Alrabaiah et al. Advances in Difference Equations (2020) 2020:443 ® Advances in Difference Eq uations
https://doi.org/10.1186/s13662-020-02897-2 a SpringerOpen Journal

RESEARCH Open Access

Check for
updates

Existence of fractional order semianalytical
results for enzyme kinetics model

Hussam Alrabaiah"®, Amjad Ali**, Fazal Hag* and Kamal Shah®

“Correspondence:

hussam89@yahoo.com Abstract

'College of Engineering, Al Ain . . . . . . . .
University, Al Ain, United Arab This research work investigates the existence of semianalytical solutions of a chemical
Emirates kinematics model. We develop the conditions for the existence of the solutions for a
“Department of Mathematics, Tafla proposed enzyme kinetics model, via tools of the fixed point theory. The

Technical University, Tafila, Jordan . . . . .
Full list of author information is semianalytical results were obtained with the help of Laplace transformation and

available at the end of the article Adomian decomposition method. The results established by the proposed
techniques are in the form of infinite series. Furthermore, with extending homotopy
perturbation method (HPM), we develop a series solutions for the considered model.
By using Matlab, we present the approximate solution for both methods up to a few
series terms.

MSC: Primary 26A33; 35A08; secondary 93A30

Keywords: Enzyme kinetics; Mathematical models; Fractional derivatives; Fixed
point approach; Analytical solution

1 Introduction
Recently, experimental evidence shows that dynamics problems in nature follow a frac-
tional calculus analysis. The relevant field of research is a fast growing area, due to its nu-
merous applications in diverse and widespread fields of engineering and science; such as
chemical models, physics, signal and image processing, quantum mechanics, control the-
ory, nonlinear dynamics, biological population models, optimization theory, and much
more [1-10]. Instantly, it is evident that dealing with a dynamical system with memory
effects is one of the biggest challenges for researchers. Fractional calculus has a direct link
to dynamical systems (with memory effect). Therefore, fractional differential equations
(FDEs) present a novel technique developed to model phenomena related to the dynamics
of the aforesaid fields of science [11-14]. Fractional derivatives are global in nature and
offer a greater degree of freedom compared to the conventional derivatives. Numerous
researchers have investigated various features of FDEs concerning the existence, stabil-
ity analysis, and approximate solutions. They utilized different techniques of fixed-point
theory and numerical analysis to investigate the existence theory, stability analysis, and
approximate solutions of FDEs [15-18].

An important aspect of the this concerned field is mathematical modeling, which is a
tool that describes almost all dynamical phenomena in mathematical language and con-
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cepts. Mathematical modeling is an effective technique that produces some of the best
results for optimization and quantitative productivity (see [19, 20]). The mathematical
approach for enzymes’ kinetics has been discussed in different articles, and also different
mathematical techniques have been used for analytical solution of proposed models of
chemical reactions (see [19, 21-25]). In this regard, Sharpe and Lotka in 1923 studied a
kinematic enzyme in mathematical form for ecology and epidemiology. Along the same
lines, L. Michaelis and M. Menton [23] proposed a mathematical model for a basic reac-

tion of an enzyme given by
S+E=) [SE]>" P +E. (1)

Studying the chemical reaction (1), one can infer that when enzyme E of one molecule is
combined with substrate S of one molecule we will obtain a complex SE of one molecule.
Here 77 denotes the rate of formation of enzyme, 7, is the rate of creation of the product.
Assume that the concentrations of S, E, SE are equal to S, &, C, respectively, i.e.,

[s1=S, [E]1=¢, [SE]1=C,

where the concentration of a substance is represented by square brackets []. The author
in [26] used the law of mass action to derive the following four nonlinear differential equa-
tions:

S(t) =1.C - mES,

E(t) = n3C + mC - mES, o
C(t) = —n3C = mC + mES,

P(r) = n3C.

In addition, one supplements the conditions S(0) = Sy, C(0) = 0, £(0) = &, and P(0) = 0.
Here 1y, 12, 03, So, and & are positive constants.

Alicea [24] solved the system of chemical reaction (2) by using multiple time scales
method asymptotically. Alawneh [27] solved model (2) by a generalized differential trans-
form method with multisteps and discussed the estimation analysis via fractional order
derivative. Using the physical interpretation of the solution of system (2) with concentra-
tions S, &, C, and P at any time t obtained mathematically, one observes that most of
the time it does not coincide with the results obtained experimentally. In order to over-
come such deficiency, one way is to use another type of differential operator instead of
integer order derivative, which is usually known as fractional derivative. The researchers
paid considerable attention to the aforementioned class of derivatives because they are
more flexible and accurate compared with the classical derivatives, we refer the interested
readers to [4, 28]. Keeping these applications of fractional differential operator in mind,
we introduce the following noninteger order enzyme kinematic system:

‘DHS(t) = nC —mE&S,
‘D'C(r) = —n3C —mC +mES,
‘D'E(T) =n3C + mC -mES,
*D*P(t) = n3C,
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subject to the initial conditions S(0) = ny, C(0) = n3, £(0) = ny, P(0) = ny, where D" is
noninteger order Caputo derivative and 0 < ¢ < 1. Further, n;,np > 0 and n3 > 0, ng > 0.
In the proposed system (3), the supplied conditions are independent of each other and also
satisfy the relation M(t) = S(t) + C(r) + £(t) + P(t). The value of M is used to represent
terms presented in the concerned system of reactions.

Corresponding to model (3), we use the tools of fixed point theory to investigate some
results that ensure the existence of the aforementioned model and its solution. We utilize
Banach and Schauder’s theorems from the proposed existence theory. We obtained the
estimated solution of the model of noninteger order via Laplace transform combined with
Adomian decomposition method which is known as Laplace Adomian Decomposition
Method (LADM). LADM is an efficient technique by which we can find both explicit and
analytic solutions for the system of differential equations. Those techniques are efficient
and work outstandingly in both cases, i.e, in initial and boundary value problems. This
method also works accurately for a system of stochastic differential equations. LADM does
not need liberalization or perturbation like other existing computational and analytical
schemes that need exploring the dynamical behavior of complex dynamical systems. The
adopted techniques provide significant results for the solutions of FODEs, as well as for
analytical solutions for the variety of problems of nonlinear differential equations.

In this paper, we utilize techniques of Adomian polynomials to decompose the nonlin-
earity and Laplace transform to convert the problem in hand into the form of algebraic
equations, see [29]. Recently, the proposed techniques have been used to deal with non-
singular FODEs to obtain a very fruitful results (see [30]). To justify the results obtained via
proposed techniques, we use Maple-13 and assign different values for the parameters and
the supplied conditions. Furthermore, we remark that the obtained results via this method
are in a form of convergent series, converging to the exact result uniformly. Thanks to
the results of analysis obtained in [31-33], one can easily prove the convergence of the
proposed method. Also, we construct the He homotopy perturbation method (HPM) to
compute the concerned solutions for the proposed model. We compare both solutions
and this HPM method worked very well (see [34, 35]).

2 Preliminaries
To make things easier, in this section we provide some well-known definitions, theorems,
and lemmas. Their details are available in [4, 29, 30].

Definition 1 The fractional integral in the sense of Riemann-Liouville of an arbitrary
order 1 for f € L'([0,00), R) is given as

1 T
1@ = s [ -1 if)ds,
f o )y ©¢ f(s)ds
such that the integral on the right-hand side is defined on (0, 00).

Definition 2 The Caputo fractional order derivative of a function f is given by

D) = o [ (=P s,

the integral part of u is represented by [u] and #n = [u] + 1. The concerned derivative is
used through this work.
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Lemma 1 In case of fractional differential equations, the following result holds:
" [CD"h](t) =h(t)+E&+ET+ET2+ -+ &, 7"

where & is any real number, k is a positive integer up to n — 1 and the integral part of | is
denoted by [u], while n = [u] + 1.

Definition 3 The Laplace transform in the sense of proposed derivative (Caputo) as de-
fined by

£{CD“ 'L’) =s"Y(s) Zs’”l(’ , n-l<u<nneN.

3 Existence theory of enzyme kinetics model (3)
This section is devoted to determining existence results for the proposed problem (3). In
this connection, we define the following functions:

1//1(‘[,87 5,C,73) = 7126 - 7’]158,

‘(//2(1.187 S,C,P) = 7736 + )726 - 77155,

Y3(t,S,E,C,P) = —n3C —noC + ) ES,

'(p'4(7:, S) 67 C’ P) = T]gc

Further, we set B = C[0, T] to be a Banach space with

XI5 = Sup. [|S O]+ [E@)|+[C@)] +[P@)],

t€l0, T

where
S S() WI(T,Srg’C,’P)
_ £ _ 80 _ Wz(T,S;S’C,P)
X(7) = c (), Xo= Co ®,  H(XQ)= a(0.8,6,C,P) (1) @
P Po Ya(t,S,E,C,P)

Keeping in mind the above notation, system (3) may be expressed as

‘D*X(2) = H(z, X(r)), T€l0,T],

X(0) = Xo. (5)

In view of I* on both sides of (5), we have

(r w“

X@=Xo+ | T =

H(» X)) dy, Tel0,T] (6)
Let us define 4 : B — B to be an operator by using (6) as

AX)=X, te€l0,T] (7)
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Further, we assume that the following hypothesis holds:
(T7) There exist constants C, My with

’H(t,X(t))‘ < CH|X(‘L’)’ +My, VXeB.
(Ty) There exists a constant L4 > 0 such that, for every X,X € B,
’"H(t,X) - H(‘L’,X)‘ < Ly|X-X|.

We established the results for at least one solution by utilizing Leray—Schauder fixed point
theory.

Theorem 1 Under the continuity of H : [0, T] x R* — R and assumption (T1), equation

(7) has at least one fixed point. Consequently, the mathematical model (3) under consider-

TH
I(p+1)°

ation has at least one solution with wCy < 1, where w =

Proof Let assumption (77) hold. Define aset D = {X(t) € B: || X]||5 < p,t € [0, T}, where

0 > max %L Clearly, D is a closed convex subset of B. Now we prove that 4 : D — D.
TH

Letting X € D, one has for |Xo| =@, w = oD

T _ -1
|AX(1:)| = ‘XO+/(; %H(y,?&(y)) dy

ot

<w +wCyp + My
<p.
This means that || A(X)| |z < p. Hence A4(D) C D. Also » is continuous.

Letting 7; < 72 € [0, T'], we show that +4 is a completely continuous operator. For this, we

have

1) _ -1 1 _ -1
|AX(52) - AX(z)| = \ /0 O (0, %)) dy /0 O (0, %)) dy

I'(w) I(n)
(Crp + oMy
o -] ®

Now in (8), the right-hand side approaches zero when 7, — 7. Since + is bounded,
”AX(IQ) - AX(tl)H -0, astp— 1.

Thus by Arzeld—Ascoli theorem, +4 is relatively compact. Hence 4 is completely contin-
uous. Thus via Schauder theorem, system (3) has a solution. O

To ensure uniqueness of solution of (3), we have the next result.

Theorem 2 Under assumption (T5), system (3) has a unique solution if T"Ly < I'(u + 1).
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Proof Here we state that the first equation in this proof is given in (6). Further, if X, X € B,
A : B — B is the operator defined above. Consider

||A(X)—=A>(X)||B = max
7€[0,T]

/0 () H(» X)) dy /0 F(M+1)H(y,X(y))dy

-yt <
< Tlgl[g’);]/o 1 (0, X)) - H (3 X()| dy

I ()
THLy, _
< X = XI5 )
I'(n+1)
Hence, the operator 4 is a contraction. Thus the system has a unique solution. O

4 Construction of general solution via LADM
In this segment, we discuss the general procedure for solving the proposed system of reac-

tions (3) subject to the given conditions. Taking Laplace transform of the proposed model
(3) yields

L{D*S(1)} = L{I-mES + 1oL,
LIDHE(T)) = LI-mMES + 12C + n3C),
L{D'C(T)} = LIMES = n2C —n3C},
LLD'P(1)} = L{nsC},

(10)

then, by applying the transformation on (10), we get

SPL{S(T)} - s*71S(0) = L{-11ES + 1LY,
sPLIE(T)} = 5471E(0) = L{=mES + € + n3C),
s L{C(T)} = s*71C(0) = LIMES —12C - 13C},
SPL{P(1)} - s#1P(0) = £{n3C).

(11)

Subject to initial conditions, equation (11) becomes

LIS(T)] -2 = LL{-mES +nyC},

LIED)] -2 = L LI=mMES + 2 + n3C), 12
B = L LMES —mC —nsC),

LIP(1)] - 2 = S L{nsC}.

We look for a solutions in the form of infinite series for S(z), £(t), C(t), P(t) given as

SE)=) 8x),  E@)=) &),  Clr)=) Cula),
n=0 n=0 n=0
(13)

P(r) =Y Pulr).

n=0

Page 6 of 13
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We decompose the nonlinear term involved in the proposed model £(7)S(7) by “Adomian

polynomial” as

E(D)S(r) = Y Au(@), (14)
n=0

where the “Adomian polynomials” A, are defined as

Ld\' | <& he =k
k=0 k=0 2=0
Using (13) and (14) in system (12), we obtain
L(So) = 7, L(&o) = 72, L(Co) = 72, L(Po) = 7,
L(81) = 5 L{-mESo + 12Co}, L&) = Zr L{-mESo + 12Co + n3Co},
L(C1) = 2 L{mEoSo — 12Co — 13Co}, L(P1) = 3 L{n3Co},
L(S) = F L{-m&E S+ mCi), L(E) = g L{-mES1 + maCy + n3Ci}, 16)
L(C) = - LIMES = 12C1 — 131}, L(P2) = 5 L{n3C1},
L(Sps1) = SLuOC{_nlgnSn +1m2Cu}, L(Eni1) = Sluoc{_nlgnsn +12C, +13C,},
°C(Cn+1) = S%C‘C{r’lgnsn - 7726;1 - nSCn}: °C(pn+1) = 5%06{773071}
Applying the inverse Laplace transform on (16), we have
S()=c££<ﬂ) =n, €0=££<2) =Ny,
s s
Co =£_$<E> =1ns, ,PQZQC_;;(E) =14,
s s
T T
S1=(=mniny + ﬁzns)m, &1 = (—=mniny + nynz + Tlsna)m,
c T T
1= (771111112 — (2 + Ws)ns)my P = (ﬂsns)m,
S .L,2;4 7_.2/L
> = —ninp(=nnny + Uzna)m —nmn (—771111112 + (02 + ﬂs)ns)m
(s + ns)is) = 17)
+ 772(771111112 -2 +73 ns)m; (
c T2m T2m
2 = —mny(-mniny + nzns)m —mny(—nininy + (72 + 73)n3) Ten:D
21 .L.ZM
+ma(mming — (2 + ns)ng)m +n3(mmning — (2 + ns)ng)m,
721 72K
Cy = mmna(-ninny + ﬂ2n3)m +1nim (—771111112 + (2 + ﬂs)n3)m
T2 T2

/) (mnlnz —(n + 773)(13) m —n3 (ﬂ]n1n2 — (2 + 773)113) _1_,(2“—_'_ 1);

Page 7 of 13
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2p
T
Py = nin; — (92 + N3)ng) ——.
5 =3 (mminy — (72 + n3)n3) Fiel)
In the same way, the other terms can be computed too. We assigned random values to p,

in order to observe the mathematical dynamics of the above results (S(t), E(t), C(7), p(7)).

5 Numerical results and discussion
This section considers the semianalytic solution of the considered problem. We assigned
the following values to the parameters and obtained estimated solution up to first four

terms for the system:

n; = 10.00, n, = 01.00, n3 =ny =0,
n = 00.0730, 12 = 00.01, n3 = 00.030.
So = 10.00, &o = 1.00, Co=Po=0,
S = %‘C“, &= %T“, C = %r“, P1=0,
8= B, g, - B
Co=Faen ™ Pa= paap e a8)
S3 = 533175?)’3” + ro(??zﬁ)fgu'
3= A oo 0,

Thus solutions with four terms become

S(r)=10-0.73 L“H +0.593490 ;M‘il ~0.8079 755 3M+1 +0.0769 s 4+
E(1) =1-0.73 1 +0.61539 5 02013”3 +07891F(4M1) £ )
C(r) = 0.73 75 M 061539 ZW 01064 s 407999

P(r) = 0.0219 5 +0.59349 -5 + 0.0054949 L -

Now computing equation (19) for u = 0.9, we have

S(t) =10 -0.75902051817%° + 0.35400731347 '8
- 0.1364823075727 + 0.0480575017073° + - - -,
E(r) =1-0.75902051817%° + 0.36707031397 8
+0.1409088818727 + 0.0493750474673% + - - -,
C(t) = 0.75902051817%° — 0.36707031397 '8
+0.1409088818727 — 0.0493750474673% + - - -,
P(r) = 0.013063000497 8
+0.0044265742961%7 + 0.00131754575413° +

(20)

Page 8 of 13
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The approximate solution of equation (19) at u = 0.7, is given by

S(t) = 10 — 0.80339960607°%7 + 0.4777850967 714
—0.25356600877>! + 0.12614179927*% + - - .,
E(r) =1-10.80339960607°7 + 0.49541554267 1+
—-0.26196677757%1 +0.1298210630728 + - - -,
C(t) = 0.80339960607%7 — 0.49541554267 14
+0.26196677751%! — 0.12982106307>% + - - -,
P(r) = 0.017630446377 4
+0.008400768857%1 + 0.0036792637667%8 + - - -

(21)

Similarly, for p = 0.5, the approximate solution of equation (19) is

S(t) =10 - 0.82371679197°%° + 0.5934900001 ¢
—0.41241848797'° + 0.278008151172 + - - -,
E(r) =1-0.82371679197%° + 0.6153900001 ¢
—0.426306353071° + 0.286508744972 + - - -,
C(r) = 0.82371679197%° — 0.61539000011
+0.426306353071° — 0.286508744972 + - - -,
P(t) = 0.021900000007
+0.013887865117' + 0.00850059379572 - - - .

(22)

6 Construction of general solution via HPM
To illustrate the homotopy perturbation method (HPM) for solving the proposed model,
according to He [36, 37], the perturbation equations are defined from (3) as

(1-¢)
(1-¢)
(1-¢)
(1-¢)

¢DHS(t) —D*So(t)] + e[*D*S (1) — n2C + mES] =0,
CD*C(t) —DHCo(t)] + e[*D*C(T) + n3C + n2C —mES] =0,
CDHE(T) = DHEH(T)] + e[*D*E(T) + n3C — n2C + ;1 ES] =0,
CDHFP(t) — D*Py(t)] + e[*D*P(1) — n3C] =0,

(23)

— ok, ok,

where (Sp, Co, £9, Po) is the initial approximation of system (3) and ¢ € [0, 1] is the embed-

ding parameter. If ¢ = 0 in (23), we have a system of FDEs as

‘DtS(t) —D*Sp(t) =0,
CDHC(t) —D*Cy(t) = 0,
‘DHE(T) —D*Ey(T) = 0,
DHP(t) —D*Py(t) =0

(24)
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whose solution is easy to determine. If ¢ = 1 in (23), we get the original model (3). We may
derive the required solution in the form of an infinite series for each compartment as

S=>€"S,, C=) &"C, E=) &"E, P=) &P, (25)
n=0 n=0 n=0 n=0

Therefore, the approximate solution of the original system (3) can be obtained by setting
& = 1in (25). Therefore, putting (25) into (23) and comparing the coefficients of terms with

identical powers of ¢ yields:

So(t) =ny,
80 . CO(T) =ns,
Eo(t) =my,
P()(‘L’) =1Ny4.

(26)

Similarly, one has

S1(r) = —(mnin; — non3) (:ﬂ)
C = _
el 1(t) = (mnyny — (2 + 773)113) ,“1 27)

&1(t) = (=mminy + Man3 + N303) 7o g u+1)

Pi(z) = (Usna)m

and

Sy = —mmy(-mmny + 772113)W M (—7ming + (12 + 03)0s) s
+ma(nmng = (n +n3)ns) s,
2, 2,
& = —mma(=mmny + Uzna)% —mm(=mnng + (2 + Yls)ﬂs)ﬁil)
24 24
g + Ma(mming — (2 +13)03) gy + Ms(mmng — (2 + n3)ms) gy, (28)
C _ .[2//, TZ)A.
2= mmp(-mnin; + Uzns)w +mm (=nining + (2 + ns)n3)m

2,
— 12 (mmung — (2 + 13)03) 75y zw — n3(mming — (2 + 13)03) 750y

Py = n3(nning — (2 + ﬂs)ns)m~

In this way, the higher order terms may be computed. Here we have obtained the same
solution as obtained by LADM. Hence both methods can be used as a powerful tools to
investigate nonlinear FDEs. Here, we plot the approximate solutions for the first three
terms of both methods, LADM and HPM, via Matlab in Figs. 1, 2, 3, 4.

Figure 1 shows that the concentration of S is decreasing at different rates. For a smaller
fractional order, this decrease is rapid as the order increasing the rate of decreasing is ap-
proaching the integer order. On the other hand, concentrations of the product substrates
C, £, and P are increasing with a different rate as shown in Figs. 2, 3, 4, respectively. The
increase rate is faster for a small fractional order. On the other hand, when enlarging the
order, the process is becoming slow. So, a smaller fractional order model of enzymes will
become more stable compared to larger order. Therefore, fractional order models will
be more suitable for modeling the enzymes process instead of integer order. Also, for a
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Approximate solution of LADM at 0.80
—— Approximate solution of HPM at 0.80
Approximate solution of LADM at 0.85
61— Approximate solution of HPM at 0.85
~ ~ Approximate solution of LADM at 0.90
—— Approximate solution of HPM at 0.90
— — Approximate solution of LADM at 0.95
——— Approximate solution of HPM at 0.95
4 = — Approximate solution of LADM at 1.0
—— Approximate solution of HPM at 1.0
1 1 1 1 1 1 1 1
0 0.5 1 15 2 25 3 35 4 45
Time

Figure 1 Comparison between the approximate solutions for S of model (3) for various fractional orders up
to first three terms

- = Approximate solution of LADM at 0.80]'
12 | —— Approximate solution of HPM at 0.80 A
= = Approximate solution of LADM at 0.85
> solution of HPM at 0.85
Approximate solution of LADM at 0.90
Approximate solution of HPM at 0.90
- = Approximate solution of LADM at 0.95
—— Approximate solution of HPM at 0.95
« = = Approximate solution of LADM at 1.0
Approximate solution of HPM at 1.0

— Approxima

®

4+ -

2 -
——— e = =

o 1 1 1 1 1 1 1 1 —
0 05 1 1.5 2 25 3 35 4 4.5

Time

Figure 2 Comparison between the approximate solutions for £ of model (3) for various fractional orders up
to first three terms

6 H——Approximate solution of LADM at 0.80
= = Approximate solution of HPM at 0.80
Approximate solution of LADM at 0.85
= = Approximate solution of HPM at 0.85
— Approximate solution of LADM at 0.90
= = Approximate solution of HPM at 0.90
—— Approximate solution of LADM at 0.95
© 3= = Approximate solution of HPM at 0.95
— Approximate solution of LADM at 1.0
2+ Approximate solution of HPM at 1.0

Time

Figure 3 Comparison between the approximate solutions for C of model (3) for various fractional orders up
to first three terms

smaller order, the reactants are more rapidly converging to the product. Both solutions of
LADM and HPM are closely related with each other.

Remark 1 For the convergence of LADM, we refer to [38, Theorem 4.1], and for the con-
vergence of HPM, see [39, Theorem 3.1].

Page 11 0f 13
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—— Approximate solution of LADM at 0.80
9= = Approximate solution of HPM at 0.80
—— Approximate solution of LADM at 0.85
8= = Approximate solution of HPM at 0.85
Approximate solution of LADM at 0.90
7= = Approximate solution of HPM at 0.90
——— Approximate solution of LADM at 0.95
6 1~ ~ Approximate solution of HPM at 0.95
—— Approximate solution of LADM at 1.0

a Approximate solution of HPM at 1.0

Time

Figure 4 Comparison between the approximate solutions for 72 of model (3) for various fractional orders up
to first three terms

7 Conclusions

The presented work is devoted to a fractional-order model of enzyme kinetics, which plays
arole of a catalyst in various reactions taking place in living organisms. By means of non-
linear analysis, we have derived some results about the existence of at least one solution
for the model under consideration. With the help of LADM, we have developed the semi-
analytic results for the proposed noninteger order model (3). The presented approximate
results have been obtained by using famous He’s HPM. Both methods have resulted the
same solution. We have plotted the proposed solutions for both methods up to the first
three terms, which completely agree with each other. Both methods can be used as a pow-

erful mathematical tools to deal with many nonlinear problems of FDEs.
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