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with fractional integral boundary conditions

1
a@(O)—b@(n)—qm(])z%y)/o (1-p) "¢(p,w(p))dp and

1 1
av(0) - bu(§) - cuu(l) = m/o (1- )Y (p,v(p) dp,

where £ € 3=[0,1], 7,6 € (0,1],0 < A < 1, D denotes the Caputo fractional derivative
(in short CFD), F, F: 3 x R x R — R and ¢, ¥ : 3 x R — Rare continuous
functions. The parameters n, & are such that 0 < n,& < 1,and a;, b;,¢; (i =1,2) are real
numbers with a; # b; + ¢; (i =1, 2). Using topological degree theory, sufficient results
are constructed for the existence of at least one and unigue solution to the concerned
problem. For the validity of our result, an appropriate example is presented in the end.
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1 Introduction
It has been proved that fractional differential equations (in short FDEs) are a powerful tool

for modeling various phenomena of physical and chemical as well as biological sciences.
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Besides, it has also been proved that FDEs have numerous applications in various scientific
and engineering disciplines such as chemistry, physics, biology, and optimization theory
[1-5].

Many mathematicians give much attention to the existence theory of FDEs with multi-
point boundary conditions, and there is rapidly growing area of research due to its wide
range of applications in real world problems [6—10]. For the existence and uniqueness of
solutions of FDEs, different methods are used like topological degree theory and fixed
point theory. Here we use topological degree theory. After studying the present litera-
ture, we noticed that FDEs having fractional integral type boundary conditions are not
well examined through topological degree theory. Very few articles used topological de-
gree theory for simple initial and boundary value problems (BVPs) having CFD [11-15]. If
viewed carefully, the existence of solutions to FDEs having integral boundary conditions
has a wide range of applications in optimization theory, viscoelasticity, fluid mechanics,
and quantitative theory which have been studied by many researchers [16—21]. Keeping
in mind the applications of topological degree theory, Ali et al. [22] studied the existence
of solutions to the following FDE:

‘DY w(t) = F(E,w(ﬁ)), l<y<2,Le3,
110(0) + bio(1) = F1 (o),
10 (0) + b0/ (1) = Fa(w),
where F1, Fy: C(3,%) — SR and F : 3 x R — R are continuous functions and «;, b; are

real numbers with a; + b; # 0, i = 1,2. Using fixed point theory, Cabada et al. [23] discussed
the following problem:

‘D’ w(t) + F(L,w(t)) =0, £€(0,1),
1
w(0) + " (0) =0, w(l) = af w(p)dp,
0

where 2 <y <3,0<a<2,Disthe CFD and F : 3 x [0,00) — [0, 00).
Motivated by [22] and [23], we examine the results for the existence of solution to the
following nonlinear coupled system of FDEs through topological degree theory:

DY w(f) = F(t, w(rL), v(1L)),
DPu(e) = F(£, (L), v(rL)),
010(0) - byw(n) - 10(1) = 75 fo (1= p)" ¢ (p,w(p)) dp,
020(0) = byv(&) - 2u(1) = 7157 fy (1= P)* ¥ (0, v(0)) dp,

(1.1)

where £ € 3,v,8 €(0,1],0 < A < 1, D denotes the CFD. Further FF:3xRxR— Rand
¢,V : 3 x R — R are continuous functions. The parameters 7, £ are such that 0 < n,£ <1
and a;, b;, ¢; (i = 1,2) are real numbers with a; # b; + c;.

2 Preliminaries
In this section we recollect some facts, definitions, and results. Throughout this work
U =C(3,M),V = C(3,9R) represent the Banach spaces for all continuous function defined
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on 3 into R with norm ||w|| = sup{|w(€)|: 0 < ¢ < 1}. The product space I x V is a Banach
space with norm ||(w, v)|| = ||@| + |v].
Definition 2.1 ([24]) Let H : V — U be a continuous bounded map, where V C U. Then
H is
(1) o-Lipschitz if there exists & > 0 such that o (H(S)) < ho (S) for all bounded subsets
SCVv;
(2) strict o-contraction if there exists 0 < /i < 1 with o (H(S)) < ho (S) for all bounded
subsets S C V;

(3) o-condensing if o (H(S)) < o (S) for all bounded subsets S € V having ¢(S) > 0. In
other words, o (H(S)) > o(S) implies o(S) = 0.

Moreover, H : V — U is Lipschitz whenever there is 72 > 0 such that
||H(a)) - H(U)H <hlw-v| forallw,veV.
Further H will be a strict contraction if /i < 1.

Proposition 2.1 ([25]) If H,G : V — U are o -Lipschitz with constants hy and hy respec-
tively, then H + G is o -Lipschitz with constant hy + hy.

Proposition 2.2 ([25]) If H : V — U is Lipschitz with constant h, then H is o-Lipschitz
with the same constant h.

Proposition 2.3 ([25]) IfH : V — U is compact, then H is o -Lipschitz with constant h = 0.

Theorem 2.1 ([25]) Let H :U — U be o -condensing such that
A ={w el :there exists 0 < ¥ < 1 such that v = Y Hw}.

If A is bounded in U, so there exists r > 0 such that A C S,(0), then the degree
D(I-9H,5,(0),0)=1 forallv €[0,1].

Consequently, H has at least one fixed point which lies in S,(0).

Definition 2.2 ([26]) The fractional order integral of a function F : R* — R is defined
by

1 4
PFEO -1 [ €0 F o). @1
I'(y) Jo
Definition 2.3 ([26]) The CFD of order y > 0 of a function F : R* — R is defined by

DIF()= / (€= oy F O ) dp 22)
I'n-vy)Jo ' )



Ali et al. Advances in Difference Equations (2020) 2020:470 Page 4 of 14

Lemma 2.1 ([26]) Lety >0, then
I [”D”h(é)] =h(l) +co+crl+cpl®+-+ g0
for arbitrary c;eR,i=0,1,2,...,n— 1.

3 Main results
In this section, we discuss the existence and uniqueness criteria for BVP (1.1). Before we
start our main work, we need the following hypotheses.

(C1) For arbitrary o, v,w, U € %R, there exist constants ky, ky, € [0,1) such that

|9(p, ) = (p,®)| < kgllw-all,
[ (p,v) = ¥ (0, 0)| <kyllv -l

(Cy) For arbitrary w, v € R, there exist constants cg, ¢y, Mg, My > 0 and g; € [0,1) such
that

’¢(:0’w)’ =< Cqb”w”q1 + M¢,

¥ (0, 0)| < cy Il + My,

(C3) For arbitrary w, v € R, there exist constants c;, d; (i = 1,2), Mz, Mz and ¢, € [0,1)
such that

| F (0, 0(p), v(:0))| < 10| + es[[0]|% + M,

I (0, 0(hp), v(0))| < 0] + V]2 + M.

(C4) For arbitrary w,v,w,v € R, there exist constants L, L+ > 0 such that

| F(p, 0(p), v(Ap)) = F(p,@(Ap), U(1p))| < Lr(llw - ]| + [lv - ])),

| F (0, 0(10), v(1p)) = F(p,@(2p), T(10))| < Lz (llo - @l + v - D).

Lemma 3.1 Ifh:3 — Risay times integrable function, then the FDE
D’w(l)=h(¢), O0<y<LLe3,

with integral type boundary conditions

1
010(0) — byo(n) — creo(1) = %y) /0 (1= ) L(p, (o)) dp,

has a solution

1 1 !
w(t) = )F(y)/o (1-p)""¢(p,0(p))dp

ap —(Cl +bl

L1
I'(y)

4
/0 (€ = p) " F(p, w(rp), v(1p)) dp
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C1 1
+
ap— (e +by) I'(y

by 1 n oy
a1+ b) F(y)/o (n = p)' 7 F(p, w(rp), v(hp)) dp

1
[ 0=y (ot o) do
0

Proof Applying fractional integrable operator ¥ to DY w({) = h(¢) and using Lemma 2.1,
we get

w(l) =co + 1" h(¢). (3.1)

On applying boundary conditions to (3.1), we have

1
colay — by — 1) = by I () — 1 (1) = p%) /0 (1- o) (p, (p)) dp

By rearranging, we get

1 1 1 3
= Cll—(C1+bl) F(y)/ (l_p))/ ¢(prw(p))d,0
C1 V .
’ a;—(c1+b1) I'(y) / (1= p)" ' F(p,0(rp),v(rp)) dp
by 1

n
-1
+ a; — (cl + bl) F()/) /0 (77 - p)y ]:(,0:0)()»,0),1)()\,0)) dp, 0

By Lemma 3.1, the solution of system (1.1) is a solution of the following system of integral
equations:

0 = 5 7 Jo (L= PV Bl0,0(0)) dp
mfo g_p)y LF(p, w(rp), v(2p)) dp
* e T Jo (=)L F(p, w(xp), v(1p)) dp
+ e 7 Jo (1= ) L F (o, (), v(0))
V(0) = o= 7 Jo (L= )10 (0, v(p)) dp
+ mfo (g_p)s LE(p, w(rp), v(Ap)) dp
o T Ja (L= 0V F(p, (ko) v(p)) dp

ap (C2+bz

b s € = ) F(p, (ko). v(k0)) dp.

az—(cg+b2)

(3.2)

Define the operator J :U x V — U x V by

T (@,0)(0) = (Fa(0), Tov(©),

where

Fot) - ——— L[ 1=y g(patp)d
1 _al—(c1+b1)1"(y)_/(; -p ¢(P’w/0),0

and

1

_ 1 ! 5-1
Jovu(l) = PR — F(S)/O (1-p) " (p,v(p))dp

Page 5 of 14



Ali et al. Advances in Difference Equations (2020) 2020:470

Also define the operator G: U x V — U x V by

G(w,v)(¢) = (G1 (@, v)(€), Ga(w, V)(L)),

where
1
Gilw V) = a - (: +b1) F(I)/) /0 (1= p)" 1 F(p,0(hp), v(2p)) dp
b U
T - (c11 +by) F(ly) ./0 (1= p)" L F(p, 0(rp),v(2p)) dp
1 £ o1
+ o) /0 (- p) ' F(p,w(rp), v(2p))dp
and
1
o= (Z b)) Fts) /0 O R L

b,
+
ar—(co+0y) I

1 —
5 | €0 F 00,060 dp

L[ (0= o F (o 0lip), v00)) d
+m/0 -p (0, 0(2p), v(Ap)) dp.

Further, we define 7 = J + G. Then the system of integral equations (3.2) can be written

as an operator form
(Ll), U) = T(C{), U) = j(a)’ U) + g(a)’ U))
which is the solution of system (1.1) in the operator form.

Lemma 3.2 The operator J satisfies the Lipschitz condition
|7 (@, v) - T(@,0)| <k|(@v)-(@,0)].

Proof For arbitrary (w, v), (@, V) €e U x V, we have

_ 1 1 1 .
|Jiw — Jhol| = (@60 () /0 1-p)" ¢ (p,0(p)) dp
1 1 1 B
"~ — (¢ + by) I'(y) _/0 a- p)y_lﬁb(p,w(p)) dp‘
1 1

ap—(cp +b1) I'(y

which implies that

k.
|Fw - Jo| < ——2—|lo-all.
lag — (c1 + b1)]

1
)/ (1-p) (o, 0(p)) = d(p,0(p))] dp
0

Page 6 of 14
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Similarly,

k.
v - ToU) < ——L——
lag — (¢

Y v =1l (3.5)

From (3.4) and (3.5), we have

|7 (@,0) - T @,0)] = | 1(0) - Tiw(e) + Fov(£) - Too(e)

k¢ _ k
o — ]| + v

< — Y |v-T
~ Jag — (¢ + by) Iaz—(C2+bz)IH |

< k||(a), v) — (o, V)

’

kg Ky . . . .
T T8 (e TEa)1 )- Thus J is Lipschitz with constant &, and therefore

by Proposition 2.2, J is o -Lipschitz with constant k. d

where k = max(

Lemma 3.3 The operator G :U x V — U x V is continuous.

Proof Consider a sequence {(wy,, Uy)},en in a bounded set
B, = {H(w;U)H <r:(w,v) el x V}

such that (w,, U,)neny — (w,v) as n — +00 in B,. To check that G is continuous, we have
to prove that

G (@ va)(€) = Glw, v)(©)| = 0 asn — +oo.

For this, we have

|G1(@n, v4)(€) = G (w, v)(0)]

_ c1 1 /1(1 B p)y—l]:(p’wn()\p), Un(kp)) dp
ay—(c1+b1) I'(y) Jo
L[ (- 0 F (o w0 vi00) d
+F(V)/o o (pranli) b)) dp

+ b
a; — (Cl + bl) r

l
(€ = p) " F(p,0(rp), v(1p)) dp

! fﬂ—)HF(wu>vu»d
o) ) 17 0, (1), Un(Ap)) dp

T o
1 1
- (: o) T () /0 (1= p) ' F(p,0(rp), v(1p)) dp
b n
- (cl1 +by) F(ly) /0 (- p)" ' F(p,0(rp), v(hp)) dp
lel 1

T Jag = (e +b1) I'(y)

1
X/o (1= p)" M F (0 0n(Xp), Ua(Ap)) = F (0 (p), v(2p)) | dp
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s [b1] 1
lay — (c1 +by)| I (y)

n
< [ 0= 0 1| F (00,00, 0,00) = F(p,003), 00)

1 ¢
+ / (€ = p)' M F (0, 0u(Ap), va(hp)) = F(p, (hp), v(2p))| dp.
I'(y) Jo
From the continuity of 7, it follows that
F(p, 0u(Ap), Un(Ap)) = F(p,0(p), v(Ap)) asn— +oo.

For every ¢ € 3 and by using (Cs), we get

Ce-pyrt
fo T | F (0, 0a(A0), va(Ap)) = F (p, 0(Ap), v(hp))|dp — 0 as n— +oo.

Similarly other terms approach 0 as n — +oo0. It follows that
||Ql(wn, ) () — G1(w, v)(£)|| — 0 asn— +00.
That is, G is continuous. Proceeding the same way as above, we can show that
||Qz(wy,, ) () — Go(w, v)(€)|| — 0 asn— +00.
That is, G is continuous and hence G is continuous. O

Lemma 3.4 The operators J and G satisfy the following growth conditions:

||j(w, U)H < C||(w, v) ||q1 +M foreach (w,v) el xV (3.6)
and

||Q(a), v) || < A(” (w,u)”q2 +M*) for each (w,v) €U x V, (3.7)
respectively, where ¢ = max(c1,cs), d = max(dy,d,), C = max(‘ul_(ifwl)‘, ‘az_(i"z’wz)‘), A=
max(d2ek2enls o) dizies2ballaly

lag—(c1+b1)l 7 |ag—(ca+b2)l

Proof For the growth condition on 7, consider

| 7(@,0)] = [(he), Bo©))]
= |e@] + | Rv@)]
1 1
a; — (e +b1) I'(y
1
* ay—(co+ b)) I

cpllo]| cy llvl|7t
gt — —
las — (ca + by)]

! 1
v-
) A (1 p) ¢(p,a)(,0)) d,O

1 1
(8)/0 (1= p)’ "y (0, v(p)) dp H

T Jag = (e + by)]

< Cl(w,v)|" +M,

Page 8 of 14
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where M = max(My, My, ), which is the growth condition for ;7. Now, for the growth con-
dition on G, we have

91
Gi(w,v)(0) /u YLE (9 (), v(k0)) d
o1 = ey 7o) pYF (o) vGe)) dp
1 ¢ L
+ (- p) = F(p,w(rp),v(rp))dp
F(J/)/o ( )
by / 1
+ Flo,w(Ap),v(Ap))d
P (= p)" " F(p, 0(rp), v(hp)) dp
lea e 7
L L M
< |a1—(c1+b1)|(cl||w” +ellul|? + MF)
[61]n7 o »
— (|| +c||lv +M
Ial—(cl+b1)|( el 2[v]] F)
+ 0 (crllo||® + 2 llu)|%2 + Mr),
which implies that
2|c1| +2|by| + |aq]
161 (@, v)(©)| < (—i———i———i)qnwW2+@nuW2+wua (3.8)
la; — (c1 + by)]
Similarly,
2lca| +2|by] + |a
H%mews(lﬂ—JiLlﬂ}mwwudﬂw”+Mf (3.9)
az — (c2 + by)|
Now, from (3.8) and (3.9), we have
|G (@, v)(@)] = | Gi(w, V)@ ] + ||Galw, v)(O)|
2 2/b
s(iﬂiiiﬁfﬂyNMW+me+M;
la; — (c1 + by)]

<2|C2| +2[by| + |az]
+ _—

d || + dy[u]|®2 + Mz
|m—uwmﬁ|)l : >

Al ] + 17,
where M* = max(Mr, M7). Hence G satisfies the growth condition. |
Lemma 3.5 The operator G:U xV — U x V is compact.

Proof Let B be abounded subset of B, CU x V and {(w,, v,)}.en be a sequence in 3, then
by using the growth condition of G, it is clear that G(B) is bounded in &/ x V. Now, we
need to show that G is equicontinuous. Let 0 < ¢ < 7 < 1, then we have

|g1(wm v,)(€) — Gi(wy, Un)(T)|

-1
‘ o) 6 P) T F(p, wn(Ap), un(rpo) dp

-1
- Ty)/o (t = p)" ' F(p, 0u(hp), vu(Ap) dp
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4
- ‘%y) [ Te=p 1= 0 1 F o) vt dp

1 T »
- Ty)/(Z (t = 0)" " F(p, 0u(hp), va(rp) dp

14

< o Jo [(€ - )™ = (x = p)" ]| F(p, wa(hp), un(ip)| dpo
1 T o
+ T)/)./e (t = p) 7| F(p, 0u(hp), vu(hp)| dp
= ﬁ[ﬂy -tV =20 - t)y]01||w||q2 reollvl|® + My,

Taking limit as £ — 7, we get
||g1(wm Un)(e) - gl(wnr UVI)(‘[) ” — 0.
That is, there exists € > 0 such that
€
’gl(wn: Un)(g) - gl(a)n: Un)(t)| < 5
Similarly,
€
|g2(wn: Un)(g) - gZ(wn: Un)(T)| < 5
From (3.10) and (3.11), it follows that

|g(wm vn)(€) = G(wy, Uy[)(T)| <E€.

(3.10)

(3.11)

(3.12)

Hence G is equicontinuous. Therefore G(B) is compact in &/ x V and hence by Proposi-

tion 2.1, G is o -Lipschitz with constant zero.

O

Theorem 3.1 Under assumptions (C1)—(Cs), BVP (1.1) has at least one solution (w,v) €

U x V. Moreover, the solution set of (1.1) is bounded in U x V.

Proof From Lemma 3.2, J is Lipschitz with constant k € [0, 1), and from Lemma 3.5, G
is Lipschitz with constant 0. It follows by Proposition 2.1 that 7 is a o -contraction with

constant k. Define

B = {(a),v) €U x V:thereexist ¢ € 3, (w,v) = Q’T(a),v)}.

We have to show that 95 is bounded in &/ x V. Choose (w, v) € B, then by using (3.6) and

(3.7) we have

[@ )] = [T (@)
= o([| T (@, v) + G(w,v)])
| 7@ )]+ [G@ )
Cl@v)[™ + M+ A([@v)]* + M)

<o
o(

=0(C|(@, )™ + A (@ v)|*) + o(M + AM¥).

IA

Page 10 of 14
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Thus B is bounded in &/ x V. Therefore Theorem 2.1 guarantees that 7 has at least one
fixed point; consequently, BVP (1.1) has at least one solution. O

Theorem 3.2 Under assumptions (Cy)—(Cy), assume that G* < 1, then BVP (1.1) has a

unique solution, where

. Lr[2]cr] +2]b1| +lal]  Lz[2]ca| + 2[ba| + |az]]
la; — (c1 + by)] lag — (c2 + by)|

g =k

Proof To find the unique solution of system (1.1), we use the Banach contraction theorem,
that is, we have to show that 7 is a contraction. For this, let (w,v), (w,v) € U x V, then

from (3.3) in Lemma 3.2, we showed that
T (@,0) - T (@,0)| < k|(w,0) - @,7)|. (313)
Next

|g1(w: U) - gl(arv)|

C1 1 1 -
la—(a o) F(y)/o 1= p) " F(p, 0(p),v(1p)) dp
1 ¢
' F(V)/o (€= p) " F(p, 0(rp), v(2p)) dp

+ by
a — (Cl + bl) r

l
P, _ y-1 — —
o) ), (- p) ' F(p,@(rp), U(Ap)) dp

_ ‘1 1
a; — (cp + by) F(y)
_ b 1 v B - )
a; — (¢ +by) F(V)/o (n - ) ' F(p,@(3p), 0(1p)) dp
[e1] 1
T lap=(c1 + by)| T'(y)

! f (1= )V F (o, 0(0), v(0)) d
o) ) 17 p,0(p),v(Ap)) dp

1
| = py 7 o) 50.0) o

1
< [ =0 (0r0ta) 000)) - o000, 50) | dp

. [b1] 1
lay — (c1 +by)| I (y)

n
on (= p)" | F(p, 0(hp), v(1p)) = F(p, @A), D(Ap))| dp

£
¥ F(ly) /0 (€ = p)" 7 F (p, 0(hp), v(ap)) = F(p,@(2p), U(hp)) | dp
leal _ 3 by | - )
B mLF(Iw—a)| +lu—0l) + mLf(lw—wl +|v-Tl)

+Lr(lo-a| +|v-1]),

Page 11 of 14
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which implies that

2|cr] +2[b1| + |az]

|Gi(@,v) - Gi(@, V)| < Ly |[(w,v) + @,0)]|. (3.14)

lar = (c1 + b1)]
Similarly,

2|ca| +2[b3| + |az]
[ag — (c2 + by)]

|Ga(@,v) - Go(@,0)| < L7 (w,v) + @,0)]. (3.15)

From (3.14) and (3.15), it follows that

Hg(w’ U) - g(wi U)H = ”gl (a)’ U) - gl(w! v) ” + ”g2(w: U) - QQ(EYE) ”

2|C1|+2|[31|+|C11| o
LAale2olrial, e @)
lag — (¢ + b1)]
2|ca| + 2]b3| + |az]

[ag — (c2 + by)]

Lz|(w,v) + @,)

’

which implies that

|G (@, v) - G@, )|

- (Lf[2|C1| +2[b1] +|a1|]  Lz[2]ca| + 2]|ba] + |as]]
- la; — (c1 + by)] lay — (c2 + by)]

) lv)+@D)]. (316
Now, from (3.13) and (3.16), it follows that

|T(@,v) - T@,0)| < |T (@) - T @,)] +|G(w,v) - G@,0)|
§k||(a),v)+(6,ﬁ)”

. (L]-‘[2|C1| +2[b1] + |ag|]  LF[2[ca + 2[by| + |ﬂ2|]>
la; — (1 +b1)| lag — (c2 + bg)|

X H (0, V) + (o, U)H

_ (,H Lr[20er| +2by] + |ar]] - Lz[2[ca] +2]by] + |a2|])
lag = (c1 + by)] lag — (cy + by)]

x | (@v) + @, )|,

which implies that
Thus 7 is a contraction and hence problem (1.1) has a unique solution. O

To illustrate our results, we provide the following example.
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Example 3.1 Consider the following BVP:

2/3 et sin |w(5 )|+<m|v(%)|
D (,()(Z) —_/ + T’ V4 S [O, 1],

L ¢
D34y, (0) = 5oe sméc(t))i(zl)::(z)’ telo,1],

2
w(0) - 300(3) - 7a)(1)—r(1% [l - p)7 o) gy,
3

(3.18)

1

1
5
%U( )—%U( ) ( ) Lfol(l_p)% e*t;(p) dp.

: 4 : L
et sinfo(g)|+sin|u(g)] == -50¢ smlw( )|+U( ) _2 ¢_3 _1 _1 —
Here,] =0 +451+€2 yj =20 + 60+(£+1)2 ,)/—3,8—4,01—5,[11—2,C1—7;

ap = é, by = é, =9, n=£&= % Let o = %, then by routine calculation we can easily ﬁnd
thatk¢=c¢:lk¢,— —lM(b—M,/,:O,Cl:Cz:L]: di=dy = Myxr =
M_

51’
= 20, hence assumptions (C;)—(C,) are satisfied. Further

61’ 10’

|\7(wr U)(E) - j(wr €)| =

T 890/ 1-p)2 |cos(a) —Cos a)){dp

1
1 _
1-— 2 —v(p) _ -u(p) d
+36.387/0( P17 e e dp

_ 2 _
< lo-oll + ————llv -l
17.890 36.387

<0.112|(»,v) - (@,0)|s

which means that 7 is o -Lipschitz with constant 0.112 and G is o -Lipschitz with constant
zero, this implies that 7 is strict o -Lipschitz with constant 0.112. Since

B = {(a), v) €U x V:there exists ¢ € 3, (w,v) = 0T (o, v)},
then, by routine calculation, we get
[(w,v)|| = 0.0076 <1,

which implies that B is bounded, and in the light of Theorem 3.1, BVP (3.18) has at least

one solution. Moreover, G* = 0.3348 < 1. Hence the problem has a unique solution.
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