1
Wo=—)——+(1-— )xy;
" <3n2) 1+3i 3n2 )"
i=i+1;

if (i <N) go to Step 1;
W' = uy;
Step1':

i=1
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Figure 1 Convergence of {x,} 0.9
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Figure 2 Convergence of ||W,x - Wx|| 0.12
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i=i+1;

if i <N) gotoStep1;

W
Xpsl = /'Lne ;xn + 8nxn + ((1 - 6}1)1 - /’LnA)W/,,Mn;

Finally, by the software Matlab 7.8.0, we obtain the Figures 1 and 2 which show that {x,}

converges to x = % as n — +00, and lim,,_, o, || W,x — Wx|| = 0 for each x € C;.
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