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1 Introduction
Chen et al. [9] recently defined a new kind of Bernstein operators by assuming fixed 7 in R
(the set of real numbers) and showed that newly defined t-Bernstein operators are positive
and linear with the choice of t € [0, 1]. The Kantorovich variant of aforesaid operators was
reported by Mohiuddine et al. [22] and investigated several approximation properties, and
most recently their Stancu and Schurer types generalization have been constructed and
studied by Mohiuddine and Ozger [26] and Ozger et al. [33].

Inspired from the t-Bernstein operators, for t in [0,1] and m € N (the set of natural

numbers), Aral and Erbay [7] constructed t-Baskakov as follows:

B9 =Y P (i) y€0,00), (1.1)
j=0
where
(1) _ yj_l 'L'y m +j -1
’”mvf(y)‘<1+y>m+f-l[(1+y>< j )

—(1—r><1+y)(m.+j"‘°’> +(1—r)y(m+f"1>},
j—2 j
(m—B) =0 and (m—2) =0.
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Setting 7 = 1in (1.1) leads to the Baskakov operators [8]. Later, {larslan et al. [16] presented
a generalization of the above operators (1.1) in Kantorovich sense. Such type of operators
are also defined and studied by Nasiruzzaman et al. [31].

In [36], the authors considered an integral modification of a Szdsz—Mirakjan—Beta type
operators and presented several approximation results for their operators. In 2015, Gupta
[13] presented a general class of hybrid integral type operators and proved some signifi-
cant approximation properties of the operators. Kajla and Agrawal [20] obtained an inter-
esting generalization of Szdsz operators with the help of Charlier polynomials. By taking
these operators into account, they studied a Voronovskaya type asymptotic formula and
the degree of approximation. Goyal and Kajla [12] constructed an integral type modifi-
cation of generalized Lupas operators involving a parameter « > 0 and derived the order
of approximation for these operators. For further investigation concerning such types of
operators as well as statistical approximation, we refer to [1-6, 11, 14, 15, 17-21, 23—
25, 27-30, 34, 35, 37—-39] and the references therein.

Motivated by the operators constructed in [7, 16, 31], in the next section, we give Dur-
rmeyer type modification of (1.1) and obtain some basic properties for further study in
the next sections. Section 3 is devoted to obtain Voronovskaja type results of our new
operators. In Sect. 4, we obtain approximation theorems by considering weighted func-
tion. In the last section, we considered some terminology defined in [40] and establish a

quantitative and Griiss Voronovskaja type approximation.

2 Construction of operators and basic results
It depends on two parameters @ > 0 and 7 € [0, 1]. For A > 0 and C4 [0, 00) := {¢ € C[0,00) :
£(t) = O(t?), t > 0}, we define the operators

T = L0 [ 000 d o), (2.1)
j=1 0
where
o 1 gt
lmyj(t) =

B(fOl, mo + 1) (1 + t)iot+mot+1
and PEZ,)/(Y) is defined as above.

Lemma 1 For the operators ,Q%,ff&({; y), we have

(i) 'Q{n(fg (e;y) = 1;

)
(i) ZDeny)=y— =2+ 2,
’ m m

H3+m+at)a y(2+m+2T+(-4+m +4~7,')Ol)'

’

(7) . — Y
(iii) .7, (e2y) = (ma —1) m(mo — 1)

(1+m)y* (=4 +m+61)a®  3y*a(-3+m+47 + (=5 +m + 6T)at)
(ma—2)(ma—-1) (ma - 2)(ma — 1)
. YL +a)m2+a)+4(-1+7)1 +20))

’

(iv) ) (essy) =

m(ma —2)(ma — 1)
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(1 +m)(2 + m)y* (=5 + m + 81)a®
(ma - 3)(ma - 2)(ma — 1)

V) Ayeay) =

6(1 + m)yPa® (=4 + m + 67 + (=6 + m + 87)at)
(ma - 3)(ma — 2)(ma — 1)
Y (1 +a)(11(=3 + m + 47) + (=57 + 7m + 647T)a)
+
(ma - 3)(mo — 2)(ma — 1)
Y1 +a)m2+a)3+a)+4(-1+1)(3+4a(2 +w)))
* m(ma — 3)(ma —2)(mo — 1)
(1 +m)(2 + m)(3 + m)y*(=6 + m + 107)a*
(ma — 4)(ma - 3)(ma — 2)(ma — 1)
10(1 + m)(2 + m)y*a®(=5 + m + 87 + (=7 + m + 107))
* (et — 4)(mat — 3)(mar — 2)(mat — 1)
5(1 + m)y3a®(1 + a)(7(—4 + m + 617) + (44 + 5m + 547)a)
" (ma — 4)(ma - 3)(ma — 2)(ma — 1)
1
" (ma — 4)(ma — 3)(ma — 2)(ma — 1)

)

vi) ) (es;y) =

X [Syza(l + a)(m(2 +a)(5+3ax) +27(4 + 3a)(5 + 7a)

-3(10 + a(25 + 13a))) ]

Y1 +a)2+a)(m3+a)d+a)+8(-1+1)3+4a(2 +x)))
+
m(ma — 4)(ma — 3)(ma — 2)(ma — 1)

’

(1+m)(2 +m)3 +m)(4 + m)y>(=7 + m + 121)a®
(ma - 5)(ma — 4)(ma — 3)(ma — 2)(mo — 1)
15(1 + m)(2 + m)(3 + m)y°a* (=6 + m + 10T + (=8 + m + 127))
¥ (ot — 5)(mat — 4)(ma — 3)(mat — 2)(met — 1)
1
" (o= 5)(ma — 4)(ma — 3)(mar — 2)(mat — 1)

(vi)) ") (e6;) =

X [5(1 +m) (2 +m)y*a®(1 + a)(17(—5 +m + 87)

+ (=125 + 13m + 1647)a) |

1
i (mo = 5)(ma — 4)(ma — 3)(ma — 2)(mo — 1)

x [15(1 + m)y*a®(1 + ) (15(~4 + m + 6T)

+ (=144 + 19m + 1827)a + 2(—38 + 3m + 44r)a2)]

1
* (mo - 5)(ma — 4)(ma - 3)(ma - 2)(ma — 1)

X [yzoz (274(—3 +m+41) + 675(-5+m + 6T)u
+ 85(—=57 + 7m + 647)a? + 225(-13 + m + 147)e®

+ (=633 + 31m + 6647 )a*) |

1
i m(ma — 5)(ma — 4)(mo — 3)(ma — 2)(ma — 1)
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X [y1+a)2+a)(mB+a)4d+a)5+a)

+8(=1+7)(1 +20)(3 + 20)(5 + 2a)) ]

Lemma 2 From Lemma 1, we obtain

0 () = 2L,

) o @A -D+m+a)  y2(r-1)+4r - Do+ m(l+a))
W) dye(C=95y) =y m(mea—1) ’
1

~ m(ma - 3)(ma - 2)(ma — 1)

(i) ) ((t-9)"%)

[*(48(r - 1) + 3 (1 + )?

+2m(1 +a)(9+a(-19 + 287 — 5a + 87a))) |

1

3
" n(ma — 3)(ma - 2)(ma — 1) [*(72(r - 1) + 144(7 - Do

+omla(l+a)’ +2m(l + a)(9 +a(-19 + 287 — 5a + Sra))

+2m(1 +a)(9+a(-5-13a +27(7 + 8a))))]

1
m(mo — 3)(ma - 2)(ma — 1)

[y7(48(r — 1) + 144(t - 1)

+96(t — 1o + 3m?a(l +a)? + m(l+ )2 + )3 + )
+2m(1 +a)(9+ (-5 - 13a + 27(7 + 8)))) ]

1
* m(ma — 3)(ma —2)(mo — 1)

[y(12(-1+17) +44(-1 + 1)
+48(7 — Do +16(t — 1o + m(1 + &) (2 + &) (3 + ) ]
Remark 1 We have
lim m.Z5,(y) = 2y(x - 1),

m—00 o

1 1
lim m.Z5%(y) = w,
m—00 ’ o

392(1 +9)2(1 + a)?
lim m?.Z 5% (y) = 7 ( +y)2( +a)
m—00 ’ o

1593(1 + )3(1 3
lim m?’ﬁ,f;g(y): 7" (1 +9)°( +e)

m—>00 g a3

’

’

where 3‘\,;’,” = ﬂ,ﬁfg,((t -9y, v=124,6.

o

3 Directresults

Theorem 1 Suppose that { € C4[0,00). Then lim,,_, d,i,f;(g“ ;9) = £ (), uniformly in each

compact subset of [0, 00).

3.1 Voronovskaja type theorem
Theorem 2 Suppose that { € C4[0,00). If ¢” exists at a point y € [0, 00), then

lim m[ ) (c:9) - c0)] = 29z = D' + 22XLENAED

m—00 2 o

).
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Proof Applying Taylor’s expansion, one writes
/ 1 "
£ =50)+EONE=9) + 5" 0)E =)+ (ELYE - 9), (3.1)
where lim;_., @ (£, y) = 0. By using the linearity of the operator ;nyffgt, we get

Do &) = £ ) = A0 (- y);y)c’(y)+2%mf;((t—y)2;y)c”(y)

+ A\ (@ (6,9)(E - 9)).

By using the Cauchy—Schwarz inequality in the last term of the last inequality, we obtain

md, 1) (@ (6, y)(t - y)y) < \/ A (wz(t,y);y)\/ m2aly (¢ - 9)%). (3.2)
As @2(y,y) =0 and @2(-,y) € C4[0, 00), we have

lim 0 (@?(.9)9) = @ (0,9) = (3.3)
Combining (3.2)—(3.3) and Remark 1, we have

lim_m.af,1) (a (6,)( = )% y) = 0. (3.4)

Hence

1 y(l +9)1+a)_,

i m[ ., 00(¢59) = £ ()] = 2t = 1)’ () + £"(). =

Let 1 > 0, 4y > 0 be fixed. We consider Lipschitz-type space (see [32]) as follows:

r

Lip{2)(r) o= {;ecwoo) e - )| < M—L2

ﬁ;y,te (0;00)},
(£ + p1y? + p2y)?

where 0<r <1.

Theorem 3 Let ¢ € Lipy, W2 (1) and r e (0, 1]. Then, for all y € (0,00), we have

6‘1’2
| (E59) - )| < ( (y))«
MJ’ + W2y

Proof Using Holder’s inequality with p = %, q= %, we obtain

| (&59) = £ )]

-3 m,(y)/ « ©]¢) - £0)]de + B0 ©) - )
j=1

%dt)z + P [ (0) - ()]

i m,(w(
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IA

—,—1
DI~

[ (y)/ I ()¢ () -

; (zp;;;m)
j=0

NI~

T+ )| -

- ) oola ' (t-y° 72
- M(;p’””(y)/o (0 (t+p1y?+ sz) me(y) (1y* + 12y)

(}jpzoo/‘z <nu—w2m+yﬁﬁbuo

{121:1752)}/0 I 0@ -

r
2

< V
(Ml)’ + [12Y)2

M r M r
= (A (€= 9%y))? = —— = (1o
(11y* + 12y)2 (1y* + p12y)?
Thus, the proof is completed. d

4 Weighted approximation

Suppose H[0,00) is the space of all real valued functions on [0, 0o) satisfies the relation
12| < N &(y), where £(y) = 1 + y* is a weight function and N is a positive constant
depending only on ¢. Let C¢[0, 00) be the space of all continuous functions in H[0, 00)

endowed with the norm considered by

1EOI

1 : 000 )

and

C210,00) = {; € C;[0,00) ‘)320 Egy

exists and is finite }

Theorem 4 For each { € Cg [0,00) and r > 0, we have

G (9) - £ )]

lim sup ——————=0.
'"ﬁOoye[o,Eo) (L+y2)te

Proof Let yo > 0 be arbitrary but fixed. Then we get

(7) ()
|Mma &5y) — {‘()/)| < sup | G, (837) = E )] + sup | G, (837) = E )]

ye[0,00) (L+y2)ter " y=po (L+y)t+ ¥>30 (L+y2)tr
D (539)

< sup 2(859) = )|} + sup 2

yfyo{‘ H >0 (1 +y2)r

15O
+Sup ————

530 (1 +y2)1+r’
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Since ¢ (&) < [IS]le(1 +£%),VE =0

A3 y) -
sup LGN = 0Ny o) 13— £3)] g + 1€ e s
y>)o

yelooe) (L +y2)17 (L+yH)le

sup 1 1le
yy0 (L+92)

=L +L+15 say.

Applying Theorem 1, therefore for a given € > 0, 3 m; € N, such that
€

3

, forall m > my;.

I, = “ gfgg[(;;y) -¢@) ”c[o,yo] <

Ay (1+12)

o =1, it follows that 3 m, € N such that

Since lim,;,_, o Sup,

sz,ﬁf)(l +t%y) - (1+y2) €

su > < —+1, forallm > ms,.
y>y0 1+y ”{”E 3
Hence,
() 2 (r) 2
| o (1 + %5 9)] 1l | Lo (1 + %)
I = gl sup o2V 0 e
yyo  (L+92) (X +50)" y>30 1+y

Ell: €
= + -
1+y) 3

for all m > m,.

Let us choose ¥y to be so large that

ISl €

L+92) 6

’

then

I = sup el _Wglle €

pyo L4920 ~ (L+x3) 6

Let mg = max{m, m,}, then by combining (4.2)—(4.4)

@ (ron
sup | L (£3) C(y)l<

e, forall m > my.
yelooe) (L +y2)17

Hence the proof is done.
Theorem 5 Let ¢ € Cg[O, o0). Then we have
lim || /7)(¢) - ¢, =0.
m—> 00
Proof To prove (4.5), by [10], it is sufficient to show the following:

lim 75 (¢%55) ~ef, =0, v=0,1,2.

Since f;z/,f,fg(l;y) =1, so (4.6) holds true for v = 0.

Lt (1 + %)

Page 7 of 12
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From Lemma 1, we obtain

c 1 2y(r - 1) 2|t - 1|
“f@{n(q,&(f;y) —J’”g = Sug 11y y+ ) —y‘ < sup( J ) . 4.7)
yz

Thus, limy,_. o | e () -yl = 0.

Finally, we obtain

|5 (59) -

1 [y (-3+m+4t)a y(-2+m+2t+(-4+m+47)a)
=su -
y;g 1+y? (ma —1) m(mo — 1)
2 -3+4
<sup 2 ‘(M+m( +4a)p)
y=0 1+ 2 m(ma — 1)
4 sup y i (m+ma +2(t - 1)(1 + 2a)) , 48)
y=0 L+y m(ma — 1)
which implies that lim,,_, o || %% (2 ) — y* ll¢ = 0. O

5 Some Voronoskaja type approximation theorem
To examine the degree of approximation of functions in C¢[0, 00), Yiiksel and Ispir [40]

presented the weighted modulus of smoothness £2(¢;0) as follows:

Q@)= sup 15 +h) ¢ ()]

o (5.1)
0<h<o,y€l0,00) (1 + h2)(1 +J/2)

for ¢ € C¢[0, 00). It was proved in [40] that, if { € Cg [0, 00), then £2(-; o) has the properties
lim £2(¢;0) =0
and
2(00) <21+ 1) (1+0%)R2(0), A>0. (5.2)
For¢ € Cg[O, 00), it follows from (5.1) and (5.2) that

@) - ¢o)| = (L+ (=) (1 +y*) (¢ 1E-y1)

< 2(1 + |t;y|>(1 +0%)R(50)(1+(E-p)°) (1 +5°). (5.3)

In the next theorem, we compute the degree of approximation of ¢ by the operator %,,(3
in the weighted space of continuous functions Cg [0, 00) in terms of the weighted modulus

of smoothness £2(-;0), o > 0.



Mohiuddine et al. Advances in Difference Equations (2020) 2020:467 Page 9 of 12

5.1 Quantitative Voronovskaya type theorem
Theorem 6 Suppose that ¢ € Cg [0, 00) such that ¢'(y),{"(y) € Cg [0,00). Then, for suffi-
ciently large m and each y € [0, 00),

")
2!

’ {M (&9) =) ='WD ((E~9)sy) -
=0M)2(¢";v/1/m).

%,ﬁf&((t—y)z;y)”

Proof By Taylor’s formula

”(n)

cB)=c0)+'OE-) + (t-9)°

//(y

=C)+'O)E-y) + (£ =9+ ha(t,9), (5.4)

where 1 € (y,¢) and hence

ey = SO E Dy (55)

In view of the inequality (5.3) of the weighted modulus of continuity, we obtain

") =" O] <1+ =) (1 +5°)2(¢"; 1n-»)
<1+ -1 +y7)2(¢"51E )

< 2(1 + (t—y)z)(l +y2)<1 + |t;y|>(1 +02).Q(§”;0), (5.6)
but
|t—y|) 5 2(1+02), lt—y| <o,
1+ — 2 )1+ (- \
( + o ( +( y))flz(t;—z)(1+02)’ |t—y|20’,
that is,
It -yl (t-y)*
(1+Ty>(1+(t—y)2) 52(1+ UZ )(1+02). (5.7)

Combining (5.5)—(5.7) and choosing 0 < ¢ < 1, we obtain

hy(t,y)| <2(1+02 2 1+92)R(¢"0)( 1+ (¢ y)4 (t-y)>. (5.8)
| | =2(

Operating %, and Lemma 2 on both sides of (5.4), we get

AEy) -t 0) = OV AU - 339) - W

<

,;fg,<<t—y>2;y)]

;7). (5.9)



Mohiuddine et al. Advances in Difference Equations (2020) 2020:467

Applying Remark 1 and using Eq. (5.8), we get
A2 ))

6
<2(1+ 02)2(1 +92)2(¢";0) ) (((t—y)2 + « ;3) );y)

1
=2(1+o ) (1+%) (- 9)%5y) + (f;((t—y)6;y)>

{// o (
=2(1+0? ) 1+y°)2(¢"0) (O(l/m)+— (1/m ))

By choosing o = +/1/m, we get

ma) (| (t,y)];y) = 0()R2(¢";v/1/m). (5.10)

Hence, from (5.9) and (5.10), we get

‘ {M (€59~ 0 DA 39 - Ll (- 7) H
=0(1)2(¢";v/1/m), asm — oo.
This completes the proof. 0

5.2 Griiss Voronovskaya type theorem
Theorem 7 Suppose that ¢, g and (g € Cg [0,00) such that ¢', g, (¢g),¢", g" and (¢g)" €
C2[0,00). Then, for each y € [0,00),

lim m{ 1) ((£g)y) — 50 (&59),50(g:9)} = g () L)

m— 00

Proof Since (£g)(y) = ¢()g(), (€&)'») = {'()g») + ¢ (g’ () and (£2)"(») = ¢"(Mg(y) +
20’ (g’ ) + ¢ (y)g” (y), we may write

A(6959) - AE DA g

mo

={ﬂ,2f3,((§g);y) £0)60) - (€ )0t~y >—(§g)‘(y) Da(t = y)%y)}

—g(Y){ A0Ey) = L) = L NI —y59) - d (y szfma(( —y)z;y)}

g// (y)

SAALS { A@9) - g0) - g WLt~ y;9) - =) ((t - 9) ,y)}

+ (=9 {E0)8"0) + 2000 0) - 0) 7,1 0(¢53)

+ D=y 0) - & )0 ().

Now, by using Lemma 2 and Theorems 1 and 6, we get

lim m{,1)((68):y) = (&) 0 (8:9)} = £ )¢ @)M,

m—

which proves our theorem. d

Page 10 of 12
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