Kim et al. Advances in Difference Equations (2020) 2020:444 ® Advances in Difference Eq uations
https://doi.org/10.1186/513662-020-02901-9 a SpringerOpen Journal

RESEARCH Open Access

Check for
updates

Degenerate poly-Bernoulli polynomials
arising from degenerate polylogarithm

Taekyun Kim'?, Dansan Kim?, Han-Young Kim?, Hyunseok Lee? and Lee-Chae Jang*'

“Correspondence:

Icjang@konkuk.ackr Abstract

“Graduate School of Education, . . . . .
Konkuk University, Seoul 05029, Recently, degenerate polylogarithm functions were introduced by Kim and Kim. In
Republic of Korea this paper, we introduce degenerate poly-Bernoulli polynomials by means of the
Full list of author information is degenerate polylogarithm functions and investigate some their properties. In more

available at the end of the article . . . . . . .
detail, we find certain explicit expressions for those polynomials in terms of the Carlitz

degenerate Bernoulli polynomials and the degenerate Stirling numbers of the second
kind. Furthermore, we obtain some expressions for differences of the degenerate
poly-Bernoulli polynomials.

MSC: 11B68; 11B73; 11B83; 05A19

Keywords: Degenerate poly-Bernoulli polynomials; Degenerate polylogarithm

1 Introduction

Carlitz [5, 6] initiated a study of degenerate versions of some special numbers and polyno-
mials, the degenerate Bernoulli and Euler polynomials. In recent years, the idea of studying
degenerate versions of many special polynomials and numbers regained interests of some
mathematicians, and many interesting results were found (see [10-13, 16, 18, 19]). They
have been explored by employing several different tools such as combinatorial methods,
generating functions, p-adic analysis, umbral calculus techniques, differential equations,
and probability theory.

The aim of this paper is to introduce the degenerate poly-Bernoulli polynomials by
means of the degenerate polylogarithm functions and to study their properties including
their explicit expressions and differences. Here we note that those polynomials are slight
modifications of the previously studied ones under the same name.

The outline of this paper is as follows. In Sect. 1, as a preparation to the next section,
we recall the Carlitz degenerate Bernoulli polynomials, the degenerate exponential func-
tions, the degenerate polylogarithms, and the degenerate Stirling numbers of the second
kind. In Sect. 2, we introduce the degenerate poly-Bernoulli polynomials by means of
the degenerate polylogarithm functions; note that they reduce to the Carlitz degenerate
Bernoulli polynomials when k = 1. We express the generating function of the degenerate
poly-Bernoulli polynomials as an iterated integral, from which we find an explicit expres-
sion for these polynomials when k = 2. Also, we find explicit expressions for the degenerate
poly-Bernoulli polynomials in terms of the Carlitz degenerate Bernoulli polynomials and
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the degenerate Stirling numbers of the second kind. Finally, we find certain expressions
for certain differences of the degenerate poly-Bernoulli polynomials.
For 0 # A € R, Carlitz introduced the degenerate Bernoulli polynomials given by

ToaT L =D Bl 5,6 :
(1+)\t)/\_1( +A0) HX(;IB ,\(x) (see [5, 6]). 0

In the case x = 0, 8,1 = B, (0) are called the degenerate Bernoulli numbers.
Note that limy_, ¢ 8, (x) = B,(x) (1 > 0), where B, (x) are the ordinary Bernoulli polyno-
mials given by

t = "
e’ = By(x)— (see[14, 15,20, 23, 24]). )
n!
For A € R, the degenerate exponential functions are defined by
oo t”
G0 =) @ —  e)=ct) (see[10-13,16,18,19]), 3)

where ()9, =1, (®)u = x(x — A)---(x — (m — 1)A) (n > 1). Note that lim,_,¢e](¢) =
YAl = et
For k € Z, the polylogarithm is defined by

[e¢]

Liz(x Zx—k (see [1-4, 9, 10, 12, 21]). @)
n=1

Note that Lij(x) = Y 7
Kaneko [7] considered the poly-Bernoulli numbers arising from the polylogarithm and
defined by

=—log(1l —x).

nln

00 tn
—t (k)_ —
(1 —e ) = E B, | (see [1-4, 8,17, 22]). (5)

n=0
Note that BY = B,(1) (n > 0).

Recently, Kim and Kim introduced the degenerate polylogarithm functions defined by

iz, (x) = Z Mx (k € Z) (see [10, 19]). (6)

k
— (n-1)n

Note that lim; _, ¢ Liz . (x) = Lig(x).
Let log, (¢) be the inverse function of e, (¢) such that log; (e;(£)) = e, (log, (¢)) = t. Then

we have
A W), )
log,(1+8) =) ——"=¢" = ((1+t) ~1) (see[10, 13, 16, 18)). @)
=1 n.

Note that from (6) we have Lij ; (x) = —log, (1 — x).



Kim et al. Advances in Difference Equations (2020) 2020:444 Page 3 of 9

In [10] the degenerate poly-Bernoulli polynomials are defined by means of the degener-
ate polylogarithm function as

lex( —eu(-
e t) Des( t)—Zﬂ ()—. ®)

Note that ,8 (x) = (=1)" By (x), where B,,,(x) are the Carlitz degenerate Bernoulli poly-
nomials deﬁned by (1).
In [10, 11, 16] the degenerate Stirling numbers of the second kind are defined by

@i = Y Soa(m D) (1= 0). )

=0

From (9) we can easily show that the generating function of the degenerate Stirling num-
bers of the second kind is given by

Ii(e,\(t)—l ZSM(n,k)— (see [13, 16, 18]). (10)
n=k

2 Degenerate poly-Bernoulli polynomials
We slightly modify the definition of degenerate poly-Bernoulli polynomials in (8) by

Lig,, (1 - ex(=1))
, (t) m—ZB 0 (x >— (11)

which are again called the degenerate poly-Bernoulli polynomials. Note different defini-
tions in (8) and (11). In the case x = 0, quki = BST;(O) (n > 0) are called the degenerate
poly-Bernoulli numbers.

Note that by (11)

o (1) " Lip(1-eu(=2)
ZO:B”( )n! - e(t) -1 &)

t . _°° "
= mem = gﬁmx) e (12)

Thus by (12) we get By (x) = Bu,.(x) (1 > 0).
By (11) we get

0 t Liz (1 —ex(-2))
;BM( i Tk(t)

-2Al
Z( ( ) E,k;(x)n_z,x>;—",. (13)
=0 :
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Thus we have

Bw -3 (})ews e=o.
=0

It is not difficult to show that

Lig, (1 -en(-1))

a@-1 oV
Y BN
e n!
x £ 1-A(_ t 1 t 1o
__a® / 4 ) o ) / 90 4. at (14)
et)-1Jy 1-e(-t) Jo 1—ex(-2) o 1—en(-2)
(k—1)-times
By (14) we get

P A (O A w )
ZB”‘A(x)n! e -1 /0 1- e,\(—t)tdt

n=0

Ctet) S Bu-A)
e -1 Z I+1

Bua(1-2)t!
—Zﬂmx)—z(— )’“l—ll,

=Z(Z(l)’3“l“1“< ' “(x>) (15)
n=0

=0

(-1 )ftl

Comparing the coefficients on both sides of (15), we obtain the following theorem.

Theorem 1 For n > 0, we have

n

( l)lﬂlk(l )M)

B (%) = Bun(x) - Z(l ~20)B1 (%) + IZZ ( ) Bri(x).
In general,
B (x) = <7)B§§)(x)n_l,x.
1=0
Note that by (11)
t"  Ligp(1-en(-1))
Zan( )— T €5 (2)
A
abwr 1ek(t) > Lix; (1 - e,(-2)). (16)
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On the other hand,

1 (2" (D) (
t

(n—1)nx

= Liga (1 ex(-1) = 1-ey(-1)"

e &M?ﬂ

_ 1 )VVFI n1/n S (l )( 1)[1 l
S s
n=1 I=n
1 X < A 1 nl/)» -1 l
D D D e el G5 VRN (2 n)
t
=1 n=1
B SN W Soall+ L) 17
=y (D (17)
=0 \n=1
By (16) and (17) we get
o) n 00 o oo I+1 /
(), \t pl/k 1S2(l+1,p)
DB =D P x)fZZ ,(_ )P
n=0 m=0 =0 p=1

) n I+1 A 1 S (l+ 1 ) o
B -1 St LP) ¢
3 (;( 1) (l) > W o P @ | (18)

k
p=1 p
Therefore by (18) we obtain the following theorem.

Theorem 2 For n > 0, we have

n I+1 1
Bw =3 () (Z e S“El:””))ﬂn_l,x(x>.

k-1
1=0 p=1 p

Now we observe that

Lig, (1 - ex(—t))eﬂl(t) _ Lig, (1 - ex(=2))
e(t)-1 * en(t) -1

= e’/{ (t) Lik})t(l — €y (—l’))

& (1)

oo

! m-1
Z(x)“ ; Z %(1 —e(-1))"

> & (1) tp
:Z(x)LAEZ MIM ZSQ}L(p m p 17
=0 m=

p!

Z(x)lk_ ZZ Dm 1/)\( 118, (p, Wl

=0 p=1 m=1

— s —~ (n p-1 - )\m—l( )m 1/x t"
- Z Z -1) Z S, (p,m (x)n—pk "k (19)
n=1 \p=1 m=1
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On the other hand,

Lig,(1- ek(_t))e"”(t) _ Lig, (1 - ex(=2))
e (t) - * ex(t) -

o () R
= ZBn,A(x + 1); - ZB”'A(X);
n=0 n=0

€;(2)

= (BY) (x+1) - BY) (x)) % (20)

n=1

Therefore by (19) and (20) we obtain the following theorem.

Theorem 3 For n € N, we have

n »r m-1
Bgf,)\(x +1)- Bif;(x) = Z (Z) (-1 (Z %Sm(ﬂ m)) (®)n-p,a-
p=1 m=1

Note that by (11)

Lig,.(1-en(-1))

ek(t) -1 e;i(t)

_ Lik,)h(l —e(-t)) < a+x
e ;ex (t)

d-1

Lig (1 - 1 dt
_ lk,k( tek( ))EZ d()_leim(t)

=0 €

&.
QU
o~

a
Ut
><

_ Lig,(1-en(=0)) 1 ¢

t d < %(dt)—l ﬁ § @)
_ 1%(-”1771(1);% . f>”§i 5 ( ) "
t o (p-1)pr é pardomrd i m!

a+x\t"”

_ _Z)\.p (l)pl/l ZS2A(ZP( 1)1 1 de IZ,Bmk/d< d m!

[} d-1

- 1)» p-1 a+x\t"
== ZZ Wp 112522 p) de-l Zﬂmm( y )—,
=1 p=1 " m=0 a=0 !
oo I+1 o)
AW D)ps Sapl+ 1L,p) ¢ a+x\t"
1 l §2 a1 »
;pzl( ) ]( 1 I+1 l' Z Zﬁ Ald d
) i n n ( 1)llz+1: )»p_l(l)p,l)\ Sz’)\(l + 1,p) dn7171 gﬂ a+x )t"
= L L I = pk—l I+1 gt n-LAld 4 al
i dXI: - lil: n (<1)l -1 MW D)p 1 Soal + 1,19)’3 at+x\\"
i\ P I+1 A Tg ) e

(21)
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On the other hand,

Lij (1 -
T e (t) = ZBM( )—.

Therefore by (21) and (22) we obtain the following theorem.

Theorem 4 For n,k € Z withn > 0 and d € N, we have

d-1 n [+1 1
) n Lt AT (Wpain Son U+ 1, p) a+x
Bw =Y 33 (7 )eta L Brwia(F).
" par e l pkl I+1 d

From the definition of the degenerate poly-Bernoulli polynomials we have

Lig (1 —en(-1)) x+y) Lix,(1-en(-1))
ZBM(ﬁH ) ST Lol & () = (T A(t))e{(t)

= Biwy Z(wm Z(Z (’;)dk (X)) M>"‘—,
1=0 m! =0

Comparing the coefficients on both sides of (23), we have

n

B%i(xw):Z( )BW(x)(y)n by (1=0),

1=0

Consider the following expression:

—Z( > 90 (G W) — ()1).

From (13) we see that (25) is equal to

1
(B +2) - Bl ().

On the other hand, we see that (25) is also equal to

—Z( ) e M)»lx)l L
nZ( LA

3
= nBﬁ,_)M(x).

Thus from (24), combining (26) with (27), we obtain the following result.

Theorem 5 For n > 1, we have

1
k k k
nBY, (%) = - (BY) (x + 1) - BY, (%)

(22)

(23)

(24)

(25)

(26)

(27)

Page 7 of 9



Kim et al. Advances in Difference Equations (2020) 2020:444 Page 8 of 9

and
d n
Bwen -3 ()00 w=o.

3 Conclusion
In this paper, we defined the degenerate poly-Bernoulli polynomials, which are slight mod-
ifications of the previous ones. We represented the generating function of those polyno-
mials as an iterated integral, from which we obtained an explicit expression of those poly-
nomials for k = 2 in terms of the Carlitz degenerate Bernoulli polynomials. We also found
two explicit expressions of the degenerate poly-Bernoulli polynomials involving the Car-
litz degenerate Bernoulli polynomials and the degenerate Stirling numbers of the second
kind in Theorems 2 and 4. In addition, we were able to find certain expressions for differ-
ences of the degenerate poly-Bernoulli polynomials in Theorems 3 and 5.

We refer the reader to [18] and the references therein for three possible immediate ap-
plications of our results to probability, differential equations, and symmetry.

As one of our future projects, we would like to continue studying degenerate versions
of many special polynomials and numbers and their applications to physics, science, and

engineering, and mathematics.
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