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1 Introduction

Fractional calculus is a generalization of the standard integer calculus. The advantage of
fractional calculus over integer-order calculus is that it provides a great deal for the kind
of thought and hereditary characteristics of diversified materials and methods. From the
past two decades, fractional calculus has attracted research attention towards itself due to
its importance in several parts of science, like physics, fluid mechanics, heat conduction
(1, 19, 21, 24, 26, 27, 32, 33, 37—42]. We can relate to the monographs [2, 22, 30, 36] for
the fundamentals and to [4, 44, 45] for the current developments in the field of fractional
calculus.

In recent years, non-autonomous differential equations of integer order, as well as frac-
tional order, have been studied by many researchers. One can see the references [5-8, 10—
13, 15-17, 20, 25, 35] for more details. In [14], Chen et al. discussed the existence of
mild solutions as well as approximate controllability for a class of non-autonomous evo-
lution systems of parabolic type with nonlocal conditions in Banach spaces by using the
Schauder’s fixed-point theorem as well as the theory of an evolution family. In the same
year, Chen et al. [9] explored the existence of mild solutions for the initial value problem to
a new class of abstract evolution equations with non-instantaneous impulses on ordered
Banach spaces by using a perturbation technique and by dropping the compactness con-
dition on the semigroup. Malik et al. [28] used the Rothe’s fixed point theorem to study the
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controllability of non-autonomous nonlinear differential system with non-instantaneous
impulses in the space R”. By using Krasnoselskii’s fixed point theorem, Wang et al. [43]
formed a set of sufficient conditions for the existence and stability for a class of impul-
sive non-autonomous differential equations. Kucche [23] investigated the existence and
uniqueness of mild solutions for impulsive delay integrodifferential equations with inte-
gral impulses in Banach spaces by using Krasnoselskii—Schaefer fixed point theorem.

Motivated by the above, we discuss the non-autonomous fractional differential system
with integral impulses in the following form:

D u(s) + Als)uls) = f (s, u(s)), (1.1)
1(0) = uq, (1.2)
Sk—0k
Aulsy) = I ( / (G u() dt), (1.3)
Sk*‘[k

where €D? denotes the CFD of order 0 < q<1,]=1[0,5], S € R is a positive constant.
Suppose that F is a Banach space and {A(s)}s¢; is a family of closed linear operator from F
to F. The domain of {A(s)} is D(A) which is independent of s and dense in F; f : ] x F — F
is continuous and with G :J x F — F are given functions; 0 = sp < §1 < +*+ < Sy < Sypy1 =
S, Iy € C(F,F) are bounded functions, 0 < 0; < 1 < ¢ — $x_1 for k= 1,2,...,m, Au(s) =

u(sy) — u(sy), u(sy) = lime_ o u(sg + €), u(sy) = lime_, o u(sx — €).

2 Preliminaries

Let F be a Banach space with norm || - ||. Further C(J,F) = {u: u:J — F is continuous} de-

notes a Banach space with norm ||| ¢ = sup;; [lu(s)|| and L£(F) denotes the Banach space

of all bounded linear operators in F with the operator norm topology. Let L!(/, F) be the

Banach space of all Bochner integrable functions with the norm ||«||; = fos [l(s)|| ds.
Now, we recall some definitions of fractional derivatives and integral.

Definition 2.1 ([22]) The fractional integral operator (in Riemann-Liouville sense) of
order g > 0 of a function u is defined as

here I'(-) denotes the Euler Gamma function.

Definition 2.2 ([22]) We define the derivative of u of the fractional order g > 0 in the
Caputo sense as

1 S
Cn4 —-q./
D u(s) = 7/ (s—6)™u/(¢) dt, (2.1)
Irl-q Jo
’ _ du(t)
here 0<g <1land u'(t) = =;~.

A measurable function f : [0,00) — F is called Bochner integrable if ||f|| is Lebesgue
integrable. The integrals which appear in (2.1) and (2.2) are taken in Bochner’s sense. Let
the operator —A(s) satisfies the following conditions:
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(H1) A(s) is a closed operator, the domain of A(s) is independent of s, and dense in F.
(H,) For any A > 0, the operator A + A(s) has a bounded inverse operator [Al + A(s)] !
in L(F) and

C

-1
[P+ AW] ] < PSS

where C is a positive constant independent of s and A.
(Hs3) Foranys,t,t €], there is a constant p € (0, 1] such that

I[AG) - A@]AT @) < Cls - =P,

where the constants p and C > 0 are independent of s, 7, and ¢.
Following Pazy [34], (H1) means that for each t € J, —A(t) generates an analytic
semigroup e**®) (s > 0), and there is a C > 0 independent of both s and ¢ such that
[A"()e 0| < £, where n=0,1,5>0,£€].

By [18], we can give the definition of operators (s, t), D(s,0), and U(s):

U(s,t)=q / 057 1g,e71020 gp, (2.2)
0
B(s,0) =Y _ Bi(s,0), (2.3)
k=1
S
U(s) = —A(s)A™(0) — f & (s, ) A(1)A1(0) dt, (2.4)
0
where &, is probability density function defined on [0, co) such that it’s Laplace transform
is given by
foo@fexé,% (Q)de-i () 0<g<1,z>0
A a Tl T(eq)  CI=TEPE
i=0

®i(s,0) = [A(s) — A(G)]lf/(s -0,0),

S
q5k+1(s,a)=/ G5, t)P1(t,0)do, k=1,2,....

Using the above facts, we define the mild solution of problem (1.1)—(1.3).

Definition 2.3 ([29]) A function u € C(J, F) is called a mild solution of (1.1)-(1.3) if it
satisfies the integral equation

u(s) = uy + /S U(s—o,0)U(c)A0)uydo
0
+ /sli/(s—o,o)f(o,u(o)) do
0

+/0/0 lll(s—a,a)d>(a,t)f(t,u(t))dtdcr

+ Z (s —o,0)k (/Skek G(t, u(t)) dt).

0<sy<s k—Tk

Page 3 of 14
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The following lemma gives some properties of U (s,t), ®(s,0),and U(s) that are required
to prove our main result.

Lemma 2.1 ([18]) Functions ¥ (s—o,0) and A(s)¥ (s—o,0) are continuous in the uniform
topology in s and o, wheres € J,0 <o <s—¢€ forany € >0 and

”lINJ(s—a,a)” <(s—o0)i, (2.5)
where C > 0 is independent of both s and o . Moreover,
|®(s,0)| < (s—o)y (2.6)
and
i) < c(1+#). (2.7)
Next, we define the MNC, which is required in our results.

Definition 2.4 ([3]) Assume that G is a bounded set of F. Then the Kuratowski MNC g(-)
defined on G is

w(G) = inf 8>0:G=UGk and diam(Gy) <8 fork=1,2,...,ny.
k=1

Some properties of u(-) are given in the following lemma.

Lemma 2.2 ([3]) Let Z, W be bounded subsets of F and . € R. Then
1. u(Z) =0 ifand only if Z is compact, where Z denotes the closure of Z;
Z S W implies i(Z) < w(W);
w(Z) = pu(conv Z) = u(Z), where conv Z denotes the convex hull of Z;
w(Z U W) =max{u(Z), (W)}
WAZ) = |Mu(Z), where \Z = {Az:z € Z};
WZ+W)< )+ u(W), where Z+ W ={z+w:z€ Z,we W};
If G is any bounded subset of D(P), and if P : D(P) C F — F is a Lipschitz-continuous
mapping with constant k, then w(P(G)) < ku(G).

N W

In this article, MNC on the set F and C(/, F) is denoted by u(-) and pc(-), respectively.
For any s € J and B C C(J, F), we denote B(s) = {u(s) : u € B}, then B(s) C F. The bounded-
ness of B(s) C C(/, F) implies the boundedness of B(s) in F and u(B(s)) < uc(B).

The prove our main result, the following lemmas are required.

Lemma 2.3 ([3]) Assume that B is a bounded subset of F. Then there is a countable subset
By of B such that j1(B) < 2u(By).

Lemma 2.4 ([31]) If B = {u,}° C C([0,S],F) is a countable set in a Banach space F and
there is a function m € L*([0,S],R*) such that for every n € N,

||u,,(s) || <m(s), a.e sel0,S],
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then (1(B(s)) is Lebesgue integrable on [0, S] and

s s
,u({/o ,un(s)ds:neN}> 52‘/0 M(B(s))ds.

Lemma 2.5 ([2]) If B C C(J,F) is equicontinuous and bounded in a Banach space F then
W(B(s)) is continuous on [0,S] and pc(B) = maxseo,s) L(B(S)).

Definition 2.5 ([3]) If G is a nonempty subset of F, then P: G — F is called to k-set
contractive if it is continuous and there is a constant k € [0, 1) such that for every bounded
subset D of G, we have

q(P(D)) < kq(D).

Lemma 2.6 ([3]) Assuming that D is a closed, bounded, and convex subset of F, P: D — D

has at least one fixed point in D if it is k-set contractive.

3 Main results
1
(F1) For r >0 there are constants 0 < g; < min(g, p), p > 0 and a function 4, € L% (J,R")
such that for any s € J and u € F with |[u|| <r, ||[f(s,u)|| < h,(s) and

Il 1

.. L1 [0,
lim inf — L1101 _
r—>o0 /4

p < 00;

(F3) There is an L > 0 such that for every bounded, countable, and equicontinuous set
DCF,

,u(f(s,D)) <Lu(D) forallse].
(F3) There are constants Ly, M such that

|N(s,v1) = N(s,v2) | < Lullvi = vall,

3.1
M = sup ”N(s,O) ; 31)
s€[0,9]
(F4) There are constants Dy (k=1,2,3,...,m) such that
||1/<(W1) — I (ws) || <Dillwi —wso|; k=1,2,...,mfor wy,w, €F. (3.2)

In this study, B(g, p) = fol s771(1 — s)P~1 ds is the Beta function.

Theorem 3.1 Iff :] x F — F is continuous and satisfies conditions (F1)—(Fs) then there is
at least one mild solution of (1.1)—(1.3) in C(J, F) provided that

CS1— 1- I-q1 1- 1-q1
p D), B ——L <1, (3.3)
(1-C*s*1) | \g—-¢" q+p—q
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and

L, 2CLB(g,p)S* 1
_1+%+2LNS:| < -

CSq|:
q q+p

S

Proof: Let the operator P : C(J,F) — C(/, F) be defined by
(Pu)(s) = uo + /0 ' U(s—o,0)U(n)A0)u do
i /0 G(s—0,0)f (0, u(o)) do
+ /0 /0 U (s—0,0)P(0,t)f (t,u(t)) dtdo

Sk—0k
£y lf/(sk—a,a)lk(/ N(t,u(t))dt).

0<sg<s k—Tk

(3.5)

First, we show that P maps G to G which is a bounded, closed and convex set, where
R is a positive constant such that G = {u € C(J, F) : ||u(s)|| <R for Vs € J}. If this were not
true, then there would exist s € J and #” € G such that || (Pu”)(s")|| > r for each r > 0. Now

by using Holder inequality, (F;) and Lemma 2.1, we get

r< [[(Pw) ()]

r

/S (s - o,o)[[(c)A(O)uo do
0

< lluoll +

r

+ /S bfl(s’—o,o)f(a,ur(o)) do
0

+ /OS /Oa @(s’—a,a)ﬁg(a,t)f(t, z/(t)) dtdo

+ Z V(s —0,0)I (/Skak N(t,u' (1)) dt) H

O<sy<s k—Tk

r

< |luol| + C* /S (s —o)q_l(l +0?) do ||| A)uo ||
0

r

+ C/S (s —a)qilhr(a)da
0

+C? / / (s ~0)" o =t (t) dt do
0 0

Sk_gk
+ ¥ cnn-a) ([ [l + veol) )

0<sg<s Tk

< ol + C2 (sf)qB () Blap+ 1)] | Ao

r r

+C / (s = 0)" " h(0) do + C*B(g, p) / (s =)™y (t) dtdo
0 0

+ Y CLNDiS?(r + M)2S

O<sg<s

Page 6 of 14
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1
< lluoll + CZSq[g +(S)’B(g,p + 1)} | A©)uso ||

r

s g-1 1- s© 1 1
+C(/ (Sr—a)lqldo> q(/ h,ql(a)da>q
0 0

r

) s gp-1 1-q S q1
+C B(q,p)(/ (s’ —a) I-q1 do) </ /s (o)do)
0 0

+ Z 2CLNDi ST (r + M)

O<sg<s

< lluoll + czsq[}l +(S)B(g,p + 1)} | A©)uo |

1-— 1-q1
+CsTm (—”i) Il
q-q L1 [0,]

1-— e} I-q1
+ C*B(g, p) ST~ <7> el o
q+p—q1 L91[0,S]
+rC* ST ¢ MC* ST,

which gives

r(1=C* ST < lluoll + czsq[;l +(S)PB(q,p + 1)} | A©)uq |

1- I-q1
+ CST (—"i) A
q-q L1 [0,5]

1- I-q1
+ C*B(q, p)STP™0! (—"1) el 1
q+p—q1 L91[0,S]

+ MC*S+1, (3.6)

Dividing both sides of (3.6) by (1 — C*S4*!), using (F}), and taking the limit as r — oo, we

get
CSI—a 1- I-q1 1- 1-q1
1< . '(11 |:< qi) + CB(q,p)Sp<7ql> :| <1,
(1-Cxs) | \q-¢q q+p—q

which is a contradiction. Therefore P : Gg — Gp.

Now, we prove that P : Gz — Gp is a continuous operator. Consider {u,}52, C Gg such
that lim,—, o, 4, = u in Gg. Since the function f is continuous in the second variable, for
any s € /, we get

nlLrI;o Hf(s, u,,(s)) —f(s, u(s)) ” =0. (3.7)

From (3.5) and Lemma 2.1, we get

| (Pun)(s) - (Pu)(s)|| =

/: (s — o,o)[f(a, u,,(o)) —f(o, u(a))] do

+

/ s / "B (5= 0,0)B (0, O[f (b 1n®) —F (1, u(0)) | de do
0 Jo
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+

5 Sk=0k
)3 ll’(sk—a,a)lk< [N ) —G(t,u(t))]dt) H

O<sg<s kK~ Tk

< C/(; (s =) H|f (0, un(0)) = f (0, ul0)) | do

+ C2 /s /”(s —0)T Yo -ty ! Hf(t’ u,,(t)) _f(t, u(t)) || dtdo
0 JO

+2SCLx |y —ull Y (s —0)""' Dy,

O<sg<s

which gives that, for every s € J, ||(Pu,)(s) — (Pu)(s)|| = 0 as n — oo,
Therefore, P : Gg :— Gp is a continuous operator. It remains to prove that {Pu : u € Gg}
is an equicontinuous function set. For any u € S and s1,s; € [0, S], 51 < $2, we get

[(Pu(s2) — (Pu)(s1) ||

’/ (s9—0,0)—¥(s —a,a)][l(a)A(O)uodU

/Sl [II/(sz —0,0)-¥(s —a,a)]f(a,u(cr)) do

+ /s1 /-"['f’(n—a,a)—'f/(sl—a,a)]fi(a,t)f(t,u(t))dtda
o Jo

+/W@@-a@Mwmmm@

$1

+ /52 lf’(sz —o,o)f(o,u(o)) do

+ [IZA”lf/(sz—U,G)da(a,t)f(t,u(t))dtdo
sc=6,
P> ljI(S"“”f’)fk(fk kN(t,u(t))dt>H

0<sg<s2-51 k—Tk

<P+ P+P+I*+P+1°+ 1,

where
P:Aﬂ@@ywmﬂ—@@—GJHMGmwmﬂdm
P- / I[9s2 = 0,0) = B (51— 0,0)] | rxlor) i,
/ f 19(52 - 0,0) — ¥ (51— 0,01 (0, 8) | e() de o,
ﬂ:/“@m-mwuwm@%Ww,

re / #s2- 0,0 el do,
S1

1621152 /‘OGHlj/(sz—U:O)qs(a’t)”hR(t)dth’

r= Y |oti-o0m ( / N u) dt) H

O<sg<sy—s1 k= Tk

Page 8 of 14
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Now, we prove that ' — 0 independently of u € S as s, —s; — 0 forj=1,2,3,4,5,6,¢.
First, we prove I' = 0. For € > 0 and s; > 0, by the continuity of ¥ (s — &, o) in the uniform
topology in s and o, for 0 <s <Sand 0 <o <s-¢, by Lemma 2.1, we have

I'< sup ||l1~/(s2—a,a)—ll~/(s1—G,G)H.C”A(O)uo”/1_ (1+ap)d0
0

o€l0,s1—€]
s
+C? ||A(O)u0|| / 1 [(sz —o)T = (s - a)q_l](l + ap) do
S1—€

— 0 ase— 0ands; — s;.

Obviously, I 2=0.Fore >0ands; >0, using the continuity of l1~/(s —0,0) in the uniform
topologyin¢and o, for0 <s<Sand 0 <o <s-¢, by Lemma 2.1, we get

PP <(s1—€)" gl 1 sup ¥ (s2-0,0)=F(s1-0,0)
LI1[0,5] 5 e[0,51—€]

+ C/‘51 [(S2 _ a)q—l —(sy - O')qil]hR(O')dO'

— 0 ase— 0ands,; — s;.

Obviously, P=0,fors;=0and 0<sy, <S.Fors; >0and e >0, by Lemma 2.1, (F1),
and since the functions o — (s, — )7 5 hp(o) and o — (s1 — 0)7 15 hg(0) are Lebesgue
integrable, as well as ¥ (s — o, o) is continuous in the uniform operator topology in s and
o,for0<s<Sand0<o <s-¢, weget

- - S1—€ o
P< sup ”tlf(sz—o,o)—llf(sl—J,J)H.C/ / (o -ty dtdo
0 0

o€[0,51-¢€]

+ C2 /51 /U[(Sz —a)q—l (s _O.)q—l](o. —t)p_lhR(t)dtdo‘
s1—€ J0

1—g\ CS?”hRHL% os y y
< < ) 05 sup |#(s2~0,0)-¥(s1—0,0)|
q—q1 p o €l0,51—€]

s1
+ C2p(p)/ [(52 o) Phg(o) - (s1 - o)q’llghR(o)] do
§1—€
— 0 ase— 0andsy; — s;.

For I*, by Lemma 2.1, we see that
52
I* < C*|A(O)uo | / (s2-0)"(1+0”)do — 0 ass, — si.
s1
For I°, using Lemma 2.1, (F}), and Hélder inequality, we have

52
P < C/ (89 — O')q_lhR(O‘)dO‘

1
s ¢-1 \ 1" sy 1 q
§C</ (sz—a)m> </ hgl(a)do>
S1 S1

Page 9 of 14
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1- I-q1
< C< ql) il 1 (sy—s51)7 0
q—1q1 L91[0,S]

— 0 ass; — sg.

For I°, using Lemma 2.1, (F;), and the fact that the function o — (s; — o)7L hg(o) is

Lebesgue integrable, we get
sy po
I° < C2/ / (53— )T o = 8P L hp(t) dt do
s1 0

52
<Cp(p) / (52— 0) P hg(o) do
S1

— 0 assy— s;.

Also I' =0 as sy — s;.

Hence || (Pu)(s2) — (Pu)(s1)| tends to 0 independently of u € G as s, — s1, which means
that the operator P : Gg — Gy, is equicontinuous.

Let D = co P(Gg), where co denotes the closure of the convex hull. Then it can be easily
seen that the operator P : D — D (D C C(J, F)) is equicontinuous.

Now, we show that P : D — D is a condensing operator. For any B C D, by Lemma 2.3,
there exists a countable set By = {u,,} C B such that

ne(PB)) < 2(P(Bo)). (3.8)

From the equicontinuity of B, By C B is also equicontinuous. Consequently, from
Lemma 2.4 and (F;), we get

w(P(Bo(s))) = u<u0+/0 @(s-o,o)&(a)A(O)uodo)
+ ,u(/os lf’(s—a,a)f(a,u,,(a)) dcr)
G5 0,0)B (0 0)f (6 un(®) ded
+/L(/0/0 (s—0,0)P(c t)f(tu (t)) t o)

Sk—0k
+M( > i/(sk-a,o)zk(f (N, un(t)) dt))

0<sg<s Sk—Tk

<2C [(-0) ([ (0,100 do
0

+ac? / /G(s =) o = (f (6 wa(0))) dt do
0 Jo
Sk—0k

+ 2C< Z (s— g)q—lIk</ /,L(N, un(t)) dt))

O<sg<s

<2 [0 Lu(Bulo) do
0

+4C / s / (=000 - ey Liu(Bo(0) de o
0 Jo
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si—6,
+ 2C< Z (s - U)q_llk(/ ‘ kLNH(Bo(L‘)) dt))

O<sg<s k—Tk

< 2CLf (s— o) douc(B)
0

+4C’LB(g,p) / (s— o) do e (B)
0

Sk—0k
+ 2CLN< > (s-0) L ( / wnc(B) ds)>

0<sg<s k— Tk
P
<9 qu[g s 2CLB(q,p)T"

+ 2LNS:| ,ch(B).
q q+p

From Lemma 2.5 and since P(By) C B is bounded and equicontinuous, we have
nc(P(Bo)) = max (P (Bo)(s)). (3.9)

Therefore, by (2.5)—(2.6), we have

V2
nc(P(B) < 4csq[§  2eLBapt

+ 2LNS] pc(B). (3.10)
By combining (3.10), (3.4) and Definition 2.5, we know that P : Gr — Gg is a k-set con-

tractive operator. By Lemma 2.6, P has at least one fixed point u € Gg. Therefore P is a
mild solution of (1.1)—(1.3).

4 Example
Consider the following nonlinear reaction—diffusion equation with integral impulse con-
dition:
“D'u(z,s) - b(s)Aulz,s) = f (z,5,u(z,5)), (4.1)
u(z,s)=0, ze€dG,se], (4.2)
s1-01
A*u(z,s1) =1 (/ N(z, t, u(z, t)) dt), (4.3)
81—-7T1

where €D? is a CFD of order 0 < q <1, b(s) is diffusion coefficient which is continuous on
J=10,S], and |b(s3) — b(s1)| < Clsy — 117, 51,82 € J, 0 < p < 1, C is a positive constant inde-
pendent of s; and s;, A is Laplace operator; S C R™ is a bounded domain with a sufficiently
smooth boundary dG; f,N : G x ] x R — R are nonlinear functions.

Let || - || denote the L2-norm on the Banach space F = L?(G). In F we define a linear
operator by
A(S)u = b(s)Au (4.4)

with the domain

D(A) = H*(G) N Hy(G), (4.5)
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where H?(G) is the completion of C?(G) with respect to the norm

el 2y = (/G Z |Dvu(z)’2dz> 2,

[v]<2

H(G) is the completion of C'(G) with respect to the norm ||| ;1) and C}(G) is the set of
all functions u € C!(G) with compact support on the domain G. From [34], we know that
—A(t) generates an analytic semigroup e~**® in E satisfying (H3) and (H,). Let u(s) = u(,s),
f(s,u(s) =f(,s u(-,s), N(s,u(s)) = N(-,s,u(-,s)). Then system (4.1)—(4.3) can be modified
into system (1.1)—(1.3).

Let the function f satisfy the following condition:

(i) There is a bounded function /,(s) such that for any s € [0,S], z € G, and u € L*(G)

satisfying (fG lu(2)|? dz)% <rforsomer>0,

( / V(s,u(z,s))|2dz)2 < I (s).
G

Theorem 4.1 Counsider the nonlinear function f(z,s, u(z,s)) = M and the function
I : R — R defined by I,(z) = cosz. Then for the choices 6; =0, 11 = 1, problem (4.1)—(4.3)
has at least one mild solution.

Proof: By the definition of f, condition (F;) is clearly satisfied. Also [; and N are Lip-

schitz functions. Condition (3.4) is satisfied with g = % and 0 < ¢q; < %, h,(s) = %“G),

p = 0.So all the assumptions of Theorem 3.4 are satisfied. Hence the initial boundary value
problem to the nonlinear reaction—diffusion equation with integral impulse condition has
at least one mild solution due to Theorem 3.1.

5 Conclusions

The existence of solutions of non-autonomous fractional differential equations with inte-
gral impulse condition by using the measure of non-compactness has been discussed in
this article. One can extend this work for impulsive non-autonomous fractional differen-
tial equations with integral impulse condition by using the fixed point theorems.
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