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degenerate Bernoulli polynomials and numbers by using the degenerate
polylogarithm function. Motivated by their research, we subdivide this paper into two
parts. In Sect. 2, we construct a new type of degenerate Genocchi polynomials and
numbers by using the degenerate polylogarithm function, called the degenerate
poly-Genocchi polynomials and numbers, deriving several combinatorial identities
related to the degenerate poly-Genocchi numbers and polynomials. Then, in Sect. 3,
we also consider the degenerate unipoly Genocchi polynomials attached to an
arithmetic function by using the degenerate polylogarithm function. In particular, we
provide some new explicit computational identities of degenerate unipoly
polynomials related to special numbers and polynomials.
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1 Introduction

In recent years, many mathematicians have researched various special polynomials and
numbers which included the Stirling numbers, central factorial numbers, Bernoulli num-
bers, Euler numbers, (central) Bell numbers, Cauchy numbers, and others [2—8]. Signifi-
cantly, Carlitz [9, 10] initiated a study of degenerate versions of some special polynomials
and numbers, namely the degenerate Bernoulli and Euler polynomials and numbers. Since
then, many mathematicians have been studying degenerate versions of special polynomi-
als and numbers such as Bernoulli, Euler, and Genocchi polynomials and numbers, and
others [1, 11-26]. Notably, Genocchi numbers have been extensively studied in many dif-
ferent contexts such as: elementary number theory, complex analytic number theory, dif-
ferential topology (differential structures on spheres), theory of modular forms (Eisenstein
series), p-adic analytic number theory, and in quantum physics (quantum groups)[20—
22, 27-29].
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In 1997, Kaneko [2] introduced poly-Bernoulli numbers which are defined by the poly-
logarithm function. The polyexponential functions were first studied by Hardy [30] and
reconsidered by Kim and Kim [1, 17] in view of an inverse to the polylogarithm functions
which were studied by Jaonquiére [31], Lewis [8], and Zagier [32]. Kim et al. [18] also
studied a new type of the degenerate poly-Bernoulli polynomials by using the degenerate
modified polyexponential functions.

Furthermore, Kim and Kim [15] introduced the degenerate logarithm function (the in-
verse of the degenerate exponential function) and studied a new type of the degenerate
Bernoulli polynomials and numbers by using the degenerate polylogarithm function. In-
fluenced by Kim et al’s research, as well as the importance and potential for applications in
number theory, combinatorics, and other fields of applied mathematics, we define a new
type of the degenerate poly-Genocchi polynomials and the degenerate unipoly Genocchi
polynomials, and provide several combinatorial identities related to these polynomials and
numbers.

Now, as is well established in academia, the ordinary Bernoulli polynomials B,,(x) and
the Genocchi polynomials G,(x), (n € NU{0}) are respectively defined by their generating
functions as follows (see[9, 13, 14, 20]):

t . o0 n Zt . o0 t”
Xt _ _ XL _ _
<et — l)e = HE:O Bn(x)n!, 1 1e = HEZO G,(x) o 1)

When x = 0, B, = B,(0) and G, = G,(0) are respectively called the Bernoulli numbers
and the Genocchi numbers.
We note that by (1)

Gops1 =Boyi1=0 (neN), Gn=2(1-2")B,. 2)
The Euler polynomials are given by

2
ef+1

e = ZE,,(x);—"! (see [9, 20]). (3)
n=0

When x = 0, E,, = E,(0) are called the Euler numbers.

For any nonzero A € R (or C), the degenerate exponential function is defined by
€)= (1+ AL)E, e (t)=(1+ At)% =el(t) (seel[l,13-25]). (4)

By Taylor expansion, we get
o] t”
()= ®ns — (see[12-15)), (5)

n=0

where

®)or=1,  @ur=xx-A)x-21)---(x=(n-11) (m=1).
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Note that

— X" .

: x _ _ X

lim & (1) = > ——=c, (6)
n=0

In [9, 10], Carlitz introduced the degenerate Bernoulli polynomials and the degenerate

Euler polynomials, respectively given by

(0 = ZBM(M &0 =Y Enl) . ?)
n=0 :

2
(t) et)+1
When x =0, B, = B,,,(0) are called the degenerate Bernoulli numbers, and E, ; = E,,;(0)
are called the degenerate Euler numbers.
Note that lim; ¢ B, 5 (x) = B, (x), (n > 0) and lim,_, ¢ E,; 5 (x) = E,,(x), (n > 0).

In [20], Kim et al. considered the degenerate Genocchi polynomials given by

o0
t}’l
() =) Guax)—
OISR ZO 2 0) ®)
When x =0, G, = G,,,(0) are called the degenerate Genocchi numbers.
As is well known, for s € C, the polylogarithm function is defined by a power series in z,

which is also a Dirichlet series in s

X _n 22 23

, z

Lls(z):Z;:z+§+§+--- (see [8, 14]). (9)
n=1

This definition is valid for arbitrary complex order s and for all complex arguments z with

|z| < 1: it can be extended to |z| > 1 by analytic continuation.

From (9), we note that

oo n

Liy(2) = Z% — _log(1 - 2). (10)

n=1

Recently, Kim and Kim [15] introduced the degenerate logarithm function log, (1 + t),
which is the inverse of the degenerate exponential function e, () and the motivation for

the definition of degenerate polylogarithm function as follows:

log, (1 = 3 n-1 ﬁ 1 3 e »
g1 +0) =3 3 Wpap— ==Y (= (1+t> -1). (11)
n=1 n! n=1 n!

Here, log, (t) = %(tA — 1) is the compositional inverse of e;(t) satisfying log, (e, (¢) =
ex(log, (¢)) = t. We note that

[e¢]

: _ _ n—lﬁ _
%E)I})logk(l+t)—2( 1" — =log(1+0). (12)

n=1
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Thus, the degenerate polylogarithm function is defined by

0 n-1
Iea(x) = ; %xn, ke Z(|x| < 1), (see [15]). (13)
We note that
lim [, () = Y 7 = Lix(@). (14)

n=1
By (11) and (13), we see that

0 41
L) =Y %ﬂyc = —log, (1 —x). (15)

!
n=1

In [15], they also studied a new type of degenerate poly-Bernoulli polynomials and num-

bers by using the degenerate polylogarithm function as follows:

Ui ( _
(t) Des(co) = Zﬁ ()—. (16)

When x = 0, ,Bn = ;3,(,]2(0) are called the degenerate poly-Bernoulli numbers.
Moreover, they observed that

Vl

Z,B Ol ﬁlm(l —e(-t) = _—t_l = Z( 1)anx;- 17)

ex(=t) o

Kim [15] introduced the degenerate Stirling numbers of the second kind as follows:
n
@np =Y Sl @) (n>0). (18)

As an inversion formula of (18), the degenerate Stirling numbers of the first kind are de-
fined by

@n =Y Sialm D) (1> 0),(see [8, 18]). (19)

=0

From (18) and (19), it is well known that

%(e/\(t) Zszx(”:k)— (k>0), (see (13, 15]) (20)
: n=k

and

;log,\(1+t) ZSM(nk — (k=0),(see [15]). (21)
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This paper is subdivided into two parts. In Sect. 2, we construct a new type of degener-
ate Genocchi polynomials and numbers, called the degenerate poly-Genocchi polynomi-
als and numbers, by using the degenerate polylogarithm function, deriving several com-
binatorial identities related to the degenerate poly-Genocchi numbers and polynomials.
In Sect. 3, we also consider the degenerate unipoly Genocchi polynomials attached to an
arithmetic function by using the degenerate polylogarithm function. In particular, we pro-
vide some new explicit computational identities of degenerate unipoly polynomials related

to special numbers and polynomials.

2 A new type degenerate poly-Genocchi numbers and polynomials
In this section, we define the new type degenerate poly-Genocchi polynomials by using
the degenerate polylogarithm function which are called the degenerate poly-Genocchi

polynomials as follows:

Mg;(t) =Y gl w . (22)

e)+1 e n!

When x =0, gffi = ggj(O) are called the degenerate poly-Genocchi numbers.
When k = 1, from (15), we see that gy(lli (%) = Gy () (> 0) are the degenerate Genocchi

polynomials because of
L1 (1-e.(-2t)) = —log, (1 — 1 + e, (-21)) = 2¢. (23)

From (5), we observe that

d d 1
) (x) = e, (x), alk,k (%) = ;lk—l,k(x)' (24)

Theorem 1 Forn > 2, k € Z, we have

lea (1 - €(=2x))

x -2 1-A _2 t_2 1-1 -2 t_2 1-A -2
/ o (220 [F22,7C2) / 22067 C2) gpedr (25)
o e(=20-1Jo e(-20)-1 o e-2t)-1
(k—2)—times
Proof By using (25), we have
4 (1-ex(—2x)) = 2e;7(-2x) (26)
dx *
and
d 2ei 74 (=2t)
- —e (=~ = * 77 —e (— . 27
dxlk,x(l e5.(—2x)) (l—ex(—Zx))lk_M(l e,(—2x)) (27)
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Thus, from (15), (26), and (27), we get the desired result as follows:

lea (1 - €(=2x))

¥ _Qel M (=2t) [f—2elM(-2t b _2tel (-2t
=2/ e, " (=2t) e (=20 / Mdtdt---dt. (28)
o e(=20)-1 Jo en(=2t) - o en(=2t)-
(k—2)—times U
Theorem 2 For n > 0 and k =2, we have
n
@ n 1Bia(1=4)
= —-2) "G,y
o %: <l>( =7 1 (29)
Proof By using (16), (17), and Theorem 1, we get
ad 2) x” 2 fx -2t 1-x
—_= —2t)dt
;gn’)‘ n e +1J, e (=2t - lek (-2¢)
(- 2t)l
= B, (1-2)
ek(x)+1/ Z i
2x 1By (1-1) &
_e,\(x)+lz(_ ) I+1 I
_ ZG X Z(— )lBl)\(l A)x
- " I+1 It
1=0
o0 n
n B, (1-2) x"
=y Z( l)(—z)l“l(—e‘n_z,x —. (30)
o\ +1 n!

Therefore, by comparing the coefficients on both sides of (30), we get what we wanted. [

Theorem 3 Forn >0, k € Z, we have

) n . n
= -2
gn,k Z = (m)( ) (nlynz;u.,}’lk_l)

n+n 4+ =

BVI],)\,(]‘ _)") Bﬂk,l,)»(]- _)‘)

m+1 mtny+---+neo+1

G- (31)
Proof By using (8), Theorem 1, and Theorem 2, we have

i w*" (1 -6, (=2x))

) e (x) +1

2% m n
- (e,\(x)+ 1) Z =2 (nl,m,...,nk_l)

ny+ng+e+ng_1=m

n=0

L Buall-2) By i(1-2)

m+1 nm+ny+---+nep+1
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S x (el

n=0 “my+ng+--+ng_1=m

By, i (1= 1) By 1 (1-2) ) x"
X n—m,A

..... z (32)
m!

m+1 nm+ny+---+neo+1

Therefore, by comparing the coefficients on both sides of (32), we get what we de-
sired. O

The following lemma is easily obtained by (5) and (22).

Lemma 4 Forn >0, k € Z, we have
" (n
k k
OEDY (m)g;,)x(x)n_m,x. (33)
m=0

Theorem 5 Forn >0, k € Z, we have
X e W (-1t
gl ) +gl) = Y 1S, (n,m). (34)

k-1
m=1 m

Proof By using Lemma 4, (5), and (22), we observe that
—
lk,x(l - ek(—2t)) = (ex(t) + 1) Zgu I
1=0
0 m S !
t ot
- (Z(I)Wﬁ + 1) (Z gl&)ﬁ)
m=0 : =0 ’
o0 n
n w, o\t
= Z(Z (l)(l)n—l,xgz,x +gn,/\) l

n=0 \ /=0

[ee]

tVl
(@ (D + ) — (35)
n=1 :

On the other hand, from (13) and (20), we have

o 1 ym-1
ha(1-en(=20) = > % (1-ex(-20))"

m=1

_ i Dman (1) A" (=1)" (e, (=28) = 1)

mk-1 m!
m=1

0 —1ym-1 nen
_ Z D man (1)~ 2 ZSZ,A(”’ m)(—l)"z L

mk-1 n

m=1 =

n

o n n—1
53 (Z ot CDT 5 mors, o, m)) a5 (36)

n=1 \m=1

Therefore, by comparing the coefficients of (35) and (36), we get what we wanted. O
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Theorem 6 Forn >0, k =1, we have

- m-1lan 2’ lfl’l = 1’
Z(l)m,l/l)\ 2"Sy,.(n,m) = (37)
-1 0, otherwise.

Proof From Theorem 5 and (23), we have

2t = 11')\(1 — ek(—2t))

Z(Z(nm 1 (21121, (i, m))—. (38)

n=1

Therefore, by comparing the coefficients on both sides of (38), we have the desired re-
sult. O

Theorem 7 Forn >0, k € Z, we have

ZZ( )(x nS2.(m, g, . (39)

[=0 m=0

Proof From (20) and (22), we get

k x t" _ lk,k(l - ek(_Zt)) (ek(t) 1+ l)x

n! e (t)+1
Z g !Z (el(t)
00 oo
DI IR
i=0 L =0 m=0
:2:(22() mSa (m, g M)tn (40)
n=0

1=0 m=0

w

R

>
|

¢

Therefore, by comparing the coefficients on both sides of (40), we have the desired re-
sult. O

Theorem 8 Forn >0, k € Z, we have

n [+1 !
) m\ Wman(=1)" 1
Gu@®=>_>" ( )%A 2S5, (L + 1,m)Gp (). (41)
pargt 1) (I+1)mk1

Proof From (8), (13), and (36), we have
[o¢]
YN
;gf,,i(x);
o (=1)

2 1SN W) m
T e+ 1605 > (m — 1)lm* (1-e:(-20)

m=1
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1 S e (D (1)
>

(2020) 2020:431

1yl t
AR08, (L m) m

I+1 !
1 -1
Z(Z Qo mergtens, 0+ 1,m>)

l

+1
Wman (1", t
Zwk 12 SZA(Z"'I l’}’l)) I

(D1 (1)

PN I metol, (14 1, m) G
(+ Dk 2. (l+1,m) l,A(x)>

tl+l
(Z+1)

tﬂ

n!

(42)

Therefore, by comparing the coefficients on both sides of (42), we have the desired re-

sult.

Theorem 9 Forn > 1, k € Z, we have

n I m

gn )\.(x) = Z

I=1 m=1 j=1

()G

(Dr-ms1 ,\(l)j,l/x(—l)mfl)\iflzn—hmfl

(= m+ 1)

. x
X Sz,x(m,/)Bn_l,% <§>

Proof From (5), (7), and (36), we get

_ Ly (1 — e, (—2¢))

e (t)+1

= e%(TeA(t

1
e (2t) -1
2

e

N\>—' [SE

t

_ Wir ' g (1>,m( 1)
_e%(2t)—le%(2t l=Z i+1 4 (Z

€(2)

Z(Z M)\l 9™, . (m,))

m=1 \ j= }

t—,i( (1), 1/A]f_ 1)y

i= 1

-

m=

i o0

m=

I\ (D= (D)1 (1)t 12m
U—m+ 1T

t
52,)\("%])) 7

tm
m!

tm
)»’_lzmsz,x(m,j) p
. o
1_12'"52 (m ,])) o

L, (2) 28 Wi (W (17 ¢
= ~B Z f—kj—lzmS i
;2 a’%(z) al lzzj i+1 1 Z Z k= 2.(m, ) m

I

O

(43)

m
m!

Page 9 of 15
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2 (e (1) (1 (D p (D (1) a1 ntem1
=Z<, 23 (1)(,) 1=+ D

n=1 =1 m=1 j=1
. x t"
X Sz,A(m,])Bn_l,% ) (44)
Therefore, by comparing the coefficients on both sides of (44), we have the desired re-
sult. O

Theorem 10 For n > 1 and k € Z, we get

n n-m _ m—-1
Z Z < )(_1)l+n—m2—l—1 Wl( )‘) mk(l)m,l/A SL)\(H —m, l)EM

m=1 [=0

n

=Y (1), (g - (45)

m=0
Proof Replace t by —% log, (1—¢) in (22). From (7), (13), and (21), the left-hand side of (22)
is

L (2)
(ek(—% log,(1-¢1)+1)

1 2 )" Wmain m
_1 : Z km ;
2e(—5log;(1-1)+1 — (m—1)Im

—Z , Calos 1—r)>’i(—x)%1(1)m,m %

I —~ mk-1 m!
_3\ym-1 m
ZEM(__> ZSM(I ) (- t) Z( 1) mk(j)m,l/k%
m=1

s ’ m—1 m
%Z<ZEM( D)"2781, 0, z>) i ZW%

n

Z( Z ( ) l+n m2—l I%Z(I)W‘SLK(” —m, l)El,k) % (46)

On the other hand, the right-hand side of (22) is

Zg:vlt(, M Z mk<__> Zslx(l’l,m)( DY

m=0 m=
i(Z( 1Y 128, (1, )gmx> 2 (47)
n=0 \m=0

Therefore, by comparing the coefficients of (46) and (47), we get what we wanted. [

3 The degenerate unipoly Genocchi polynomials and numbers
Let p be any arithmetic function which is real- or complex-valued function defined on the
set of positive integers N. Kim and Kim [5] defined the unipoly function attached to p(x)
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by
ur(xlp) = 3 (k € 7). (48)
Moreover,
wlal1) = Y 5% Lo (@9)

n=1

is the ordinary polylogarithm function.
In this paper, we define the degenerate unipoly function attached to p(x) as follows:

oo
)" Onan
i (xlp) = Y pln) g (50)
n=1
We note that
1
A Ui (%) (51)
is the degenerate polylogarithm function.
We also define the degenerate unipoly Genocchi polynomials by
. (1 —ex(-2t)|p) NN &
. T (t) = —. 52
en(t) +1 A ;g”"\'p(x)n! (52)
When x =0, gﬁfi,p = g,(g,p(O) is the degenerate unipoly Genocchi numbers.
We note that
1 @)= Zgﬂ(m (53)

The next lemma is intended to be used conveniently to prove some of the theorems

below.

Lemma 11 For k € Z, we have

I-19m ) !
i (1-ex(=20)p) = Z(Z” S Sz,x(l,m))%- (54)

=1

m=1

Proof From (20) and (50), we have

p)(=2)" (1)1
ik

uin (1 - ex(~20)|p) = (1-ex(-20)"2

pm) (1) A1) 1 0m! (e2(-28) — 1)
mk m!

M 1M

3
I
L

Page 11 0of 15
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ind —1)-1am1(1),, it —21)!
:Z;P(m)( ) . (Dp1/m IX:S“(Z’M)( l!t)

I

l l)\m 1 1 m |21 t
Z(Zp ~ D Sz,x(l,m)>ﬁ' (55)
I=1 ’

Thus, we have what we wanted. O

Theorem 12 Forn > 1, k € Z, we get

n | I-14 m-1 I-1
n\ m'p(m)(-1)~"x 1122 S0 (L, m
(k;p _ Z Z <l> p(m)(-1) (D11 2.( )En—l,A- (56)

k
I=1 m=1 m

Proof From (7) and Lemma 11, we have

[ee]

W "
Zgn,)\, -
= Pyl
_ ui,. (1 - e (-2¢t)|p)
e,\(t) +1
2 mlp(m) (=1 (L) 0020 !
= — . S l, e
6)\(t)+ 1 ;(; Wlk Z,A( Wl) T
1
mip(m) (=101 (1),,12 2571 S5 (Lm) | ¢
a3 i« a
=1 \m=1
3 Zi‘ i\ mpom) ()2 V152 S lom) .\ 2 )
n=1 \ I=1 m=1 ! mk S

Thus, by comparing the coefficients on both sides of (57), we have the desired re-
sult. O

Theorem 13 For n >0, k € Z, we get

n I+1 Iy el ;
A Dm 12

ZZ( ) D X Wminrm Soal+1,m)G, ;. (58)

=0 w1 mk(l+1)

Proof From (8) and Lemma 11, we have

o0
IR
P
s n!
1-e, (-2t
_ ur (1 —en( Np)e’i(t)
e () +1
oo [+l 1y m-1 I+1 I+1
_ p(m)(=1)' A" (1) p1/0m!12 £
= (Z mk Sglk(l + 1,}’}’1) (l + 1)'

l

oo [+l 1) pm-1 l
p VV[) ) A (l)myl/km!2 t
- Soa(l+1, -
ex(t) +1 Z<Z mk(l +1) 2L+ 1Lm) I
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i o [+l 14 m-1 ! !
D 3 S )
1=0
n I+l I~y m-1 n
(S () s e )
=0 m=1

Thus, by comparing the coefficients on both sides of (59), we have the desired result. (]

Theorem 14 For k € Z, we have

gfffi,p(x)
n a-1 [+1 I ;
-1)'A D 12
) Z <n) <a> (l)a_l')\p(rn)( ) ( /)( AR Szl)‘(l + 1’ m)Bn—a 2 <f)
i A CYAN. ({+1)ym 5\ 5

ifn>1 andggfip(x) =0.

Proof From (5), (7), and Lemma 11, we get

o0 tn
Zgﬁ,p(x)a
n=0
1—e (=2
:Mk,x(ﬁ(;x( t)|p)e’,{(t)
B 1 ex(t)
“e@+1 e -1 0
o9 I+1
Pl DA )i ¢!
;(Z T *(“1’7”)) (+1)!
) zte;(t) [ plm) (- mm W2 ¢ t
IR Z(;(Z Sasll Lm) |,
i X\ 2igf & (< pm) (1) (1) 1 mi2! ¢
= ZBZV% (5) il Z )”_,Z<Z (I + 1ymk Sl l’m))ﬁ
i=0 j=1
ad x\ 20
- ;Bl’v% (E) i
© fa-1 I+1 o p(m)(—l)l)\.m_l(l)m,l/kmlzl t*
X ;(H 2 (l)(l)a—z,,\ U+ Dk Soa(l+ LWI)) o
X (S L ) fa Pm) (1) A1 (1) 1 5m12
i ;(a:l =0 m=1 (O[) <l)(1)a_l)‘ (l+ 1)Mk
x Sp,(1+1,m)B,_ a<f>>f. (60)
2 n!

Thus, by comparing the coefficients on both sides of (60), we obtain the desired theo-

rem. -
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4 Conclusion

In this paper, we constructed a new type degenerate Genocchi polynomials and numbers
by using the degenerate polylogarithm function, called degenerate poly-Genocchi polyno-
mials and numbers. We represented the following: the generating function of the degen-
erate poly-Genocchi numbers by iterated integrals in Theorem 1; the explicit degenerate
poly-Genocchi numbers in terms of the degenerate Bernoulli polynomials and the degen-
erate Genocchi numbers in Theorem 3. Not to mention, we obtained in Theorems 5 and
7 that the degenerated poly-Genocchi polynomials are represented by the degenerated
poly-Genocchi numbers and the degenerate Stirling numbers of the second kind. We also
demonstrated in Theorem 10 that the degenerate poly-Genocchi polynomials are repre-
sented by the degenerated poly-Genocchi numbers and the degenerate Stirling numbers
of the first kind. We expressed those polynomials in terms of the degenerate Genocchi
polynomials and the degenerate Stirling numbers of the second kind in Theorem 8 and
the degenerate poly-Bernoulli polynomials in Theorem 9.

On the other hand, in Sect. 3, we defined the degenerate unipoly Genocchi polynomi-
als by using the degenerate polylogarithm function and obtained: the identity degenerate
unipoly Genocchi polynomials in terms of the degenerate Euler numbers and the degener-
ate Stirling numbers of the second kind in Theorem 12; the degenerate Genocchi numbers
and the degenerate Stirling numbers of the second kind in Theorem 13; the degenerate
Bernoulli polynomials and the degenerate Stirling numbers of the second kind in Theo-
rem 14.

The field of degenerate versions is widely applied not only to number theory and com-
binatorics but also to symmetric identities, differential equations, and probability theory.
As one of our future projects, we would like to continue to study degenerate versions of
certain special polynomials and numbers and their applications to physics, economics,

and engineering as well as mathematics.
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