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1 Introduction

The theory of majorization is perhaps most remarkable for its simplicity. It is a powerful,
easy-to-use, and flexible mathematical tool which can be applicable to a wide number of
fields. The key contributors in majorization are Dalton [14], Hardy et al. [16], Lorenz [30],
Muirhead [36], and Schur [43]. Many important contributions were also made by other
authors. Particularly, the comprehensive survey by Ando [8] gives alternative derivations,
generalizations, and a different viewpoint. For an elementary discussion of majorization,
see Marshall and Olkin’s monograph [32].

In 2018, Latif et al. [29] studied generalized results related to the majorization inequality
by using Taylor’s polynomial in combination with newly introduced Green’s functions.
In the same year, Siddique et al. [44] gave generalized majorization results via Lidstone’s
polynomial and newly defined Green’s functions. The theory of majorization is widely
used in many fields of application. In [21], Khan et al. presented significant material on
majorization along with its applications in the field of information theory.

In this paper, our main goal is to obtain generalized results about majorization via new
Green’s functions and an extension of the Montgomery identity. We further make con-
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nection of majorization with information theory and discuss our generalized majoriza-
tion inequality in terms of divergences and entropies. The results we obtain in this paper
are closely related to the contents given in [1-5]. Moreover, some related results with the
present topic can also be found in [10, 11, 27, 41, 42].

The following definition of majorization is from [39, page 319].

Definition 1 Letx = (x1,...,%,), Y = (J1,...,¥m) be two real m-tuples. Then we say that x
majorizes y (denoted by x > y) if, for A =1,2,...,m -1,

A A
Zym = me
i=1 i=1

holds and

m m
PIEEDMT
i=1 i=1
where x[; and y[;; denote their nonincreasing order.
Note that, in the definition of majorization, the original order of x;s and y;s plays no role
because real m-tuples can always be reordered nonincreasingly.
The following theorem is famed in literature as classical majorization theorem and is

given in [33, page 11] (see also [39, page 320]).

Theorem 1 Let I = [£1,5] CR and x = (x1,...,%m), Y= (V1,--+,Ym) € I be two nonin-
creasing m-tuples. Then x majorizes y if and only if the following inequality holds:

D fo) <) flw), (1)
i=1 i-1
where f : [¢1, L] — R is a continuous convex function.

A generalization of the aforementioned theorem is regarded as weighted majorization

theorem and is proved by Fuchs in [15] (see also [39, page 323]).

Theorem 2 Let I = [£1,5] CR and x = (x1,...,%m), Y = V1,-.-,Ym) € I be two nonin-
creasing m-tuples. Let p = (p1,...,pm) € R"™ be such that

A A
ZP;‘%’SZPW forr=1,2,....m-1, (2)
i=1 i=1

and

m m
Z piyi = Zpixi' (3)
-1 -1
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Then the following inequality holds:
Y o)=Y pifx), (4)
i=1 i=1

where f : [¢1,¢2] — R is a continuous convex function.

The following theorem represents an integral form of Theorem 2 and is in fact a simple
consequence of Theorem 1 given in [37] (see also [39, page 328]).

Theorem 3 Let ¢,y : [a,b] — ({1, 2] be two continuous nonincreasing functions and p
[a,b] — R be continuous. If

s 2
/ p(w)lﬁ(w)dWS/ pw)p(w)dw forevery A € [a, b], (5)
and
b b
[ porwan= [ ponpnan ©)
hold, then
b b
[ sy = [ sty @) aw, %

where f : [¢1,¢2] — R is a continuous convex function.

For other forms of an integral version and generalization of the majorization theorem,
see [33, page 583], [9, 22, 24-26, 28, 31]. In this paper, we present our results for nonin-
creasing functions ¢ and ¥ which satisfy the conditions of Theorem 3, but those results
hold too for nondecreasing ¢ and y satisfying the following inequality:

b b
/ pw)y(w)dw < / pw)p(w)dw, for every A € [a, b], (8)
s A

and condition (6). For instance, see example in [33, page 584].

Definition 2 Let/ =[¢1,¢] C Randf : [¢1, &2] — R bea function. Then nth order divided
difference of f at distinct points xo, ..., %, € [£1, 2] is defined recursively (see [6, 39]) by

flxi=f(x), (=0,1,...,n)

and

flx05 .00 %4] :f[xl""’xn] _f[xo,...,x,,_l]'

Xn — X0

Note that nth order divided difference of a function f does not depend on the order of

points.
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We can extend this deﬁnition by considering the condition that some (or all) points

coincide. Assuming that f*~V exists, we define

)
fle...,x] = Tk 9)
k-times

Popoviciu [40] initially discussed the notion of #-convexity. We follow the definition given
by Karlin [20].

Definition 3 A function f : [¢1, 2] — R is n-convex, n > 0 if

f[xO: »xn st >0
holds for all choices of (# + 1) distinct points xy,...,%, € [{1, ]

Aljinovi¢ et al. in [7] proved the following proposition which gives an extension of the

Montgomery identity via Taylor’s formula.

Proposition 1 Let f : I — R be such that f"~V is absolutely continuous, where n € N and
I C R is an open interval. Then, for £1, 82 € I with &1 < &, the following identity holds:

1 —2 x é.l)k+2f (k+1) (§ )
f(x) §2_{l kZ k+2 §2_{1)
x ; k+2f (k+1) ( 2) 1 /
_ Tul, ds, 10
kX(; kl(k +2)(&2 — ¢1) * -1/, (3, 5)f ) (s) dis (10)
where
(x—s)" X— e
T (x,s) = DD i}l (x—s) L 0 <s=<x, W

__(x=s)" X=8 (0 n-1 <
ne-t) ot (e=s)"", x<s=b.

As a special case, for n = 1, the sum ZZ;S .-+ in (10) is empty, so (10) reduces to the
following famous Montgomery identity (see [35]):

1 f(s) ds + /‘Q P(x,s)f'(s) ds, (12)

-0 o

Sflx) =

where P(x,s) is the Peano kernel given by

=81 ;-
] 1=8 =X
P(x,s) = ?j;
f-t1’

(13)

xX<8=< 0.

As stated in [34], the complete reference about Abel-Gontscharoff polynomial and a

theorem for ‘two-point right focal problem’ is given in [6].
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Remark 1 Abel-Gontscharoff polynomial as a special choice for ‘two-point right focal’
interpolating polynomial for # = 2 is as follows:

)
F@ =f@) + - a)f (&) + / Gaalz w)f"(w) dw, (14)

&

where G o(z,w) : [¢1,82] X [41, £2] — R is Green’s function for ‘two-point right focal prob-
lem’ given by

Gilew) = Gonloyw) = | STV G=w=2 (15)
(G1-2), z<w<i.

Motivated by Abel-Gontscharoft Green’s function for ‘two-point right focal problem),
Mehmood et al. (see [34]) presented some new types of Green’s functions which are con-
tinuous as well as convex, as follows:

Let [¢1,¢2] C R. Define new types of Green’s functions G : [¢1, &2] X [£1,{2] = R, where
d=2,3,4, as follows:

Gﬁzwﬁ:(z_Q% Hi<w<z, 16)

(W_;Z)r ZSWSKZ;

Galzw) = (z-01), G <w<g a7

(W_gl)! ZSWECL

(&2-w), Gi<w<g

(L-2), z<w=i.

Gu(z,w) = (18)

The following lemma, given by Mehmood et al. [34], will help us to obtain the new
generalizations of majorization inequality.

Lemma 1 Letf:[¢1, 8] — R be such that f € C*([¢1,8]) and Gy, (d = 1,2, 3,4) be Green'’s
functions given in (15)—(18) respectively. Then along with identity (14) the following iden-

tities hold:
&
£6)=F(e) + (=2 @) + [ Galewly"Ow) b, 19)
&1
&
f(2) =f(§2)-(§2—§1)f/@2)+(Z—§1)f/(§'1)+/ Gs(z, w)f"(w) dw, (20)
s
&
f@) =f(&1) + (& - 0)f (&) = (& = 2)f (&2) +/ Galz, w)f" (w) dw. (21)
s}

We organize this paper in the following way:

In Sect. 2, we give generalized results of the majorization inequality and related bounds
by using an extension of the Montgomery identity and new Green’s functions. In Sect. 3,
we use Csiszdr f-divergence and generalized majorization-type inequalities to obtain new
generalized results. We further discuss our obtained generalized results in terms of the
Shannon entropy and the Kullback-Leibler distance.

Page 5of 16
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2 Generalized majorized identities and related bounds via Montgomery
identity and new Green’s functions
Before starting this section, we first define some notations which will be used throughout
this article.
Majorization difference for a continuous convex function f is denoted as follows:

m

D(xy,pf() = D_pf ) = Y pf ), (22)
i=1

i=1

where x, y, and p are as defined in Theorem 2. Similarly, the integral majorization differ-
ence for a continuous convex function f is denoted as follows:

~ b
B(6, v p. () = f P (F(60) —f (W) dw, (23)

where ¢, ¥, and p are as defined in Theorem 3.

The following theorem gives two equivalent statements between the weighted majoriza-
tion inequality for a continuous convex function and the inequality involving newly de-
fined Green’s functions.

Theorem 4 Let I = [£1,5] CR and x = (x1,...,%m), Y = V1,--+,Ym) € I be two nonin-

creasing m-tuples. Letp = (p1, ..., pm) € R™ be such that it satisfies (3) and G4 (d = 1,2, 3,4)

be as defined in (15)—(18) respectively. Then the following two assertions are equivalent:
(i) Iff : [¢1, 2] = R is a continuous convex function, we have

(i) Fors € [£1,82], the following inequality holds:
D(x,y,p,Ga(5) >0, d=1,2,3,4. (25)

Proof Let assertion (i) hold. Then G4(-,s) (s € [¢1,£2]), being continuous and convex, for
fixed d = 1,2, 3,4 satisfies inequality (24), i.e., inequality (25) holds.

On the other hand, let assertion (ii) hold and f : [¢1, {2] — R be a convex function such
that f € C%([¢1, &]). Then we can write the function f in the forms (14), (19), (20), and (21)
for Green’s functions G4, d = 1,2, 3,4, respectively. Hence using (3) and performing simple
calculations, for all s € [¢1, £,], we have

9]
D(x,y,p.f(-) = f: D(x,y,p, Ga(-9))f"(s)ds, d=1,2,3,4. (26)
1

Since f is convex, f”(s) > 0 for all s € [¢1, {2]. Also, inequality (25) holds, so from (26) we
get inequality (24).

One must note that in this proof, the demand for the existence of the second derivative
of f is not necessary ([39], page 172). We can directly eliminate this condition because it is
possible to approximate uniformly continuous convex functions by convex polynomials. [J

The following theorem gives weighted majorization difference by using extension of the
Montgomery identity and newly defined Green’s functions.
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Theorem 5 Let all the assumptions of Theorem 2 hold. Let f : I — R be such that f"-V)
is absolutely continuous, where n € N (n > 3) and I C R is an open interval. Then, for
81,82 € I with & < &y and for all s € ({1, 2], we have the following identities:

2

« SO (s - Cl)ki1 —fO (&) (s = g)k ! J
-0

9}
? o (t)( / D(x,Y,p, Ga(-8)) T 2<s,t)ds> (27)

1
(Vl 3)! s}

where

(28)

= (S t)_{{2151[(‘9;;2+(S_Cl)(s_t)n 3]’ glﬁtfsr
n-2 =

;z}n[(s tjz +(s-0)s-1)"7], s<t<by,

n

and G, (d = 1,2,3,4) are Green’s functions defined in (15)—(18) respectively. Moreover, we
have

n-1 /_ o)
D(Xy,p.f() =Y (—2/ D(x,y,p, Gal-5))

» FOC)6s =) =) - o) J

-8
L% (t)( / D(%Y,p, Ga(-5)) T 2<s,t)ds) 29)
( _3)‘ &1 s}

where T, is as defined in (11).

Proof Using identities (14), (19), (20), and (21), for fixed d = 1,2, 3,4, into weighted ma-
jorization difference (22), we get

9]
D(x,y,p.f()) = /; D(x,y, P, Gal-5))f"(s) ds. (30)

Now, using an extension of the Montgomery identity given in (10) for the function f(s)
and after differentiating it twice with respect to s, we get

” S f (€)(s = ) = fP(gy)(s — gp)* T
Sf(s)= Z - —L
* ﬁ f{ 1{2 T,o(s, )f"(t) dt. 61

Using (31) in (30), we have

Page 7 of 16
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« FOE) s =) =B (L) (s - g)F ! ds
&H—-4

il QD(x,y,p,Gd(-,s))( | Q’T‘n_2<s,ty<"><t)dz) i (3)
a

+
(n-3)!J,

Applying Fubini’s theorem in the last term of (32), we get (27).
Also, replacing f by f” and n by n — 2 (n > 3) in (10) and then rearranging indices, we

have
£(s) :f/(§2) —-f'(¢1) N — k-2 FOE) (s = a)* 1 = FR(g) (s = go)F
H-4 =3 (k - 1)! L -0
&2
' ﬁ/ Tralsf " O d, (33)
—2rJda

which can also be written as

F(s) = Zl k=2 fO@)6s - ) =) - o)

k=1 (k_l)' -0
1 9] )
n Tyu_o(s, )" (¢) dt. (34)
(n=3)!J,
Using (34) in (30) and then applying Fubini’s theorem, we obtain (29). |

An integral version of Theorem 5 is as follows.

Theorem 6 Let all the assumptions of Theorem 3 hold. Let f : I — R be such that f"~V)
is absolutely continuous, where n € N (n > 3) and I C R is an open interval. Then, for
81,82 € I with &1 < & and for all s € [£1, §2], we have the following identities:

n-1

]]Aj)(qbv w,P:f()) = Z
k=1
« SOE) s =) =B (L) (s - g)* ! ds

H-40

9] (o ~
f(n)(t) (/ D((»b’ Iﬂrp: Gd('! S)) Tn—2(sx t) dS) dt, (35)

1 &

k &
(k-1)! ‘/C D(¢, v, p, Ga(-,5))

1
+
(n-3)J;

where T, is as defined in (28)and G, (d = 1,2,3,4) are the Green’s functions defined in
(15)—(18) respectively. Moreover,

~ o _o o
D¢,1ﬁ, >, () = Y Dd’ﬂﬂ, ¢G(':)
(6,40, 0) ;(k_l),/h (800, Gu(9)
o« SO@(s = ) =B (&) (s - g)F ! ds
H-40

o P :f(”)(t)( /; Qfﬁ)(qxw,p,Gd(-,s»Tn_z(s,t)ds) dt, (36)

1

where T,_ is as defined in (11).

Page 8 of 16
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Proof Using identities (14), (19), (20), and (21), for fixed d = 1,2,3,4, into the integral
weighted majorization difference (23) and following similar steps as in the proof of Theo-

rem 5, we get required results. g

A refinement of the weighted majorization-type inequality is presented in the following

theorem.

Theorem 7 Let all the assumptions of Theorem 5 hold. Let f : I — R be an n-convex func-
tion. If, ford = 1,2, 3,4,

/; 1{2 D(x,Y, P, Ga(8)) Tua(s,t)ds >0 forallt € [&1,5), (37)
then
D(xy,p.f()) > :Xi: (k 1(1)! /:2 D(x,y,p, Ga(-5))
SO -0 Y- ) 38)
H-4
Moreover, if
[ 1{2 D(x,Y,p: Ga(-5)) Tua(s, ) ds >0 forall t € [¢1, 8], (39)
then
D(x,y,p.f()) = kXi: (,f __12)! /{ 52 D(x,y,p, Ga(-5))
AV SV A (Y Gl Y (40)

-4

Ifwe reverse the sign of inequalities in (37) and (39), then inequalities (38) and (40) are also
reversed.

Proof As f is an n-convex function, it follows that /) > 0 (see [39], page 19 and page 293).
Using this fact and substituting (37) and (39) in (27) and (29), respectively, we get the
desired results. O

An integral version of Theorem 7 is as follows.

Theorem 8 Let all the assumptions of Theorem 6 hold. Let f : I — R be an n-convex func-
tion. If, ford = 1,2,3,4,

& R
/ D(¢, ¥, 0, Ga(-5)) Ty_a(s,£)ds = 0 forall £ € [§1,,], (41)
a

Page9of 16



Siddique et al. Advances in Difference Equations (2020) 2020:430 Page 10 of 16

then
wt
Bop )= 5oy | Bewp i)
Xf“)(;l)(s—zl)k; :]Zk)(fz)(s—fz)kl p w)
Moreover, if
/: (69,1, Gal9) Tuas,0)ds = 0 forallt € [1,52), (43)
then
B(6, 0./ () = ki o /{ RAD)
Xf“’(cl)(s—a)"; :J;“(cz)(s—gz)k‘l 4 (44)

Ifwe reverse the sign of inequalities in (41) and (43), then inequalities (42) and (44) are also

reversed.

Proof Using (41) and (43) in (35) and (36) respectively and following similar steps as in

the proof of Theorem 7, we get required results. d

Theorem 9 Let all the assumptions of Theorem 5 be true. If f is n-convex, where n is even,
then inequalities (38) and (40) hold.

Proof Since G, is continuous as well as convex for d = 1,2, 3,4, therefore from Theorem 2

we can write
ID)(X) Y P Gd('} S)) = 0. (45)

Note that, when 7 — 2 is even, T,_(s,£) and T,_»(s, ) are nonnegative, so (37) and (39)

hold. Now, using Theorem 7, we get the required results. O
An integral version of Theorem 9 is as follows.

Theorem 10 Let all the assumptions of Theorem 6 be true. Iff is n-convex, where n is even,
then inequalities (42) and (44) hold.

Proof Similar to the proof of Theorem 9. g

The following corollary gives a generalized majorization theorem, i.e., Fuchs’s theorem

for n-convex functions.
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Corollary 1 Let all the assumptions of Theorem 9 be true. If the functions Fi,F; :
[¢1, 8] = R, given by

=k £ FO@(s - ) =B (g) (s - g)F !
Fi0) = ; — /{ Gt P ds (46)
and
k-2 e FOE) s = ) =B (L) (s - g)* !
50O=N"—2|[ G, ds,
=2 (k—l)!/; o) L-t ’ 4

are convex, then the right-hand sides of (42) and (44) are nonnegative, i.e., (4) is satisfied.

Proof Note that inequalities (38) and (40) can be written as follows:
D(x,y,p.f (")) = D(x,y,p, Fi(1)), i=1,2. (48)

Now, the use of convex functions F;, i = 1,2, in (4) lead us to the nonnegativity of the
right-hand side of (48), which gives the required result. O

Remark?2 Asgiven for previous theorems, we can obtain an integral version of Corollary 1,
which is a generalization of the integral majorization theorem.

Remarks 1
(i) We can obtain upper bounds like Griiss- and Ostrowski-type inequalities for our
obtained generalized identities. We can also present Lagrange and Cauchy-type
mean value theorems by using linear functionals deduced from our generalized
results (see for example [29, 38, 44]).

(ii) We can use an elegant method introduced by Jakseti¢ and Pecar¢ [18, 19] (see also
[23, 34]) to give n-exponential convexity, exponential convexity, and log-convexity,
with the help of linear functionals deduced from our generalized results, on a given
family with the same property for both discrete and integral cases. For more details,
see [38].

3 Csiszar f-divergence for majorization
This section belongs to the study of generalized majorization-type inequality (38) in
the form of divergences and entropies. We use Csiszar f-divergence and generalized
majorization-type inequalities to obtain new generalized results. Moreover, results related
to the Shannon entropy and the Kullback—Leibler (K-L) distance are also discussed.

The following notion of f-divergence was introduced by Csiszér in [12]. For more details,
see [13].

Definition 4 Letf:R, — R, be a convex function. If r = (ry,...,7,,) and w = (wy,...,w,,)
are two positive probability distributions, then the f-divergence functional is

Ir(r,w) := Z wf(%)

i=1
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Note that in the f-divergence functional, nonnegative probability distributions can also

be used by defining

J(0)i= lim £ Of(g)::o; o,f(%);:o, a>0.

In [17], Horvath et al. considered the following functionality based on the previous def-

inition.

Definition 5 Let /] C R be an interval and f : ] — R be an n-convex function. Let r =
(ri..., ) € R™ and w = (wy, ..., w,,) € R” such that % €/,i=1,2,...,m. Then

7}(r,w) = Z wf(%)
i=1 :

Letr=(r,...,r,) and w = (wy,...,w,,) be two m-tuples. Onwards now, we use the fol-

lowing notations in this article, i.e.,
r rnor r “ r
1 m ~ i
—_= =, —=,...,— and Ig,(r,w,s):= E w;Gyl —,s ).
w w1 Wy Win 1 wi
i=

The following theorem connects the generalized majorization-type inequality given in

Theorem 9 and Csiszar f-divergence.

Theorem 11 Letf : 1 — R be such that f"V is absolutely continuous, where n € N (n > 3)
and I C R is an open interval. Let G, (d = 1,2,3,4) be as defined in (15)—(18) respectively.
Also, let q=(q1,...,qm), ¥ = (r1,...,7m) ER™, and w = (wy,...,w,,) € R”. Let

A A
Z ri < Z qi (49)

forx=1,2,...,m-1and

Z rp= Z qi> (50)
i-1 i-1

. q; 1i . q r . ’ ,
with wow €1 (i=1,2,...,m).If  and 3 are decreasing and f is an n-convex function for

n=even (n > 3), then

n-1

~ ~ k & ~

If(‘l;W) = If(r,W) + E W / (TGd(q;W,S) —IGd(I',W,S))
k=1 - st

A G Y el e

H-40 (51)

Proof Take x; = %, y; = -t,and p; =w; >0 (i = 1,2,...,m), then conditions (49) and (50)

Wl"

imply that conditions (2) and (3) hold. So, using these substitutions in (38), we get (51). [J
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Theorem 12 Let g: I — R be a function. If, for f(x) := xg(x), x € I, all the conditions of
Theorem 11 hold, then

/I\g(qrw) = Z%g(j)

i=1 ¢
. n-1 o)
21 + Zl (k— 1 / (Gd q;W: IGd(I’,W, ))

y x2)®(21)(s = 6! = (xg) P (£2) (s - L)k J
HL-4

(52)

Proof Following the proof of Theorem 11 for f(x) := xg(x), we get (52). O

The notion of entropic measure of disorder and the theory of majorization are closely
related. Next we present two special cases for majorization relations with the connection
to entropic inequalities.

In the first case we discuss a generalized majorization-type inequality with the entropy

of a discrete probability distribution.

Definition 6 Letr = (ry,...,r,) be a positive probability distribution. Then the Shannon
entropy of r is defined as follows:

S(r) := - Z rilogr;.
i=1

Note that the definition does not provide any problem for the zero probability case, be-

cause lim,_,oxlogx = 0.

Corollary 2 Let q = (q1,...,Gm), ¥ = (r1,...,7m) € RT, and w = (wy,...,wy,) be a posi-
tive probability distribution such that conditions (49) and (50) hold with %, 1:—‘1 el (i=
1,2,...,m). If log has base b greater than 1 and vﬂv and v—'v are decreasing, then]lfor the Shan-
non entropy of w, the following estimate holds:

9]
Zmlog( ) Z(k o f (Io,(a,w,5) =T, (x,,5))

1 (EDMR-DL L CDRR-D )
x§2_§1< iy ) iy ) as (53)

Iflog has base b between 0 and 1, then inequality (53) is reversed.

Proof Take f(x) := —logx, which is an n-convex function for n = even (n > 3) and ¢; = 1
(i=1,2,...,m). Then, by using Theorem 11, we get (53). Moreover, for n = odd (n > 3), the
inequality in (53) is reversed. d

Corollary 3 Let q = (q1,..-,qm) and x = (r1,...,r,) be two positive probability distribu-
tions such that conditions (49) and (50) hold with q;, r; €I (i = 1,2,...,m). If log has base b



Siddique et al. Advances in Difference Equations (2020) 2020:430

greater than 1 and q and r are decreasing, then the relation between the Shannon entropies

of q and r is given by the following estimate:

ok & -
S(q) < S(r) - k; m '/{l (de(q,w,s) _IGd(rJW’S))

 (xlog )P )(s - (1)’? - (Cxlogx)(k)(fz)(s &) ds, (54)
2=

where for u = 1,2, (xlogx)'(¢,) = pi7 (1 +1n¢,) and (xlogx)(¢,) = ilz_kff;;”, k> 2.Iflog

has base b between 0 and 1, then inequality (54) is reversed.

Proof Take g(x) := logx so that xg(x) := xlogx is an n-convex function for #n = even (n > 3)
and w; =1 (i=1,2,...,m). Then, by using Theorem 12, we get (54). Moreover, for n = odd
(n > 3), the inequality in (54) is reversed. a

In the second case we study a generalized majorization-type inequality in terms of the

K-L distance or relative entropy between two probability distributions.

Definition 7 Letr = (r,...,7,) and w = (wy,...,w,,) be two positive probability distribu-
tions. Then the K-L distance between them is defined by

L(r,w) := E r; log(£>.
Wi
i=1

Corollary 4 Let q = (q1,...,qm), ¥ = (r1,..., ), W= (W1,...,wy,) € RY such that condi-
tions (49) and (50) hold with %, 1:—’ €l (i=1,2,...,m). Iflog has base b greater than 1 and

1 and £ are decreasing, then
w w

m n-1

. k 62 ~
< w; log(i> - —_— (7 L(qw,s) — 1 d(r,w,s))
ZE w; kz; (k—-1)! /Q X G
1 (-1)K(k - 1)! w1 DK -1)! k_1>
X {2_§1< Flnb (s=¢1) BT (=) ) ds. (55)

Iflog has base b between 0 and 1, then inequality (55) is reversed.

Proof Take f(x) := —logx, which is an n-convex function for #n = even (n > 3). Then, by

Theorem 11, we get (55). Moreover, for #n = odd (# > 3), the inequality in (55) is reversed. [

Corollary 5 Let q=(q1,..-,qm), ¥ = (r1,...,'m), and w = (w1, ..., w,,) be positive probabil-
ity distributions such that conditions (49) and (50) hold with Zv_ii’ Vrv—” el(i=12,...,m).If

log has base b greater than 1 and I and % are decreasing, then the relation between the

Page 14 of 16
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K-L distance of (r,w) and (q,w) is given by the following estimate:

9]
L(q,w) > L(r,w Z (k— I / (Gd (q,w,s) IGd(r,w,s))

y (x1ogx) P (z1)(s — c1)*1 = (x1logx) O (£2) (s — &)k

ds, 56
H-4 $ (56)

where for u = 1,2, (xlogx)'(¢,) = ﬁ(l +1In¢,) and (xlogx)P(¢,) = ;kT(ll(z k> 2. Iflog
has base b between 0 and 1, then inequality (56) is reversed. ’

Proof Take g(x) := logx so that xg(x) := xlogx is an n-convex function for n = even (n > 3).
Then, by using Theorem 12, we get (56). Moreover, for #n = odd (n > 3), the inequality in
(56) is reversed. O

Remark 3 In Sect. 3, we use generalized majorization-type inequality (38) to obtain results
in terms of the Shannon entropy and the K-L distance. Following the same way, we can
also give all these results related to the Shannon entropy and the K-L distance by using
the generalized majorization-type inequality given in (40).
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