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1 Introduction

The dynamic effects of time delays and stochastic noise on disease outcomes in pop-
ulations are important research themes in mathematical epidemiology (see [1-17] and
the references therein). Models incorporating systems of delay differential equations have
been shown to exhibit more complex dynamics and capture more of the observed biol-
ogy underlying disease transmission and persistence (see [11, 15-17] and the references
therein). Studies of environmental noise in models have also been shown to capture a
broader range of disease outcomes, i.e. large fluctuations in environmental noise have been
shown to render a disease extinct in a model that otherwise would have shown disease
progression to a unique endemic equilibrium [5, 6, 17].

Recently, a stochastic SIR epidemic system with distributed delay has been proposed
[17]. Specifically, the model was used to study the effects of white noise (given by B(t), rep-
resenting standard Brownian motion) and a distributed delay in the infection term (incor-
porated using kernel H : [0,00) — [0, 00), representing L!-weak generic kernel function
H(t) = pe”t with p > 0 such that fooo H(t)dr = 1) on the extinction and persistence of a
disease, given the following model structure:

dS(8) = [A - diS(t) - mS(t) [* H(t - 7)I(r) dr] dt + wS(2) dB(2),
di(e) = (mS@) [*  H(t - 0)I(r)dv — (dy + 8 + ()] dt, (1)
dR(t) = [81(¢) — d3R(2)] d,
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where S(¢), I(¢) and R(¢) represent the proportions of susceptible, infective and recovered
individuals in a population, A and § denote birth and recovery rates, d; (i = 1,2,3) and ¢
denote the natural and disease induced death rates, m measures the average contact rate
per day, and w? > 0 represents the intensity of white noise. Here, we propose an extension
of this model to include Markov switching and telephone noise, Lévy jumps and media
impact.

Telephone noise [18—22] (also known as telegraph noise or burst noise) can be regarded
as a switching state (that is memoryless, with exponentially distributed waiting times
[21, 22]) that allows for instantaneous transitions between two or more environmental
regimes. By analysing observation data from the real world and performing mathemati-
cal modelling analysis, it should be noted that the birth rate of a susceptible individual is
usually subject to various noises [18—20], i.e. telegraph noise. Hence, the telegraph noise
is only included in the birth rate in this paper. Here, we propose some hypothesis:

(H1) Anirreducible and continuous Markov chain {8(¢), f > 0} with finite state space

N={1,2,...,k} (k € Z*) is utilised to depict telephone noise. (¢) is assumed to be
generated by a transition rate matrix (1;;)kxk, which is

P{B(z + At) =jIB(x) = i} = i”iAr lj(f;(),Af) j#j’
Mii S

where the transition rate from state i to state j is denoted by 1;; > 0, and

Wii = — Zf o1 Mij holds for i #}. It follows from the irreducibility property of B(¢)
that there exists a unique stationary probability distribution

£ = (£1,&,...,&) € RVF subject to Z/I;l & =1, >0hold for any j e N.

Recent studies have shown that Lévy jumps can effectively portray an unexpected out-
break of infectious disease and other suddenly severe perturbations arising in the real
world [23-28] that cannot be accurately depicted by Brownian motion. Consequently, we
consider Lévy jumps using the following hypothesis:

(H2) S(t-) denotes the left limit of S(¢). M is a measurable subset of R,, Y denotes an

independent Poisson counting measure with a Lévy measure ¥ on M with
Y (M) < +oo0 satisfying ua (dt, du) = U(dt, du) — ¢ (du) dt, by assuming that
A(u) > -1 and v > 0 satisfying

/M [(n(1 + ) v In(1 + )]y du < v. @)

Finally, it is well known that there is a profound relationship between public health is-
sues and mass media coverage. Media reports can affect individual behaviour during an
infectious disease outbreak, thus affecting the transmission of the infectious disease [29—
33] and the effects of intervention strategies that are also affected by individual behaviour
[34-36]. Therefore, it is necessary to consider crucial effects of media coverage on epi-

demiology dynamics. Based on the above analysis, some hypothesis is as follows:
mol(t)
q+1(t)
between susceptible and infective individual [33], m1; represents maximal average
mol(t)
q+1(0)
health risk warning disseminated by mass media, where m; > m, >0 and g > 0.

(H3) A nonlinear function m; — is introduced to depict effective contact rate

contact rate and

denotes maximal reduced average contact rate due to public
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Based on hypotheses (H1)—(H3), a stochastic delayed SIR system with telephone noise

and media coverage is constructed as follows:

dS(e) = [A(B(8) - drS(®) - (my = 22)S(@) [* pe"7I(x) dr] dt

q+I
+wS(t) dB(t) + [, M(w)S(E-)U(dt, du), @)
dI(¢) = [(my - ';31’ ® [, pe?EOI(2)dr — (dy + 8 + O)I(t)] dt,

dR(2) = [81(t) — d3R(2)] dz.

Recently, some delayed stochastic SIR systems have been used to investigate the com-
bined dynamic effects of stochastic fluctuation and time delay on epidemiological dy-
namics [37—-42]. Additionally, complex dynamical behaviours caused by media coverage
have been investigated in stochastic epidemic systems in [29-35, 43]. To the authors’ best
knowledge, combined dynamics of Markovian switching and media coverage on stochas-
tic SIR epidemic system have not been investigated before. In the second section, stochas-
tically ultimate boundedness of the solution is studied. Existence and uniqueness of glob-
ally positive solution to the proposed system are investigated. Existence of a stationary
distribution to the positive solution is discussed. In the third section, sufficient condi-
tions for persistence in mean of each individual and extinction of infectious disease are
discussed. Numerical simulations are supported to illustrate the main theoretical results.

Finally, this paper ends with a conclusion.

2 Qualitative analysis of stationary distribution
Setting W(¢) = f_too peI[(r)dr, it follows from the linear chain technique [44] that

system (3) can be written as

dS(¢) = [A(B(1)) — d1S(2) - (ml q+, t) DS W ()] de

+S(t)dB(®) + [, 2(0)S(t-)TL(dt, dus),
dI(e) = [(my ~ 2289)S(6) W (£) - (d2+8+c)l(t)] dt, @

dR(¢) = [81(t) — d3R(¢)] dt,
AW(t) = plI(t) - W (2)] dt.

For every finite state space k € N defined in (H1), it follows from the Markov chain
law that system (4) can be investigated as a hybrid system switching among the following

subsystems:

dS() = [A(K) - d1S() = (my - Z2B)S(5)W (1)) dt

q+I(t)
+wS(t)dB(t) + [y, A (u)S(¢-) U (dt, du),
dI(£) = [(my - ZHE)VS@OW (2) - (da + 8 + ()] dt, (5)

dR(2) = [81(t) — d3R(2)] dt,
dW (z) = p[I(¢) - W(#)] dt.

First, we discuss stochastically ultimate boundedness of the solution. Existence and

uniqueness of globally positive solutions to the proposed system are also studied.
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Lemma 2.1 Ifhypotheses (H2), (H3) hold and (my, my) € D1, D, isdefined in (6) and Q:(y)
is defined in (49), then system (5) with any initial value (S(0),1(0), R(0), W(0),k) e R* x N
is stochastically ultimately bounded.

dy+ 6
Dl={(ml,mz)‘0<mz<m1<g} (6)
Qi(y)
Proof The proof of Lemma 2.1 can be found in Appendix A. O

Lemma 2.2 If hypotheses (H2), (H3) hold and (m1,my) € Ds, then for any initial value
(5(0),1(0), R(0), W(0), k) € R* x N, system (5) has a unique global positive solution for all

t > 0 almost surely.
Proof The proof of Lemma 2.2 can be found in Appendix B. O

In the following part, we will consider the existence of a stationary distribution to the
positive solution (which is a stationary Markov process) by constructing appropriately

Lyapunov functions.

Theorem 2.3 If hypotheses (H2) and (H3) hold, (m1,m,) € D1 N Dy, where Dy and D,
are defined in (6) and (7), then (S(t),1(¢t), R(¢), W(¢)) of system (5) is a stationary Markov

process.

myq —myQ(e) >0,
2my A() <

Dy=(my,my) | dy+8+c

ams A(K)Q(e)
)Q( )+ TR R

_1
d
< 2d; dlAlQ( [ (d3+8+——c dg) ]—1

where A, = \/(ml - —mz(?(s))(S +2),

Proof 1f miq — myQ(e) > 0, then we define

Zy(S,I,R, W) = pAl(%E) (21n5—d1Q(8)

_< wZ)an+2A1Q(e)[;O(I+R)+W]'

> —p(nl+1nR)

8 P
9 SAK)

According to the biological interpretations of the second equation and fourth equation

in system (5), it can be obtained that

2A(k) 2A KW m1  my 2m1A(k)W
S d2+6+c - q+1 (dy+8+c)I ? (8)

2my A(k)W 2m1A(k)

(dy+8+c)l dy+8+c *
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Using It0’s formula [45] on Z;(S,1, R, W), it follows from (8) and Lemma 2.1 that

pA1Q(e) 1 myl
L4 = =30 (s 4Q6 ))[A(k)_dls’<m“ﬁ>w]

ZPAIQ(£)|:( _ mzl) —(d2+c—1)1—d3R—W]
_p[(__m_I)SW dz+d3+C+8j|

[ (6+2< )

pA1Q(e) [ 2my A( (k)
= [d2+5+c b (2'“”_)@() 2 - de<8)}

- Ak
myQ% (&) @*]  pAL1Q(e) 2mIW
|: +d2+c—d3—3—7] ) 5
_ PpA1Q(e) 2m IW
=-Ay+ A(k) 5 . (9)

Define Z,(S,I,R, W) = n+2 (SZ+ I+R+ ‘Z/)”+2 where 7 is sufficiently small and chosen
d2+8+c———]M[A —In(1+A ()] du

dy+8+c+ Y- +fM[)‘ —In(1+A ()] du ’

By using Itd’s formula [45] on Z5(S,1, R, W), it follows from simple computations and

Lemma 2.1 that

randomly from 75 € (0,

w n+l
£22=<S+1+R+—> [A(k) = dyS = (dy + c - 1) —dsR - W]
P

LA (s +I+R+ K)n[wzsz + / SE[Me) ~In(1+2.) [y du}
2 r M

n+1 W2
A(k)(S+1+R+ —) —d1S™? —(dy + c— DI — dzR7? — —
2 P

41 1 (S +I+R+ K)n[aﬂS2 +/ S@)[A(w) = In(1 + Aw)) |y du:|
2 M

P
d15n+2 ) ) n+2
<- D) - (d2 +C— 1)771W+ _dBrIRW+ - 2pﬂ+1 tA43
+1 w\"
+772 <S+I+R+—> (0?S* +v), (10)
Jo
where
d,8m+2 Wn+2
Az= sup {— S~ (da =)A= = dy(1- R - 27
(S.ILR,W)eR*

w\"! 1 w\"
+A(k)(S+I+R+—) +Tl;r (S+I+R+—> (a)252+v)}.
p p
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Following the above analysis, we define functions f;(S,I,R, W) (j = 1,2,3) and Z3,(S, 1,
R, W) as follows:
d15n+2

fi®)=-——  AULR)=-ld+c- Lnl™? - dznR"?,

n+2

ﬁg(S,I,R, W) = —W +A3 + 0,
Zgl(S,I,R, W) = —(le(S,I,R, W) +ZQ(S,[,R, W) —1In W,

where the constant ¢ > 0 satisfies —pA, + Z?:l SUp;f;(S,1,R, W) < -2 and A, has been
defined in (9).

Note that Z31(S, 1, R, W) is a continuous function and tends to the boundary of R? infin-
ity when ||(S,,R, W)|| — oo. Consequently, it is easy to show that there exists an extreme
point (5,1, R, W) for Zs, in the interior of R%.

By defining a nonnegative function

Z3(S,,R, W) = 9Z1(S,I,R, W) + Z5(S,I, R, W) —In W — Z31(S,I, R, W).

Based on (9) and (10), it can be obtained that

ppA1Q(e) 2m IW  dy ST+

—(dy + ¢ = )l — dznR"?
AK) s ) (da+c—1)n 37

EZ?, < —(pAz +

n+2 n
W +n+1<S+I+R+K> (w252+v)+A3—'0—1+,0
0

C2pmtl 2 w
3
ppA1Q(e) 2m IW ol
=§ £(S,I,R, W) — A Az - — +p.
i ) — @Ay + A0 5 tAsm e

j=1
Additionally, it can be shown that if (m;, m3) € D; N Dy, then
3
LZ3 <) supf(S,L,R, W) - pAy < -2 (11)
>0

-1 =

holds for either S — 0" or I — 0" or R — 0*. Furthermore,

LZ3 < LZ3(S,I,R,0) = —00, W — 0F,
LZ3 < LZ3(+00,[,R, W) — —00, §— +00,
LZ3 < LZ3(S,4+00,R, W) — —00, I— +00, (12)

LZ3 < LZ3(S,1,+00, W) — —00, R— +00,
LZ3 < LZ3(S,I,R, +00) — —00, W — +00.

It follows from (11), (12) and simple computations that there exists a sufficiently small
positive constant € > 0 such that £Z3(S,1,R, W) < -1 holds for any (S,I,R, W) € Rf‘r \ £,
where 2 = (e, %) x (€, %) x (€, %) x (€, %).

Based on Lemma 2.1 [10], it is straightforward to show that there exists a solution of

system (5), which is a stationary Markov process. O
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3 Permanence in mean and extinction of disease
For the deterministic version of system (5), i.e., system (5) without Brownian motion and

Lévy jumps, the endemic equilibrium (S*, I*, R*, W*) is as follows:

s = (dy+8+0)(g+1%) R*:&,
ds

= , W*:]*,
miq + (my — my)I*

where I* satisfies

(my —my)(dy + 8 + O)I* + [(dz +8+c)(dy +miq) — (m — mz)A(k)]I
+ q[d1 (dy+8+c)— mlA(k)] =0. (13)
Based on the formulation of endemic equilibrium, it follows from the Vieta theorem that

there exists a unique endemic equilibrium provided (m1,m,) € D3, and Ds is defined as
follows:

(14)

di(dy + 8 +¢c) myA(k) +dyi(dy + 8 +c)
A(k) " AMk) —g(dy + 8 +¢) }}

D; = {(Wlhmz)‘ my > max{mz,

In the following, we discuss permanence in mean of each individual and disease extinc-
tion in system (5). Some corresponding practical interpretations can be found in [17] and

the references therein.

Theorem 3.1 For any initial value (S(0),1(0), R(0), W(0),k) € R* x N, if hypotheses (H2)
and (H3) hold, (my, my) € D1 N Dy N D3N Dy, S*2Cs > Cs, [*2Cg > Cs, R*2Cg > C5, W*2Cy >
Cs, then system (5) is permanent in mean, where D, is defined in (15), and Cs and Cq are
defined in (20) and (21).

D, = {(ml, my)|my (q + Q(s)) (q + I*) < mol* (1 + P(s)) } (15)
Proof Firstly, we construct U (¢) = w Using Itd’s formula to system (5), we obtain

a0 = 5055 -0+ (m -2

)(S* wW* — S(t) W(t)):| dt

2

0 -5*)[% + / [20) - In(1 + A(w)) ] dui| dt + (S(2) - $*)w dB(®)
M

+(S() - 5%) /M [A@)S(t-) - In(1 + A(w)) ] U (dt, du)

lel* w*

I*

< —(d1 W - )(S(t)—S*)Zdt

.\ maqS(t) W (¢)
(q+1I*)(q +1(2))
SESEOW(E) + S*W*)[q + (my + 1)I*]

+ dt

q+1I*

(S@) -S*) (@) -1)dt

2

+(S@) —s*)[% ¥ / [2() - In(1 + 2.(0)) ]y du:| dt
M

Page 7 of 23
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+(aw—sﬂwdmw+(ﬂn—f)/[Muwuq-hm1+mmﬂﬂumdm
M

(,()2
—+

= LU dt+ (S(E) - S*)[ 5

/ [A() = In(1+A(w)) |¥ du] dt
M

+ (S(t) - S*)a)dB(t) + (S(t) —S*) /M[)\(u)S(t—) - ln(l + A(u))]fl(dt, du).

When hypotheses (H2) and (H3) hold, it follows from Lemma 2.1 that

WIZI*W*
q+1I*

£U1 < —(dl +l’l’11W*—

)@m-yf

Q2( ) * *
s 2 5O =501
+Q@XQ%Q+S?TEq+MQ+UF]+9<%i+é> (16)

where Q(¢) and P(¢) have been defined in Lemma 2.1.
Construct the function Uy (t) = I(t) — I* —I*In % By using Itd’s formula to system (5), it

follows from Lemma 2.1 that

. SHOwW(E) S*wH* SHwW(E) S*wH*
o) = 0 1) | (7 - S5 ) (ST - T )
~ _[mlS(t)W(t) ~ myS(E) W (t)
- () (g +1()(q +1%)

:|(I(t) ~r)de

o ma(1 + 1(¢))
*W [ @ 10+ 1)

my my(1 +1(2))
' S(t)[f_* TG 1O
_ _qml(q +1(t) + I*) + (my — mo)I*1(2)
(q +1(6))(q + I*)I*1(¢)

*[@ ~ mo(1 +1(2))
I (g+1(6)(g+1I*)

my my(1 +1(t)) « *

_ _qml(q +1I* + P(g)) + (m; — mZ)P(g)I*PZ(e)(I(t) —I*)Z dr

] (S0 - ) (10 - I*)
] (I(e)-I") (W () - W) de

SOW (1) - 1*)* dt

] (S0 - ) (10 - I*) it

(g + Q(e))(g + I*)Q(e)I*
R my(1 + P(e)) y .
W - e S0 -0 -ra
+Q@{%§—Gﬂgggﬁg%ﬁyun—ﬁxwvy-wﬂda (17)

where Q(g) and P(¢) have been defined in Lemma 2.1.
According to similar arguments mentioned above, we will establish two functions

Us(t) = w, Uy(t) = M, and using Itd’s formula to system (5), it can be ob-
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tained that
_SI*(R() Q2(e)+R*T*)
dis(t) < R*Q dt+ e dt, (18)
dUs(t) < - pl (W dt p(W(t)- I‘XS))(IU)*I ) de,

where Q(¢) and P(¢) have been defined in Lemma 2.1. Now, we define

PPLAE 1*)(q2+ PENCo 1)+ th(e) + ts(e) + T o,
myqQ*(e) )
where Cj = _my(+Pe)) _ my

(q+QeN(q+l*)  I*
It follows from (16), (17), (18) and simple computations that

W*(g +I*)(q + P(g))Cy W mzl*W* y
LU5(t) < - a2 &) <d1 T )(S(t) §%)?
_ PX(e)lgmi(q +I* + P(e)) + (1 — my)P(e)I*] 2
4+ QeNlg + QAT (©-r)
81* £\ 2 [*P(S)Co ¥\ 2
- W(R(t)—R ) - o (W(t)-w™)
s Q(e)(Q*(e) + S*W*)[g + (my + 1)I*]
q+1I*
+ 76((22(8) R + S*(w—z + v). (19)
P(g) 2

By integrating both sides of (19) from 0 to ¢ and performing expectations, it yields
! 2 ! 2
EUs(¢) - EU5(0) < —ClE/ [S(r) -] dr - @E/ [I(r) -] dr
0 0

- CgE/:[R(r) -R*]de - qz&/ot[\v(r) - w*]*dr + Cst, (20)

where C; (j = 1,2, 3,4, 5) are defined as follows:

C = W*(q+[*)(q2+ P(e))Cy (dl W m2]*‘{/*>
myqQ?(e) q+1
C, - P2(e)[qmi(q + I* + P(e)) + (my — ma)P(e)]*]
(g + Q(e))(g + I*)Q(e)I* ’
L
R*Q(e)
C,- I*P(s)Co’
W*
Ce = 8(Q%(e) + R I*)  Qe)(Q*(e) + S*W*)[q + (my + 1)I*] g* o?
5= P(e) + q+[* + (2 +U>.

If (Wll,M2) € Dl N Dz N Dg N D4, then

lim sup 1IE'/]:[(S(I)—.S'*)2+(I(r)—[*)2+(R(r)—R*)2+(W(r)—W*) Jdr <=, (1)
0

t—>00

Page 9 of 23
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where Cg = min;.; 534{C;}. Further computations yield that

liminf, o 1E [; S(r)dr > & ~limsup,_, , 1E [; S0 t>5 - 252%6
liminf,_ o ?]Efo I(t)dr > L —hmsupt_)oo Efo r;/* T> % 2,5%6,
liminf, .o 1E [ R(r)dr > & ~limsup, o, 1E fj @DEL dr > & G
liminf,_, o :]Efo W(r)dr > ¥ —hmsupHOO ]EfO W(r W*)Z dr > WT* - 2WC;5C6.

Finally, when S*2Cy > Cs, [*2Cs > Cs, R™2Cg > Cs5, W*2Cy > Cs, it yields

liminf,_ o :]Efo 7)dr > ; 2S*C6 >0, a.s.

liminf,_ ?]Efo I(r)dr > 5 L 2I*C >0, as. 22)
liminf,_, o %]EfotR(t)d‘L' > L 2R*C6 >0, as.

liminf,_ o %]Efot W(r)dr > WT - 2WC—,§C6 >0, as.

Based on the above analysis and (22), it can be obtained that system (5) with any given
initial value (S(0),1(0), R(0), W(0), k) € R* x N is permanent in mean almost surely. O

Theorem 3.2 For any initial value (S(0),1(0), R(0), W(0),k) € R* x N, if (m1,my) € D1 N
D, N'D3 N Ds, where Ds is defined in (23), then

1 I(t C Wit
hmsup In ® sW() <Cui as,
00 dy +8+c P

where Cy; is defined in (34). If C11 < 0, then lim,_, .o, I(¢) = 0 almost surely. Furthermore, the
distribution of S(t) weakly converges to the measure with the density o (t), which is defined
in (26).

d di — w?
Ds = {(VVIhmZ)‘ max{ qu(;), q(22Q12(;)U )} <my < ml}. (23)

Proof Using Lemma 2.1, Lemma 2.2 and the first equation of system (5), an auxiliary
stochastic equation is considered as follows:

leQz(S)
q

dx(®) - (A(k) dix(®+ x(t)> + ox () dB(E) + /M 20 () Ti(de, du), (24)

with the initial condition x (0) = S(0) > 0.
In order to facilitate the following proof, v;(t) (j = 1,2, 3) on (0, 00) are defined as follows:

vi(t) = Alk) —diT + %2(8)

T, (7)) = ot +/ k(u)fl(dr,du),
M

2
v3 =+ (/ [A(r) - ln(l + A(r))]w dr) .
M

Based on simple computations, it can be obtained that

2A(k)

x© 1 T 2010 4 e 3 [ 2qd1-2myQ%() 2400
/ S (A T / T P Bt dr < 0. (25)
o Vvi(1) V3 Jo

Page 10 of 23



Liu and Heffernan Advances in Difference Equations (2020) 2020:439

Consequently, it follows from (25) that sufficient conditions in Theorem 1.16 of [46] are
satisfied, and it can be obtained that Eq. (24) has a stationary ergodic solution and the
invariant density o (t) defined on 7 € (0, 00) is

. (2qd1—2m2Q2(5) gy _24%)
o(t)=C; 't 3 e 37, (26)

2qdy -myQ*(e) e
where C; = [v3'(5 o) *p(2adizm Q) 4 1)]-1 pepresents a constant such that

- v3
Jo o(r)dr =1.
Using the 1-dimensional stochastic differential equation comparison theorem [44], it

can be concluded that S(¢) < x(¢) holds for any ¢ > 0 almost surely. Further computations
show that

> Cr [ _2ad1-m@e) | 240
L] = TU(T) dr = — T qv3 e mT dr
0

V3 Jo

_2gdy-myQe)) 4 )
C; [ [2A(k) a3 2qdy-my Q%) g 2 A(k)
=— T a3 e ——)dr
Vs Jo V3 V3

2(qd1 -my Q*(¢))

~ Q( V3 ) 3 F<2(61d1 - VﬂzQZ(S))>
T g 2A(k) qvs3

— 2 c
i 2A(K) F(Z(qdl qnle (F))) ) gA(K) @)
C s p(ahom@E) gy gdy - myQ3(e)

qv3

>, C, [ _2adi-m@e) 240
Ly, = t7o(t)dr = — T a3 e T dt
0 V3 Jo

_ 2(qdy-myQ%(e) )
C; °°<2A(k)> a3 2gdy=mQ2E) 5 <2A(k)>
_ 7 T a3 et ——)dt
0

V3 V3 V3

2gdy mpQ(e) )
_ G v v3 r 2(qdr — myQ*(¢)) _1
vz \ 2A(k) qvs

dy— 2
) (2A(k)>2 F(Z(q 1 qr‘rZQ (e) 1)
F(Z(qdl—q’:l;Qz(S)) + 1)

V3

_ 2q° A(k)
 (qdy - myQ%(e))[2(qd1 — maQ2(e)) - g*vs]

(28)

Consequently, it follows from (27) and (28) that

> qA (k) 2
/0 ("q@—m@%e)) olmdr

= /oo[rz - 2440 T+ ( 940 )2:|a(r)dr
0 qd1 — myQ%(¢) qdi — myQ%(e)

_ 2qA(k) L+ ( qA(k) )2
qdy —maQ(e) " \qdy — myQ(e)

_ q* A% (k)vs
(gdy - myQ2(e))?[2(qdy — m2Q%(¢)) — g*vs]

:L2

(29)

Page 11 of 23
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Define
1 [ A(K)[miq + (my — my)I¥]
Ug(t) = ——I(t) + — W (). 30
o0 = L rsrc D J di(dy + 8 +¢)(q + 1) ® (30)
By using Ito’s formula and Lemma 2.1, we find that
—myP(e)|W (¢t A(k
Llnty) < [m1(gq + Q(e)) — maP(e)] W ( )[X(t)— q (<)2 }
(d+6+c)(g+Qe)Us(t) qd1 — myQ*(e)

[m11(q + Q(e)) — myP(e)] AW (&) I(2)
di(q + Q(e))(da + & + c)Us(2) Us(2)

. VAWK [gmy + (my — my)I¥]
\/dl(q +I*)(dy + 8 + c)Ug(2)

[1(5) - W()]

mipy/di(q +I*) qA(k)

< x@t) - ———
VAK)dy + 8 + ) [miq + (my — my)I*] gd1 — myQ%(¢)
B mypP(e)\/d1(q + I*) 2(6) - qA(k)
(g + Q) A(K)(dy + 8 + ) [mrq + (my — my)I¥] qdi — myQ%(e)
Cg—1
* 0 [1(6) + CsW(1)]
myp/di(q +I*) qA(k)

=<

x ()

VAK)dy + 8 + ) [miq + (my — my)I*]  qdy — maQX(e)

~ mapP(e)y/ di(q +I*) qAKk)
(q + Q(e))y/ A(k)(dy + 8 + c)[mrq + (my — m)I*] qdi — myQ%(e)
+min{dy + 8 + ¢, p}(Cg — 1)]jcy<1) + max{dy + 8 + ¢, p}(Cs — 1) jcg51}> (31)

x(t) -

AK)[m1(q+Q(e))—ma Ple)]
dy(dr+8+c)(q+Q(e))

Based on (29) and (31), and integrating (30) from O to ¢, we find that

where Cg =

In UG(t)
t
- In Us(0) . myp+/dy(q +I*)
- t \/A(k)(d2+8 +¢)[miq + (my — mo)I*]t
t ~ qA(k)
- /0 1O Qe
B mypP(e)/di(q +I*)
(g + Q) AK)(dy + 8 + ) [myq + (my — ma)[*]t
qA(k)

x(1)

t
x / o aAl
0 qdy — myQ?(e)
+min{dy + 8 + ¢, p}(Cg — 1)I{cy<1y + max{dy + & + ¢, p}(Cs — D513 (32)

Page 12 of 23
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According to the ergodicity of x(t) and fooo 70 (1) dt < 00, it yields that

qA(k)
leQZ(S)

[ qA(k) qAlk) 71
_/0 ‘r P T r)dt<\// - szZ(S)} s(t)dr.  (33)

Based on (29), (31), (32) and (33), it can be obtained that

x(r) -

n Us(2)
t

lim su
t— 00

< min{ds + 8 + ¢, p}(Cg — 1)jcy<1} + max{dy + & + ¢, p}(Cs — DI 1¢451)

. myp+/di(q +1%)
\/A(k)(dz + 8+ ¢)[mg + (my — my)I*]
) mapPle)y/d (g + 1) c
(g + Q(e)y/ Ak (dy + 8 + ) m1q + (my — my)I*]
= min{d, + 8 + ¢, p}(Cs — ) 1c5<1)

+max{d, + 6 + ¢, p}(Cs — D513 + Cro

= Cyy, (34)

_ Pw?A2(k) p(gd1-myQ2(£))Cg Co
where C9 = \/(qd1 —m2Q2(e))2[q(2d1 ~w?)—-2m2Q2(e)]’ and CIO AR .

If C11 < 0 (defined in (34)) and (n11,m,) € D1 N Dz N D3 N D5, where Ds is defined in

lnI

(23), then it can be concluded that limsup,_, ., =~ ) < 0 almost surely, which reveals that

lim;_, » 1(t) = 0 almost surely. Hence, it completes the proof. O

Theorem 3.3 For any initial value (S(0),1(0), R(0), W(0),k) € R* x N, if (m;,my) € D1 N

D¢, where
qd1 q(2d, - ©°)
max{ - > }<m2<m1,
Do={mymy| T 2 , (35)
2A(k) + w?P(e) + 2(m>Q(e) — dy — v)P(g)
mp >
2P%(g)

then limy_, 100 S(t) = 0 and lim;_, ;. I(£) = 0 almost surely.

Proof Firstly, by applying Ito’s formula into the first equation of system (5), we obtain that

[A® mol(2)
dll’lS(t) = [Tt) - dl - (Wll - q+[(t)) W(t)] dt

®
+ |:§ + /M[A(u) —In(1+ A(w)) ] du] de

+ wdB(t) + / In(1 + A(w)) U(dt, du). (36)
M

Page 13 of 23
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By integrating both sides of (36) from 0 to ¢, it follows from Lemma 2.1 that

InS(£) - InS(0) < (M —dy —mP(g) + myQ(e) + o + u)t
P(e) 2

+ wB(t) + / t /M In(1 + A(w)) U(dr, du) dr. (37)
0

Let F(¢) = fot JyIn(1 + A(u))U(dt,du) dz. It can be shown that

t 2
(F(t),EF(8)) = /0 [ /M ln(1+k(u))fl(dr,du)i| dr

and that

1 1

P{ sup [F(t) - —(F(t),F(t)>] >2In Tk} <=
0<t<Ty 2 Tk

based on the exponential martingales inequality.

According to the Borel-Cantelli lemma [45], it can be concluded that a random integer
Tiro = Tro(w) exists for almost all w € £2, yielding that

sup [F(t) - 1<F(t),1-"(t)>] <2InTy
0<t<Ty 2

(38)

holds for Ty > Tyo almost surely. It follows from (38) that

F(t) <2InTy + %(F(t),l—"(t)) (39)

holds for all 0 < ¢t < T} almost surely.

Substituting (39) into (37), it can be obtained that

P(e)
+wB(t) +2In Ty

InS(t) -InS(0) < (M —di —mP(e) + myQ(e) + %2 + u)t

holds for all 0 < ¢ < T almost surely. Furthermore, it can be shown that

In S(¢) —t In 5(0) < ;‘)((f)) —dy — m1P(e) + myQ(e)

w? wB(t) 2InT;
f— Ut — F — =

40
2 t o Te-1 (40)

holds for 0 < Ty — 1 < t < Ty almost surely.

Itis easy to show that lim;_, o, @ = 0 almost surely. If (n1,, m5) € D; NDg, then, following
(40),

b In S(#) - A(k) 2

lim su =20 —di—m1P(g) + myQ(e) + % +v<0

t—>00
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yields that

lim S(t)=0 as. (41)

t—>00

Secondly, using similar proofs to Theorem 3.2 of this paper, if (7, m3) € D1 N D, then
it can be shown that

lim I(£) =0 a.s. (42)
t—00
Hence, it completes the proof. d

Remark 3.4 Following similar arguments given in [17, 40], we can show that the basic
reproduction numbers for the deterministic and stochastic versions of system (5) are ob-
tained as follows:
Ak diRE
- atirsrg T - 1
1(da + 8 +¢) d + 2+ Jag[A(@) = In(1 + 1(u))]y du)’

respectively. Note that RS, < R¢ and that R} decreases when the intensity of the Lévy jump
increases.

Remark 3.5 Based on the mathematical formulation of system (5), it can be concluded that
the state variable R(£) does not impose dynamic effects on infectious disease transmission.
Hence, we have discussed some sufficient conditions for disease extinction omitting R(t)
in Theorems 3.2 and 3.3 of this paper.

4 Numerical simulation

Simulation studies are used to explore the combined dynamic effects of Markovian switch-
ing and media coverage on the stochastic epidemiological dynamics of system (5). Calcu-
lations are based on Milstein’s higher order method [46]. Suppose state space N = {1, 2}.
Using the Markovian chain law, system (5) can be investigated as a hybrid system switch-
ing between subsystems

dS(#) = [A(1) - d1S(2) — (m1 — q” )S(t)W(f)]
+wS(t) dB(t) + [y Mu U(dt, dw),
dI(2) = [(m; - 222D s W (¢) - (dg +8 +o)I(t)] dt, (43)

q+1(t)

dR(2) = [81(¢) - d3R(¢)] dt,
dW(2) = p[I(£) - W()] dt,

and

dS() = [AQ2) - diS(£) - (my — Z24B)S(6) W (1)) d

q+]
+wS(t) dB(t) + [y, 2 (w)S(t- VU (dt, du),
dI(®) = [(m - ZHISOW () - (d + 8+ )L(D] dt, (44)

dR(¢) = [81(¢t) — d3R(¢)] dt,
AW(t) = plI(t) - W (2)] dt.

Page 15 of 23
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Figure 1 Existence of the endemic equilibrium and permanence in mean almost surely. Parameter values:
A=001,m =03andm, =0.15

(a) A=0.01 S(t) 14 (b) A=0.04 S(t)
1
1.2
=08 o !
0.8
0.6
0.6
0.4 0.4
0 100 200 300 400 500 0 100 200 300 400 500
Time Time
(€) A=0.01 I(t) (d) A=0.04 I(t)
3 3
2 2
1 1
0 0
0 100 200 300 400 500 0 100 200 300 400 500
Time Time

Figure 2 Examples of Theorem 3.2. The dynamics of system (43) are shown with parameter values as
described in the text, and (left column) A = 0.01, m; = 0.4 and m, = 0.25 (right column) A = 0.04, m; = 0.5 and
my = 0.2

In the following numerical examples we take d; = 0.4, g = 0.1, w* = 0.25, d, = 0.2, § = 0.3,
¢=0.1, ds = 0.05, p = 0.5 with appropriate units. Parameters A, m; and m; are varied.

In Fig. 1 we give an example of persistence in mean. Here, A = 0.01, m; = 0.3 and
my = 0.15. It follows from (6) and simple computations that the endemic equilibrium of the
deterministic version of system (5) exists. These parameter values also satisfy the existence
of a stationary distribution when (111, m,) € D1 N Dy N D3 = {(m1, m3)]0.0747 < my < my <
0.5333}. Here, (S*,I*,R*, W*) = (0.5761,0.1428,0.2811,0.2811), (my,m,) = (0.3,0.15) €
D1 N DyN D3N D, is satisfied, and sufficient conditions in Theorem 3.1 hold. Additionally,
we have limsup,_, ., %]Efot[(S(r) S + (I(r) = I)?* + (R(r) = R*)? + (W (1) - W*)?]dtr <
0.9473, and it can be concluded that system (5) is permanent in mean (based on Theo-
rem 3.1).

Figure 2 provides two examples satisfying Theorem 3.2 given system (43). Here we
assume (left column) A = 0.01, m; = 0.4 and my = 0.25, and (right column) A = 0.04,
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Figure 3 Examples of Theorem 3.3. The dynamics of system (44) are shown with parameter values as
described in the text, and (left column) A = 0.01, m; = 0.8 and m, = 0.25 (right column) A = 0.04, m; = 0.9 and
my =02

mip = 0.5 and m, = 0.2. Given A = 0.01, we see that (m1,m,) € D1 N Dy N D3 N D5 =
{(m1,m,)]0.1926 < my < my < 0.5333}, and the distribution of S(¢) weakly converges to
the measure with o (¢) defined in (23) and lim;_, » I(¢) = 0 almost surely. When A = 0.04,
(my1,my) € D1 N Dy ND3 N Ds = {(my, m3)|0.1631 < my < my < 0.5333} is satisfied, and we
obtain the same result.

Two examples of Theorem 3.3 are shown in Fig. 3 given system (44). When A = 0.01,
extinction of all individuals requires that (my, m;) € D1 N Dg = {(m1,m3)|0.1926 < my <
my,my > 0.7442}. This is shown to be true in the left column of Fig. 3 with m; = 0.8
and m; = 0.25). In the right column we see that extinction is accomplished with prob-
ability 1 when A = 0.04, m; = 0.9 and m; = 0.2, since (m1,my) € (my,my) € D1 N Dy =
{(my,m5)]0.1926 < my < my,m; > 0.8721} is satisfied.

5 Conclusion

It is well known that the studies of stochastic perturbations and media coverage are two
important and well-established disciplines in mathematical epidemiology [1, 3, 47, 48].
Here, we have extended the model in [17] to include Markovian switching, telephone
noise, Lévy jumps and media impact. These extensions have been motivated by the fol-
lowing facts:

(I) Lévy jumps have been shown to effectively portray an unexpected outbreak of
infectious disease and other sudden severe perturbations arising in the real world
[23-28], which cannot be accurately depicted by Brownian motion;

(II) Evidences from real-world observations point out that the birth rate of susceptible
individuals is subject to both white noise and telephone noise [18—22] (which is
generally memoryless and can be regarded as a switching state among some
considerable environmental regimes [18—20]);

(III) It is well known that there is a profound relationship between public health issues
and mass media coverage, and that media reports can elicit changes in individual
behaviour during an infectious disease outbreak, affecting the implementation of
public health measures to mitigate infection [29, 43].
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Based on the theoretical findings in Lemma 2.1 and Lemma 2.2, if intensities of media
coverage are restricted within certain ranges, then the solution is stochastically ultimately
bounded, and there exists a globally unique positive solution to the proposed system. Fur-
thermore, it shows that there exists a stationary distribution to the positive solution (a
stationary Markov process) when intensities of media coverage and Markovian switching
are restricted within certain ranges. All these theoretical findings can be found in Theo-
rem 2.3.

Some sufficient conditions associated with Markovian switching, Lévy jumps and me-
dia coverage are derived for the persistence in mean of each individual and extinction of
the infectious disease, which are discussed in Theorems 3.1, 3.2 and 3.3. Corresponding
numerical experiments and corresponding figures indicate that permanence in mean of
each individual and extinction of disease have strong relationship with intensities of media
coverage and Lévy jumps. Furthermore, the basic reproduction numbers of the determin-
istic and stochastic version are obtained in Remark 3.4, which reveals that R < R¢ and
that Rj decreases when the intensity of the Lévy jump increases.

Compared with the recent related work, the combined dynamic effects of Markovian
switching and media coverage on a stochastic epidemiological system with Lévy jumps
and distributed delay are investigated in this paper, which has not been studied before.
Our analytical findings thus provide enhanced knowledge in the field of mathematical

epidemiology.

Appendix A: Proof of Lemma 2.1

Proof Let a1 (t) = S”(¢), 0 < y < 1. By applying Itd’s formula [45] to e‘a;(¢), it can be ob-
tained that

(el (£))

2

le](t)
+1(t)

+ et[y(y —Daw?+ /1;41[(1 +2w)" - 1-yr@)]v du:|a1(t)

y=2 2
- ¢ |:oz1(t) byl dan (o + YD D) ]

= et{l +y |:A(k) —dq1S(t) - (ml - )S(t) W(t)] }al(t)

+ et[ya) dB(#) + / [(1+ Aw)” - l]fl(dt, du)]ozl(t). (45)
M
By integrating (45) from O to ¢ and taking expectations on both sides of (45), it yields that

]E(e'fotl (t))

+1E/0 e {1+y[ 1) - dyS(t) — (ml-;”jll((?)>5(t)v¢(t)]}al(r)dr

+]E/O e UM [(1+r(w)” ]f[(dt,du)—y(l—y)wz]al(T)dr
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<a1(0) +IE/ e 1+A(k)y dyyS(t) — (my - mz)S(t)W(t)—y(l—y)wz]al(r)dr

(=]

/ |: 1 + A(u) -1- y)\(u)]w du]al(r) dr. (46)
0
Fora; >0andO0<y <1, af <1+ y(a; — 1) holds. Consequently, it can be shown that
al(t)|:1 + Ay —diyS@t) —y(1 - y)o* + /M[(l + A(u))y -1- yk(u)]w du:|
<[1+ AWKy —diyS®)]er(t) < Qi(y), (47)

where Q;(y) represents a positive constant associated with y. Hence, it can be concluded
that

t
E(dar(t) <aa(0) + E / EQi(y)dr. (48)
0
Based on (48), it can be shown that

limsup E(S” (£)) < Qi (y). (49)

t—00

When (m,,m;) € Dy, it follows from the standard arguments that

- o (50)
limg oo R(t) < =77 = Qs(y).

{nmml(t) < MUY _ (),

Based on the mathematical formulation of W (£), we find that

limsup W(¢) < hm supI(t) < Qa(y). (51)

t—00

Let a(t) = (S(¢),1(2), R(t), W(¢t),k)T € R* x N, then
2 1‘_)A0|a(t)|y <S"@)+I" (@) + R (&) + W7 (¢). (52)
According to (49), (50), (51), and (52), it can be obtained that
lim ng|&(t)|y < 0.50-7)n0 lim ing[sy(t) IO+ R () + W (1)]
< 050D Quy) + 2Qu() + Qs(1)] = Q). (53)

1
Assume Q(¢) = (@)7, where 0 < ¢ < 1 denotes an arbitrarily small constant. Based on

Chebyshev’s inequality, it can be concluded that

Pla () < Qe)] = Qe)" Pla™ (1)),
liminf,_ o P[&(£) < Q(e)] = 1 —&.

(54)
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According to Chebyshev’s inequality and (54), it can be shown that there exists P(¢) > 0

such that
limianP’[&(t) > P(s)] >1-¢. (55)
t—00
Based on (54) and (55), it completes the proof. O

Appendix B: Proof of Lemma 2.2

Proof According to similar arguments utilised in [17, 40], it is straightforward to show the
existence of a unique local positive solution (S(¢),1(¢), R(2), W (t), k) € R* x Non t € [0, T,)
almost surely for any initial value.

Let T, stand for explosion time [45]. Assume ny > 1 represents a sufficiently large integer
such that (5(0),1(0), R(0), W(0)) all lie within [%, no]. For any integer n > ny, the stopping
time [45] can be defined as follows:

min{S(t),I(t),R(t), W(t)} < l,or
T, =inf 3 t € [0, T,) n

max{S(2),1(t),R(t), W(t)} = n

It follows from the mathematical formulation of T that Ty is increasing when n — oo.
Set T, = lim,,—,» Ts. Then it is easy to show that Ty, < T, almost surely. Further compu-
tations show that 7, = co almost surely when T, = oo holds almost surely, which yields
(S(),1(2), R(¢), W(¢),k) € R x N hold for all £ > 0. Hence, we will show that T, = 00 al-
most surely.

If T = oo almost surely does not hold, then there exists a pair of positive constants
Ny >0 and 0 < € < 1 such that P{T < NO} > €. Hence, there exists a positive integer
n, > np such that P{T; < NO} > € holds for any # > n;. By defining a C*-function W :
R* — R, U {0} as follows:

1
VS, LR,W)=S-InS+I-In]+R—InR-3+—-(W—-1-1InW).
0

Using It6’s formula [45] and calculating the derivation of dV(S, I, R, W) along the solution
of system (5), we find that

dV(S,I,R, W)
~ 1 mal(2)
= (1 - %) [A(k) —diS(t) - <m1 r I(t)>5(t)W(t)} de
1 mal(t)
+ (1 _ @> [(ml e I(t)>5(t)W(t) —(dry+8+ C)I(t)] ds

+ (1 - %) [81(2) - d5R(z)] dt + ,0(1 - %) [1(2) - W(o)] de

2
+(S() - 1)wdB() + [% ¥ / (1) = In(1 + A()) ¥ du] dt
M
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+ / [1()S(t-) —In(1 + A(w)) | TU(de, du)
M
=LV dt+(SE) - 1)wdB(t) + / [A()S(t-) - In(1 + A(u))]fl(dt, du).
M
When hypotheses (H2) and (H3) hold, it yields from Lemma 2.1 that

LV < AK)+di+dy+d3+5+c+p+(my+p+8)Q(e)

+ (1 +mig)Q(e) + Q) + o’ +. (56
q 1 g

The following arguments are similar to those in [17, 40], which are omitted here. Based
on the above analysis, it can be concluded that 7., = co. O
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